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Abstract

The paper deals with some properties of solutions of differential inclusions driven
by set-valued integrals of a Young type. The existence of solutions, boundedness,
closedness of the set of solutions and continuous dependence type results are con-
sidered. These inclusions contain as a particular case set-valued stochastic inclusions
with respect to a fractional Brownian motion (fBm), and therefore, their properties
are crucial for investigation the properties of solutions of fBm stochastic differential
inclusions.

Mathematics Subject Classification 34A08 - 26E25 - 34A60 - 28B20 - 26A33 - 60G22

1 Introduction

Control and optimal control problems inspired on intensive expansion of the differ-
ential and stochastic differential inclusions theory [1, 15, 16] and [28]. Set-valued
Aumann or Itd type integrals are necessary tools in the investigation of properties
of solutions of differential or stochastic differential inclusions [13, 17]. Controlled
differential equations driven by Young integrals were initiated by T. Lions in [21].
A more advanced approach to controlled differential equations was developed in [7,
10, 11] and [20]. Thus it seems reasonable to investigate differential inclusions driven
by set-valued Young type integrals. To the best of our knowledge, such integrals
were introduced and investigated in [8, 22] and [23] only. Moreover, in [4] and [8]
the authors considered Young type differential inclusions with solutions understood
as Young integrals of appropriately regular selections of set-valued right-hand side.
Motivated by this, the aim of this work is to investigate the properties of set-valued
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Young integrals and study Young differential inclusions driven by such Young type
integrals.

Set-valued Young integrals considered in the paper concern the class of set-valued
functions having Hukuhara derivatives. We investigate differential inclusions driven
by such set-valued integrals. We prove that the set of solutions of such an inclusion
is nonempty, closed and bounded in the space of «¢-Holder continuous functions. We
also consider the problem of continuous dependence of solutions from the right-hand
side of the inclusion.

Such an inclusion contains as a particular case a stochastic differential inclusion
driven by a fractional Brownian motion. Therefore, in our opinion, the results obtained
herein are useful for investigating the existence of solutions of stochastic inclusions
driven by fBm and their properties.

The paper is organized as follows. In Sect.2, we define a space of B-Holder
set-valued functions. Section 3 deals with properties of sets of appropriately regular
selections of set-valued functions together with definitions of Aumann and a set-valued
Young integrals. In Sect. 4 we investigate properties of set-valued Young integral and
Young differential inclusions driven by set-valued integrals of an Aumann and a Young
type. We prove the existence of solutions to such a differential inclusion and some
properties of the set of its solutions.

2 Holder Continuous Set-Valued Functions
Let (R",| - |) be an Euclidean space. The absolute value norm in R' is denoted by
| - | instead of | - |. Denote by Comp(R"™) and Conv(R") the families of all nonempty

and compact, and nonempty compact and convex subsets of R", respectively. The
Hausdorff metric H in Comp(R") is defined by

H(B,C) = max{H (B, C), H(C, B)},
where H(B,C) = sup,ep dist(b, C) = sup,cpinfeec | ¢ — b |. The space
(Comp(R™), H) is a Polish metric space and (Conv(R™), H) is its closed subspace.
For B, C, D, E € Comp(R™) we have,

HB+C,D+E)<H(B,D)+H(C,E) ey

where B+ C :={b+c¢ : b € B,c € C} denotes the Minkowski sum of B and C.
Moreover, for B, C, D € Conv(R") the equality

H(B+ D,C+ D)= H(B,(), @

holds, see e.g., [19] for details.
We use the notation

|A|l := H(A,{0}) =sup | a | for A € Conv(R").

acA
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Let B € (0, 1]. For every function f : R" D [a, b]* — R" we define

Ifle= sup | /()] and Ms(f) = sup LSO
xéla.by" x#yelabl 1 X =Y

By CP([a, b]", R™) we denote the space of 8-Holder-continuous functions with a finite
norm

Ifllg == 1l flloo + Mp(f).

It can be shown that C# ([a, b]", R") is a Banach space.
Similarly, for a set-valued function F' : [a, b]" — Conv(R") let

[l := I Flloo + Mp(F)

where

H(F(x), F(y))
[Fllc = sup [IF(x)] and Mg(F) = sup ————p—
xela,b]n x#yelapln | x =]

A set-valued function F is said to be B-Holder if ||F|lg < oo. The space of 8-
Holder set-valued functions having compact and convex values will be denoted by
Cﬂ([a, b]", Conv(R")). We say that F' : R" — Conv(R") is locally 8-Holder if for
every [a, b]* C R" a set-valued function Fj, p» with its domain restricted to a cube
[a, b]" belongs to CP(la, b]", Conv(R™).If F : [0, T] x R" — Conv(R") then we
say that F (¢, x) € CP*7 ([0, T] x R", Conv(R™)) if F is B-Holder in ¢ and y-Holder
in x.

Let A, B € Conv(R"). The set C € Conv(R") is said to be the Hukuhara difference
A+-BifA=B+C.

Definition 1 Consider a set-valued mapping G : R" — Conv(R"). Fork =1, ...n,

let ex = (e,l, ... ¢}) be the vector such that e‘,ﬁ =0fork # j and e,’j =1.
We say that G admits a Hukuhara derivative at xo € R", if there exists a set
D H*(G)(xp) such that the limits

G(xo + her) + G(xo)

lim
h—0+ h
and
. G (xp) + G(xo — hey)
im
h—0+ h

exist with respect to a Hausdorff metric in Conv(R") and are equal to the set
DH(G)(x0), k= 1,...,n, (seee.g., [6]).
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We define a set D H (G)(xo) by the formula
y € DH(G)(xo) if and only if y = (y1, y2, ..., ya), where yx € DH¥(G)(xo),

k=1,...,n.
If G = {g} is a single-valued function then

)

d 0
DH(G)(xo)=g’(xo)=(g;(xo>,g§(xo>,...,g;,(xo»=( sto) g(’“;’))
8x0 axo

is a gradient of a function g at point x¢. A set-valued function G has a locally bounded
Hukuhara derivative if for every [a, b]" C R" there exists N,, > O such that
SUPccfa, by SUPk=1,...n [DHX(G) W) < Nap.

Proposition 1 Let G : R" — Conv(R?) be a set-valued function. If G has a locally
bounded Hukuhara derivative then G is locally B-Holder (i.e., for every [a, b]" C R",
G(a,p Delongs to CP([a, b1", Conv(Rd)))for every B € (0, 1]. Moreover;

,,,,,

I1G ja.bytllg = IG {a.by lloo + Mg (Giia.pyr) < IG@) +nNg p((b —a) + (b — a)' =F),

wherea = (a,...,a) € R".

Proof Let [a,b]" C R" bf; fixed and such that there exists N, > 0 satisfying
SUDye[a.ppn SUP;=1.. » IDH'(G)(x)|| < Ngp. Foreveryi=1,....,nanda <1y <
t < b we have

G(X1y oo Xiz1, b, Xit 1y - - Xn) )

= G(X1,...Xi—1, 10, Xi+1,s ---Xn) + [ DHi(G)(xl, e Xis1, Ty Xig ], .- - Xp)dT
by [19]. v

Therefore, using formula (2), we obtain foreverya <f) <s <t <b

H(G(xl,...xi_l,t,...,xn),G(xl,...xi_l,s,...,xn))

' i s }
=H DHI(G)(xl,...x,-_l,r,...,xn)dt,[ DH’(G)(xl,...x,-_l,r,...,xn)dr>
to fo

t ,
=H (/ DH'(G)(X1, ... Xi—1, Ts .., Xn)dT, {0}) < Ngp(t —s).

N

Dividing both sides of the above inequality by (r — s)# we obtain
My(Gapp) < Nap(b —a)' P, 3)
Moreover, for every x, y € [a, b]" we get

H(Gx),G(y) = H(G(x1,..., %), G(y1, -, )
< H(G(xl, e Xn), GOy1, X2, . ,xn))
+H(G(y1, X2y ooy Xn)s GOVL, Y2, X3, vy xn))
+.o o+ H(G1 y2e - Yne1: %) GV Y20 -2 Yae 1 V).
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Since | x — y |#>] x; — y;i |# then we have

H(G(x),G())

Mg(Glapp) =  sup
g le-b) x#yé€la,b]” | x — y |’B
n
<Y Mp(Giapy) <nNapb —a)'F <00 @)
i=1
by formula (3).

Now we calculate the upper bound for ||G|,p) lcc = SUPyera.ppr IGX-
Let us note that for every x € [a, b]" we have

x1
Gx)=Gx1,...,xp) =G(a,x2,...,X,) +f DHI(G)(‘L', X2, ..., Xp)dT
X2 ¢
=G(a,a,x3,...,xn)+/ DH?*(G)(a, T, x3, ..., xn)dT
a

X1
+/ DHY(G)(z, x2, ..., xp)dT
a

n Xi )
:...:G(a,a,...,a)+Z/ DH'(G)(a,a, ..., T,Xi41, ..., xp)dT.
i=1v4

Therefore,
n

sup [[G)| < IG@)]l + ZNa,b(xi —a) < |G@)|| +nNqp(b—a) < oo,

x€la,b]" i=1
(5)
what together with (4) proves the desired inequality. O

Remark 1 In the proof of formula (5) one can take any point xo € [a, b]" instead of a
point a to obtain the inequality

sup  |Gappllp < IIG(xo)|l + nzva,b<<b —a)+ (b - a)l—ﬂ).

x€la,b]"

For a detailed discussion of the properties and applications of Hukuhara differen-
tiable set-valued functions we refer the reader to [19].

3 Holder Set-Valued Functions and Set-Valued Young Integrals

We recall the notion of a Young integral in a single valued case introduced by L.S.
Young in [29]. For details see also [10]. Let f : R — R?andw : R' — R! be given
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functions. For the partition I[1,, : a =19 < ) < ... < t,, = b of the interval [a, b]
we consider the Riemann sum of f with respect to w

S(fsw, Hp) = Z JUi—D) () —w(ti-1)).

i=1

Let | I1,, |:= max{t; —t;_1 : 1 <i < m — 1}. Then the following result holds (see
e.g., [11] and [26]).

Proposition 2 Let fj4,p] € CP([a, b], R?) and Wi[a,6] € C*(a, b], RY) where a, B €
0, 1], B+ o > 1. Then the limit

b
lim S(fjfa,p1, w, ) = / f(@)dw:
[T | —0 a
exists and the inequality

< Cla, BYMp(f)Mg(w)(t — )*TF  (6)

t
f f(@dwe — f(s)(w(r) —w(s))

holds for every a < s <t < b, where the constant C(«, ) depends only on f and «.

In the case fija.5) € CP([a, b], RY), w)ja.p) € C*([a, b], R)) and a, B € (0, 1] with
o + B > 1, one can express the Young integral by fractional derivatives. Namely, let

Jar () = (f () = flat)Iap) (1) and fp (1) = (f () = f(b=))L(a,p) (1),

where I, 1) (-) denotes the characteristic function of the interval (a, b). The right-sided
and left-sided fractional derivatives of order 0 < p < 1 for the function fjj4 p) are
defined by

0 B f@) IGENIG)!
Dar I =515 ((r—a)P MK v ds)

and

— b —
Dl f() = (=D” < f@ + Q) f(s)ds>.

FA—p \b—0r P ), s=prt
Then we get by [26]
b b !
f fedwy = (—1)P / DY, fur ()DL~ wy_(t)dt + f(a)(w(b) — w(a))

for every p € (1 —«, B).
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Let F : R" — Conv(Rd) be a measurable set-valued function. For 1 < p < oo,
define the set

Sip(F)={f €L?l: f(x) € F(x)forae.x € R"},

where L? = L?(R", R?). Elements of the set Sz » (F) are called integrable selections
of F. Since values of F are closed in R? then S;»(F) is a closed subset of L? (see
e.g., [14], formula (1.1)). It is nonempty if F is p-integrably bounded i.e., if there
exists & € L? such that | F(x)|| < h(x) for a.e. x € R" ([14], Theorem 3.2).

A set-valued Aumann integral of F' over the measurable set A C R” was defined
in [3] by the formula

/F(x)d,u:{/ fx)du: feSL1(F)}.
A A

For properties of measurable set-valued functions and their measurable selections see
e.g., [2].

Let G : R! — Conv(RY) be a Hukuhara differentiable set-valued function
with p-integrably bounded Hukuhara derivative DH (G). Assume that G belongs
to CA(R', Conv(R?)) locally. By Sg(G) we denote the set of all locally A-Holder
selections of G, i.e.,

Sp(G) = (g : glfa.b) € CP(la, b], RY) forevery a < b, g(1) € G(1) fort € R}

Definition 2 We define the set
IS8(G) ={g:g <€ Spg(G)and g’ € Spr(DH(G))} @)
and a set-valued Young integral of a locally f-Holder and Hukuhara differentiable

set-valued function G with respect to a function w € C“(Rl, Rl), B+« > 1, by the
formula

b b
(IS)/ G(t)dw, = {/ g()dwy : g eIS(G)}. ®)

The above definition of set-valued integral is proper if the set ZS(G) is nonempty.
Conditions assuring the nonemptiness of this set can be found in [23].
By Proposition 2 we obtain

t
II(IS)/ G(@dw. | < Mew)[|Gllp(1 + Cla, B)(b — a)’)(t — 5)°

fora < s <t < b. Since G and Dy (G) take on convex values then the sets Sg(G)
and S;»(Dy(G)) are convex and therefore, ZS(G) and (ZS) f; G (t)dw, for every
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s,t € [a,b],s < t, are convex subsets of Cﬁ([a, b], Rd) and R4, respectively. It
was proved in [23] Theorem 7 that the set (ZS) f ab G(t)dw; is bounded in R¢ and
(ZS) [, G(r)dw, is a bounded set in C*(R', ConvRY).

The following result is a variant of Lemma 1 from [22].

Lemma3 Let w € C*(R', RY) locally. Then, for every p € (1 —a, ), a,b € R,
a < b, there exists a positive constant C(p) such that for every g', g% € CP(R', RY)
locally and 6 € (0, 1] the inequality

b b
/ g (Ddw, — / g2 (D)dw,

a a

= C0)[l1g" = &%llow + (Mp (&l pp) + My (80 50" |0~
+1 g'@ =g @ || wb) —w) |

holds.

4 Young Differential Inclusion, Existence and Properties of Solutions

Leta € (0,1,8 > 1—a@andy > %begiven. Letw : [0, T] — R™ be an a-Holder
function while F : [0, T] x RY — Conv(R%) and G : [0, T] x R?Y — Conv(R¥*™)
be set-valued functions. Assume the following hypotheses on set-valued functions F
and G:

(H1) F is a Carathéodory set-valued function, i.e., product measurable in (¢, x)
and lower semicontinuous in x. :

(H?2) There exists a function b € LT« ([0, T']) and a constant L > 0 such that for
every (t,x) € [0, T] x R4

| Ft.x) Il =L| x [+b().

(H3) G is measurable in (¢, #) and G has locally bounded Hukuhara derivative
DH(G), i.e., if for every [[0, T] x [a, b]" C R there exists Ng.p > 0 such that
SUP(; )0, T1x[a.b1 IPH(G)(E, w)|| < Nap.

We define the set

IS(G)={g € CP*7 ([0, T]1 x RY, R™™™):g(t,x) € G (¢, x), g € SLr(DH(G))}

Definition 3 ([23]) For every x € C%([0, T], R%) and a set-valued function G from
CP>7 ([0, T1 x R?, Conv(R**™)) and being Hukuhara differentiable we define a set-
valued Young integral of G o x with respect to a function w € C*([0, T'], R™) by the
formula

t t
(IS)/ G(t, x(1))dw; := {/ g(t,x(t)dw; : g€ IS(G)} ©)]
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forevery0 <s <t <T.

This integral is nonempty under condition (H3) above.

Proposition4 Ler G1,G, : [0,T] x RY — Conv(R¥™) be set-valued func-
tions with locally bounded Hukuhara derivatives. Let w € C*([0, T], R™) while
x € C¥([o, T1, Rd), x(0) = xqg. Then, for every § € (0, 1), p € (1 — «, §), there exist
positive constants C(p), Pr x e(x) such that for every 6 € (0,1, 0 <s <t < T the
inequality

t t
H<(I$)/ G](r,x(r))dw(r),(IS)/ Gz(T,x(‘L’))dw(‘L’/))

< C(p) {Z(d + DEex)VvT) sup I:]<DH(G1)(‘L', v), DH(G»)(r, v))
(t,v)EA(X)

+<T+T1‘3>PT,X,€<X)< sup  IDH(G)(t, u)|+ sup ||DH(Gz)(t,u)||)95
(t,u)eA(x) (t,u)eA(x)

+H(G1(0, x9), G2(0, xO))} 6~"°

+My(w)T*(2de(x) +T)  sup ﬁ(DH(G])(r, v), DH(G»)(r, v))
(t,v)EA(X)

+H(G1(0, x9), G2(0, xp)) (10)

holds, where A(x) = [0, T x [—e(x), €(x)1¢ is such that x(t) € [—e(x), €(x)]? for
everyt € [0, T].

Proof Since x € C¥([0, T, R?) then there exists €(x) > 0 such that | x(¢) |< €(x)
for t € [0, T] and therefore, the set A(x) exists. Moreover, there exists Neyy > 0
such that |[DH (G)(t, u)|| < Ne() for every (t, u) € A(x) by (H3). Then, for every
8 € (0, 1), Ga() is 5-Holder with a Holder constant dependent only on €(x) and

IG1ae) s NGO, x0) |4+ Ney (T+T"' ) +d Ne () (2€ (x) +(2€ (x)) ' ) < 00

by Proposition 1. Let (ZS)(G;) ox ={gox:g € (ZS)(G;)} fori =1, 2.
Using Lemma 3 we get

t t
FI((ZS)[ G (z, x())dw(1), (IS)/ Gz(r,x(r))dw(r)>
< C(p)[Hoo ((IS)(GI) ox,(ZS8)(Ga)o x)e‘p
—|—< sup My(grox)+ sup My(gro x)>9“9_p]
81€ZS5(Gy) 82€185(G2)

+M (w)(z —S)"‘I:Ioo<(15)(G1) ox,(Z85)(G2) OX> Y
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for every 0 < s < t < T. First we will establish the estimation of Hyo ((IS)(GI) o
x, (Z8)(Gy) o x). For simplicity of notation let us denote the variable ¢ as a “zero”
variable i.e., let g(t, x(t)) = g(xo(t), x1(¢), ..., x4(t)), where xo(t) = t, x(t) =
(x1(2), ..., xq(1)), x0(0) =0 € R, x(0) = xo = (x1(0), ..., xq(0)) € R%.

Let us note that for every differentiable function f : R4*! — R? with f' € LP,
the following formula

20
fo(so, z1, - - -, za)dso

f(zo,m,...,Zd)=f(yo,y1,---,yd)+/
Y

0

d .
+> | A0 yict sz o zadds (12)
i=1"Yi

holds.

Let us take an arbitrary g1 € (ZS)(G1) and g» € (ZS)(G2). Then (g1); €
S.r(DH'(G1)) while (82); € Sepr(DH'(Gp)) fori = 0,1,...,d. Since (¢, x(t)) €
A(x) then taking u = (uy, ...uq) we get by formula (12)

inf sup | g1, x(#)) — g2(s, x(1)) |
£2€Z5(G2) 1€[0,T]

< inf sup | gi1(t,u) — g2(t, u) |
22€Z8(G2) (1,u)eA(x)
t

= inf sup | (gl—gz)(O,X(O))Jr/ (g1 — 82)0(s0, U1, ..., uq)dso
£2€ZS8(G2) (1,u)eA(x) x0(0)

d
F30 [ = o0 xi O s o) |
i=1 x; (0)

Since the formula y(u) = y(ug) + fuuo y'(s)ds uniquely determines the function y
then infg,c75(G,) 18 the same as infy o5, , (D #(G,)) M 50€G1(0.2(0)), Where yo means
g2(0, x(0)). Therefore,

inf sup | gi(t,u) —ga(t, u) |
£2€ZS8(G2) (t,u)eA(x)

< inf inf sup

< . £1(0,x(0)) — yo
8,€S.p (DH(G2)) 50€G2(0.x(0)) (1,u)eA(x)

t
+/ (g1 — 82)6(S0, Ui, ..., uq)dso
x0(0)

d Ui
0 [ = g o0 i O st wa)ds,
i=1v%i(0)

= n _inf sup | 10, x(0)) — yo |
g5€S1p (DH(G2)) Y0€G2(0,x(0)) (¢, 1)e A(x) {
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T
+/ | (g1 — 82)o(s0, U1, ..., uq) | dso
0

d €(x)
+Z/ | (g1 = 82);(x0(0), ..., xi—1(0), 50, i1, ..., ug) | ds;
i=1 7€)

= __inf 100, x(0)) — yo
&oer(o,xw))l § Yol

+ inf sup  sup | (g1 —g2)o(s0, ut, ..., uq) | T
(82)€SLr (DHY(G2)) (1,u)eA(x) s0€[0,T]
d
+ Z inf sup sup

1 (82);€S1p (DH(G2)) (r,u)eA(x) s;€[—€(x).€(x)]

| (g1 —82)i(x00), ..., 8i, Ui, ... uq) | -2€(x)
< distga(g1(0, x(0)), G2(0, x(0)))

+T inf sup | (8o, u) — (82)o(t, u) |
(82)€SLr (DHY(G2)) (1,u)eA(x)

d
+2e(x) Y inf sup | (g0)i(t,u) — ()i (¢, u) |
21 (82);€SLp (DH'(G2)) (t.u)eA(x)
< distga(g1(0, x(0)), G2(0, x(0))) + Tdistss((g1)h. DH(G2))
d
+2e(x) Y distoo((21);. DH' (G2))
i=1
< H(G1(0, x(0)), G2(0,x(0))) + T Hoo(DH*(G1), DH*(G»))
d
+26(x) Y Hoo(DH'(G1), DH'(G2))
i=1

< H(G1(0,x(0)), G2(0, x(0))) + (2de(x) + T)Hoo (DH(G1), DH(G))

because (g1) and (gl); are arbitrary elements from G| and DH (Gy), respectively.

Hence

Hoo((ZS)(G1) 0 x, (I8)(G2) o x) < H(G1(0, x(0)), G2(0, x(0)))

+(2de(x) + T)Hso (DH(G1), DH(G2)).
(13)

By formula (19) we have

sup My(giox) < PT,x,e(x) fori =1,2,
8 €ZS(G))

where Pr y ¢(x) = N1,e(r) (T'70 +d (2€(x))' %) (T 7% + My (x)?). Then by (13) and

(11) we obtain desired inequality (10).

]
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Corollary5 Let G : [0,T] x R? — Conv(R*™) be a set-valued function with
locally bounded Hukuhara derivative. Let w, x € C*([0, T], Rd), x(0) = xq. Then,
ZS) f; G (1, x(1))dw(t) is a bounded set in Rdfor every) <s <t <T.

Proof Let G| := G, G, := {0} C RA>*m and 0 < s <t < T. Then by Proposition 4
we get

t
H (IS)/ G(t, x(1))dw(T)

= C(p) {2<d +DE@VT) sup  [IDHG@ I+ (T +T'7) Proeco
(t,v)eA(x)

sup  [[DH(G)(z, v)]|6° + |G (O, XO)II} 0"
(t,v)€A(X)

+My(w)T* 2de(x) +T) sup [DH(G)(z, v)| + IGO0, xo)ll ,
(t,v)EA(x)

where €(x), A(x) = [0, T] x [—€(x),e(x)]%, 8 € 0, 1),a+8>1,pe (1 —a,d)
and & € (0, 1] are the same as in Proposition 4. Since G has compact values
in R¥™ then ||G(0, xo)|| < oo. Moreover, since it has also a locally bounded
Hukuhara derivative, then sup; ,)ca) IDH(G)(z, v)|l < oo. Hence it follows
that H (ZS) [ Gz, x(x))dw(r)

(ZS) [! G(z, x(x))dw() in RY. O

< oo what proves boundedness of Young integral

Corollary 6 Let w, x € C*([0, T1], R, x(0) = xq and A(x) be the same as in Propo-
sition4. Let G, G : [0, T]1x R — Conv(R%*™) be set-valued functions with locally
bounded Hukuhara derivatives satisfying

H(G,(0, x0), G(0, x0)) > Oasn — oo
and

sup H(DH(G,)(t,v), DH(G)(t,v)) = 0asn — oo.
(t,v)€[0,T]xA(x)

Then,
t t
sup H((IS)/ G, (s, x(s)dw(s), (IS)/ G(s,x(s))dw(s)) -0 (14
0<s<t<T K N
asn — o0o.
Proof Let us note that for every n > 1 we have

sup IDH(Gn)(E, v)|| — sup IDH(G)(, v)|
(t,v)€[0,T]x A(x) (t,v)€[0,T1x A(x)
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< sup H(DH(G,)(t,v), DH(G)(t, v)).
(t,0)€[0,T1x A(x)

Thus,

sup IDH(Gp)(t, v)| — sup IDH(G)(t,v)| asn — oo.
(t,v)€[0,T1x A(x) (t,v)€[0,T1x A(x)

Therefore, the sequence (sup(,’v)e[O’T]XA(x) IDH(G,)(t, v)|)n>1 is bounded. Hence
we get by Proposition 4

t t
limsup sup H((IS)/ Gn(s,x(s))dw(s),(IS)/ G(s,x(s))dw(s))

n 0<s<t<T

< C(O)T +T")Pr e (sup sup IDH(Gy)(t, V)|
n (t,v0)el0,T]xA(x)

+ sup IDH(G)(,v)| | 6°".
(t,v)€[0,T]xA(x)

Since § > p and 6 € (0, 1] is arbitrarily taken, we obtain formula (14). O

Consider the Young differential inclusion:

t '
(YDI) x(t) — x(s) e/ F(r,x(r))dr+(IS)/ G(t,x(1))dw,, x(0) = xg

forevery0 <s <r < T.
An «-Holder function x : [0, T] — R? is called a solution to inclusion (Y DI) if
x(0) = x¢g and

t t
x(t) —x(s) e/ F(zr,x(1))dt + (IS)/ G(t,x(r))dw,

forevery0 <s <t <T.

Theorem 7 Under conditions (H1) — (H3) the Young differential inclusion (YDI)
admits solutions.

Proof Since F satisfies (H 1) then there exist selections f : [0,T] x RY — R?
of F which are of a Carathéodory type (i.e., measurable in (¢, x) and continu-
ous in x). Moreover, for every (¢,x) € [0,T] x R F(t,x) = clpa{f(t,x) :
f are Carathéodory selections of F} by [12]. For every continuous function x
[0, T] — RY we have

| f@.x@) [ |F, x()] < L[ x(@) | +b@t) = Lllx[lco + b(1).
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It means that every f (-, x(-)) is 1/(1 — «)-integrably bounded and therefore, f o x €
S;1(F o x). From this we deduce that the Aumann integral f; F(u,x(u))du is a
nonempty set forevery 0 <s <t <T.

Let C € Conv(R?™) and let o¢(p) := o (C, p) = SUpyec < p,y >€ R'U
{+00}. The function o¢ : R¥*™ — R' U {400} is a support function of C. Let &
denote the unit sphere in R4*™ and let V denote a Lebesgue measure of a closed unit
ball B(0, 1) in R¥*™ ie.,V = @/ /T (1 + dm/2) with " being the Euler function.
Let py be a normalized Lebesgue measure on B(0, 1), i.e., dpy = dp/V. Let

M= {,u : i is a probability measure on B (0, 1) having

the C! —density du/dpy with respect to measure pv} .

Let§, := du/dpy and let V&, denote the gradient of §,,. By w we denote a Lebesgue
measure on X. The function St,, : C onv(R4*¥My — RA*M called a generalized Steiner
center, and given by the formula

St (C) = V™! (/Z po(p, C)Eu(p)dw(p)—/B(o 1)cr(p, C)véu(p)dp> (15)

for every ;. € M, has the following properties.
For A, B, C € Conv(R¥™) and a, b € R! the following properties hold

51,(C) € C,
St,(aA + bB) = aSt, (A) + bSt, (B),
| St,(A) — St,(B) |< L, - H(A, B), (16)

where L, = dm maxpex §,.(p) + maxpep,1) | VEL(P) | (see, [5], [9]).
Moreover, it was proved in [9] that every set C € Conv(RY*™) has a representation

C = clpaxm{St; (C)} e M- a7y

Since G : [0,T] x RY — Conv(R?*™) then we define the generalized Steiner
selections S7,(G) : [0, T] x R4 — Rdxm by formula

(t, x) — St,(G(t, x)).

It follows by (17) that for every (¢, x) € [0, T] x R? the set {81, (G, X))} uem is
dense in G (¢, x). Using (H 3) together with inequality (16) we get

| St (G(t,x)) — St (G(s,y)) | < L, - H(G(t, x), G(s,y))
<L M(t—sP+1x—y|").
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It means that every generalized Steiner selection S7,(G) is B-Holder in ¢ and
y-Holder in x i.e.,

St,(G) € CP*7 ([0, T] x R, RT*™), (18)

Let AO G, x) =Gt +h,x)+G(t,x), A’ G(t,x) = G(t,x + he;) - G(t, x) for
i=1,...,d.
Then h~ 'AYG(t, x) = DH(G)(t, x), "' A} G(t,x) - DH'(G)(t, x) fori =
.,d and h™'S1,(A]G(t,x)) — St,(DH/(G)(t,x)) for j = 0,1,....d, as
h — 07, by continuity of St,. Since A+~ B =C <= A= B+ C then
St (Gt +h,x)) = StM(AgG(t, x)) + 8t,(G(t, x)) and
St (G(t, x + hej)) = StM(AﬁlG(t, x)) + S, (G(t,x)) fori =1,...,d.
Therefore, '
(St (Gt + h, ) = St,(G(1,x))) = Stu(h~' A}, G (2, x)) and
(St (G(t, x + hep)) — Sty (G(t,x))) = St, (W' ALG(t,x)) fori =1,....d
because of linearity of St,. Taking 7 — 0 we obtain
2l (1, x) = St,(DHY(G)(t, x)) and 59 (1, x) = 1, (DH (G) (1, 1)),
forz =1,...,d.
Therefore, St,t (G)'(t, x) € DH(G)(t, x) and taking in mind formula (7) we deduce
that every St,,(G) € ZS(G).
Let f be an arbitrary Carathéodory selection of F and St,(G) be any generalized
Steiner selection of G. It was proved above that St,,(G) € ZS(G).
Consider the Young differential equation

t t
x(1) = xo + f(M,X(u))du-i-/ Sty (G) (u, x (w))dw (u).
0 0

Since f and S 1, (G) satisfy all assumptions of Theorem 4.1 of [24] then this equation
admits a solution ¥ € C*([0, T, RY). But f and St,,(G) are appropriate selections of
F and G, respectively. Therefore, f; f(r,x(v))dt € f; F(t,x(t))dt and
[1$1,(G)(z, x(1))dw, € (IS) [! G(z, x(v))dw:.
From this we get

t t
X(t) —x(s) e/ F(t,i(t))dr—i—(IS)/ G(t,x(1))dw;, X¥(0) = xo.

It means that X is a solution of Young differential inclusion (Y DT). m]

Let Sol(xg, F, G, w) denote the set of all solutions of the inclusion (Y DI).
First we will present conditions imposed on F,G : [0,T] x RY -
Conv(R¥)(resp., Conv(R4*™) assuring the closedness of the set Sol(xg, F', G, w)
in C*([0, T1, RY).

Assume the following condition

(H?2') Fis locally 8-Holder in x for some § € (0, 1).
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Theorem 8 Under conditions (H1) — (H3) and (H2'), the set Sol(xy, F, G, w) of
all solutions of the Young differential inclusion (YDI) is closed in C* ([0, T1, RY).

Proof Suppose that (xk),fil C Sol(xg, F, G, w) is a sequence convergent to some
limit x in C¥([0, T'], R?). We have to prove that x € Sol(xo, F, G, w). Since x; are
solutions of (Y DI) then x;(0) = xo for every k. But ||x;y — x||cc — O and from this
we deduce x(0) = xg. Moreover, | x(s) — x(0) |< My(x) | s — 0 |*. Therefore,
| x(s) |<| x0 | +My(x)T® := €;(x). Since x; tends to x in C¥([0, T'], R?) then
for every e2(x) > O there exists Ny such that for every k > Ny and every s € [0, T']
| xk(s) — x(s) |< e2(x). Therefore, | xi(s) [<| x(s) | +e2(x) < €2(x) +€1(x) :=
€(x). From this we deduce that there exists €(x) depending only on M, (x), o, T, xg
and such that x(s), xx(s) € [—e(x), e(x)]d for every s € [0, T] and k > Np. Let us
take a set A(x) := [0, T] x [—e(x), €(x)]¢ and consider set-valued functions Flaw
and G|4(y) with their domains restricted to the set A(x). Then Fja(x) (¢, -) is §-Holder
with a Holder constant Ly by (H2'). From the other side there exists Ne(y) > 0 such
that |DH (G)(t, )| < Ne(x) for every (t,u) € A(x) andeachi =0,1,...,d by
(H3). Then, forevery 6 € (0, 1), G|a(x) is -Holder with a Holder constant dependent
only on €(x) and

1G4 lls NGO, x0) 14 Ne(@y (T+T ' 7°) +d Nery (2€ (x) +(2€ (x)) ' °) <00
by Proposition 1.

From the convergence of x; to x in C*([0, T, Rd) it follows My (xz — x) — O.
From this | My (x;) — My(x) |— O and therefore, My (x;) — My (x). Then there

exists a constant C > 0 such that sup;, My (xx) < C + M, (x) < oo.
If g € ZS(G) then

SUp(ear) | &t w) |< supyuyea) IDH(G)(, u)|| < Nex).

Similarly as in the proof of Proposition 1 we deduce that g 4(x) is §-Holder with a
Holder constant Ms(g)a(x)) < Newr)(T'7% + d(2€(x))! ). Moreover,

| g(t,x(1) — g(s, x()) |< Ms(gaa) (1t —s 1> + 1 x(t) — x(s) I°)
< Ne) (T2 +d e ) (11— s I° +Mo () | 1 =5 170).

Taking 0 = «§ and dividing both sides of the above inequality by | t — s |7 we get

My (gox) < Ms(gac) (T~ + Mo (x))
< Ney (T'7° +d@ex)' ) (T + Mo (x)’) <00, (19)

Therefore, g o x is o-Holder. Similarly, g o x; are o-Holder and
sup Mo (g o xx) < Ms(g1aco)(T' ™% + sup My (xx)?)
k k

< Ms(g1aw) (T + (C + My (x))%)
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< Ne (T'70 +d(2e(x)' °) (T + (C + Mo (x))?) < 0.
(20)

From Theorem 4.1(1) in [14] we get
t t
H (/ F(t, xk(t))dr,f F(‘L’,x(l’))d‘[)
Sl S
< / H(F (v, (1)), F(z, x(1))dt) < Lego v — x[15T — 0

foreverys,t € [0,T], s <t,ask — oco. We wish to show that x € Sol(xo, F, G, w).
For this let us estimate

t t
distga <x(t) - x(s),/ F(t, x(z))dt + (IS)f G(z, x(r))dwt)
<| x(@) —x(s) — (xx () — xx(s)) |
t t
+distpa <xk(t) — xr (), / F(z, x;(1))dt + (IS)/ G(r, xk(r))dwr)

t t
—i—H(/ F(r,xk(t))dt,/ F(t, x(1))dT)

t t
+H((IS)/ G(r,xk(r))dwr,(ZS)/ G(r,x(r))dwr>
=I+11+121+IV.

Since x; € Sol(xg, F, G, w) then I = 0. I and /1] tend to O because of |x; —
X]loo = 0. We have to prove that I V' — 0. For this we will estimate both semimetrics

t t
H((IS)/ G(t, x(7))dwy, (IS)/ G(I,X(f))dwr>
and
t t
ﬁ((IS)/ G(t,x(t))dwf,(IS)/ G(r,xk(r))dwf).

Using Lemma 3, for every s, ¢ € [0, T], s < ¢, it holds

t t
sup distga (/ g1(t, xp (v))dwy, (IS)/ G(r,x(r))dwr)

81€ZS5(G)
! t
T petbionets (f 8107, 7 ())dwe — / g2, x(1)dw
21€ZS(G) 826L8(G) | Jss T ’ -

<C(p) sup inf {||gloxk_g20x”
21€ZS(G) 82€ZS(G) 00
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+(Ma(gl oxg) + My(g20 x))@" } o=F

+ sup inf ||g1 o Xk _82°x||ooMa(w)T°‘
21€ZS(G) 82€LS8(G)

=C(p) sup distoo (g1 © Xk, ZS(G) o x)
21€ZS8(G)

—i—( sup My(gioxi)+ sup Mg(gzox)>9°}9_p

g1€ZS(G) 22€ZS(G)
+  sup disteo(g 0 X%, ZS(G) 0 x) My (w) T,
81€ZS(G)

where ZS(G) ox :={gox : g € IS(G)}.
Therefore,

t 13
I:I((ZS)/ G(r, xk(r))dwr,(IS)/ G(‘E,x(‘[))dwr>
< C(p) i ((ZS)(G) o xt. (Z8)(G) o x)e—p

+C(p)< sup My(groxy)+ sup M(,(gzox))Go@_p
21€ZS(G) £2€Z8(G)

+Mo(w)T* Hoo (ZS)(G) 0 xk, (ZS)(G) o x)
=1()+11(a)+111(a).

We will prove that Ho, ((ZS)(G) o xk, (ZS)(G) 0 x) — 0 as k — oo.
Really, since g1 € ZS(G) then gija() is §-Holder with a Holder constant
Ms(811a(x) < Ne)(T'™? + d(2€(x))'°). Then we get

Heo((ZS)(G) o x¢, (ZS)(G) 0 x)

= sup o nf (g1, 0% () — g0 x ()]
SIGZS(G)gZGIS(G) 00

= sup  I(g1( () — g1 x(Dlloo
81€Z8(G)

< N (T8 + d(2€(0))' ) ok () — x ()% — O as k — oo.

From this we deduce that I (a) and /11 (a) tend to 0 as k — oo. Since 0 — p > 0 and

6 € (0, 1) can be arbitrarily taken then /7 (a) is arbitrarily small because of formulas
(19) and (20). Therefore,

t t
I:I((IS)/ G(u,xk(u))dw(u),(ZS)f G(u,x(u))dw(u)) — 0.
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Similarly, we deduce that the reversed semimetric satisfies

! ‘
I:I((IS)/ G, x(m)dwu), (IS)[ G(u,xk(u))dw(u)) — 0.

It means that IV — 0. By this we obtain

t t
distga (x(t) —x(s), / Fu, x(w)du + (IS)/ G(u, x(u))dw(u)) =0.

Therefore,

t t
x(t)—x(s)e/ F(u,x(u))du—i—(IS)/ G(u, x(m)dw(u).

)
It was proved previously that x(0) = xg, so x belongs to Sol(xg, F, G, w). O

Now we discuss the continuous dependence of solutions with respect to the right hand
side of inclusion.

Consider Young differential inclusions:
(YDI,) x,(t) —x,(s) € (ZS) f; G, (7, xp(7))dwy(t), x,(0) = a, for every

O0<s<t<T
and
(YDI) x()—x(s) € (ZS) f; G(t, x,(1))dw(t), x(0)=a
forevery0 <s <t <T.

The following version of Proposition 4 from [20] will be used in the proof of next
result.

Proposition 9 ([20]) Assume that f : [0, T]x R — Raxm g y-Holder, differentiable
and its derivative is y-Holder, w € C*([0, T], R™), o > 1/2, y > 1/a — 1. Then the
solution to

t
x(t) =xo + / f(s, x(s)dw(s)
0

is unique. In addition the map w — x, called the It0 map, is locally Lipschitz con-
tinuous with respect to (a, f, w). More precisely, let x (resp. x) be the solution fo
x(t) =a+ fot f(s, x(s)dw(s) (resp. X(t) = a + fé f(s, £(s))d(s)). We assume
that |xllcc < R, Mg(x) <R, | a|< R, M,(Vf) <R, [Vflloo <R, My(w) <R

and the same holds true when (a, f, w, x) is replaced by (a, f, W, x). Then there
exists a constant C depending only on T and R such that

My (x — %) < C(Ma(w — D) + 1(f = 1B0.R)lloc + 1(Vf =V ipo.R)lloct | a—al).
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Let G, G : [0, T] x RY — R*™ pe such that:

(H1”) G,, and G are y-Holder for some y > (1 — a)/a, o > 1/2 and satisfy
sup, M, (G,) < K; for some Ky > 0,

(H2") G, and G have y-Holder and bounded Hukuhara derivatives and
sup, M, (DH(G,)) < K> for some K, > 0,

Theorem 10 Let (H1") and (H2") hold. Moreover, assume
(i) My(w, —w) = 0and| a, —a |— 0,

(ii)  sup( yyepo.11xrd H(Gn (1, v), G(#,v)) — 0,
(iii) SUP(;.1)e[0,T]x RY H(DH(G,)(t,v), DH(G)(t,v)) — 0

asn — oo.
Then every sequence of solutions (x,,) of (Y D1I,) satisfying

t

(YDE,) x,(t) =ay +/ Stu(Gn)(u» Xp(u))dw, (1),
0
is convergent in C* ([0, T1, RY) norm to solution x of (Y DI) satisfying
t
(YDE) x(t) =a +/ St (G)(u, x(w)dw(u).
0

Proof DH(G) is bounded by (H2"). Then, similarly as in Corollary 6, there exist
K3 > 0 and Ny > 0 such that

sup IDH(G,)(t, v)l < K3
(1,v)€l0, Tx R

for n > Ny by assumption (iii).

Therefore, (G,,) have uniformly bounded Hukuhara derivatives for n > Ny. Simi-
larly as in formula (18) of the proof of Theorem 7 we deduce that St,,(G,) and St,,(G)
are y-Holder with Holder constants M, (St,(G,)) < L,K; and St,(Gy) (t,v) €
DH(Gy)(t,v), St,(G)(t,v) € DH(G)(t,v) with M, (St,(G,)") < L,K> by
(H1”) and (H2"). Therefore, equations (Y DE,) and (Y DE) admit solutions x, and
x, which are solutions to (Y D1I,,) and (Y DI), respectively, by Theorem 7.

It was proved in Proposition 1 of [20] that there exist constants R,, depending only
onT,a,y, My(wy), My (St,(Gy)),a, and suchthat || x, | 0 < Ry and My (x,) < Ry,.
Since sup,, M), (St,(G,)) < L, K1 andsup, | a, |< oo then there exists one constant
Py = sup, R, < oo such that |x,llec < P1 and My(x,) < P; for every n. The
same holds for solution x of (Y DE), i.e., there exists a constant P, depending only
onT,a,y, My(w), My, (St,(G)), a and such that ||x|lcc < P> and My(x) < P;.
Moreover, we have |[St,(G,) lloc < K3 and sup, M, (5t,(G,)") < L, K>. Taking
R = max{Py, P, K3, L, K>} all assumptions of Proposition 9 are satisfied and we
get

My(xn —x) <C <Moc(wn —w) + [[(81,(Gp) — S1,(G)) B0, R) oo
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H(S1,(Gn) = S1,(G) B0, R lloot | an —a |

< C | My(wy _w)+LM sup H(Gy(t,v), G(t,v))
(t,v)€[0,T]x R4

+L, sup H(DH(G,)(t,v), DH(G)(t,v)+ | ap—al].
(t,v)€[0,T]x R4

Thus, by assumptions (i) — (iii) we get My (x, —x) — Oasn — oo.
Since sup,cio. 7y | *n(t) —x(t) |<| an —a | +T* My (x, — x) then we obtain
convergence of x,, to x in C*([0, T, RY). O

Remark 2 All the results are easily adapted to deal with the stochastic differential
inclusion

t t
x(@) —x(s) e/ F(u,x(u))du+(IS)/ G(u, x(u)dB™ (u), x(0) = xo.

where B is a fractional Brownian motion. Last theorem needs additional property
that Hurst index of fBm satisfies inequality H > 1/2.

Let us conclude with applications to stochastic inclusions. Consider a 1-dimensional
fractional Brownian motion B = (B (t))zefo, 71 of Hurstindex H € (1/2, 1), which
is a centered Gaussian process such that

EBH()BH (1)) = 172(2H + 21— |1 — 5 |*H)

for every s,t € [0, T]. Let (€2, X, P) be the associated canonical probability space.
By the Garcia-Rodemich-Rumsey lemma (see Nualart [25], Lemma A.3.1), the paths
of BH are a-Hoélder continuous for any @ € (0, H) and therefore, the integral
ZS) f; G (u, x(u))d BM (1) can be treated as a Young integral.

Let us consider the following medical model. Let x : [0, T] — R be a function
for which the value x () denotes the number of cancerous cells at time ¢ € [0, T]. The
disease is diagnosed if x () > ag > 0 where aq is a given reference level. In practice
we may assume that ag is a level at which some therapy starts. One can also assume
that there is a maximum level of cancer cells a; > aq at which no further treatment
(dose of drugs) can help. So in the presence of active treatment x(¢) € [ag, a;]. Let
u : [0,T] — [0, c] be a function for which u(¢) represents the dose of the drug at
time # and let d : [0, c] — R4 be a given continuous function describing destroying
rate per tumor cell. In [27] the following controlled cancer growth model under the
influence of drugs was considered

dx(1) = (A In (L> - d(u(t))) - x(0)dt, x(0) = ap. Q1)
x(t)

where A and u are some positive parameters. In [18] the function d was taken in
particular as d(u) = kju/(ko + u) with some positive parameters ki, k». Since
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therapy effects may be different in cases of different patients it seems reasonable to
generalize model (21) adding a stochastic perturbation governed by the fractional
Brownian motion B with Hurst parameter H € (0, 1), i.e., to consider the model

dx (1) = (A In (%) _ d(u(t))) x(t)dt + v(u@)x@)dB!, x(0) = ao,
or in its integral form
t t
x(t) = ag +f (A In (L> - d(u(t))) x(t)dt +/ v(u(t))x(v)d BH
0 x(7) 0

(22)

instead of model (1). The term v(u(#)) can be interpreted as unforeseen (random)
reaction of the patient to treatment. It is assumed that v is a continuous function.

Let us define the following set-valued functions: F(x) := f(x) + Fi(x) with
f(x) =AxIn(u/x), F1(x) = —=d([0, c])-x,and G (x) := v([0, c])-x forx € [ag, a1].
Then the controlled model (22) can be rewritten in the framework of Young integral
inclusion as

t t
x(t) —x(s) € / (f + F))(x(t)dt + (IS)/ G(x(r))dBTH, x(0) = agp.
(23)

Let us note that both f + F; and G take on nonempty, compact and convex values
in R'. By standard calculations and Mean Value Theorem one can show that f is
Lipschitz continuous with a Lipschitz constant

K = (] In(p) | + max{| In(ao) |, | In(ar) [} + D).

It is also easy to see that F; is Lipschitz continuous with a Lipschitz constant
Id ([0, c])||. Thus F is Lipschitz continuous too. It can be also verified that | F'(x)|| <
L | x |with L = Amax{| In(i/ag) |, | In(i/ay) |}+11d([O, c])|. Similarly, G is Lip-
schitz continuous with a bounded Hukuhara derivative D H (G)(x) = v([0, c¢]). Hence
F satisfies all conditions (H1), (H2) and (H2') while G satisfies (H3). Therefore,
using Theorems 7 and 8 we deduce that inclusion (23) admits solutions and the set of
its solutions is closed in C*([ag, a1], Rl).

It is known, that classical Steiner point can be interpreted as a center of a mass of
a given set. Therefore, Theorem 10 applied to a system of equations

t
xn (1) = ay +/ StG,(u(t)) - x,(v)dBI"
0
and

t
x(t) =a +/ StGu(r)) - x(r)dBY
0
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allows us to deduce that a mean unforced reaction of a patient to treatment v(u(¢))
is stable with respect to a convergent sequence of individual mean unforced reactions
v, (u(t)), initial reference levels a, and a sequence of different fractional Brownian
motions Bf’ o,
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