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Abstract

Itis a well-known fact that there are continua X such that the inverse limit of any inverse
sequence {X, f,} with surjective continuous bonding functions f, is homeomorphic
to X. The pseudoarc or any Cook continuum are examples of such continua. Recently,
a large family of continua X was constructed in such a way that X is %-rigid and
the inverse limit of any inverse sequence {X, f,} with surjective continuous bonding
functions f;, is homeomorphic to X by Banic¢ and Kac. In this paper, we construct an
uncountable family of pairwise non-homeomorphic continua X such that X is 0-rigid
and prove that for any sequence ( f;,) of continuous surjections on X, the inverse limit
l(ir_n{X , fn} is homeomorphic to X.

Keywords Continua - Cook continua - Rigid continua - Degree of rigidity - Stars of
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1 Introduction

The rigidity of topological spaces has been studied in various ways by different authors,
e.g., [1-8, 10-12]. Cook continua are basic examples of non-degenerate continua that
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are rigid, and therefore, they play an important role in the study of rigid continua, also
in continuum theory and dynamical systems in general. There are many rigid continua
or continua that are not O-rigid that are constructed using Cook continua, see [2, 6, 10],
where more references may be found. For example, in [2], Cook continua are used to
construct stars, paths, and cycles of Cook continua. They are all examples of continua
that are not O-rigid. It was shown in [2] that for each positive integer m, X such that

1. X is L -rigid, and
2. for any inverse sequence {X, f,} with surjective continuous bonding functions f,
the inverse limit 1<ir_n{X , fn} is homeomorphic to X.

Note that for any Cook continuum X and for any sequence (f;) of continuous
surjections on X, the inverse limit lim{X, f,} is homeomorphic to X (since each f,
is the identity on X), while degrig(X) # oo (since degrig(X) = 1).

The following problem is also presented in that paper.

Problem 1 [2, Problem 5.7] Find all non-degenerate continua X such that

1. degrig(X) = oo,
2. 1(i1_n{ X, fu}is homeomorphic to X for any sequence ( f,,) of continuous surjections
o X —> X.

Note that the pseudoarc is one such continuum (see [2, Sect. 5] for a detailed
explanation).
The main goal of family of pairwise non-homeomorphic continua X such that

1. degrig(X) = oo (or, equivalently, X is 0-rigid), and
2. 1<ir_n{X , fn}1s homeomorphic to X for any sequence ( f;;) of continuous surjections
fn: X —> X.

We organize the paper in the following way. In Sect. 2, definitions and notations that
are needed in the paper are given. In Sect. 3, we construct a large family of continua,
and we call each of them a simple fan of Cook continua. They are then used in Sect. 4,
where an uncountable family of pairwise non-homeomorphic continua X such that

1. X is O-rigid, and
2. 1<i£1{X , fn}1s homeomorphic to X for any sequence ( f;;) of continuous surjections
X=X

is constructed. This partially answers Problem 1.

2 Definitions and Notation

Definitions and notation mostly follow [2, 9]. Note that all functions in the paper are
assumed to be continuous.

A continuum is a non-empty connected compact metric space. A continuum is
degenerate if it consists of only a single point. Otherwise, it is non-degenerate. A
subcontinuum is a subspace of a continuum which itself is also a continuum.

Let (X, d) be a metric space. By By (x, €) we denote the open ball of radius ¢ > 0
with center x € X.



Uncountable Family of 0-Rigid... Page3of13 80

Definition 1 Let n be a positive integer, X a metric space, and f : X — X a function.
We use f” to denote the composition:

fr=fofo-of.
—_—

n

Definition 2 An inverse sequence is a double sequence {X, f,}°; of metric spaces
X, and functions f;, : X,,+1 — X,. The spaces X,, are called the coordinate spaces

and the functions f; are called the bonding functions. The inverse limit of an inverse

sequence {X,, f,}°° , is the subspace of the product space [ ], ; X, that consists of

all points X = (x1, X2, x3,...) € ]_[Zoz1 X, such that x,, = f;,(x,4+1) for each positive
integer n:

o0
Bm{X,, fulpey = {1, x2, %3, .20 € [ [ Xu 1w = fu ) foreachn ¢ .

n=1

Definition 3 Let n be a positive integer and let (x1, x2, ..., Xy, ...) € ]_[211 [0,1]. A
function 7, : ]_[ZOZI[O, 1] — [0, 1] is defined as 7, (x1, X2, ..., Xp, ...) = Xp.

Definition 4 A metric d on a Hilbert cube [];2,[0, 1] is defined as

o0
1Xn — Ynl
dx,y) =) ==

n=1

foreach x = (x1, x2,x3,...),y = (¥1, ¥2, ¥3, .. .) € [ 1410, 1].

Definition 5 Let X and Y be any metric spaces, S a subspace of X,andlet f : X — Y
be a function. We use f|s to denote the restriction f|s : S — Y, defined by f|s(x) =
f(x) forany x € S.

Definition 6 A non-degenerate continuum X is a Cook continuum if for any non-
degenerate subcontinuum S of X and any non-constant continuous function f : § —
X, we have that

fx)=x

for any x € §S.
The identity function on a metric space X will be denoted by 1.

Definition 7 Let n be a positive integer. A non-degenerate continuum X is %—rigid, if
ff=1x

for any continuous surjective function f : X — X. If a continuum X is not %—rigid
for any positive integer n, then we say that X is O-rigid. If a continuum X is %—rigid,
then we also say that X is 1-rigid.
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Definition 8 Let X be a continuum. The degree of rigidity, degrig(X), of the continuum
X is:

degrig(X) = min ({n eN|Xis %-rigid} U {oo}) .

In [2], examples of continua with the degree of rigidity equal to n for each positive
integer n can be found.

Definition 9 Let X be a continuum and let xo € X. The point xg is called a cut-point
if X \ {xo} is not connected. Otherwise, it is called a non-cut point for the continuum
X.

In [2], one can find the following result.

Lemma 1 [2, Lemma 3.2] Let K be a Cook continuum and let x € K be any point.
Then x is a non-cut point for K.

The following lemma is proved in [10].
Lemma2 [10, Lemma 2.12]

1. Let K be a Cook continuum and S be a non-degenerate subcontinuum of K. Then
S is also a Cook continuum.

2. Iftwo Cook continua K| and K> are homeomorphic, then they are uniquely home-
omorphic, i.e., there exists a unique homeomorphism ¢ : K1 — K. Moreover, if
¥ : K1 — K3 is a continuous surjection, then = .

We also use the following two propositions.

Proposition 1 Let K be any Cook continuum and let S be any non-degenerate sub-
continuum of K, such that S # K. If f : K — S is a continuous function, then f is
a constant function.

Proof Let g : S — K be a continuous function such that g(x) = x for each x € S.
Then g o f : K — K is a continuous function. Since K is a Cook continuum, then
g o f iseither 1 or a constant function.

Since g(x) = x for each x € S, then g(f(x)) = f(x) for each x € K. Let
y € K\S. Then g(f(y)) = f(y) # v, therefore g o f is a constant function. It
follows that g(f(x)) = f(x) = f(y) foreach x € K. Consequently, f is a constant
function. O

The following proposition follows directly from Definition 6.

Proposition2 Let K be any Cook continuum and let S be any non-degenerate sub-
continuum of K, such that S # K. Then there does not exist a continuous surjective
Sunction from S to K.

The following corollary follows from Propositions 1 and 2.
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Corollary 1 Let K be a Cook continuum and let (K,)3° | be a sequence of continua
satisfying K1 = K and K, 11 is a proper subcontinuum of K, for each positive integer
n. Then for any positive integers m and n, m # n, it holds that there does not exist a
continuous surjective function f : K,, — K.

Proof Let m and n be positive integers.

Ifn < m, then K;, C K, and K,, # K,,, therefore, by Proposition 1, there does
not exist a continuous surjective function f : K,;, - K.

If m < n, then K,, € K,,, and K,, # K,,, therefore, by Proposition 2, there does

not exist a continuous surjective function f : K, - K,,. O

3 A Construction of Simple Fans of Cook Continua

In Construction 1, simple fans of Cook continua are constructed using any Cook con-
tinuum K. Each simple fan of Cook continua will be obtained from special sequence
(K,) of non-degenerate subcontinua of K. The existence of such a sequence will be
guaranteed by the Boundary Bumping Theorem (its formulation and its proof may be
found in [9]).

Construction 1 Let (A,);2 | be a sequence of subsets of positive integers such that

1. \Up2y Ay is equal to the set of all positive integers,

2. for all positive integers m and n it holds that: m # n if and only if Ay, N Ay, = 0,
and

3. the set A, is infinite for each positive integer n.

Moreover, each A, we split into n sets A,ﬁ, Aﬁ, ..., Al such that
L Uy AL = Ay,

2. for all positive integers p and q it holds that: p # q < AL N Al =@, and
3. the set AL is infinite for each positive integer p.

Now, for each positive integer n and each p € {1,2, ..., n}, let Qfl7 - ]_[2';1[0, 1]
such that
om0 ke Al
0011 ke A,

for each positive integer k.
Let K be a Cook continuum and let (K,,) be a sequence of non-degenerate continua,
such that

- K1 =K,
— K41 is a proper subcontinuum of K, for each positive integer n, and
— lim,,_, oo diam(K,) = 0.

By Lemma 2, K,, is a Cook continuum for each positive integer n. The existence of
such a sequence of continua follows from Boundary Bumping Theorem.
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Fig.1 A simple fan of Cook
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Now, let {to} = (= Kn-

For each positive integer n and for each p € {1,2,...,n}, let HP . K, > Q,f
be an embedding such that HP (1y) = (0,0, ...). Such embeddings do exist since
[1°2,10, 11 is @ homogeneous continuum.

Let X = o2, U;Zl HY (K,). Then X is called a simple fan of Cook continua.

To simplify the study of simple fans of Cook continua, we introduce the following
notation, which we use throughout the paper.
Notation: Let X be a simple fan of Cook continua. We denote

L. K} = H (Kp),
2. 8 =Uj= K,
3. hl is the homeomorphism from K, to KP (note that there is precisely one such

homeomorphism), and
4. xg = (0,0,...),

for each positive integer n and for each p € {1, 2, ..., n}. The continuum S, is also
called a star of continua K!, K2, ..., K (Fig. 1).

Lemma 3 Let X be a simple fan of Cook continua. Then
lim diam(S,) = 0.
n—o0

Proof Since for each positive integer n and for each p € {1, 2,...,n} it holds S, C
Uj—1 O, diam(QF) < &, and xo € (;_,; Qf, therefore lim,, . o diam(S,) = 0. O

The following observation follows directly from Construction 1 and Lemma 3.

Observation 2 Let X be a simple fan of Cook continua. Then X is a continuum.
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Observation 3 Let X be an arbitrary simple fan of Cook continua. Then x is the only
cut point for X.

The following corollary follows directly from Corollary 1 and Construction 1.

Corollary 2 Let K}, and K 1 be continua from Construction 1 for some positive integers
m and n such that m # n, and for some p € {1,2,3,...,m}andr € {1,2,3,...,n}.
Then there does not exist a continuous surjection from K1 to K "

4 Properties of Simple Fan of Cook Continua

In this section, we partially answer Problem 1. We start with some results that are
needed to prove the main results, Theorem 2 and Corollary 5.

Lemma4 Let X be any simple fan of Cook continua and let f : X — X be any
continuous surjection. Then

f(x0) = xo.

Proof Suppose f(xg) # xo. Let n be a positive integer and p € {1, 2, ..., n} such
that f(xo) € K P Lete = M. Since f is a continuous function, there exists

0 <8 < 420:L0) gueh that f(Bx(xo,8)) € Bx(f(x0), &), where Bx (xo, ) and
Bx (f(xp), ) are open balls in X.

Let m( be a positive integer such that for each positive integer m > my, it holds
that diam(S,,) < 8. By Construction 1, diam(K})) < 8 for each p € (1,2, ..., m}.
Moreover, by Construction 1 and since f is continuous, the following holds:

- n < my,
- Km g Kns
hi (Km) S Ky,
— diam(hf (K,,)) < 8, and
f (3 (Km)) € Bx(f (x0), ©),
for each positive integer m > my.

For each positive integer ¢ and for each s € {1,2,...,t}, we define a function

¢} : X — K} by

o5 (6) = (h$ o (W)™ H(x) ; xe K%, a>t be{l,2,... a},
X0 ; xeK),a<t—1,be{l,2,...,a}
for each x € X. Obviously, ¢; is a continuous function. Then ¢; o flgs : Ki — K7
is a continuous function from a Cook continuum to itself. Therefore, ¢ o fgs is a
constant function or an identity function on K. We consider the following three cases
for z.

Case 1: + < n. Let s € {1,2,...,1}. Since (¢; o flxs)(x0) = (hj o
(hY=1)(f (x0)) # xo, it follows that ®; o flks is a constant function and

(@} o flg)(x) = (I} o (h)™H)(f (x0))
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for each x € K7. Since K; is a connected space and f is a continuous function, the
image f(K/) is also a connected space. Therefore,

FK) = {f (x0)}.

Case2:n <t <mg.Lets € {1,2,...,¢} andlet y € K} such thatd(xg,y) < §
and y # xo. Then f(y) € Bx(f(x0), &) € K. Therefore, (¢} o f|x:)(y) = xo and
it follows that, ¢ o f|gs is a constant function. Therefore,

t—1

f&H < s

i=1
Case3: 1 > mo. Lets € {1,2, ..., ¢}. Since K; C By (xo, 6), it holds that

f(K}) S Bx(f(x0),€) € K.

It follows from the above cases that

mo—1

rc Y s,

i=1

which is a contradiction, since f is a surjective function.
O

Proposition 3 Ler X be any simple fan of Cook continua and let f : X — X be any
continuous surjective function. Suppose S is a subcontinuum of K} for some positive
integer n and some p € {1,2,...,n}, suchthat xo ¢ S. If xo ¢ f(S), then there exist
exactly one positive integer m and exactlyoner € {1,2, ..., m}suchthat f(S) € K},.

Proof Since S is a continuum, f is a continuous function, and xg is a cut-point of X,
the proposition follows. O

Lemma5 Let X be any simple fan of Cook continua and let f : X — X be any
continuous surjective function. Then for each positive integer n and for each p €
{1,2,...,n}, it holds that

fKD) CS,.

Proof By Lemma 4, f(x9) = xo and we use this fact until the end of this proof. We
prove the lemma inductively.

First, we prove that f(Kll) c 8§ = Kll. Suppose, f(Kll) ¢ Sj. Then there exists
y € Kll\{xo} such that f(y) ¢ S;. We define a function ‘/’11 X = Kl1 where for
each positive integer m, foreach r € {1, 2, ..., m}, and for each x € K],

@1 (x) = (h} o (W)™ H(x).
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It is easy to see that (pf is a continuous function. Therefore, <p} o f|1(11 : Kl1 — Kll is
also a continuous function, and since it maps from a Cook continuum to itself, it is a
constant function or an identity function on K 11

Obviously, (¢] o f1g (o) = xo.

Lets € h{ (K1 \ K2) \ {y} be any point. We distinguish two cases for f(s).

Case 1: f(s) = 5. Note that by Lemma 1, x¢ is a non-cut point for Kll, and by
Observation 3, x is a cut point for X. Since K 11 \ {x0} is connected and f continuous,
f(K 11 \ {xo0}) is also connected. Consequently, there is 7 € K f\{xo, s, y} such that
f(2) = xo.

Then (¢} o f| k1)(@) = xo # z, and therefore, plofl k! is a constant function with
the image {xp}. On the other hand, ((pll o fl K/ )(s) = s # xp, a contradiction.

Case 2: f(s) # s. From Construction 1 and the definition of <p11, it follows that
(‘/’11 o flg l1)(s) = s. Therefore, (p} o f| k! is a constant function. Consequently, ((p} o

f|K11)(K11) = {xo} and

FK]) = {xo) C 1.

Let n be a positive integer and suppose f (K] ) < S, for each positive integer
m < nandeachr € {1,2,..., m}. Now we prove that f(Ker) C S,+1 for each
pe{l,2,....,n+1}.

Let p € {1,2,...,n+ 1} be arbitrarily chosen. Suppose, f(KfH) §Z Sn+1. Then
there exists y € Kfﬂ\{xo} such that f(y) ¢ S,+1. Foreachq € {1,2,...,n+ 1},
we define the function ¢ | : X — K | by

(o, )"Hx) 3 x e Kl re{l,2, ... .on+1},

q _ n+1’
@pp(X) =
n+l X0 ;o x € X\ Su+t,
for each x € X. Obviously, <pZ 11 is a continuous function for each g € {1,2,...,n+
1}. Thus, (prH o f|K,f+1 : Kr[:H — K:_H is a continuous function and it maps from

a Cook continuum to itself. Therefore it is a constant function or an identity function
p ; p _ : p :
on K{z+l' Since (¢, o f|K5H)(y) = X0, it follows that ¢, , | o f|Kf+1 is a constant
function.
Leta e h,’l’H(K,,H \ Kn+2) \ {¥}. Since f is surjective, there is b € X such
n
that f(b) = a. From the induction assumption, it follows that b ¢ U X Sm- We
m=

distinguish the remaining cases for b.

Case A: There is a positive integer £ > n + 1 and ¢ € {1, 2, ..., £} such that
beK].

Let g : Ky — K, be the function defined by

g0 = (07 o gl o flgg o ht) o).
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Obviously, g is a continuous function. Moreover, g(ty) = fo, g((hZ)’l(b)) =
(hfl’+1)_1(a) # to, and g((h)~1(b)) = (h,fH)_l(a) € K,+1\K¢, a contradiction,
since Ky € Kj+1, K;+1 is a Cook continuum, and g is a continuous function.

Case B: There is a positive integer ¢; € {1,2,...,n + 1} such that b € K7!

n+1°
_ q . g a : :
Denote by = b. Note that ¢, | o f"(ﬁl : K, 1 — K, is a continuous function

and (¢, | o Flgan ) (x0) = xo. Moreover, (ol o Flgn )b1) = ol (@) = (]l o

(h%.)"N(a) # xo, therefore ¢! |
f|KZJrl)(bl) = (' o (), D™")(a@) = by.

Since f is surjective, there is by € X such that f(by) = b;. From the induc-
tion assumption and Case A it follows that b, € Kﬁl C Sy+1, for some ¢» €

{1,2,....n+1},and (h2, o (hI, )"1)(b1) = by.

. . . . ql
o f] K%, is the identity function. Thus, (¢, o

Now we construct a finitely many elements b3, ..., b, € S,+1 such that
L. fbi) = bi-1,
2. bj € K|, forsome g; € {1,2,....n+1},
3. (hE o (DT bic) = by,
foreachi € {3,...,n}.

We denote by = a and g9 = p. First, if there is i € {1,2,...,n} such that
b;i = a, then f(a) = b;_; and consequently, f(a) € S,+1. Otherwise, for each
i €{1,2,...,n} it holds that b; # a. It is easy to see that b; # b; for each i, j €
{0,1,...,n} such that i # j. Since f is surjective, there is b,+1 € X such that
f(by4+1) = by. From the induction assumption and Case A it follows that b,,+1 ¢ Sk
for each positive integer k # n + 1. Then there exists g,+1 € {1,2,...,n + 1}
satisfying by41 € K%', and (h"") o (h"" )71 (by) = by1. Clearly, there is j €
{0,1,2,...,n} such that g,41 = ¢g;. Since

f s = by = (i, 0 GEEDTT) (a1

= (Mo Gih ™ om0 0D ) Ga2)

= (hZ’fH ° (hZ'iLl)”) )

and (Al | o (h"") "1 (byy1) = by, it follows that bj = by 4.

If j =0, then f(a) = f(by) = f(by+1) = b, € Sp+1. Otherwise, if j # 0, then
f(bps1) = by and f(by41) = f(bj) = bj_1, a contradiction, since f is a function
and bj_l 75 bn.

Erom the above, we conclude that there exists j € {0, 1,2, ..., n}suchthat f(a) =
(ny'yy o ()™ (@) = bj.

Recall that, golf 110 fl K, is a constant function. On the other hand,

(6Fr o Flkz, ) @ = @y = (o il ™ o iy o ™) @) = a.
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which is a contradiction since a # xy.
Thus, f(y) € S,+1 and consequently, f (K ) € Syy1.

The following corollary follows directly from Lemma 5.

Corollary 3 Let X be any simple fan of Cook continua and let f : X — X be any
continuous surjective function. Then for each positive integer n,

F(Sn) € S

Theorem 1 Let X be any simple fan of Cook continua and let f : X — X be any
continuous surjective function. Then for each positive integer n and for each p €
{1,2,...,n}, there existsr € {1,2, ..., n} such that

f(K7) = Kj,.
Moreover, f(x) = (h}, o (h,’,’)_l)(x)for eachx € KJ.

Proof The theorem follows directly from Construction 1, Corollary 3, and [2, Theorem
3.7]. O

Corollary 4 Let X be any simple fan of Cook continua and let f : X — X be any
continuous surjective function. Then f is a homeomorphism.

Proof By Theorem 1, it holds that for each positive integer n and for each p €
{1,2,...,n} there exists r € {1,2,...,n} such that f(x) = (h}, o (h?y=N(x) for
each x € K?. Consequently, f is a homeomorphism. O

Theorem 2 Let X be any simple fan of Cook continua. Then l(ir_n{X, [} is homeomor-

phic to X for any sequence (fy);2 | of continuous surjective functions.

Proof Let (f,);2 | be an arbitrarily chosen sequence of continuous surjective func-
tions. By Corollary 4, f,, is a homeomorphism for each positive integer n. Therefore,
l(ir_n{X , fn} is homeomorphic to X. O

Theorem 3 Let X be any simple fan of Cook continua. Then
degrig(X) = oo.

Proof We prove that X is not %-rigid for each positive integer n.
Let n be any positive integer. We define a function f : X — X in the following
way:
£ = AT o g @) 3 x e K, re (1,23, n+ 1),
by ; x € X\ Spt1-

Obviously, f is a continuous surjective function. We prove that f" # 1.
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Letx € K!. |\ {xo}.

£ = (" okl o U ™) )
= ("m0 )™ okl 0 (™) o)

:(f” 2oh3+]o(h e 1)()()

:(h;’i}o(h e )(x).

Therefore, f"(x) € K"jfll and f*(x) ¢ K
Ix.

We proved that X is not %-rigid for each positive integer n. Thus, degrig(X) = oo

O

a41- Consequently, f"(x) # x and f" #

Corollary 5 There exists an uncountable family F of pairwise non-homeomorphic
continua such that for each X € F it holds

1. degrig(X) =
2. l(iLn{X , fu} is homeomorphic to X for any sequence ( f,,) of continuous surjections
fan: X —> X.

Proof It is known that there are uncountably many pairwise non-homeomorphic Cook
continua. Let K and K be any non-homeomorphic Cook continua. Let X be a simple
fan of Cook continua obtained from K and let X be a simple fan of Cook continua
obtained from K.

With ~ we denote the corresponding homeomorphisms, Cook continua, and X for
X. We prove that X and X are non- homeomorphic.

Suppose X and X are homeomorphlc andlet F : X — X be a homeomorphism.
First we show, that F (xg) = Xp.

If F(x9) # Xp, then there exists zg € X\{xp} such that F(zg) = Xo. Since zg is
non-cut point in X and F is a homeomorphism, then F (X \ {zo}) is connected and
F(X\{zo}) = X\{Xo}, a contradiction. Thus, F(xo) = Xo. Moreover, from this it

also follows that for each positive integer n and for each p € {1, 2, ..., n}, there are
positive integers m and r € {1, 2, ..., m} such that F(K}) C K r.
Suppose n and m are positive 1ntegers pe{l,2,...,n}, and ref{l,2,...,m}

such that F(K ) C Kp and F~ 1(K ) C K;,- Now, Wedeﬁnea = (hp) lo Foh1
K| — Kl and B = (h),)” Lo F- oh1 : K1 — K. Obviously, o and g are
continuous injective functions, and therefore, o« o B and B o o are also continuous
injective functions. Since K1 and K| are Cook continua, it follows that @ o 8 = 1 4
and Boa = lg,.

Note that if o was surjective, then o would be a homeomorphism. Since K; =
K, K 1 = K , K and K are not homeomorphic, it follows that « is not surjective.
Therefore, there is y € K such that for each x € K it holds that a(x) # y. Moreover,
(a0 B)(¥) # ¥, a contradiction, sincex o 8 = 1

By Theorems 2 and 3, each simple fan of Cook continua X satisfies
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1. degrig(X) = oo,
2. 1<i£1{X , fn}1s homeomorphic to X for any sequence ( f;;) of continuous surjections
fn: X —> X,

and the corollary is proven. O
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