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Abstract
Anti-seismic devices are employed to implement the best performance of the structures under earthquakes. In this paper, 
semi-active tuned mass dampers (SA-TMDs) are studied by considering several combinations of variable friction forces and 
external disturbances. The variable damping model is used, where the goal consists in estimating the external actions to find 
the best friction force for system dampening. In particular, general, sinusoidal, and Gaussian dynamic loadings are considered. 
To obtain the response of the structure and dampers, several numerical solutions have been implemented. Probabilistic and 
determines analyses have been also developed to study different damper characteristics. Results show that a SA-TMD can 
reduce the structure displacements up to ~ 70.0% indicating a good performance in controlling different oscillations. This 
technology not only preserves the integrity of a structure mitigating its vibrations but also improves the life of occupants 
and their safety and comfort. This is beneficial from the perspective of practical application, and it is an advancement with 
respect to this theme.

Keywords Semi-active control · Tuned mass dampers · Variable damping model · Earthquake engineering · Structural 
engineering

Introduction

Background

Technologies for the seismic protection of constructions and 
preventing “motion sickness” (Bekdaş et al. 2018) of resi-
dents are successfully employed in civil structures, and they 
have been studied in the recent years having undergone great 
development (Zacchei and Brasil 2022). These technologies 
are mainly divided into passive, active, semi-active control, 
and seismic isolators (Ciampi et al. 2009).

Passive controls are simple and efficient vibration absorb-
ers. They act passively since they create reactive forces 
solely in response to the motion of the structure and they are 
not externally driven (OPCM 2005; SPES 2017). Their main 
problem is that they may not be suitable when the system 
is excited by a non-design earthquake (Chung et al. 2011; 
Lai et al. 2016). For instance, an extreme earthquake, dif-
ficult to prevent, with a long-period waveform may induce 
unexpected displacements (Zacchel et al 2017; Zacchei et al. 
2018; Maddaloni et al. 2017; Chung et al. 2011).

The active controls have a great reduction of the structure 
response at the expense of large power consumption. They 
act as generating forces in the time domain; however, they 
may be instable and need an energy source, sensors, servo-
valves, time controllers, and computers to define these forces 
(Jiang 2018).

Seismic isolations reduce the energy transmitted from 
the external loads to the structure (Bagheri and Rahmani-
Dabbagh 2018; Lazarek et al. 2018) by, e.g. (i) increasing 
the structural period to decrease the spectral accelerations 
on the structures (CEN 2004, 2008); (ii) reducing inertial 
external forces by reducing the participating mass; and 
(iii) increasing the damping ratio (Ciampi et al. 2009). 
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Reducing the mass can also avoid twisting effects, e.g. in 
planimetric/altimetric asymmetric structures and historical 
buildings (Castellano et al. 2001).

Isolators, passive, and active devices are applied for 
bridges, buildings, and historical structures as shown in 
Castellano and Infanti (2009), Shi et al. (2018b), and Lai 
et al. (2016). In general, passive controls and isolators are 
the most used.

For instance, in the Rion-Antirion Bridge in Greece, 
fluid viscous dampers have been applied. In Venezuela, 
the Caracas-Tuy Medio Railway line has more than 1500.0 
steel hysteretic dampers isolators. In Algeria and in Italy, 
there are more than 2300.0 high-damping elastomeric 
isolators (Castellano and Infanti 2009). Regarding build-
ings, two examples in Italy are the Hospital Del Mare with 
327.0 elastomeric isolators installed between piles and 
super-structure and the Cappuccini School with several 
dissipative bracing. Interesting cases, where a tuned mass 
damper (TMD) has been applied to reduce the oscilla-
tions, are the Taipei 101 Skyscraper in Taiwan (Castellano 
and Infanti 2009) and the CN tower in Toronto, Canada 
(Chang et al. 2018; Lai et al. 2016). Finally, for historical 
structures, in S. Francesco Basilica, Assisi in Italy, metal 
devices have been applied. In the USA, rubber isolators 
were first used in the Salt Lack City and County Building 
(Castellano et al. 2001).

Also, these technologies can be used in other fields, for 
instance, (i) in industrial engineering, for storage tanks 
(Ciampi et al. 2009), offshore platform for wind turbines 
(Sun and Jahangiri 2018; Jiang 2018; Hussan et al. 2018), 
or offshore drilling structures for oil and gas extraction 
(Wu et al. 2018; Sanchez et al. 2017); and (ii) in mechani-
cal engineering, for vehicles (Trikande et al. 2017). Dif-
ferent aspects have been studied by researchers, such as 
the dynamic soil-structure interactions (Salvi et al. 2018; 
Jabary and Madabhushi 2018), interactions and collision 
with adjacent constructions (Basili et al. 2013), and mul-
tiple TMDs effects (Wen et al. 2018; Kim and Lee 2019, 
2018).

In Wen et al. (2018), it was proposed the effectiveness of 
an innovative multiple tuned mass damper (MTMD) miti-
gation strategy for potential transformer by using analytical 
and computational finite element methods.

In this paper, the semi-active tuned mass dampers (SA-
TMDs) are studied since they offer the reliability of passive 
devices and maintain the versatility of active devices. They 
are based on mechanisms like the passive controls providing 
a passive force but considering the mechanical characteris-
tics in the time domain. SA-TMDs use the advantages of a 
controlled force without the drawback of active systems (i.e. 
without large energies) (Fitzgerald et al. 2018). They are 
small and low-cost; therefore, they have little interferences 
to the structure.

However, like active control, they need sensors and com-
puters to receive the sensors’ signals and control the actua-
tors and forces (Wang et al. 2021).

SA-TMDs are applied to control the vibration of flexible 
and low-damping structures under different excitations such 
as vehicle vibrations, wind, and earthquakes as shown in 
Chung et al. (2013). Several studies are available in the lit-
erature on SA-TMDs, which are divided with respect to dif-
ferent mechanical systems, e.g. with variable friction (Chung 
et al. 2011; Gaul and Becker 2014; Shi et al. 2018a; Pinkaew 
and Fujino 2001), variable stiffness (Nagarajaiah and Son-
mez 2007; Nagarajaiah and Varadarajan 2005; Eason et al. 
2013), magnetorheological (MR) dampers (Oliveira et al. 
2015; Gu et al. 2017a, 2017b; Xia et al. 2016; Bahar et al. 
2010; Aggumus and Cetin 2018; Zapateiro et al. 2009), and 
energy transition controls (Shuliang et al. 2011).

Other studies show other types of SA-TMDs, for example 
by using bearing made of super low-cost recycled elastomers 
and reinforced with fibre sheets (Maddaloni et al. 2017) and 
sloped rolling-type isolation devices (Chen and Wang 2017). 
Applications for steel structures also have been studied (Lor-
enz et al. 2006; Gaul et al. 2004).

In Chung et al. (2013), the numerical validation of the 
SA-TMD has been carried out by using several types of load-
ings, e.g. sinusoids with different frequencies, and random 
loadings.

Finally, in Elias and Matsagar (2018), Jabary and Mad-
abhushi (2018), and Wang et al. (2018b), it was studied how 
the mobility and the different positioning of the damper 
affect the structure response. In Wang et al. (2018a) and Van 
Til et al. (2019), the effect of the presence of vertical barri-
ers has been treated; in fact, when a SA-TMD exceeds the 
gap between its initial position and the barrier, the damper 
impacts on the barrier providing supplementary energy 
dissipation.

Motivation of this study

As mentioned, in this paper, the SA-TMD has been studied to.

1. Implement new standard methodologies to guarantee 
high-grade products and support structural engineers 
in acquiring the knowledge to select the most effective 
solution. As stated in Medeot (2017), European code 
[19] “represents the most complete and up-to-date docu-
ment” on anti-seismic devices (see Table 6 in Annex A); 
however, SA-TMDs are not mentioned.

Figure 1 shows the possible types of controls (Lu et al. 
2018a, 2018b). A hybrid control can combine passive with 
semi-active systems (Bahar et al. 2010). However, this dis-
tinction is not well defined since in Lai et al. (2016), active 
TMDs are called “hybrid mass dampers”, and in Medeot 
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(2017), all the pre-existing devices combined one with each 
other are called “hybrids”. Table 6 (Annex A) lists the most 
used anti-seismic devices (i.e. passive control and isolators).

2. Improve its limited use with respect to other devices 
since it provides modern and high-tech approaches. In 
fact, in Wang et al. (2021), it is stated that SA-TMDs 
“can identify the structural instantaneous vibrational fre-
quency and retune itself in real time”. As discussed in 
Maddaloni et al. (2017) and Van Til et al. (2019), these 
applications need more studies to improve the perfor-
mances and sustainability of the structures.

The key problem of an SA-TMD is the definition of the 
control force, which is difficult to be estimated a priori. For 
this, in this paper, different multi-harmonics to simulate the 
external dynamic actions are adopted (this approach has 
been also adopted in Ma et al. (2019) and Zacchei and Bra-
sil (2022) to simulate the seismic source). Then, numerical 
analyses have been implemented to find optimal solutions 
in terms of structural displacements. Their reduction helps 
improving the life of occupants and “leads to preserving the 
integrity of the structure” as mentioned in Zapateiro et al. 
(2009).

Semi‑active tuned mass damper (SA‑TMD) 
model

The SA-TMD model is formed by a structure, called “pri-
mary structure”, fixed on the base and a mass “damper” 
(or “secondary structure”). Both structure and mass damper 
have a single-degree-of-freedom (SDOF).

Figure 2 shows this configuration where the structure is 
placed below the mass damper, which can move between a 
certain limit imposed by two vertical barriers (i.e. end stop 
mechanism (Wang et al. 2018a; Til et al. 2019)). Barriers 
should reduce the SA-TMD motions, the installation space 
thus its costs (Til et al. 2019).

The equation of motion, in the time t, of the system is 
(Chung et al. 2013)

where � ∈ Rn×n , ℂ ∈ Rn×n , and � ∈ Rn×n are the inertia, 
damping, and stiffness matrices, defined, respectively, as

where the three coefficients mi > 0, ci > 0, and ki > 0 are the 
masses, damping, and elastic stiffness coefficients, respec-
tively. The subscripts s and d refer to the structures and mass 
damper, respectively.

The function of kd is to distribute the energy from the pri-
mary to the secondary structure, whereas cd dissipates this 
energy; for this, the secondary structure can be considered 
as a damper.

The components of x(t) =
[
xd(t), xs(t)

]T
∈ Rn represents 

the displacements, where the variables ẋ(t) and ẍ(t) are the 
first and second time derivate of x, respectively. Matrices 
� = [1,−1]T ∈ Rn is the variable friction force location vec-
tor, and � = [0, 1]T ∈ Rn is the external disturbance location 
vector. Finally, u(t) is a variable friction force, and w(t) is 

(1)𝕄ẍ(t) + ℂẋ(t) + 𝕂x(t) = 𝕓u(t) + 𝕖w(t)

(2)� =

[
md 0

0 ms

]

(3)ℂ =

[
cd −cd
−cd cs+cd

]

(4)� =

[
kd −kd
−kd ks + kd

]

Fig. 1  Scheme of the control types (Ciampi et al. 2009) (in green the 
control studied in this paper)

Fig. 2  SDOF structure model with an SA-TMD. The mass damper, 
between two vertical barriers, is placed on the structure (Chung et al. 
2013; AutoCAD 2010)
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the external disturbance. The system is forced kinematically 
by springs ki and w(t).

Equation  (1) in a first-order state-space form can be 
expressed as

where z(t) = [x(t), ẋ(t)]T ∈ Rn  is  the state vector, 
� =

[
0,�−1

�
]T

∈ Rn is the state-space variable friction 
force location vector, � =

[
0,�−1

�
]T

∈ Rn is the state-space 
external disturbance location vector, and the system matrix 
� ∈ Rn is

In other words, � ∈ Rn×n denotes the system matrix com-
posed of the mass, damping, and stiffness matrices, whereas 
� and � represent the distribution matrices of the control 
forces and the excitations, respectively.

The exact solution of Eq. (5) is

where c1 is an arbitrary constant of integration.
Equation (5) provides some solutions including sums and 

integrals that are difficult to be carried out directly. There-
fore, some variables substituted by t are used. In this sense, 
Eq. (7) can be also developed in the discrete-time state-space 
form (Lu et al. 2004; Lai et al. 2016).

Under the non-state-space form (i.e. z(t) → non-state 
vector and A = B = E = 1), for initial condition z(0) = 0 and 
u(t) = w(t) = {cos(t), sin (t)}, it is possible to plot Eq. (7) 
trend as shown in Fig. 3.

An ideal control of this model could be indirectly 
achieved by adjusting mechanical parameters such as 

(5)ż(t) = �z(t) + �u(t) + �w(t)

(6)𝔸 =

[
0 I

−𝕄−1
𝕂 −𝕄−1

ℂ

]

(7)z(t) = e(�t)c1 + e(�t)∫
t

1

e−(�t)(�u(t) + �w(t))dt

stiffness and/or damping. For this, SA-TMDs can be divided 
into two sub-models: (i) damping model (i.e. u(t) ≠ 0, used in 
this work) and (ii) stiffness model (i.e. u(t) = 0, k(t) ≠ 0). The 
former is treated in the “Variable damping model” section, 
whereas the latter basically consists in using, for instance, 
a time varying stiffness of the device as (Nagarajaiah and 
Varadarajan 2005; Chandiramani 2016):

where ke is spring’s constant stiffness, and θ(t) is the time-
varying angle between ke and the axis of the device direc-
tion, which reaches a maximum value for θ(t) = 0 and a mini-
mum value for θ(t) = π/2 (for more details, see (Nagarajaiah 
and Varadarajan 2005; Chandiramani 2016)). k(t) is included 
in the stiffness matrices � in Eq. (1) representing the internal 
forces of the system (Nagarajaiah and Sonmez 2007). As 
shown in Eason et al. (2013), in real applications, the stiff-
ness tuning is achieved by a feedback control system, which 
monitors the structural response, calculates the dominant 
frequency of the excitation, and thus adjusts the stiffness.

Finally, Eq. (1) can be also represented in terms of ener-
gies (Medeot 2017). In this sense, it is possible to define 
the performance of the dynamic system by calculating the 
energy dissipated from devices and the energy input from 
external disturbances. Thus, the performance is the portion 
of the energy input that the system can dissipate.

Considering Eq. (1), the relative energy balance of the 
system between internal and external energies is defined as 
(Basili et al. 2013)

where Ek(t) is the kinetic energy, Ed(t) is the energy dis-
sipated by dampers, Ee(t) is the elastic energy, Eu(t) is the 
energy of variable friction forces, and Ew(t) is the energy of 
external disturbances.

Variable damping model

The goal of this variable damping model is that the friction 
force to be like the desired control force. This model is an 
alternative strategy for dissipation the external excitations 
under specific configurations (Chung et al. 2011; Shi et al. 
2018a; Lu et al. 2004).

Figure 4 shows a possible configuration of a friction sys-
tem introduced in Shih and Sung (2021a, b). The main com-
ponents are the bevel casting tube, switching tube, and lock-
ing steel ball linked with a cover plate by an internal spring. 
The internal mechanisms of this device are not treated in 
this study; here, only the output u(t) form is studied. Basi-
cally, the general mechanism is divided into three phases: 
(i) registration of the external actions w(t); (ii) processing of 
w(t) by SA-TMD; and (iii) releasing of the u(t) output on the 

(8)k(t) = kecos
2(θ(t))

(9)Ek(t) + Ed(t) + Ee(t) = Eu(t) + Ew(t)

Fig. 3  Trends of Eq. (7) in a non-state-space form
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structure to reduce its response (for more details, see (Shih 
and Sung 2021b)).

The force balance of the α/2 angle in the horizontal direc-
tions is

where the friction force u(t), which is controlled indirectly 
by the normal friction force N(t), is defined by Coulomb’s 
model as (Chung et al. 2011)

where μ is the friction coefficient of the force defined as 
tan(α/2), and |·| is the absolute value. sgn(·) indicates that 
the control force produced by a variable damper is opposite 
to the direction of the current damper motion (i.e. passive 
resistance) (Lu et al. 2004). u(t) in Eq. (11) is placed in the 
right-hand side of Eq. (1); therefore, it represents an external 
force.

As already mentioned, the definition of u(t) is the prob-
lem key, which is difficult to be estimates a priori since w(t) 
is unknown. For this, several cases have been generated as 
explained in the “Input motions” section.

Input motions

Three types of non-stationary loadings are considered: 
general, sinusoidal, and Gaussian dynamic loading. A 
general dynamic loading simulates irregular and aleatory 
time-histories (THs), which can be used to represent, e.g. 

(10)N(t)sin
(
α

2

)
= |u(t)|cos

(
α

2

)

(11)
{ |u(t)| ≤ 𝜇N(t) for ẋs(t) = 0

u(t) = 𝜇N(t)sgn
(
ẋs(t)

)
for ẋs(t) ≠ 0

earthquakes, wind, machines’ vibrations, and aerodynamic 
loads (Luzi et al. 2020). A sinusoidal harmonic loading can 
be used to simulate a more regular trend, e.g. temperature, 
humidity, long waves, sloshing, and convective pressures 
(Chung et al. 2013). Finally, Gaussian loadings could repre-
sent, e.g. impulsive actions, concentrated forces, and jump-
ing excitations.

By considering these three loads, Eq. (1) becomes

where Au and Aw are the amplitude of the force u(t) and w(t), 
respectively, ωi is the circular frequency, ϕi is the random 
phase between 0 and 2π, and N is the arbitrary number of 
harmonic components.

Materials and methods

Materials

The used data regard deterministic and random values. 
Some pseudo-random parameters correspond to the damper 
data, whereas the structure data are imposed. The key val-
ues for the analysis are the mass, period, and damping ratio 
of the structure and the mass damper. The goal is to obtain 
a ratio μr ≈ fr ≈ 1.0% (Eq. (13)) as suggested in Chung 
et al. (2013) and Jabary and Madabhushi (2018), which 
provides the optimum damper response as suggested in 
Chung et al. (2013).

To define several values of Td near to Ts, the stochas-
tic Monte Carlo simulation (MCS) is performed. It gen-
erates pseudo random variables (RVs) within a prede-
fined range where each parameter follows an adopted 
probability density function (PDF) (Su and Xu 2014; 
Hu et al. 2016). MCS consists in choosing an RV with 
a probability distribution in the range RVmin to RVmax 
up to a list of random values Ns. Here, the used range 
is − 0.50 ≤ RV ≤ 0.50 with Ns = 1.0 ×  106 (Zacchei and 
Nogueira 2021).

Figure 5 shows MCS points (Fig. 5a) for Td and the nor-
mal PDFs for the three dampers (Fig. 5b).

Table 1 and Fig. 6 show the adopted data of the structure 
and dampers.

Two dimensional mass, μr, and frequency, fr, ratio are 
introduced to standardise the structure-damper system (Elias 
and Matsagar 2018; Salvi et al. 2018):

(12)

𝕄ẍ(t) + ℂẋ(t) + 𝕂x(t) = 𝕓

⎧⎪⎪⎨⎪⎪⎩

A
u

∑N

1=1
sin

�
𝜔
i
t + 𝜙

i

�

A
u
sin(t)

A
u
e
−t2

⎫⎪⎪⎬⎪⎪⎭

+ 𝕖

⎧⎪⎪⎨⎪⎪⎩

A
w

∑N

1=1
sin

�
𝜔
i
t + 𝜙

i

�

A
w
sin(t)

A
w
e
−t2

⎫
⎪⎪⎬⎪⎪⎭

(13)fr =
fd

Ωs,j

,�r =
md∑n

j=1
ms,j

Fig. 4  Friction force system (modified from Shih and Sung 2021a)
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where fd is the mass damper frequency (= 1/Td) and 
Ωs,j = Ωs,1,…,Ωs,n (= 1/Ts,1, …, 1/Ts,n) is the selected modal 
frequency of the structure corresponding to the mode j. A 
possible criterium to distribute the damper masses on the 
structure is carrying out the modal analysis (Elias and Mat-
sagar 2018; Wu et al. 2011).

The structural values in Table 1 refer to the first mode 
of vibration since the control of the only lower modes 
is usually enough to mitigate the vibrations. The used 
values should represent in a realistic way the system in 
accordance with the literature (Chung et al. 2011; Eason 
et  al. 2013; Kim and Lee 2019; Lu et  al. 2018b) and 
design recommendations (Kim and Lee 2018). In general, 
for civil structures, it is usually assumed μr < 10.0% 
(Jabary and Madabhushi 2018) and ξd > ξs (CEN 2004, 
2008; Shi et al. 2018a). However, ξs might not considered 
adequately some complex parameters as the material 
heterogeneity and the influence of the structural and 

Fig. 5  MCS results: a Td values for only 50.0 points generated by MCS; b PDF for dampers Td

Table 1  Adopted data of the structure and dampers

*Estimated value
a μr = 1.0% (see Eq.  (13)). Equation  (2) is explicated as 

� =

[
0.01 0

0 1.0

]
×103kg

b fr ranges between 0.95 and 1.05 (see Eq. (13))

Parameter Value

Structure mass, ms (kg) 1.0 ×  103 a

Structure damping ratio, ξs (%) 2.0 (Chung et al. 2013)
Structure period, Ts (s) 6.0 b

Structure stiffness, ks (N/m) 1096.62 *
Structure damping, cs (kg × rad/s) 41.88 *
Damper mass, md (kg) 0.01 ×  103 (= 1.0% of  ms) a 

(Jabary and Madabhushi 
2018)

Damper damping ratio, ξd (%) 5.0 (CEN 2004, 2008)
Damper period, Td ± σ (s) 5.99 ± 0.28 b

Fig. 6  Adopted data for the 
structure and dampers
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non-structural elements (Zacchei et al. 2020), whereas ξd 
can be estimated more easily since dampers are construct 
in laboratory, their sizes are small, and the material is 
homogeneous.

Figure 7 shows the schematic configuration of this study: 
three types of dampers with different period ratios are adopted 
to evaluate the damping effectiveness on the structure. Table 2 
lists the characteristics of these dampers where Td is generated 
by MCS, which provide semi-probabilistic parameters, i.e. kd 
and cd (Elias and Matsagar 2018).

Finally, regarding the input motions (Eq. (12)), the fol-
lowing values are adopted: Au = 10.0 N, Aw = 100.0 N, and 
N = 100.0. Each simulation was set up such that the structure 
undergoes ~ 400.0 cycles of oscillation.

Methodology

Numerical solutions

Numerical simulations have been carried out to obtain the 
design parameters for the structure and dampers. By expand-
ing Eq. (5), we obtain

Considering the second line of Eq. (14), which repre-
sents the accelerations ẍ(t) , we obtain

of which two partial differential equations (PDEs) with 
respect to ẍs(t) and ẍd(t) are obtained (Shi et al. 2018a):

In this study, Eqs. (16) and (17) are developed using 
Hermite polynomials (HPs) (Dattoli et al. 1998) by Math-
ematica software (Wolfram Mathematica 2017). An HP 
with the non-negative degree n in time t (t ∈ R) is specified 
by the series (Dattoli 2000):

As known, Eq. (18) provides the exact solution of a second-
order homogeneous PDE (in the classical form) as shown in Yari 
and Mirnia (2021) and Abramowitz and Stegun (1965). However, 
Eqs. (16) and (17) present some differences with respect to the 
classical form (e.g. they are not homogeneous); therefore, it is 
necessary to define determined initial conditions (i.c.) to avoid 
arbitrary constants during the numerical integrations. Thus, the 
structure and damper displacements with the i.c. are described by

(14)

⎡⎢⎢⎣
ẋ(t)

ẍ(t)

⎤⎥⎥⎦
=

⎡⎢⎢⎣
0 I

−𝕄−1
𝕂 −𝕄−1

ℂ

⎤⎥⎥⎦

⎡⎢⎢⎣
x(t)

ẋ(t)

⎤⎥⎥⎦
+

⎡⎢⎢⎣
0

𝕄
−1
𝕓

⎤⎥⎥⎦

⎡⎢⎢⎣
u(t)

u(t)

⎤⎥⎥⎦
+

⎡⎢⎢⎣
0

𝕄
−1
𝕖

⎤⎥⎥⎦

⎡⎢⎢⎣
w(t)

w(t)

⎤⎥⎥⎦

(15)

[
ẍ
d
(t)

ẍ
s
(t)

]
= −

[
m

d
0

0 m
s

]−1[
k
d
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][
ẋ
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+
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][
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u(t)

]
+
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d
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s

]−1[
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1

][
w(t)

w(t)

]

(16)
ẍ
s(t) =

k
d

m
s

x
d(t) −

(
k
d
+ k

s

)
m

s

x
s(t) +

c
d

m
s

ẋ
d(t) −

(
c
d
+ c

s

)
m

s

ẋ
s(t) −

1

m
s

u(t) +
1

m
s

w(t)

(17)

ẍd(t) = −
kd

md

xd(t) +
kd

md

xs(t) −
cd

md

ẋd(t) +
cd

md

ẋs(t) +
1

md

u(t)

(18)Hn(t) = n!
∑[

n

2

]

r=0

(2t)n−2r(−1)r

(n − 2r)!r!

(19)

x
s
(t) → H

n,s
(t), ẋ

s
(t) → H

�
n,s
(t), ẍ

s
(t) → H

��
n,s
(t) with i.c. ∶ x

s
(0) = 0, ẋ

s
(0) = 0

x
d
(t) → H

n,d
(t), ẋ

d
(t) → H

�
n,d
(t), ẍ

d
(t) → H

��
n,d
(t) with i.c. ∶ x

d
(0) = 0, ẋ

d
(0) = 0

Fig. 7  General configuration of the combinations adopted in this 
study

Table 2  Data of the three dampers

a By Eq.  (4), �(N∕m) is 
[

12.10 −12.10

−12.10 1108.72

]
 , 
[

11.0 −11.0

−11.0 1107.62

]
 , and [

10.04 −10.04

−10.04 1106.66

]
 , for the dampers 1, 2, and 3, respectively

b By Eq.  (3), ℂ(kg × rad∕s) is 
[

1.10 −1.10

−1.10 42.98

]
 , 
[

1.04 −1.04

−1.04 42.92

]
 , and [

1.0 −1.0

−1.0 42.88

]
 , for the dampers 1, 2, and 3, respectively

Td (s) kd (N/m) a cd (kg × rad/s) b

Damper 1 5.71 12.10 1.10
Damper 2 5.99 11.0 1.04
Damper 3 6.27 10.04 1.0
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The process consists in finding the numerical solutions to a 
set of PDEs with several unknown functions xj that depend on 
one or more independent variables tj. Numerical PDEs represent 
solutions for the functions xj by “interpolating function” (IF), 
which is the HP interpolation defined as a generalisation of lin-
ear interpolation (Eq. (18)). The IF provides approximations to 
the xj over the range of values tinitial to tfinal for the independent 
variables tj. The process starts with a value of tj, and then it takes 
a sequence of steps, trying to cover the whole range tinitial to tfinal 
(Mathematica 2017).

Optimization process

The goal of the optimization process consists in minimis-
ing the displacements, velocities, and accelerations of the 
primary structure and SA-TMDs under different types of 
excitations. There are different optimization strategies and 
objective functions as shown in Nagarajaiah and Varadarajan 
(2005), Elias and Matsagar (2018), and Salvi et al. (2018). 
Here, the following problem is used, with the parameters 
defined in a domain Ω (e.g., ΩT refers to the parameter T) 
(Salvi et al. 2018):

(20)

⎧⎪⎨⎪⎩

min
pi

J
�
pi
�

forbL ≤ pi ≤ bU
subjecttoTd ∈ ΩT , kd ∈ Ωk, cd ∈ Ωc, u ∈ Ωu,w ∈ Ωw

where J(pi) is set as the objective function of the variables pi; 
bL and bU are the lower and upper bound of the optimization 
variables, respectively.

Since several combinations have been carried out, it is 
useful to consider a root mean square (RMS) defined for n 
values by

Figure 8 shows the flowchart of the general methodol-
ogy highlighting the main 5 + 2 steps from the start (step 
0) to the end (step 6). They consist in (1) description of 
the mathematical model (Eq. (1)); (2) transformation of the 
model in a state-space form (Eq. (5)); (3) definition of the 
input data by deterministic and probabilistic approaches; (4) 
developing numerical solutions; (5) choice of the optimiza-
tion criteria and plotting of the results. If the results non are 
satisfactory, it is possible to adjust the i.c., bL, bU, and/or 
other parameters.

Analyses and results

Structure and dampers response

From Eqs. (16) and (17), the response in terms of displace-
ments, velocities, and accelerations for the structure and 

(21)RMS =

√
1

n

∑n

i=1
p2
i

Fig. 8  Flowchart of the analysis 
(main steps)
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damper during a motion of 30.0 s (i.e. t > 25.0 s as sug-
gested in OPCM (2005)) has been obtained. The goal is to 
equilibrate the external disturbance w(t) with respect u(t).

Figures 9, 10, and 11 show the TH of the structure (blue 
curve) and the three dampers (black curve) with Td = 5.99 s when 
u(t) = w(t), and with Td = 6.20 s, Td = 5.71 s when u(t) ≠ w(t). 
The dashed black lines in the displacement trends represent the 
blocked threshold assumed of 5.0 cm of the barriers (Fig. 2).

In the acceleration diagrams in Figs. 10 and 11, it is pos-
sible to identify better that the damper response follows the 
adopted u(t), whereas the structure response follows w(t) 
trend since it acts directly, and with high amplitudes, to the 
mass ms as shown in Eq. (16).

Figures 9, 10, and 11 clearly show the reduction of the struc-
ture response associated with the SA-TMD configuration. In 
general, xd is higher than xs, as indicated in Chung et al. (2013), 
since, physically, the damper receives the external loading w(t) 
and transmits it to the structure with a lower amplitude.

In Fig. 9 where the same external loadings are adopted 
(i.e. u(t) = w(t)), it is possible to note some general consid-
erations. Sinusoidal and general loads increase the response 

of the structure and dampers in t, whereas the Gaussian load 
tends to reduce these responses indicating a better solution. 
If the peak values are observed at the beginning (e.g. Gauss-
Gauss loading), the damping performance in terms of RMS 
is strongly influenced by these peaks.

However, the good performance on the system under the Gauss-
ian load (Figs. 10 and 11) could be not verified for large period; 
in fact, from t > 20.0 s, the displacements of the damper increase 
reaching a high value at t ≈ 30.0 s like the initial amplitude.

In Fig. 9, for the sinusoidal loads with a w(t) frequency 
of 0.159 Hz, it is possible to see the resonance phenomenon 
between w(t) and the system; in fact, the maximum displace-
ments (i.e. xd ≈ 0.90 m and xs ≈ 0.10 m) are verified for this 
case for fd = 0.166 Hz ≈ 0.159 Hz.

Comparisons and discussions

Figure 12 shows some resumed results where it is pos-
sible to see that the damper 3 more reduces the structural 
response with respect the damper 1 (Fig. 12a). For this, in 
Fig. 12b, the best results are plotted showing the minimum 

Displacements Velocities Accelerations

u(t) = w(t): Sinusoidal load

u(t) = w(t): Gaussian load

u(t) = w(t): General load
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Fig. 9  Response of the structure (blue line) and damper (black line), for w(t) = u(t) = {sinusoidal, Gaussian, general} and Td = 5.99 s
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values of xs ≈ 1.0 cm and xs ≈ 0.38 cm for the gen-Gauss 
and gen-gen combination, respectively.

It is important to note that, by using the same func-
tion for u(t) and w(t) loads, the best equilibrium should 
be expected since the external disturbance w(t) is com-
pensated, in terms of energy, by the variable friction force 
u(t) (Eq. (9)). However, the use of a general random load 
for u(t) to equilibrate w(t) could be hazardous since it is 
intrinsically difficult to control this type of load. For this 
reason, the gen-Gauss combination is considered the best 
combination in this study. Also, the gen-Gauss combi-
nation provides smaller relative displacements (i.e. xs(t) 
– xd(t)) than those obtained for gen-gen combination (see 
Fig. 13a). This is a positive effect since minimising the 
relative displacements the integrity of the structure is pre-
served (Zapateiro et al. 2009).

Figure 13 shows the values of xs in relation to xd; in 
particular, Fig.  13a shows their relative displacements 
(xs(t) – xd(t)), whereas Fig. 13b shows their values by loop 
displacements.

The phase between the curves in Fig. 13a is because 
w(t) ≠ u(t) with different periods. This phase tends to 
increase for gen-gen combination, whereas for gen-Gauss 
tends to decrease. In general, when xs – xd > 0 (i.e. xs > xd), 
the structure is subjected to an increasing of displacements 
(i.e. xs ↑), which could be critical if it is not damped; other-
wise, when xs – xd < 0, xd tends to increase (i.e. xd ↓); how-
ever, it is also controlled by barriers.

In Fig. 13b, it is possible to see that for gen-gen com-
bination, the damper 1 (solid black curve) follows a trend 
more linear (i.e. curves more elongated and inclined) with 
respect the damper 3 where the trends are more circular. 
This indicates that the maximum xd values are reached for 
extreme xs values. Contrary, for the gen-Gauss combination, 
damper 1 reaches the maximum xd value at xs ≈ 0 (dashed 
black curve).

Also, for the gen-Gauss combination, both dampers follow a 
similar trend probably because a Gaussian load for u(t) provides 
a more stable response. Both dampers provide quasi-overlapping 
curves due to a similar randomness of w(t) in terms of energy.
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Fig. 10  Response of the structure (blue line) and damper (black line), for w(t) = u(t) = {sinusoidal, Gaussian, general} and Td = 6.27 s
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Figure 14 shows the displacements of the structure and 
damper 3 and their PDF (Kim and Lee 2019). The amplitude 
of the PDF for the damper 3 is higher than the PDF for the 
structure. This means that the structure has a minor variation 
between the negative and positive displacement peaks, i.e. 
the curve is sharper when the displacement oscillations are 
smaller indicating a good control.

Tables 3 and 4 summarise the results in terms of displace-
ments and accelerations for different simulations. Grades 
from 1 to 3 are assigned to quantify the goodness of the 
results: (i) for the structure, xs < 1.0 cm (good), 1.0 ≤ xs ≤ 4.0 
(fair), and xs > 4.0 cm (poor); (ii) for the dampers, xd > 5.0 cm 
one time (good), two times (fair), more times (poor). These 
limits were defined with respect to the adopted barriers 
threshold of 5.0 cm and previous studies (Table 5).

The results have been compared to the literature as shown 
in Table 5 and Fig. 15. It is difficult to homogenate the val-
ues found in other studies since each structure, even if simi-
lar, has its own behaviour. In fact, as mentioned in Ghorban-
zadeh et al. (2021), the efficiency of an SA-TMD “depends 

entirely on the dynamic characteristics of the structure”. In 
this sense, here the criterium of homogenisation regard the 
absolute response of the non-damped structure, xs*, with 
respect the damped structure, xs.

From previous studies where an SA-TMD is applied on 
a structure, possible efficient values between 0.25 and 0.50 
are consistent with this study, i.e. 0.395 ≈ 0.318. In Chung 
et al. (2011), a high ratio of 0.602 has been estimated since 
it refers to the response of the SA-TMD with respect to a 
passive TMD, which corresponds to the contribution of ℂẋ(t) 
in Eq. (1). Actually, by comparing two dampers, the ratio 
would tend to be 1.0.

Finally, some critical aspects should be mentioned, e.g. 
for large external excitations, these combinations could not 
work well. The variation of the structure stiffness should 
be considered since they can reduce damper efficiency. The 
used mathematical model does not consider the influences of 
the high frequencies, modal combinations, non-linear analy-
ses, and soil-structures interactions. Also, it is necessary to 
consider the site conditions and earthquake characteristics 
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Fig. 11  Response of the structure (blue line) and damper (black line), for w(t) = u(t) = {sinusoidal, Gaussian, general} and Td = 5.71 s
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Fig. 12  Resume of some 
structural displacements xs for a 
u(t) = w(t) and b Fig. 10

Fig. 13  Relative displacements 
(xd(t) − xs(t)) plotted a in t and b 
by loops
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Fig. 14  Displacements of the structure (black line) and damper (blue line) and their PDF for Td = 6.27 s and gen-Gauss loading

Table 3  Structural performance assessment (summary results) for Td = 5.71 s

3 = good. 2 = fair. 1 = poor. N/A = not available.
a Non-damped structure displacement, xs*

Simulation Absolute peak 
xs (m)

RMS (m) Absolute peak ẍs 
(m/s2)

RMS (m/s2) Optimization grade (for 
the structure)

Optimization 
grade (for damp-
ers)

Gen-gen 0.0075 0.0034 0.0136 0.0065 3 1
Sin-sin 0.1050 0.0475 0.1062 0.0482 1 1
Gaus-Gaus 0.0071 0.0043 0.0090 0.0046 3 2
Gen-sin 0.0402 0.0180 0.0413 0.0186 1 1
Gen-Gaus 0.0088 0.0050 0.0143 0.0065 3 3
Without SA-TMD
(md → 0)

0.0826 a - - - N/A N/A

Infinity SA-TMD
(md → ∞)

0.0 - - - N/A N/A

Table 4  Structural performance 
assessment (summary results) 
for Td = 6.27 s

Simulation Absolute 
peak xs (m)

RMS (m) Absolute 
peak ẍs (m/
s2)

RMS (m/s2) Optimization grade 
(for the structure)

Optimization 
grade (for damp-
ers)

Gen-gen 0.0039 0.0024 0.0294 0.0106 3 1
Sin-sin 0.0779 0.0391 0.0771 0.0390 1 1
Gaus-Gaus 0.0071 0.0033 0.0090 0.0037 3 2
Gen-sin 0.0457 0.0196 0.0491 0.0190 1 1
Gen-Gaus 0.0102 0.0056 0.0158 0.0071 2 2

Table 5  Displacement 
reductions with SA-TMD

a  By using RMS = {0.0475, 0.005} m (see Table 3)

Reference xs/xs* (< 1.0) Action type for w(t)

Chung et al. (2013) 0.429 Sinusoidal and general
Pinkaew and Fujino (2001) 0.250 Sinusoidal
Shih and Sung (2021a) 0.395 General
Lin et al. (2010) 0.50 General
Gu et al. (2002) 0.40 Power spectral density
Mean value 0.395 -
This study (mean)a 0.318 -
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to design well SA-TMDs. These aspects could be future 
challenges for the authors (Zacchei et al. 2020; Zacchei and 
Brasil 2022; Zacchei and Lyra 2022).

Conclusions

In this paper, SA-TMDs on a structure under a variable 
damping model are investigated. The main conclusions are 
as follows:

1) Numerical analyses have been carried out to simulate 
several multi-harmonic excitations for external, w(t), and 
controlled damper, u(t), forces. This approach should 
capture the seismic input, which is unknown a priori. 
The goal is to calibrate u(t) in function of w(t). Deter-
ministic and probabilistic data have been adopted to con-
sider different characteristics for dampers (3 dampers 
on 1 structure) thus their behaviour. The used fd ranges 
between 0.159 and 0.175 Hz.

2) In general, xd > xs since the damper receives the exter-
nal loading w(t) and transmits it to the structure with a 
lower amplitude. Results in Figs. 9, 10, and 11 show that 
sinusoidal and general loadings increase the response 
of the structure and dampers in t, whereas the Gauss-
ian loadings tend to reduce these responses. However, 
the good performance on the system under the Gauss-
ian load could be not verified for large period. Under 
resonance effects, it is possible to reach values of xd ≈ 
0.90 m and xs ≈ 0.10 m.

3) The best results are obtained for gen-Gauss and gen-
gen combinations with minimum values of xs ≈ 1.0 cm 
and xs ≈ 0.38 cm, respectively. Given that the general 
random load for u(t) to equilibrate w(t) could be diffi-
cult to be controlled, the gen-Gauss combination appears 
the best combination in this study. Also, considering 
relative displacements (xs(t) – xd(t)), for this combina-

tion, the phase tends to decrease, and it provides a more 
stable response. An optimum SA-TMD can reduce the 
structure displacements up to ~ 70.0% indicating a good 
performance in controlling different oscillations.

Finally, the effectiveness of the studied SA-TMD mitiga-
tion strategy is very sensitive to the random nature of load-
ings, which should represent the expected earthquake fre-
quency contents. For this, we hope in the future to carry out 
experimental campaigns to improve the studied model with 
other effects such as the influences of the high frequencies, 
stiffness variations, and real seismic inputs.

Annex A

There is a wide range of anti-seismic devices, which can be 
divided conceptually in:

1. Isolation a structure with respect to the external forces 
(e.g. increasing the period or reducing the forces).

2. Damping the energy by adjusting the velocities (e.g. dis-
sipation of controlling velocities).

3. Damping the energy by adjusting the displacements (e.g. 
dissipation of relative displacements).

4. Stiffening the structure with rigid connections (e.g. 
changing the behaviour of the structure).

Table 6 lists the classification, description, and some use-
ful values for each anti-seismic device. The first, second, 
and third devices must support at least 10.0 complete loops. 
Moreover, their mechanical characteristics, in the loops fol-
lowing the first one, will not vary by more than 15.0% com-
pared to the characteristics during the third loop (OPCM 
2005). A general design rule in terms of energy is that the 
reversibility of stored energy is ≥ 0.25 of the energy dissi-
pated (Medeot 2017).

Fig. 15  Comparison of the 
results (Table 5)
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