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Abstract

In this paper we study the generalized Lagrangian system with a small perturbation.
We assume the main term in the system to have a maximum, but do not suppose any
condition for perturbation term. Then we prove the existence of a periodic solution via
Ekeland’s principle. Moreover, we prove a convergence theorem for periodic solutions
of perturbed systems.
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1 Introduction and Main Results

In this paper we prove the existence of periodic solutions for the second order

Hamiltonian systems

i (VO@G0)) + Va1, q(1) = AWy (t,q1), 1 €[0, T, "
q(0) —q(T) = 4(0) —4¢(T) =0,

where V: RxR" — Rand W: RxR"” — Rare C'-smooth, T-periodic with respect
tot €e R,n>1,T > 0, A is a real small parameter and ®: R” — [0, c0) is a G-
function in the sense of Trudinger, i.e. ®(0) = 0, ®isC 1_smooth, coercive, convex and
symmetric, and V& € C! (R" \ {0}, R"). Here and subsequently Vs :RxR" - R”
and W; : R x R" — R" denote the gradient maps of V and W, respectively, with
respect to ¢ € R". From now on (-, -): R"” x R" — R stands for the standard inner
productin R and |- |: R" — [0, 00) is the Euclidean norm. We assume the conditions
below:
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(a) there exists a constant & > 0 such that
V(t,q) +algl? <V, 0

forallt € [0, T] and g € R”,
(A7) there is a constant L > 0 such that

d®(29) < LP(g)

for each g € R";
(V3) there exists a constant / > 0 such that

®(lg) =219(q)

for each g € R".

Our assumptions imply that the action functional corresponding to the system (1) with
X = 0 satisfies the Palais—Smale condition (Lemma 2.1 in Sect. 2). Let us also remark
that ¢ = 0 is a solution of (1) for A = 0. Our aim is to prove the existence of periodic
solutions of (1) for |A| small enough without any extra conditions on W.

Let us consider the Orlicz space

T
L0, T;R") = {q: R — R": ¢ is T-periodic, measurable,[ D(g@))dt < oo}
0

with the Luxemburg norm

T
||Q||c1>=inf{v>0: / ®<M>dt§1}.
0 v

It is well-known that L® (0, 7'; R") is a Banach space (cf.[11]). As ® is A,-regular
and Vj-regular, L®0, T;R") is separable and reflexive (cf.[1]). Moreover, it is not
difficult to show that

T
lglle < 1+/0 ®(q())dt, g€ L®©O, T;R". @

Proposition 1.1 (cf. [3], Lem. 3.16) Let gi be a sequence in L®(0, T:R") and
g € L®, T;R"). If g — q almost everywhere in (0, T) and fOT D (gr(t))dt —
J ®(q(t))dt then gx — q in L®(0, T; R").

The mixed Orlicz—Sobolev space W;’CD is the space of functions g € L>(0, T; R")
having a weak derivative ¢ € Lq’(O, T; R™). Let us recall that, if ¢ € W;’CD,

t
qm=/qmw+c
0
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and ¢(0) = ¢(T). The norm over W;’CD is defined by

lgl® = llgl3 + 1413,

where

T 3
gl = (/0 |q<r>|2dr)

It is easy to verify that W}'Q is a reflexive Banach space.

Proposition 1.2 (cf. [8], Prop. 2.1) There exists a positive constant Ce such that for
q € W}’(b,
lgllco < Coligll, 3)

where ||qllco = maxsefo, 77 1 ()].

By Proposition 2.3 of [8], the imbedding of W}’(b in C(0, T'; R™), with its natural
norm || - ||e0, is compact. We are now ready to state the announced result.

Theorem 1.3 Let V(t,q) and W(t, q) be Clsmooth on R x R", T -periodic in t, and
®(q) be a G-function. Under the assumptions (a), (A2), (V2), the following assertions
hold.

(1) There is a positive number Ay such that the system (1) has a solution q; when
IA| < Ao.
(ii) For any sequence Xj converging to zero, along a subsequence g, ; converges to

zero in W;’q).

Let us emphasize that we mean by solution of (1) an absolutely continuous function
in L%(0, T; R") that satisfies (1) weakly. If we require that @ is not only convex
but stricly convex, then g, has a classical first derivative. There are many important
examples of @ satisfying our assumptions. If we set ®(g) = %|q|2, qg € R", we
obtain the classical second order Hamiltonian systems. Applications of fundamental
techniques of critical point theory to the existence of periodic solutions of second order
Hamiltonian systems were presented e.g. in [9]. If we set ®(q) = %|q|1’ ,q € R,
1 < p < oo, we get the one-dimensional p-Laplacian. Nonlinear perturbations of
this operator have been studied recently e.g. in [2, 5, 6]. Variational systems involving
p-Laplacian occur naturally in a variety of settings in physics and engineering [2].
Moreover, let us remind an anisotropic example ®(¢) = Y '_; a;lgi|”, 1 < p; < o0,
ai > 0,9 =(q1,92, --.,qn), which has been investigated e.g. in [4, 10].
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2 Proof of Theorem 1.3

We shall prove Theorem 1.3. Our approach is based on Ekeland’s variational principle.
For (1) with A = 0, we define the Lagrangian functional by

T
Io(q) 2/0 (@(g(1) = V(t,q(1))dr, “

where ® and V satisfy our assumptions. Then [y is well-defined in W;’(D and becomes
a C!-functional (cf. [8], Prop. 2.10). Moreover, Iy is bounded from below. Using (a),
we get

T T
Io(q) > / V(. q)dt > / V(. 0)dt = Vy, 5)
0 0
From an easy calculation, we also see that
T
Ié(q)v=/0 ((VO(G1)), 0(1) — (Vy4(t, q(1)), v(1))) dt, (6)

where ¢, v € W;’q).

Lemma 2.1 [ satisfies the Palais—Smale condition.

Proof Let g be any sequence in W;’(D such that Iy (gx) is bounded and I (g ) converges
*
to zero in (W;’q)) . By (a) and (2), we obtain

T T
Io(q) = lIglle — 1 +Ot/0 |q(l)|2dt+/0 =V, 0)dt

= lldlle — 1 +llgl? + Vo. )

As Ip(gx) is bounded, there is C > 0 such that |Ip(gx)| < C for each k € N. We
thus get
lgelle — 1+ aligells + Vo < € ®)

for each k € N. Hence g is bounded in W;’CD. Since W%’CD is reflexive, there is a
subsequence of g that converges weakly to some g € W}’(D. We keep denoting this
subsequence by g . By the compact imbedding, g converges to g in C(0, T'; R") and,
in consequence, gy converges to g in L2 (0, T'; R™). Moreover, since the modulus func-
tion increases essentially more slowly than ® near infinity g, goesto g in L'(0, T; R),
and hence, along a subsequence g goes to ¢ almost everywhere in (0, 7). Without
loss of generality we denote this subsequence by gi. According to the above remarks,
we have

11o(qk) (g — @) < IIIé(qk)II<W1,¢>*IIQk —ql — 0,
T
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T
/0 (Vg(t, gk (), qi (1) — q (1)) dt — 0,

and consequently,

T
/O (VO @Ge(0). di (1) — 41 dt = I}(q) (g — q)
T
+ /0 (Vo (6. qe(®). q(0) — g (D)) di — 0 ©)
as k — 00. As @ is convex,
B(x) — B — y) < (V). )
for each x, y € R". From this it follows that
T T T
/O O (i (1))dr — /0 O(G(1))dr < /0 (VO (G (0). dx (1) — g (1)),
T T T
/O S (Ge(D)d < /0 S (G(1))d1 + /0 (VO (0). 4 (1) — G(0))dr.

Letting k — oo we obtain
T T
lim Sup/ O (g (1))dt < / D(g(r))dt.
k—o00 JO 0
On the other hand, by Fatou’s lemma
T

T
liminf/ d>(qk(t))dtz/ D(g(t))dt.
k—oo Jo 0

Therefore
T T
tim [ @@unar= [ o@nar
k—o0 Jqo 0

and finally, by Proposition 1.1, ¢y — ¢ in L®(0, T;R"). Since ¢ — ¢ in
L*(0,T;R") and g — ¢ in L*(0, T; R"), we have gy — ¢ in W'®, which
completes the proof. O

We now choose a function such that 0 < k(x) < 1inR", h(x) = 1 for [x] < Cy
and h(x) = 0 for |x| > 2Cg, where Cg is given by (3). We define

T
I (q) =/0 (@(G@) = V(t,q@®) + rh(qgt)W(t,q1)))dt, (10)
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where g € W}’CD. Then a critical point of 7 is a solution of

L (VOG(1) + Vg(t. q(1)) = Mg () Wy (. q(1)) + AVh(q()W(t, q (1))
q(0) —q(T) =q(0) —4(T) =0.
(11)
Our plan to prove Theorem 1.3 is as follows. First, we find a critical point g, of 7.
Next, we show that ||g) |lc0c < Co for |A| small enough. Then h(g)) = 1, Vh(g;,) =0
and therefore ¢g; becomes a solution of (1). Set

Co=max{W(t,q): 1 € [0, T] A |g| =2Co}.

‘We have

T
Ii(q) = Io(q) +K/0 h(g(@)W(t, q(t))dt = Vo — [A|T Co,

and so I is bounded from below. Using the same arguments as in Lemma 2.1 with
the fact that h(q)W (¢, ¢) and its gradient with respect to ¢ are bounded, we get the
next lemma.

Lemma 2.2 For each A € R, I, satisfies the Palais—Smale condition.

Applying Ekeland’s variational principle we conclude that 7; has a minimum on W;’ ®
It follows that there is g, € W}’q) such that

Li(g) = inf Li(g) A I(g) =0.
qEWTl'q>

Since
lo(q) — AT Co < In(q) < Io(q) + AT Co

for each g € W;’CD, we obtain 7, (¢3) = Vopas A — 0.

Lemma 2.3 Let Ay, be a sequence converging to zero and let the functional I, reach
a minimum at the point q;,,. Then a subsequence of q,,, converges to zero in W}’o.

Proof By definition,

L (@,) = inf L, (q) AL (q,)=0,
quTl‘(I>

and hence g;,, is a solution of (11) with A replaced by A,,. Using the same argument
as in the proof of Lemma 2.1, by the boundedness of I, (g3,,), we can conclude that
q5,, 1s bounded in W}’q) and a subsequence of g;,, converges to a limit go in W%"b.
Then gq satisfies that Iy(go) = Vo and I(qo) = 0, i.e. go = 0. O
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Lemma 2.4 There is Lo > O such that for |A| < Ag we have ||gx]lco < Co.

Proof Suppose on the contrary to our claim that there is a sequence A,, converging to
zero such that ||g;,, o > Co. By Lemma 2.3 it follows that there is a subsequence of

q»,, going to zero in W}’q). Without loss of generality we will denote this subsequence
by g,,- Thus for m large enough, ||g,,, || < 1, and consequently ||gs, llco < Co, by

m —_

(3). A contradiction occurs. O

The lemma above will be used to find a solution of (1). We are now in a position
to prove Theorem 1.3.

Proof (Proof of Theorem 1.3) Choose Ao > 0 that satisfies Lemma 2.4. Let I, reach
a minimum at g, with |A| < Xg. Then ||g)|lcc < Co. For this reason h(g,) = 1,
Vh(g;) = 0, and consequently ¢; becomes a solution of (1). Let A; be a sequence
converging to zero. From Lemma 2.3 it follows that a subsequence of g, ; converges

to zero in W;’(D, which completes the proof. O

We conclude our work by explaining the regularity of solutions of (1) in case that
®d is strictly convex. We set for |A| < Apand ¢ € [0, T],

X, (1) =V (g (1)) .

Let us note that
d
() = n (VO (g:.(1)) = =V, (t, qi(t)) + AWy (2, g;.(1)),

and so it is continuously differentiable. It is known that if & is strictly convex then
V&: R" — R” is invertible and its inverse map (V®)~! = V&* is continuous
(Corollary 4.1.3 in [7]), where ®* denotes the Fenchel transform of & defined by

@*(y) = sup ((x,y) — P(x)).

xeRn

Hence ¢, (t) = (V®)~!(x, (1)) is continuously differentiable too. Finally, if V&* is
C! then g; is C?, i.e. a classical solution. These additional assumptions are satisfied
for ®(x) = %|x|p, l<p<2.
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