Qualitative Theory of Dynamical Systems (2023) 22:89
https://doi.org/10.1007/s12346-023-00788-x

®

Check for
updates

Global Stability for an Endogenous-Reactivated
Tuberculosis Model with Beddington—-DeAngelis Incidence,
Distributed Delay and Relapse

Yuan Sang'?2 . Long Zhang'? . Bing Song"2 - Yuru Zhang'~?

Received: 19 January 2023 / Accepted: 3 April 2023 / Published online: 24 April 2023
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2023

Abstract

A tuberculosis (TB) epidemic model with Beddington—DeAngelis incidence and
distributed delay is proposed to characterize the interaction between latent period,
endogenous reactivation, treatment of latent TB infection, as well as relapse. The
basic reproduction number Ry is defined, and the globally asymptotic stability of
disease-free equilibrium is shown when R < 1, whileif Ro > 1 the globally asymp-
totic stability of endemic equilibrium is also acquired. Theoretical results are validated
through performing numerical simulations, wherein we detect that TB dynamic behav-
ior between models with discrete and distributed delays could be same and opposite,
and TB is more persistent in the model with distributed delay. Besides, increasing the
protection level of susceptible and infectious individuals is crucial for the control of
TB.

Keywords Distributed delay - Tuberculosis - Beddington—DeAngelis incidence -
Global stability - Endogenous reactivation

1 Introduction

Tuberculosis, which results from Mycobacterium tuberculosis (MTB), is the leading
lethal disease from a single infectious pathogen worldwide [1]. In light of the global
TB report 2021 from the WHO, about a quarter of the population around the world
has been infected with MTB, meanwhile, the prevention and treatment of TB has
been facing new risks and challenges since the COVID-19 became pandemic [2]. TB
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treatment has saved more than 60 million deaths since 2000 [1], which mainly includes
the Bacille Calmette—Gurin (BCG) vaccination for children [3] and treatment of LTBI
[4]. However, TB still remains a great risk and challenge to the global public health,
mainly due to the recurrent TB, which usually includes two types, one is the relapse
of the original strain, and the other is the reinfection with a new strain [5].

Once infected with MTB, individuals will enter a variable latent period, which
lasts from months to decades [6]. If individuals become infectious in a relatively short
length of time after infection, they are considered to turn into infectious individuals
directly without going through a latent period, which is called the fast progression
of TB. If not, it is considered that the individuals become the latent individuals after
infection, which is called a slow progression of TB [7]. During the slow progression,
a small fraction of latent individuals will develop to infectious individuals, which is
called as endogenous reactivation [8]. Many scholars [7, 9-11] have studied infectious
diseases related to the fast and slow progression, among them, Blower et al. [9] initially
developed the following model of TB transmission,

S(t) = rs — BSI — punS,
E(t)=(1—-p)BSI —oE — uyE,
I(t) = pBSI +0E —drgl — unl,
1

where S(7), E(t), 1(¢) denote susceptible, latent and infectious individuals separately;
B is the transmission rate between susceptible and infectious individuals; A repre-
sents the recruitment rate of susceptible individuals; o is progression rate from latent
compartment to infectious compartment; wy is the natural mortality rate; drp is the
death rate due to TB; p denotes the proportion of susceptible individuals developing to
infectious individuals(fast progression). They found that TB would persist for a long
time to stay at a stable state.

Subsequently, Castillo-Chavez and Feng [12] investigated the following TB model
with treatment and reinfection,

S = = 3L s,
N
E() B LEEN (uy +0 +ME,
N N

[(t) =0E — (uy +drp + yi),

!/

T(t) =yE+yil — —unT

@)

where T (1) denotes treated individuals; N (¢) implies the total population; B’ is the
transmission rate between treated and infectious individuals; y;, y; represent the treat-
ment rates for LTBI and infectious individuals separately. They found that treatment
reduced prevalence and increased proportion of uninfected population.
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It is shown in model (2) that all individuals come into latent period after being
infected, and all new infectious individuals come from the rate of disease progression
o . Butin fact, the probability of latent individuals to become infectious during the first
few years after infection is relatively high, whereas over time, it decreases. Meanwhile
the individuals who do not become infectious during these few years may remain
latently infected for many years or even whole life [13]. Employing the parameter p to
distinguish individuals between fast and slow progression, though there are advantages
such as concise and direct, there are also disadvantages, such as it is very difficult to
measure the real value of p and ignoring the latency of individuals who account for the
proportion p, etc. Therefore, Colign et al. [13] incorporated the compartment L(¢)
and time delay 7y, of fast-progressing latency into their modelling process. During this
period, the infected individuals die at rate ;«y and progress to infectious individuals
at rate p;. The individual number of compartment L (¢) at time ¢ is shown by

t
Li(2) =/ BS(s)I(s)e” WN+PIE=9) g
t

_-[Ll

then by differentiating L (¢), the term 8S(+ — 7, ) I (t — 11, ye  (WNFTPDTLY represents
the number of individuals of L{(¢#) who enters the latency L(#) of slow progression.
Meanwhile they assumed that individuals of L(f) who progress to infectious indi-
viduals all experience a latency no more than 7;,, after infection, then the infectious
compartment /() gains a term 8S(t — 7z ) (t — 7p,)e” *NVi (1 — e PI*l1), where
1 — e PI™1 represents the proportion of the number of those individuals. Thereby, they
developed the TB model with discrete delay and slow-progressing latency as follows,

S() =ry — BSOI (1) — un S(0),
L(t) =BS(t — 1o ) (t — tL,)e” MNTPITL 4 BI(t — 71 ) (L(t — TL))
+ T —1p))e” PNTPOT — BL(O)T (1) — ki L(t) — un L) + 151 (1),
[(t) =BS(t — L)t —1L,)e "™ (1 — e Py 4 BI(t — 72,)(L(t — 72,)
+ Tt —1,))e "N (1 — e Pritn) + Iy L(t) + 07T (1)
— (ry +drg +yDI(®),
T@) =y 1(t) — BIWOT () — Or + un)T (@),

3)

where the latent and treated individuals contact with the infectious individuals again
and become infectious with a rate p,; ry; denotes the self-recovery rate of infectious
individuals; k; denotes the endogenous reactivation rate of latent individuals; 7 rep-
resents the relapse rate of treated individuals. They found that contact heterogeneity
could lead to local outbreaks in the presence of declining epidemics. Okuonghae [14]
carried out some qualitative analysis on the model (3), found that a backward bifurca-
tion existed with exogenous reinfection, criteria on the local stability and a necessary
condition for the global stability of disease-free equilibrium (DFE) was obtained as
well.
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Recently, in addition to the work mentioned above, there has been plenty of other
important work of TB models [15-19] focusing on various aspects e.g., vaccination,
multi-strain infection, and co-infection with other diseases, etc., which mainly dis-
cussed the stability of equilibria (or periodic solution), the persistence (or extinction)
of disease, bifurcation and chaos etc.

As well known, incidence function performs a vital role in epidemic models to
characterize the interaction between susceptible and infectious individuals, and usually
includes bilinear and non-linear incidences etc. [20], in which nonlinear incidences
such as saturated, ratio-dependent and Beddington—-DeAngelis incidences have been
proven that are more appropriate and exact to describe the complicated interactive
course of disease transmission [21-25]. However, most TB epidemic models usually
used bilinear [6, 13, 14, 26] and standard incidences [12, 27, 28], while very few
considered non-linear incidence. Xu et al. [23, 29] introduced ratio-dependent and
saturated incidences into epidemic models respectively to describe the transmission
of TB, influenza, measles etc., and the globally asymptotic stability of equilibria was
attained. Baba et al. [30] presented a TB epidemic model with saturated incidence,
showed that effective control strategies would give rise to a reduction of infectious
population. Additionally, the Beddington—-DeAngelis incidence function %
containing the inhibitory effect of susceptible and infectious individuals, has been
gradually employed in epidemic models [21, 24], which could include the bilinear
incidence function 8SI (n; = 0,n; = 0) and saturated incidence function lf_‘;j 7
(ns = 0) as special cases.

Furthermore, time delays are normally used to describe a required time period
for an individual from infection to be infectious [31]. Meanwhile, distributed delay
which describes infectivity as a function of duration since infection [32] is assumed
to be better than discrete delay to model variable latency [17] and the long-term
disease infection [22, 33]. Beretta and Takeuchi [34, 35] pioneered epidemic mod-
els with distributed delay, Feng et al. [17] developed an SEI model with distributed
delay describing TB transmission dynamics, and argued that distributed latency would
not turn the qualitative dynamics of TB. Based on the method in [13], considering
Beddington—DeAngelis incidence and distributed delay, the latent compartment L (¢)
of fast progression could shown as follows,

1 L BS()I(s) —(uN+p1)(t—s)
_ dids.
Fi® /t_/o T+ 0:8) + ml(s) fudes

Thus,

S BS1)1(1)
Li@) ==y +poli(®) + 77 nsS(t) + n11(1)

B /TL] 5S(l - K)I(t - K) e*(MNJFPl)Kf(K)dK’
o 14+nSEt—r)+nlt—x)
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the term

ef(“Ner’)Kf(K)dK

/‘rLl BS(t —k)I(t —«k)
o 14+nSt—K)+nl(t—«)

leaves L1 (¢) and enters the latent compartment L (¢) of slow progression. Then we also
assume that the progression from fast-progressing latency to infectious compartment
all take place within a time 77, after infection, then the infectious compartment /(¢)
gains a delayed term

e MVl — e PIF) f(k)dk,

/le BS(t — ) (t —K)
o 14+nSE—K)+nl(t—x)

where, fOTL' f(k)dk =1, f (k) is the distribution function satisfying f(x) > 0 for all
k € [0, +00).

Moreover, Several studies [36, 37] have shown that relapse of TB accounts for
a higher proportion of TB infection than reinfection. Therefore we incorporate the
relapse of TB along with the treatment of LTBI and endogenous reactivation in the
modelling process, propose the TB epidemic model (4) with distributed delay and
Beddington—DeAngelis incidence,

o BS()I (1) B

S0 =hs L+ 080 + i) " NS

Lo :/ Ly BS(t —k)I(t — k) e_("Nﬂ”)"f(/c)dK
o 14+nSt—«)+nlt—«)

—(un +ki+y)L(1),
i) =/’L' BS(t — )1t — k)
0 1+ St —x)+nrl(t —«)
—(un +drp +yn)I@) +0rT(1),
T(t) =yiL(t) + yr1(t) — unT(t) — 07T (1),

e MNE(1 — e7PI) f(i)dic + ki L(¢)

“)

where, ng; > 0, n; > 0 is the protection level against the disease of susceptible and
infectious individuals respectively. All parameters are positive constants.

The following is how the remaining of this article is structured. In Sect.2, the
positivity and boundedness of solutions for model (4) are discussed. In Sect. 3, the
basic reproduction number Ry is defined, and the existence and locally asymptotic
stability of equilibria are obtained. In Sect.4, the globally asymptotic stability of
equilibria is proved. In Sect.5, theoretical results are validated through performing
numerical simulations, sensitivity analysis on some parameters is also conducted.
Finally, we give a brief summary.
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2 Basic properties

The nonnegativity and boundedness of solutions for model (4) are shown in this
section. The initial conditions of model (4) are

SW) =@1(v), L) = P2(v), 1(v) = P3(v), T(v) = Pa(v), v € [-71,,0].(5)

Where ¢ = (<Dl7q>2, q)37q>4)T € B([_tleo]’ Ri)’ cDi(”) Z 0 (_TLI S v S
0,i =1,2,3,4), and B is the Banach space of continuous functions ® : [—77,, 0] —
R} with || @ [|= max_r, <y<o | P(v) |.

Theorem 1 The arbitrary solution (S(t), L(t), 1(t), T(t))T of model (4) with initial
conditions (5) is non-negative and ultimately bounded on [0, +00).

Proof Since the theorem of functional differential equations [38], a unique solution
(S(t), L(t), I(t), T(1))T of model (4) with initial conditions (5) exsists on maximum
existing interval [0, Tinax), where Tiax < 0o. Assume that there exists #; € [0, Tiax)
satisfying S(z;) = 0, and that for any ¢ € [0, 5), S(¢) > 0 holds, thereby S‘(ts) <0.
However, it is easy to see that S (t;) = Ay > 0, which leads to a contradiction, so
S(t) > 0 holds for any ¢ € [0, Thax). Assume existence of 5 € [0, Tax) satisfying
I(2) = 0, and that for any ¢ € [0, t2), 1(¢t) > 0 holds, thus I(2) < 0. However, it
holds that

. Ly BS(ty — k) (ty — k)
i) = f 1
+nsS(t2 — k) +n1l(t2 — k)
+ ki L(t2) + 07T (12),
T BSE —1)I(§ —x) i _
— NK(] _ o= Pk
o /0 Uo s w7 SRR A
+k L(E) + 07T (£)] e—(MN+dTB+)/I)(t—§)d€+I(O)e—(MN+dTB+V1)t, (6)

Lo :/z /rLl BSE — )¢ — k) ~UNHPK £ () die
o Jo 1+nSE—«)+nlE—«)

% e*(/LN+k1+V1)(t*§)d$ + L(O)e*(ﬂN+kl+V1)t’ @)

e MNE(1 — e P Fi)di

t
T(t) = / [V L(E) + yr1(E))e” BN ge 4 T (0)e~ v 001 (8)
0

It is obvious that I(tp — «), S(to — k), L(tz), T(r) > 0, where t, €
[0, Tmax), and « € (0, 7z,). Hence, we have I (t) > 0, which induce a contra-
diction. Therefore, I(¢) > 0 holds for any ¢ € [0, Tnax). Further from Eqs. (7) and
(8), L(¢), T(t) > 0 hold for any ¢t € [0, Tmax). Hence, (S(z), L(t), 1(¢), TN is
non-negative on [0, Trmax).

Next, we demonstrate the boundedness of model (4). Obtainable from the first
equation of model (4),

BSWIw)
L+ 158 + 11 ()

S(t) = Ay — BN S(t) < Ay — unS(t).
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In accordance with the comparison theorem, we get lim sup S(¢) < ;i_;/’ then S(r)
11— 00

is ultimate bounded. Define
‘L'L1
A(D) :/ S(t — k) f()e ™ ¥ dic + L(t) + I(t) + T(¢),
0
we have

A(t) = A /TLI f)e " Nedie — uy /TLI f)e MV S(t — k)dk — un L(1)
0 0
—(uy +drp)I(t) — unT (1)

7L
< ,\X/ ' RO N dic — uy AD).
0

By the same discussion as above, it implies that A(¢) is bounded on ¢ € [0, Thax)
and thus L(¢), I(t), T(t) are ultimate bounded on ¢ € [0, Tihax). Therefore, from
the extension theorem of solutions we see Tmax = +00. So the arbitrary solution
(S(t), L(t), I(t), T(t))T of model (4) with initial conditions (5) is non-negative and
ultimately bounded on [0, +00). O

3 Existence and local stability of equilibria

It is clear that there is a DFE E° :—;V 0, 0, 0) of model (4). Denoting

'[Ll
o(tr,) = (ki(py +6r) + 0ry1) / e™NFPDK £ (1) die
0

'l.’L1
+ (un +0r)(un + ki + Vl)/ e MVE(L — e P fi)dk,
0

then we can get the endemic equilibrium (EE) E (S’ , I:, I , f) of model (4), where

p (L) (s — unS)

! (N k)l +0r)(un +dre + vi) — Oryil’
= As — UNS . +pik
=y T oGy Tl ) [”/o eI (0
L yip(TL,) ]
((un +0r)(un +dre +y) —6rvD) ]
- Jo" e fe)dichy — )
B UN + ki +y '
S (un + ki +yvoliuy +0r)(uny +drp +yi) — Oryil + niisp(te,) .

B+ unnppe(tr) —ns(uy +k + y)l(uy +0r)(un +drp + vi) — Oryi]
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Define basic reproduction number of model (4) as

0= ﬁ)"sp(rLl)
(UN + nsrs)(un + ki + y)l(un + 0r)(uy +drp + yi) — Oryil

Then when Rg > 1,we have

Brs(un + ki + y)l(un +0r)(un +drp +vi) — Oryil + Bnirp(zr,)

S =
(N + nsAs)(un + ki + vol(uny +0r)(uy +drp + yi) — Oryrl
1
X 1s B2
(B +unnDIRo — (ﬁ+mvm)(mv+nsks)]
> 0,

and
As — MNS

_ (un +nsris)(un + ki +y)l(uy +07)(un +drp +vi) —0ryil(Ro — 1)
B+ unnpDer) —ns(un +k +y)l(uy +60r)(uy +dre + yi) — 0ryil

Prs(Ro — 1)

= _ ns BAs
(B +unnD[Ro (ﬂ+mv771)(u1v+ns)».c)]

> 0.

Theorem 2 The DFE E° Ii\—;v, 0, 0, 0) of model (4) is locally asymptotically stable if
Ro < 1.

Proof The characteristic equation of model (4) at E 0 :—;, 0,0,0)1s

M+ w0 +un +k +y) (g +uy +07)A +uy +dre +vi) — 01y

A Ly
— (M +uy +Op)O +uy Fh+ VI)L / eTHNK(1 — 7P f(i)die
UN + nshs Jo
X L 9
x e ML — (A + un +9T)k17ﬂ d / : e~ NEPDK £ () dice 111 ©)
UN +nsrs Jo

Bhs LU v+ pK -t
- 0ry —————— e MNTPIK £ (iydice™ 1 1] = 0.
KN + nshs Jo

Obviously, the characteristic equation (9) has a negative characteristic root Ag =
—un, and the other characteristic roots depend on

p(a) =G+ uy +k+y)( + oy +07)0 +uny +Hdrp +vi) —Oryr)

A L
_()\1+MN+9T)()\1+IJ«N+kl+V1)L/ e HNE(1 — 7P
0

UN + Nshs
A T 10
X FOdice™ ™ — (g + py + 67y —D2 f e k)
UN +nsAs Jo

—AiTL Bs L —(uN+px —ATL
X e . — Oy ——— e fk)dke 1.
uN +nsrs Jo
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When Rg < 1, from p(A;) = 0, we have

;szli-);; — (A1 + N +07) fOTL' eINK (1 — ¢ PIK) f (ic)dice L1
1 — s/\s

(A +un +07)A +un +dre + i) —Oryr

Bl o + Ok [y e NN £ )diee T

M+ un+k+ ) +uy+07)0 + un +dre + i) —Oryr)

Bls L1 = (un+prx —ATL
gy TV Jo'e f)dke 1

+ .
M+ un+hk+ ) +uy+07)0 + un +dre +yr) —Oryr)

Let A =a+ib, a, b € R, if a > 0, then it follows that

1= it (it 07) 5 eI (L= P f(e)dice ™M
A1 +un+07)A + N +dre +vi) —Oryr
B G 0K [y e N PR f ) dice™H T
A1+ N + ki +y)((h +un +07)Ay + un +drp +yi) —01yr)
. ﬁ%yz /(;ELI e*(,uN‘i“Pl)Kf(K)dKe_)LlTLl |
A1+ Ntk + v +un +070)0 + un +drg + v — 01y

A 22
sAs
—A]TLI

«| (A1 +pn +07)e
M A+ uy +07)A +puy +drp +yi) —Oryi
_kiprs erl e~ INHPDE £y dic
UN + nsis Jo

x | (M1 + uy +0p)e M1 |
Mty t+k+y)( +opy +07)00 +uny +drp +vi) —Oryr)

A 123

n ﬁis(gm/ U= (NE PR £y
UN + Nshs 0

e*M‘rLl

X | |
M tuy+k+y)( + oy +07)0 +puy +drg +vi) —Oryr)

A 22 %
<P [T - e o iy & Or)
UN +1shs Jo

T,
B (ki (e +67) + 07y fo " e NFPOK £(e)dic

+
UN +nshs (un + ki +yv)((un +07)(uN +dre +vi) —Orvi)
=Rog <1,

(UN +0r)(ny +drp +vi) —Oryr

which leads to a contradiction. Hence, if R¢ < 1, then we have a < 0. Therefore, E 0

is locally asymptotically stable.

m}
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Theorem 3 The EEE(S, L, I, T) of model (4) is locally asymptotically stable if Ro >
1.

Proof The characteristic equation for model (4) at EE is obtained as

BI(L+n0)
(A1 +pun + ~—~2)(M +un+k+ )l + py +dre +yi)
(I +nsS+n1)

X A +uny+071) —0ryi]l — M+ puny) + py +k +yv) (M + py +60r)

S(1 S 2
% /o LTINS (L — eTP) f()de T — KA+ )
Ns ni
S S w
Gt QT)%/ | e VPR £ (i) dice ™M™
Ns ni
S(1 S 2
—Ory (A1 + MN)(IIK—}F(.S:%)IN)Z/ ] e~ INFPDK £ () dice 1T = 0,
Ns ni

(an

Then,

BI(1+n; )
MAUNF G S 7

A+ UN

Ly —uNK (1 _ ,—PIK —nit, _BSU+nsS)
B M +un+0r) [y e (I —e™P%) fk)die Gt dani i
(M +pun +dr +y) (M + uy +0r) —Oryr)
L1 o= (un+pi)c arL, _BSU4n,S)
M1+ un + 07k f, S)dre "™ (405 S+n;1)?

()»1 +un +k+y)((A +puy +drg +y) (A + pun +0r) —07yr)

— — S(1+nsS
Y f (N +PD¥ f (k) dKce AT, (lin( STmI))Z

()»1 +un +k+y) (A +puy +dre +yD) O + pn +0r) —0ryr)

Note that

_BIQtn D)
+ (405 S+ D)2

AL+ uN

Ly —uNK (1 _ ,—DIK iz, _BSU+18)
B A1+ un +07) [y eV — e P f(k)dke "t 12
(M +un +drp +y)) (A + uy +0r) —Oryr)
Ly e~ (un+p)K —itr, _BSU4n,8)
M1+ un + 07k flo)dke " Gn SR
(M +un +k +y)((A +pun +drg +yr)(A + un +07) —Oryr)
Ly —(un+p)e —at, _BSU+n,S)
Oryi fo e fl)die ' GindimiR
(?»1 +un +k+y)(( +pun+d+yD)a +py +0r) —0ryr)

Ay
0=
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LetA; =a+ib, a, b € R,if a > 0, then we have | O |> 1. However,

BS(1 +1s3)
(14058 +n;1)?
x| (1 + py + O™ |

(A +untdrp+yDa +uy +07) — Oy

,PSAFns8) / N EPK f ()i
A +nsS+nD2 Jo

T
W < /O L INE (1 — e PR () dic

x| (A1 + uy +0p)e M |
(A +un +k+yD((A +uny +drp + v + oy +07) —07yr)

+9TVI—I3S(1~+ 1s9). /ILI e UNTPDE £ () dic
(I+nsS+nDH*Jo
oMLy

* |(M +un +k+ vy +pny+drp+ v +py +07) — 9TV1)|
_——@giiﬁfzf:[nlaﬂNﬂl—e—mﬂfWNM
(L+nsS+n,0)2 Jo
« un +0r K ﬁg(lj‘ 7735')~ /rLl o~ (NP
(un +drp +vD)(un +6r) —Oryr (I +nsS+nD2 Jo
un +6r
(uny + ki +yDun +drp +y)(un +0r) —0ryr)
BS(1 +ns3) Jo e (N EPR £ (o) dic
A +nsS+n; D2 (uy + ki +y)(un +drp + vy +671) — 67Y1)
(n +07) o e BN (1 — =PI f(ic)dic
- |: ((uny +drp +vD)(un +0r) —0ryr)

(ki (i +67) + 07w fo - e MV PR £e)dic BS( +155)
(uny +k +y)((un +drp +vD)(un +07) — QT)/I):| A +nsS+n;D)2
BSI(1+ ns8)
(ks = unS)(L+ S +ny D)2

_ 14+ nsS
1+ nsg—l— 771i

x f(k)dk

+o0ry

<1,

which leads to a contradiction, so we have a < 0. Therefore, if Rg > 1, E exists and
is locally asymptotically stable. O
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4 Global stability of equilibria

Theorem 4 The DFE EO(:—;’, 0, 0, 0) of model (4) is globally asymptotically stable if
Ro < 1.

Proof Define S° = )“ and Lyapunov function H(¢), where

s° (t) (@)
Hi (1) = mp( Ll)( —1—In —) + [ki(un + 07) + Oy 1L (1)

+ (un +0r)(uN + kz + vl ®) +0r(un + ki +y)T () + Ui (1),
where

St —&I( —
Ul(f)—[kl(/vLN+9T)+9TVl]/ / P

x e UNTPOK £()dEdic + (un + 0r) (un + ki + 1)

BS(t—&)I(t — &) . .
f /tx T+ nsSU—8) +mlt—8)° INE(1 = e7P) f () dEdic.

Differentiating U, (¢) along with any positive solution of model (4), we have

. _ BS)I (1) _
U(t) = ,0(le)1 eSO+ 10 [ki(uy + 07) + 01yl
/ILI BS({t —x)I(t — k)
X
0

14+ nSE —x)+n1( —«)

e~ UNEPOR £y die — (un + O7) (uw

Ly BS(t —k)I(t —«k)
L+nsSE—x) +n11( —x)

+ ki + 1) / eTINK (1 — e PIK) £ (k) dk.
0

Then, it follows that

oo PO =5Y BS®I1(1) _
Hi(1) = 0+ 1.5950) (Xs T2 050 T 10 unS@) + [ki(un +6r)
T BSE—lC =) _
+9T)/l][/o TSt =0 +mlt—r° f)dk — (un

+ki + y)L®)] + (un + 0r)(un + ki + )

7, BS(t — )t —«) P,
) [/0 1+’7s5(l—l<)+7711(t—lc)€ (1 —e ™) fle)dre + k(1)

—(uy +drg +ypDI@) + 9TT(I):| +0r(un + ki +y)yiL(@) +yil(t)

— (un + 60T )]+ Ui (1)

unpEL)(S@) = 8D p)(S@) =8 BSWI@)
(1+ 1589 5() (1 +n5SOS@) 1+ n;S@) +nrl (1)
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BS)1(1)
1+ neSE) +n1(t)
X [(un +07)(un +drp +yr) — Oryrll(t)
0y2
e N’Eﬁ;(iff))szf ) +Mm)%l(0— (i + k1 + )
x [(un +07)(un +dre +yr) — Oryrll (1)
N p(TL)(S@) — 8°)?
(1 +ns898@)
x [(uny +07)(un +drg +yi) —OryilI(£)(Rop — 1) < 0.

+ p(tr,) —(uN + ki + )

+ (un +ki + )

Then it holds that H1 (1) < 0 when Ryp < 1, and Hl (t) = 0 when and only
when S(r) = S°, L(t) =0, I(t) =0, T(t) = 0. Let " be the largest invariant set
{(1, ¢>2 ¢3 o) € Rf, Hi(t) = 0},thenwehave I = {EP}. Therefore, when R <
1, E%(2£,0,0,0) is globally asymptotically stable from the LaSalle’s invariance
pr1n01ple [39] O

Theorem5 The EE E(S, L, 1,T) of model (4) is globally asymptotically stable if
Ro > 1.

Proof For convenience, denoting

BS (@) () YT — BSI
14+ nsS@) +nil(e)’ ' 1+ 058 + 1
Ym@®) =m@) — 1 —Inm(r)

X(S(), I(@)) =

Define Lyapunov function H;(¢) as below,
Hy(1) = Ho(r) + U2(2),
where

SO 1+ usg +nl S

Hy(t) = p(z1,) |:S(l) -§ —/~ d§i| + [k (uy +071) + 07 v]
§ 140 S+nlé

x L [Y (%)] + (un +07)(uny + ki +y)I [Y (?)}

- T(t)
+O0r(uy +k +y)T [Y < 7 )] ,

. T t
Us(t) =thi(u + 07) + 07 71X 5, 1)/0 '/ [Y(
1—K

X(S(8), I(s»)]
XS, D
x ()™ WNFPDR gedic 4+ (i + 07) (e + ki + y) X (S, D)

/‘TL1/ |: (X(S(S) I(f)))] f(K)e_MNK(l—e_le)deK'
i XS, D)
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Differentiating U, (¢) along with any positive solution of model (4), we have

. L
Us(t) = p(rp, )X (S(). 1)) — Thy (e + 67) + 6771] /0 " XSG — ). 1(t — 1) f ()
T
x NP e (i + 07) (u + ki + ) fo XSW = 0. 1~ 1) £ ()

2
x e MNE(1 — e PYdic + [k (uy +07) + 071X (S, 1)/0 G

e~ N+PDK (X(S(l — ), It —
X(S(@), I(1))

L [T (XS — k), I — k) _ _
X(S,1 1 KNK (1 — =PIy,
XX, )/o ! ( X(S(0). 1) ) Flede L = ek

K”) dic + (uy + 07y + ki + )

Hence,

(1+nsS@) +n;DS
(14 nsS+nDS()

Hy(t) = p(tL) [1 - } [hs — X(S@), 1(1)) — uNSO] + [k (N

+0T) + 9]‘)/[](1 — m) |:/TL X(S(l — K), I(f — /{))g_(#N"‘pl)Kf(K)dK

—(uN + ki +yDL®O] + (uy +07)(un + ki + v — m)

x UTL] X(S(t — 1), 1(t — 1))e MV (1 — e PIY £ ()die + kL (t)
0

—(un +drp +ypI(@) +9TT(f)] +O0r(uy +k +y)(d — m)[yzL( )

+ 7T — (uy + 00T O]+ Ua(t)

wn (14 D(S) — §)? Sa +nsS(t)+n11)
_IO(TLI) = = _P(T )
A +nsS+n;D)S(@) (1+ns5+n11)S(t)

- S +nsS®) +n1)
X(S, 1 - = X(S(), 1 — [k, %
+p(r)X( >+p<rL1>(1+nss+mI)S([) (S, 1)) — [k (uy + 67)

7 T
+9TV1]m B X(S(t — k), 1(t — k) HNTPOK fGeydie + (uy + ki + 1)

- 1
x [kj(un +07) + 07y IL — (un + O0p)(un + ki + Vl)m
T
x / ) XSt —x), I(t —x)e” MV (1 — e PI%) f(k)dk — kj(uy + 6r)
0

x (un + ki +yp)I I(( )) (uy +01)(un + ki +y)(uny +drp +yDI()

+ (un +07)(un + ki + ) (un +drp + v — 07 (uy +07)(uy + ki

i %+9TVI(MN+/<1+Vz)1(t)—9TVz(uN+kz+V1)T%—9T(M1v

1(1)
+k + Vl)Vle +0r(un +01)(un + ki + )T + [k (un +07) + 07y
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x X(S, 1) /ILI In (X(S(l — ), I - K))) f(K)e_(MN+pI)KdK
0

X(S@), (1))
7Ly In <X(S(t —«), I(t — K)))
X(S(@), [(1))

T (u + 00w + ki + )X, D) fo
x fk)e HNE( — e PIdi

(14 D(S@) — §)? - -
= — = — — X(S, 1
p(tL) Gt nS DS p(tL)X(S, D)

Ay S +ngS@) +nrD)
(14158 +nDHS(0)

X/rLl v X(S(z—ic)ll(t—x))lz Fye Nt g
0 X(S, DHL()

X(S(t — ), I(t — «)) )}

)} — lki(un +07) + 07y 1X(S, )

~ o~ [T
_ 0 k X(S, 1 Y S 7
(un +07) (N + ki + v X( )/0 [ ( X(S, DI{@)

X fU)e ™MV — e TP)dic — ky (uy +07) X (S, 1)/ [ (IL(I))
I(t)L

T = = [T T@)I LT
X f(k)e dk — 0Ty X (S, 1)/0 |:Y(I(t)7~’ TOL

—(UN+PDK g k Ily ro? 10T
x fe)e k —O0ryr(uN +k + ) |: <I()T TOI

L+ msS(@) +ng 1)

1+ ngS(0) + 1

y [1 SO A0l ©) L (s SO+ D16 m}
T+nsS@ +npl I(1+ngS@) +nr1(t)) 1

—p(L)X(S, 1) [Y( )] + ot X(S, D)

where

LngSO+ml@® - A+080) + mDI®) 10
14+ nsS@) +nil I(1+nS(t) +nrl(t)) 1
B —n; (1 + 0, SO () — 1)?

A+ 9SO + DA+ 0, S@) + 0l ()

Since the function Y (m(t)) = m(t) —1- lnm(t) > 0, and Y(m(t)) = 0 when
and only when m(t) = 1, thereby Hz(t) < 0,and Ho(t) = 0 implies that S(f) =
, L(t) = L, 1(t) = I, T(t) = T. Therefore, in accordance with the LaSalle’s
invariance principle [39], when R > 1, equilibrium E of the model (4) exits and is

globally asymptotically stable.

O
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5 Numerical simulations

In this section, several numerical simulations are performed to demonstrate the validity
of theoretical results of model (4). We compare the effect of discrete and distributed
delays as well as different incidence functions on dynamic behavior of TB. Next, sen-
sitivity analysis is conducted on the treatment rates of LTBI and infectious individuals,
relapse rate, endogenous reactivation rate, protection level against disease of suscep-
tible and infectious individuals separately. Finally, comparison between simulation
results with model (4) and actual data of annual new TB cases in China is shown.

As a special case of model (4), the corresponding discrete delay TB model could
be formulated as model (12),

BS(HI(t) B
1+ n,S@t) +n71(1)

_ BS(t — T )t —7L))
Tl SG—T) It —12,)
BS(t — T It — 1)
1+ nsSUE—7r) +nrl(t —1r,))

—(un +drp +yDI@) +0rT (@),
T() =L@ +yil(t) —unT (&) — 07T (1)

S(t) = hg —

uNS(),

L(t) e NPT _ (4 Ky 4 y) L(2),

[(t)= eTMNTLI (] — TPy 4 Ky L(1)

12)

By calculation as same as model (4), the basic reproduction number of model (12)
is formulated as

5 Brse” "Nh (ki (un + Or) + Ory)e 't
O (uw + k) un + ki lun + 00 (e + drs + y1) — Oryi]
+ Brse MV (un + 07)(un + ki + y) (1 —e P
(un + nshs)(un + ki + y)l(un +6r)(un +drs +vr) — 0ryil’

and the DFE and EE of model (12) are £0 = (:—N 0,0,0)and £ = (S, L, 1,7T),
where

by — VPO (uy + ki + ) L

S=
MUN
i e~ (n+pDTL, ﬂkj(ﬁ'o -1 ,
B+ mxnn)(n + ki + IR0 — Grribbm—s]
j (00 Gay + ki £y ™ — (i +0r + )L
(N +60r)(un +drp +v1) — Oryi
7 [((un +O7)(un +dre + yi) — Oryily i

T (un + 00y + 00 (un + drs + i) — Oyl
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Table 1 Values of parameters

Parameter Value References
Vi 0.1 [26]

VI 3 28]

Y - [26]

2 0.03 [13]

or 0.05 [13]

ki 0.00527 [9]

drp 0.12 [26]

yi((un +0r)(un + ki + yeP™ — uy(uy + 0r + yl))ﬁ
(un +07)[(un +O7)(uny +drp + y1) — Oryr] '

For convenience, we take

1
f(K):_v 0<‘CL1 <K,
TL,

'L'Ll 'L'Ll 1
/ f)dk = / —dk = 1.
0 0 TL,

Hence the basic reproduction number of model (4) is rewritten as

then we have

_ Brg(uy +07)(1 — e HNTLL) . 1
MNTL, (/‘LN + ns)\s)[(MN + GT)(/LN + dTB + y]) _ GT)/I] (MN T pl)
Bhrsin (n + 07 + yp) (e~ Untroty _ 1)

X .
L (uy + nsAho) (uy + ki +yol(uy +0r)(uny +drp + yi) — Oryil
(13)

Ro

The values of parameters are taken as shown in Table 1, and the other parameters
As, B, ms, 01, Tr, are chosen as given in the cases.

1. When 8 = 0.023, A, = 10,n, = 0.08,n; = 0.04, r1,, = 74, we have Ry =
0.9444 < 1, as shown in Fig. la, b, the DFE E0 = (780, 0, 0, 0) of model is
globally asymptotically stable. Therefore, the result of Theorem 4 is true.

2. When 8 = 0.023, 1, = 10,n, = 0.08,n; = 0.04, 77, = 5, we have Ry =
1.2132 > 1, the endemic equilibrium E = (130.4, 35.7, 63.5, 195.8) of model
(4) is globally asymptotically stable as shown in Fig. le, f. Therefore, the result
of Theorem 5 is true.

Next, we compare the difference of the reproduction number between models (4)
and (12) as 77, changes. It can be seen that the following conclusion holds, and the



89 Page 180f 26 Y.Sang etal.
(2) (b)
900 Time seq phases. 3-dimension phases.
250
800
200
700 S
L)
— 150
600 — T -
= 100
§ 500
E]
3 400 %0
300 0
200 200
100 100
0 - . - 600 800
60 40 20 0 20 40 60 8 100 L 0 400
time t S(t)
(©) (d)
Time phases. 3-dimension phases.
400 T - -
—s()
L
—1)
—TM
c
S
E
3
. L(t
0 0 2 30 40 300 w00 © &
! S()
time t
(e) ()
Time phases. 3-dimension phases.
400 [ T T
N —s()
f — L
. N _n 140
A 0 T
300 N
! é“\ 120
/AN
250 /I
ﬂ,,bA\ 100 4
5 NI\
5 200 :l}’, 804
= S
K " w0
150 MRS5S
(| Sogls
i)
100 44 V
8 20 4
50
0
0
0
0 50 100 150 200 400 O Lt
time t S()

Fig.1 Time series phases of solutions (S(), L(¢), I(t), T(t))T and 3-dimension phases of solutions S(t),
L(t), I(t) of model (4). a, b: 7, = 74 with initial functions (S(v, L(v), I(v), T (v)) = (10 + 2sin(v) +
40k, 5+ 2sin(v) + 10k, 54 2sin(v) + 10k, 5+ 2sin(v) +35k), k = 1,2, ..., 20, forall v € [-74, 0]; c,
d: 77, = 35 withinitial functions (S(v), L(v), I(v), T (v)) = (80 +2sin(v) + 12k, 5+ 2sin(v) + 5k, 5 +
2sin(v)+4k, 100+2sin(v)+12k),k = 1,2, ..., 20, forallv € [-35, 0];e,f: 77, = 5withinitial functions
(SW), L(v), I(v), T(v)) = (100+2 sin(v)+10k, 104+2sin(v)+6k, 10+2sin(v)+5k, 80+2sin(v)+12k),
k=1,2,...,20,forallv € [-5,0]



Global Stability for an Endogenous-Reactivated Tuberculosis... Page 190f26 89
(a) (b)
900 Time sequence phases. 3-dimension phases.
250
200
—s()
—L
— 1) 150
T P
- = 100
S
3
3 50
0;
300
200
100
. . . 800
600
40 35 30 25 L(t) 0 200 400
S(t)
(c) (d)
900 Time sequence phases. 3-dimension phases.
250
800
200
700 /
150
600 /
5 50 = 100
3
3 400 50
300 0
300
200
200
100
0 400
0 50 100 150 200 L(t) 0 200
time t s(t)
(e) (f)
Time sequence phases. 3-dimension phases.
—s()
350 i
— 1)
300 — T
100 <
250 jIr\i
ﬂ \ 80
S 200 IO
= DY
e =t @
/7S GKK =
’/%/../’ g 40 -|
=
100 \t://
=7/
Y 20
50
0l
0
0 50 100 150 200

time t

Lt

Fig.2 Time series phases of solutions (S(), L(t), I(t), T(t))T and 3-dimension phases of solutions S(t),
L(1), 1(r) of model (12). a, b: 7, = 74 with initial functions (S(v), L(v), I (v), T (v)) = (200+2sin(v) +
25k, 104-2sin(v)+12k, 104+2sin(v)+10k, 20+2sin(v)+32k),k = 1,2, ..., 20,forallv € [-74,0];c,d:
tz, = 35 withinitial functions (S(v), L(v), I(v), T (v)) = (200+2 sin(v) +25k, 10+2sin(v)+12k, 10+
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k=1,2,...,20,forallv € [-5,0]
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values of other parameters are chosen as Case 1 and 2.

Ro>1.Ro>1,0<1, <3244,
Ro>1,Ro <1, 32.44 < 17, < 62.69. (14)
Ro<1,Ro<1, 1z, > 62.69.

If rLl = 74, we can see Ryp = 0.9512 < 1, as shown in Fig. la, b, the DFE
= (780,0,0,0) of model (4) is globally asymptotically stable; and 7@0 =
O 6367 < 1, the DFE E° = (780, 0, 0, 0) of model (12) is globally asymptotically
stable (F1g 2a,b). If 7, = 35, we can see Ro = 1.1193 > 1, the endemic equilib-
rium E = (198.5,29.5,32.7, 130.3) of model (4) is globally asymptotically stable
(Fig. 1c, d); and Ro = 0.9762 < 1, the DFE E? = (780, 0, 0, 0) of model (12) is
globally asymptotically stable (Fig. 2c, d). If t;,, = 5, we can see Rog = 1.2132 > 1,
the endemic equilibrium E = (130.4,35.7,63.5, 195.8) of model (4) is globally
asymptotically stable (Fig. le, f); and 7@0 = 1.2055 > 1, the endemic equilib-
rium E = (134.1, 56.6, 35.3, 183.7) of model (12) is globally asymptotically stable
(Fig. 2e, ).

The details of above numerical simulations for both models (4) and (12) are as in
Table 2,

We find that there exists evident difference of dynamics between models (4) and
(12). When the latency delay 7z, increases, the dynamical behavior of model (12) with
discrete delay is as same as that of model (4) with distributed delay under the same
conditions when 0 < 77, < 32.44 or 17, > 62.69. There may also exist the opposite
dynamical behavior between model (4) and model (12), i.e., if 32.44 < 7, < 62.69,
the disease in model (12) is extinct, while it continues to spread in model (4). Obviously,
the disease is more persistent in the model (4) with distributed delay than the model
(12) with discrete delay.

It can be seen from Fig. 3a, Ry increases as the protection level 7, against the
disease of susceptible individuals decreases. When 7, > 0, the incidence function is
Beddington—DeAngelis type, while it is saturated incidence function for the infectious
when 1y = 0. In particular, as 5, decreases from 0.1 to 0, susceptible individuals
no longer take any protection, the incidence function changes from Beddington—
DeAngelis type to saturated incidence function and the value of Ry increases from
1.27 to around 100, which is quite high.

In Fig. 3b, it shows that a lower value of S is required to maintain the same value
of Ry when n, decreases, which means when the susceptible individuals take no
protection, their contact rate with infectious individuals needs to be controlled for the
purpose of reducing the transmission rate so that R can be kept at the same threshold
level.

It can be seen from representation (13) of Ry, the protection level n; against the
disease of infectious individuals is not related to /Ro. However, it is shown that raising
the protection level of infectious individuals will bring about a reduction of infectious
population in Fig. 3c.
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Fig. 3 a: Effect of the protection level ny on Rg with § = 0.03, all other parameters as in Case 2. b:
Contour plot of R as a function of 1y, B, all other parameters as in Case 2. ¢: Effect of the protection level
ny on the number of infectious individuals, all other parameters as in Case 2. d: Sensitivity indicators of
R for different parameters with k; = 0.01, 7 = 0.005, all other parameters as in Case 2. e: The number
of new TB cases in China from 2015 to 2021
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Table 3 New cases from 2015 to 2021 in China
Year 2015 2016 2017 2018 2019 2020 2021

Persons 864015 836236 835193 823342 775764 670538 639548

Sensitivity indicators of R¢ for parameter g is

R
yRo 20 4

g aq Ro’

In Fig. 3d, sensitivity indicators of R for the cure rates y;, y; for LTBI and infectious
individuals, the relapse rate 67, the disease progression rate p; and the endogenous
reactivation rate k; of latent individuals is demonstrated. It should be mentioned that

IRy Bhspn (e” PP — 1) (k) — Op)
oyt (uN + sk (un + ki + v [(un +60r)(un +dre + vi) — Oryi)
1
X —
(N + p1)
Therefore, when k; > 67, % < 0. However, when k; < 67, BB—R" > 0, it means that

Ry increases with the increasing treatment rate y; of LTBI, which is not quite in line
with the commonly accepted view [4], mainly due to the model assumption and the
higher relapse rate.

Next, a simulation of annual new TB cases in China from 2015 to 2021 is performed
with model (4). We choose the recruitment rate A; = 1.661 x 107, N(0) = 1.36782 x
10°, S(0) = 7.4546 x 108, 1(0) = 6.2927 x 10°, T(0) = 2.7067 x 107 which is
calculated in the literature [40], thus L(0) = N (0)—S(0)—1(0)—T(0) = 5.89 x 108.
The value of natural mortality rate is chosen as uy = 1/76.34 in accordance with
the China Statistical Yearbook [41], time delay 7;, of fast-progressing latency is 5
years [13] and the value of the remaining parameters are taken as in Table 1. The
actual data is obtained from the Chinese Center for Disease Control and Prevention
[42] as in Table 3 and the number of new TB cases is represented by function g(¢) =

N Hﬂfg;;;;;f,;{—,ﬁ;_me—uw f(x)di. Then when B = 0.0058, n, = 0.318,; =
0.65, the comparison between the simulation results and the actual data of the number
of annual new TB cases in China is shown in Fig. 3e. It can be seen that the simulation
results are well consistent with the actual data, which means that model (4) is also
consistent with the real circumstance of TB transmission.

6 Conclusion

In this article, an endogenous-reactivated TB model with Beddington—-DeAngelis inci-
dence, distributed delay and relapse is proposed. We prove the local (and global)
stability of equilibria on the basis of the basic reproduction number Ry. We find that
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the DFE is globally asymptotically stable when Ro < 1, meanwhile the EE is globally
asymptotically stable when R > 1. Comparing models (4) and (12), we find that the
dynamic behavior between distributed and discrete delays may be same or opposite,
and TB is more persistent in the model with distributed delay than a model with dis-
crete delay. Besides, we find that increase the protection level 7y, 17 of susceptible
and infectious individuals is very crucial for the control of TB. Finally, we discuss the
effect of treatment rate y; for LTBI, treatment rate y; for infectious individuals, the
relapse rate 07, the the disease progression rate p;, and the endogenous reactivation
rate k; respectively. The results suggest that increasing the treatment rates is beneficial
to disease control, while the higher relapse rate and disease progression rate could
accelerate the spread of TB. The comparison between simulation results and actual
data of annual new TB cases in China from 2015 to 2021 demonstrate the feasibility
of the model we construct.

In fact, TB transmission is very complicated in reality, especially, we have not yet
considered exogenous reinfection in model (4), which is an essential factor of TB
transmission and could cause backward bifurcations [6, 13—15]. Therefore, model (4)
with exogenous reinfection would be a more meaningful research subject in the future.
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