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Abstract

We study the receptive metric entropy for semigroup actions on probability spaces,
inspired by a similar notion of topological entropy introduced by Hofmann and Stoy-
anov (Adv Math 115:54-98, 1995). We analyze its basic properties and its relation
with the classical metric entropy. In the case of semigroup actions on compact met-
ric spaces we compare the receptive metric entropy with the receptive topological
entropy looking for a Variational Principle. With this aim we propose several char-
acterizations of the receptive topological entropy. Finally we introduce a receptive
local metric entropy inspired by a notion by Bowen generalized in the classical setting
of amenable group actions by Zheng and Chen, and we prove partial versions of the
Brin—Katok Formula and the local Variational Principle.
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1 Introduction

In [29] a general notion of receptive topological entropy (the term “receptive” was
coined later on) was introduced and studied for a uniformly continous action 7: G x
X — X of alocally compact semigroup G on a metric space (X, d). The concept
defined there depends on a system I' = (Ng, Ny, ..., Ny, ...) of compact subsets of
the acting semigroup G satisfying Ny N, S Ny, for every k,m € Z; such I' is
called a regular system in G. The receptive topological entropy of T with respect to
I' is defined by

~ 1
h(T,T) = sup { lim lim sup—logs,(e, K, T): K C X, K compact} , (1.1)

€e>0 psoco N

where s, (€, K, T') is the maximum size of an (n, €)-separated set of K (i.e., a set
E C K such that for any distinct x, y € E there exists g € N,, with d(gx, gy) > €).

Incase G = Z, theaction T is generated by the uniformly continuous selfmap f =
T(l,—-): X — X,andtaking N,, = [0, n] forevery n € Z., the receptive topological
entropy h(T, T) coincides with the classical Bowen-Dinaburg’s topological entropy
h(f). As in that situation, in (1.1) one can use the so called (n, €)-spanning sets and
rn(e, K, T) (see Sect. 4.1).

A topological entropy similar to (1.1) was studied, albeit in a different context, by
Ghys, Langevin and Walczak [26], and later by Bis [2].

In the present paper we study a natural similar definition of a receptive metric
entropy h w(T,T') of a measure-preserving action 7: G x X — X of a discrete
semigroup G on a probability space (X, u) with respect to a regular system (Np)neN
in G. Also in this case, for G = Zy, f = T(1,-) and I' = ([0, n])nen,, the
receptive metric entropy 4 w (T, T') coincides with the classical metric entropy £, (f)
by Kolmogorov and Sinai.

The dependence of the receptive entropies on the regular system I' is present starting
from the classical case of actions of Z . Indeed the regular system I' = ([0, n]),ez,
is accepted as natural and is very rarely mentioned explicitly, however, in general
h(T,T) varies with I". Kushnirenko [32] pointed this out for the case of the metric
entropy of measure-preserving selfmaps f. He defined the concept of a metric A-
entropy of f, where A = (#,)uez, is a sequence of positive integers. In particular,
he proved that for A = (2"),,¢z, , the metric A-entropy is different from the classical
metric entropy, which corresponds to the choice A = (n),¢z, . A similar topological
concept, called fopological sequence entropy, was introduced and studied several years
later by Goodman [25], who also investigated the relationship between his concept
and the measure-theoretic analogue defined by Kushnirenko. After that there has been
a significant activity in studying both kinds of sequence entropies — see for example
[9,11,22,33].

On the other hand, there exist well-known definitions of metric entropy 4, and
topological entropy 4 for amenable group and semigroup actions (see for example
[10,18,20,36,38,42,43] for these notions and their main properties) and in this case the
value of the entropy does not depend on the choice of the Fglner sequence used in the
definition. However, with these classical definitions, both the metric and the topological
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entropy are frequently zero (see Sects. 2.3 and 4.2 below). For example this is the case
for smooth actions 7' of Zﬁ, with k > 1, on manifolds: as mentioned in [29], while
h(T) = 0, the receptive topological entropy A(T) is not trivially zero. Other examples
are given below where sz(T) and h(T) are non-zero, while the classical entropies
h,(T) and h(T) are both zero. Conversely, as one can see from the definitions, when
h,(T) or h(T) is non-zero our definitions produce oo.

In this paper first of all, in Sect. 2 we study the basic properties of the receptive metric
entropy 7 w(T,T) of a measure-preserving action 7: G x X — X on a probability
space (X, ), where I' is a regular system in G. We compare I;M(T, I') with the
classical metric entropy £, (T') in case I' is also a Fglner sequence (see Sect. 2.3), and
we point out that the receptive metric entropy does not vanish in many of the cases when
the classical one does (see Proposition 2.11 and Example 2.12). Further properties
concerning restriction actions and products of actions are discussed in Sect. 3.

The receptive topological entropy (T, I') is recalled in Sect. 4, together with some
results from [29]. Also in this case we recall that several natural actions where the
receptive topological entropy does not vanish while the classical one does (see [29]
and also [44]).

In Sect. 5 we propose several different versions of the receptive topological entropy.
We start considering a version using open covers for continuous actions on compact
topological spaces, following the classical idea of Adler, Konhein and McAndrew [1].

We generalize a well-known notion by Bowen [7] defining a receptive-like entropy
b(T,T') for a continuous action 7: G x X — X of a semigroup G on a compact
metric space X, where I is a regular system in G. Then b(T, ") < fz(T, I'), and the
equality b(T,I') = h(T,T) holds when G is commutative and finitely generated and
I is standard (i.e., N generates G and N,, = Ny forevery n € Z, ). This is proved in
Theorem 5.5, which very roughly follows the line of [7], but its proof is more subtle
and requires much more effort and computations.

It turns out that this receptive entropy b(T, I') coincides with another entropy-like
quantity ¢(T, I') defined by using some ideas of Pesin [40] (see Theorem 5.8).

In Sect. 6, we discuss the relation of the receptive topological entropy with the recep-
tive metric entropy, looking for some Variational Principle. Following [49, Chapter 6],
for a compact metric space X we consider Borel probability measures on X having as
o-algebra of measurable sets precisely the o-algebra of Borel sets; any such measure
is necessarily inner and outer regular [49, Theorem 6.1]. The classical Variational
Principle due to Goodwyn [27] and Goodman [24] states that, in case G = Z and
f=T(,—-): X — X is a continuous selfmap of the compact metric space X, then

h(f) = sup{h,(f): n f-invariant Borel probability measure}.

It is well-known that the Variational Principle holds also for continuous actions of
amenable groups or of countable cancellative semigroups on compact metric spaces,
for the classical topological and metric entropy defined by means of a Fglner sequence
(see [38,39] and [36,46] respectively).

We conjecture that the Variational Principle holds for the receptive topological
entropy and the receptive metric entropy (see Conjecture 6.3): if G is a semigroup,
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I' = (Np)nez, aregular system in G and T: G x X — X a continuous action on
a compact metric space X, denote by M (X, T) the family of all T-invariant Borel
probability measure on X and assume that M (X, T) is non-empty; then

(T, T) = sup{h,(T,T): p € M(X, T)}. (1.2)

This remains an open problem, nevertheless we prove some partial results. We give
also a brief comment on the algebraic entropy and its connection to the topological
entropy both in the classical and in the “receptive” cases.

To further clarify the relationships between the concepts considered in this paper,
for a semigroup action 7: G x X — X on a compact metric space X and I" a regular
systemin G, in Sect. 7 we introduce a receptive local metric entropy llif"(T, I'), where
W is a Borel probability measure on X; this is defined by

BT, T) = / hoe (x) dpu,
X

where hifc (x) is the receptive local metric entropy at x € X. The latter entropy was
defined in [3] in the case when the acting semigroup is a finitely generated group and
the regular system is standard, while an analogous local metric entropy was defined
in [51] for actions of amenable groups. All these authors were inspired by a similar
notion by Brin and Katok [8].

We prove that, when p is a T-invariant Borel probability measure on X,

R (T, T) < hy(T.T) (1.3)

(see Theorem 7.4) in the spirit of the Brin—Katok Formula. It remains an open problem
to verify whether equality holds (see Question 7.5), under suitable hypotheses, as it is
known for the classical case of countable amenable group actions studied by Zheng
and Chen [51]. A positive response to this problem would ensure one of the inequalities
in the Variational Principle (1.2) in view of the following argument.

In the classical setting of countable amenable group actions a local version of the
Variational Principle was established by Zheng and Chen [51], by using a version of
topological entropy inspired by the one by Bowen [7]. So, we conjecture that also in
our setting, possibly under suitable hypotheses, a “local Variational Principle” holds
(see Conjecture 7.7): if G is a semigroup, I' = (Ny),ez, a regular system in G,
T: G x X — X acontinuous action on a compact metric space X, then

h(T,T) = sup{ﬁifc(T, I'): u Borel probability measure on X}. (1.4)

This was proved for Z.-actions by Feng and Huang [21, Theorem 1.2]. On the
other hand, the inequality > in (1.4) can be proved by applying Theorem 5.5
and Theorem 5.8, as follows. In Theorem 7.8 we show the intermediate inequality
E(T, rHn=3:s M(T, '), where S M(T, I') denotes the essential supremum of the mea-

surable function hif"’: X — R>p. As §M(T, r > @Z’"(T, I'), we get half of the local
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Variational Principle, namely, the inequality > in (1.4). Nevertheless, also in this case
the problem of the validity of the local Variational Principle (1.4) remains open.

The conjecture on the validity of the local Variational Principle in (1.4) is sup-
ported also by a similar result obtained in [31] for the so-called slow entropy. Indeed,
starting from the above-mentioned problem that the classical metric and topological
entropy vanish very often, Katok and Thouvenot [30] proposed a notion of slow metric
entropy for Z?-actions (see also Hochman [28]. A slow topological entropy inspired
by Bowen’s topological entropy from [7] was introduced by Kong and Chen [31] for
7% -actions on compact metric spaces (note that the slow topological entropy does not
coincide with the classical one even in the case d = 1). In the same setting, Kong
and Chen introduced also a notion of slow lower local metric entropy (which does
not coincide with that in [30]) and proved that the counterpart of the local Variational
Principle for the slow entropies holds.

We warmly thank the referees for their careful reading and useful comments and
suggestions.

1.1 Notation and Terminology

For a set X we denote by cov(X) the set of covers of X and by par(X) the set of
partitions of X. For £1, &, ..., & € cov(X) let

k
\/&Z{ElﬂEzﬂ...ﬁEk: Eie&Viell,2,... k}}.
i=1

If&, &, ..., & € par(X), then \/le & € par(X) as well. For a topological space
X we denote by cov(X) the subfamily of cov(X) consisting of open covers of X. If X
is a measure space with a probability measure we denote by par(X) the subfamily of
par(X) consisting of finite partitions of X by means of measurable subsets.

The set cov(X) carries a natural preorder: if £ and A are families of subsets of a
set X we write A < & if € refines A, i.e., every E € & is contained in some element
of A.If £ and A are partitions of X, then A < & implies that every A € A is a union
of elements of £.

If7T: G x X — X, T(g,x) = gx, is an action of a semigroup G on a set X, for
g € G we use the notation g also for the selfmap g: x + gx of X and in such a sense
we write g~ A to denote the inverse image of a subset A of X under this selfmap. For
geGand Aeccov(X)weletg ' A={g 'A: A e A}.

Remark 1.1 In this sense, when G acts on a topological space X by continuous self-
maps, this action induces also an action of G on the lattice of open sets of X by
U + g~'U and consequently also on cov(X).

Furthermore, when G acts on a probability space X by measure-preserving self-
maps, then G acts also on the Boolean o-algebra of measurable sets of X, by B —
g~ ' B, and consequently also on par(X).

We consider only semigroups G with identity e and actions T: G x X — X such
that 7' (e, —) = idy.
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1.2 Regular Systems

Definition 1.2 A regular systemin a semigroup G is by definition a sequence of subsets
of G of the form I' = (Ng, Ny, ..., Ny, ...) such that

e€ Ny and N;N;j C N;yjforalli,jeZ,. (1.5)

Throughout this paper we assume that all sets N,, are finite in a regular system [’ =
(Nnnez.,-

Example 1.3 A prominent example of regular system is obtained by taking in (1.5) a
finite set N of generators of a finitely generated semigroup G with No € N; (and
so e € Ny) and N,, = N{* for all m > 1. Following [29], we call such regular sys-
tems standard. Clearly, only finitely generated semigroups may have standard regular
systems, in case G = [ J72 N; is imposed.

Our main example is G = ZF (or G = Zﬁ) with a standard regular system given,
forn € Z4,by N, = [—n, nlk (respectively, N, = [0, n1%).

When T: G x X — X is an action of a semigroup G on a set X, given a regular
system I' = (N,),ez, in G and a cover A of X, define for every n > 1 a cover of X
by

r= \/ g 'A= ﬂ g At Ay € Aforall g € N,
8EN, geN,

Clearly, A}, is a partition whenever A is a partition. If the regular system is fixed we
briefly write A" instead of A}.

2 Metric Entropy

2.1 Definition of the Receptive Metric Entropy

Assume that (X, M, u) is a probability space with a probability measure u defined
on the o-algebra M of subsets of X, and let

T:-GxX—X, T(g,x)=gx, 2.1

be a measure-preserving action of G on X, i.e.,themap g: X — X, x — gx,is
measure-preserving for all g € G. For a fixed regular system I' = (Ny) ez, in G, we
define the metric entropy h w(T) = h w(T,T') of T with respect to I' essentially using
the approach in [29]. Such definition in the case G = Z? was given in the honours
thesis (diploma work) [47] of Leon Todorovich, however without much follow up.
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Recall (see e.g. [49, Chapter 4]) that if A = {A1, A2, ..., A} € par(X), then the
entropy of A is defined by

k
Hu(A) = =) 1(A) log (A,

i=1

with the usual agreement that 0 log0 = 0. Since the measure w is T-invariant, it
follows that H,L(g_lA) =H,(A) forallg € G.

Definition 2.1 Let G be a semigroup, I' = (Ny)uez, a regular system in G, and
(X, M, ) aprobability space. The receptive metric entropy of the measure-preserving
action7T: G x X — X withrespectto A € par(X) and I' is

h (T, A T) —hmsup H (A7) (2.2)

n—oo

The receptive metric entropy of T withrespectto I is fzu (T,T) = sup{ﬁu (T, AT):
A € par(X)}.

When the system I is clear from the context and no confusion is possible, we shall
omit I'.

Remark 2.2 In the classical case G = Z., consider the measure-preserving action
T: G x X — X on the probability space (X, M, u) as a single measure-preserving
transformation 7: X — X (i.e., T(1, —) = T). With respect to the standard regular
system I' = ([0, n])nez, »

(T, A) = lim H (\/T IA) gflnH (\/T"A) = hu(T. A).

i=0
so h w(T) coincides with the Kolmogorov—Sinai metric entropy £, (T) of T'.

Example 2.3 The trivialaction7: Gx X — X ofasemigroup G onaprobability space
(X, M, ) has always h, (T) = 0 with respect to any regular system I' = (N;)nez.,
in G. Indeed, for every A € par(X) one has A} = A, so the limit in (2.2) is 0, hence

hu (T, A) = 0 regardless of I'. This gives h w(T) =0. Sumlarly, w(T)=0when G
is ﬁmte

Remark 2.4 The computation of the receptive measure entropy can be reduced to the
case of faithful actions. Indeed, the measure-preserving action 7: G x X — X of
a semigroup G on a measure probability space (X, M, ) can be factorized in an
obvious way through an action 77: G’ x X — X of a quotient G’ of G that faithfully
acts on X (i.e., if gx = x for all x € X, then g = e/). Since, given a regular system
I' = (Mnez, in G, for every n > 1, .A? coincides for both actions and for every

A € par(X), we deduce that /1, (T, A) = h, (T', A).
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It follows immediately from the definition that the receptive metric entropy is a
conjugacy invariant. This comes also from the following more general property of
monotonicity (obtained with H = G and n = idg):

Proposition 2.5 Let G be a semigroup, I' = (Nyp)uez, a regular system in G and
(X, M, w) aprobability space. Let (Y, N, v) be another probability space, let S : H x
Y — Y be a measure-preserving action and let there exist a measure-preserving
surjective map ¢: X — Y and a homomorphism n: G — H with S(n(g), ¢(x)) =
¢(T(g,x)) forall g € G and x € X (briefly, n(g) oo = ¢ o g forevery g € G).

x—S-x

Then fzv(S, n)) < EM(T, ') with respect to a fixed regular system I" = (Ny)nez,
in G. If n is an_isomorphism and ¢ is an isomorphism (i.e., ¢ is a bijection), then
hy(S, n(T)) =h, (T, ).

n(g)

Proof Given B = {By. By..... B} € par(Y), ¢~ '(B) = {9~ '(B1).¢ "' (Ba).....
¢ ' (Bp)} € par(X) with u(p~'(By)) = v(B;) forall i € {1,2,... k}, as ¢ is
measure-preserving. Fixed n > 1, we verify that

@' Bf =07 (Byr))- 23)

To this end, take B € (p_l (BZ(F))’ ie., B = (p_l (ﬂhen(Nn) h_lBh) with B, € B
for every h € n(N,). Then

B= () ¢'0'B= ) o' 0@ "Bye) = () &0 By € (0 B

hen(Ny) 8EN, 8EN,

where for each & € 1n(N,) an element g € N,, is chosen with n(g) = h. This proves
the inclusion (p‘l (BZ’(F)> C ((p—l (B))1-- Since these are partitions, we conclude that
(2.3) holds. Since ¢ is measure-preserving, this implies

H, (Byr)) = Hu (¢7' By = Ha (07 BNE).

s0 1y (S, B, n(T) < h, (T, "(B),T) < h,(T,T). Therefore h,(S,n(I")) <
hu(T,T).

If 1 is an isomorphism and ¢ is an isomorphism too, taking ¢~ ' and ™" in place
of ¢ and 7, and n(T") in place of I (now n:l (n(I')) = I'), the above argument gives
hy (T, T) < hy(S,n(T)). So hy (T, ') = hy(S, n(I')). o

1 1
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2.2 First Properties of the Receptive Metric Entropy

Proposition 2.6 Let G be a semigroup, I' = (Np)uez, a regular system in G,
(X, M, ) a probability space and T : G x X — X be a measure-preserving action.
Let p > 1 be an integer and T = (N py)nez, . Then sz(T, AT =p- sz(T, A, T
for every A € par(X), and thus fzu(T, M=p- fz,L(T, ).

Proof Given A € par(X), it is enough to prove that

- 1 1
hy (T, A, T): =limsup —H, \/ gilA = limsup —H,, \/ gilA
n—oo N n—oo Np
geN, geNP’l
1~
= — R, (T, A T). (2.4)
P

Since #Hu Vgen,, g~ 'A)isasubsequence of 1 H,, (Vgen, &' A), we immediately
get the inequality

1 1
lim sup —H), \/ g 'A| = limsup —H,, \/ g A
n—oo N n—oo Np
geN, gEan

To prove the converse inequality, note that there exists an increasing sequence of
integers (n,),ecz, withn, — oo and such that

1 1
lim sup — H 1Al = lim —H 1A, 2.5
msup -, \ ¢ Jlim - H, \ ¢ 2.5)
8EN, 8EN,

For every r > p putm, := L’%J > 1, so that

myp < n, < (m, +1)p.

A VR IR A B VARV

8N +1)p

(m, +1)p 1 1
= . H A 5
nr (my +1Dp : \/ 8

8ENm +1)p
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which, together with (2.5), implies

1 1
lim sup — H), \/ ¢ 'A| = lim —H, \/ ¢ A
n—oco N r—00 N,
8EN, 8EN,

1
<limsup —H, \/ g 'A

n—oo Np
gEan

Hence (2.4) holds. O

For a slight generalization of this property see [4, Remark 2.3(b)].

For G = 7 the equality hM(T r'=p- hM(T I') is known as “logarithmic
law”, since it becomes h, (T?) = p - h,(T), where T is the measure-preserving
transformation 7'(1, —) and I' = ([0, n])nez+.

It is natural to compare the metric entropy of each individual map g € G with
h w1 (T). It turns out that for elements g € N the metric entropy of g is bounded above
by h,(T).

Proposition 2.7 Let G be a semigroup, I' = (Ny)pez, a regular system in G,
(X, M, w) a probability space and T : G x X — X a measure-preserving action. If
g € Ny, for some integer m > 1, then h,(g) < m - hy(T). Thus,

sup h,(g) < hy,(T). (2.6)
gEN]

Proof Let g € Ny,. Given A € par(X), Remark 2.2 yields

hu(g. A = hm H (\/g_lA)

Since gi € Ny, foralli € {0, 1, ..., n}, it follows that
\/ g A< \/ A
hENmn

By well-known properties of partitions (see e.g. [49, Theorem 4.3]), B < C in &(X )
entails H, (B) < H,(C). Thus, letting I'" = (Nyu)nez, and applying Proposition 2.6
in the last equality, we deduce that

hu(g,A)slimsuleu \/ WAl =h(T. ATy =m h, (T, AT).

n—oo N
hGNmn

Therefore h;, (g) < m 'sz(T). ]
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Remark 2.8 The receptive metric entropy of a measure-preserving action7: G x X —
X as above depends on the choice of the regular system I'. One can be tempted to get
rid of this dependence by taking

sup{fzu(T, I'): ' is aregular system for G}. 2.7

Proposition 2.6 shows that (2.7) cannot be a good remedy, as it can take only the values
0 and oo.

2.3 Classical Metric Entropy

Recall that a discrete countably infinite cancellative semigroup G is called left
amenable if it admits a Fglner sequence, i.c., a sequence (Fy),cz, of finite subsets of
G such that

|FnAan|_

lim =0.

n— 00 | Fyl
For countably infinite groups left and right amenability coincide. Finite semigroups
are obviously amenable.
The classical definition of metric entropy of a measure-preserving amenable semi-
group action T : G x X — X on a probability space (X, M, u), such that (N,),ez,
is a Fglner sequence, is

hyu(T) = sup{h, (T, A): A € par(X)},

where

1 o
h(T, A) = lim s H \{V g A
8EN,

See [10,18,42,43]. In this case the limit is known to exist (see e.g. [10, Theorem 2.1]).

Example 2.9 When G is a finite semigroup, for a measure-preserving action 7: G x
X — X of G on the probability space (X, M, u), h, (T, A) > 0 for every A €
par(X) and one may even get /1, (T') = oo if X has partitions .A with arbitrarily large
H, (A). This should be compared with the value 0 of h w(T) when G is finite (see
Example 2.3).

For G = Z’i every standard regular system gives rise to a Fglner sequence (see
[4]), while in G = Z, (Np)nez, With N, =1{0,2,4,...,2n} foreveryn € Zy,isa
regular system which is not a Fglner sequence.

Remark 2.10 Let G be a semigroup and suppose that the regular system I = (N,) ez,
in G is a Fglner sequence and satisfies

[N, | > cn? for some constant ¢ > 0 and all n > 1. (2.8)
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LetT: G x X — X be ameasure-preserving action on a probability space (X, M, p).
It then follows from the definitions that if for some A € par(X) we have h w(T,A) <
oo, then h, (T, A) = 0. Thus, sz(T) < oo implies h, (T) = 0. Equivalently, if
h,(T) > 0, then /1, (T) = oo.

The condition (2.8) is available whenever G is a finitely generated group that is
not commensurable with a cyclic group (e.g., G = Z* for some k > 2, see [4]
for more detail). Recall that two subgroups H; and H, of a group G are said to be
commensurable if the subgroup H; N H; has finite index both in H; and H,.

In contrast with Proposition 2.7, in the classical case, as mentioned for example in
[10], h (T) < h,(g) for any g € G. More importantly, we have the following fact
proved by Conze [10, Theorem 2.3] (where the case k = 2 is dealt with, the general
case is proved in a similar way).

Proposition 2.11 Let G = ZK k > 1, let g1, 82, .-, 8k be generators of G, and
let T: G x X — X be a measure-preserving action of G on a probability space
(X, M, ). If hy,(gi) < oo for somei € {1,2, ...k}, then h,(T) = 0.

The next example shows that unlike the classical metric entropy the receptive one
does not vanish in this situation.

Example 2.12 Let f: X — X be a measure-preserving transformation of the proba-
bility space (X, M, u), and let G = Z]i with k > 1 and the standard regular system
I' = (Ny)nez, with N, = [0, n]*. Define the action T: G x X — X by

T((my,my, ... my), x) = frmHmet-4m ),
Assume h, (f) < oo. It then follows from Proposition 2.11 that i, (T) = 0. On the

other hand, we compute that ﬁM(T) =k-h,(f).Indeed, given A € p;ut(X), for every
n>1,

\/ frmimma e A \/ FMA,

(m1,ma,....mg) €Ny 0<m<kn
SO
1 —my—my—...—mg 1 —m
~Hu \V f Al =H, \ A
(mi,ma,....mg)ENy, 0<m<kn
=k- i]‘I \/ fmA
kn " ’

0<m<kn

and taking limits as n — oo (the limit exists in the right-hand side by Remark 2.2,
so it exists in the left-hand side as well), we get h, (T, A) = k - h,(f,.A). Hence
hy(T) =k - h,(f) < oo.
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To get a particular example, let X = ]_[‘iooo{l, 2,...,rhlet f =0: X — Xbethe
Bernoulli shift on » symbols with probabilities p1, p2, ..., pr > 0and > ;_, p; =1,
and let u be the corresponding invariant (product) measure on X. Then h,(f) =
— Zle pi log pi < oo (see e.g. [49, Theorem 4.26]). Then for the action 7 defined
above it follows that /1, (T) = —k Yi_, p; log p; < oc.

3 Further Properties of the Receptive Metric Entropy

We begin with some facts about subactions. For 7 : G x X — X ameasure-preserving
action of the semigroup G on the probability space (X, M, 1), and H a subsemigroup
of G,letT [pg: H x X — X be the action of H on X induced by 7.

Proposition 3.1 Let G be a semigroup, let I' = (Ny)nez, be a regular system in G,
andletT: G x X — X be ameasure-preserving action of G on the probability space
(X, M, ). Let H be a subsemigroup of G, and let S = T [p. Define the regular
system I'y = (My)nez, in H, by M, = N, N H for alln > 0. Then:

(@) hyu(S.Ty) < (T, T);

(b) for G = Zﬁ with the standard regular system given by N, = [0, n]* and its
subsemigroup H = p1Z4+ X p2Z4+ X ... X pxZy, where p1, p2, ..., px = 1 are
given integers, sz(S, ') < sz(T, I <(pip2...pr)- flM(S, T'y).

Proof (a) Clearly, for A € par(X) and for all n > 1, 1H, (\/,cp, u™'A) <

L, (Vyen, 871 A), and 50 (8, A) < hyu(T, A),
(b) The first inequality is item (a). Without loss of generality we may assume that

l<pi<pr<...<pi.Let F=[]_{0,1,..., pi — 1}, with |F| = pip2... p.
Letn > pi. Then N, = M,, + F. Indeed, for any g = (m1,mo,...,my) € N, and

foreveryi € {1, 2, ..., k} we can write m; = t; p; + s; for some integers #; > 1 and
si € {0,1,..., pi — 1}. Thus, g = u + s, where u = (t1p1, t2p2, ..., pr) € My,
and s = (s1, 82, ..., 5;) € F. The above argument implies that, for A € &(X) and

an integer n > 1,

\ —¢+A= \/ —w+9)+A=\/-s+|\ —u+A],

geN, seF,ueM, seF ueM,

and therefore

Ho |\ —s+A| <> H|-s+ \/ —u+A| =) H, |\ —u+A],

gEN, seF ueM, seF ueM,
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the last equality due to the fact that each s € F is measure-preserving. Thus, for all
n>1,

—H, [ \/ —g+A §|F|%HM \/ —u+A).

n
geN, ueM,

which gives /1, (T, A, T) < |F|-h,(S, A, Ty). Hence hy, (T, T) < |F|-h,(S, Tp).
[}

Now we make a different choice of the regular system in a specific case.

Lemma3.2 Let G be a commutative semigroup, I' = (Ny)nez, a regular system in
G,andlet T: G x X — X be a measure-preserving action of G on the probability
measure space (X, M, ). Let p > 1, H = pG, and let S = T [y. Consider G
with the regular system pI' = (pNy)nez, and H with the regular system I'y =

(Ny N H)pez, - Then hy, (T, pT') = hy (S, pT) < phyu(S, Ti).

Proof Let A € par(X). For every n > 1 and every g € N, we have pg € pN, <
Npn N H, s0

\/ utA < \/ g A

uepN, gENpNH
Thus, foralln > 1,
lH \/ u Al < lH \/ g 1A <p-iH \/ g 'A
e =, = n H
uepN, 8ENnNH 8ENNH
Obviously,

1 1
limsup—H, | \/ g7'A| <limswp-H,| \/ ¢4
n—oo PN ¢eNmnH n—oo N gEN,NH

Combining this with the above gives

~ 1 1
hu(T, A, pD) =i ~-H Al <pii —H A
w(T, A, pl) = lim sup u(\/u )_plgsgippn u( V s

=00 uepN, 8ENpNH

e eN,NH

. 1 _ ~
= p limsup ;Hu ( \/ g lA) =phu(S, A Th).
g
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Example3.3 LetG,p>1,H,X,T,SandT" = (Nn)nez, be asin Lemma 3.2. Then,
ﬁM(T, pl) = EM(S, pl) < ﬁM(T, I') according to Proposition 2.5 with ¥ = X,
¢ = idy and with n the homomorphism  : G — H defined by n(g) = pg for
g € G. By the final assertion of that proposition, ﬁM(S, pl) = sz(T, I'), provided n
is an isomorphism (equivalently, injective).

Letus apply this observation to the monoid G = Zﬁ_ withk > 1 and standard regular
system I' = (Ny)uez, » with N, = [0, n|¥ for every n € Z4.Now forevery p > 1 the
homomorphismn : G — H,defined above, is injective. So for the subsemigroup H =
pG of G and for every measure-preserving action 7: G x X — X on a probability
measure space (X, M, u), the above argument gives lle(S, pl) = sz(T, I') for the
restriction S of T on H. Since, obviously pI' = I'y = (pNy),ez., inthis case, we can
add to the above equality also sz(T, pl) = ﬁM(S, pl) = EM(S, 'y) = sz(T, ).
This should be compared with the much less sharp inequalities from Proposition 3.1(b)
and from Lemma 3.2.

Next we deal with products of measure-preserving actions. The proof of the follow-
ing proposition is similar to that of the corresponding result about the case G = Z
(see e.g. the proof of [49, Theorem 4.23]). To prove Proposition 3.5 we need the
following lemma.

Lemma 3.4 For finite partitions A = {Ay, A, ..., Ar} of a probability space
(X1, My, 1) and B = {By, Ba, ..., B} of a probability space (X2, M2, u2) let
a; = p1(A;) andbj = puy(Bj), foranyi € {1,2,...  k}and j € {1,2,...,1}. Then

k [

Zaibj(logai +logbh;) = Zai loga; + ij logh;.
i,j i=1 j=1

Proposition 3.5 Fori = 1,2, let G; be a commutative finitely generated semigroup
with a regular system T'V) = (N,gi)),,e@, let (X;, M;, ;) be a probability space and
let T; . G x X; — X; be a measure-preserving action. Consider X = X x X» with
the product measure i = [ X uy defined on the o-algebra M in X generated by
My x Mo, and the semigroup G = G| x G with the regular system I' = (Ny) ez,
givenby N,y = N,El) X N,Ez)for alln € Zy. LetT: G x X — X be the action defined
by

T ((g1,82), (x1,x2)) = (T1 (g1, x1), T2 (g2, x2)) .

Then B _ _ _ _
max{h,, (T1), hy, (T2)} < hy(T) < by, (T1) + by, (T2). 3.1

Proof It is enough to consider partitions of X of the formC = AxB={Ax B: A €
A, B € B}, where A € par(X;) and B € par(X»). Forevery n > 1,

ct=\¢'c= \/ @) AxB = \/ g'Alx| \/ &'B

1 2 1 2
8ENn (81.82)eNS" x NP g1en” 2eN?
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By Lemma 3.4,
H,(Cf)y=— > u(Cx D) logu(C x D)
CxDeCp
=— Y (0 pa(D) (log i (C) + log pua (D))
(C.D)eCy. 3.2)
== > w0 logu(C) = Y ua(D) logua(D)
CeAly) DeB,,
= Hy, (Af) + Huy (Br)-
Let ﬁM(T, C) = limg_ oo % H, (C") for some increasing sequence of integers

(nik)kez, with ng — oo. Then the above equalities show that

~ . 1 . 1 - -
h(T,C) <limsup — H,, (A'll"(l)) + limsup — H,, (B?’;z)) < hy, (T, A) + hy, (T>, B).
k—oo Nk k—oo Mk

This implies the second inequality in (3.1). The first inequality in (3.1) follows imme-
diately from (3.2). O

The above is easily generalised to arbitrary finite products, so that it can be applied
in the next example.

Example 3.6 Fori € {1,2,...,k}, let (X;, M;, u;) be a probability space and f; :
X; — X; a measure-preserving transformation. Endow the product space X = X x
X7 x ... x Xy with the product measure © = @1 X 2 X ... x ug. Consider the
standard regular system I' = ([0, nlk Jnez., in Zi and define the action

T: Z’_j_ xX— X by T((ny,n2,..., nk), (X1, X2, ..., x)) = (f1 @D, 22, ..., 1) -

Then Proposition 3.5 gives

k
max{hy, (fi):i € {1.2.... K} < hu(T) <Y hy ().
i=l1

Hence sz(T) > 0if h(f;) > O foratleastonei € {1,2,...,k}.

As mentioned in [29], if the components f; in Example 3.6 are smooth maps on
smooth compact manifolds with topological entropy 2 ( f;) > 0, then the smooth action
T of Zﬁ has positive receptive topological entropy (to be defined in the next section).
The above shows that the same kind of examples exist with respect to the receptive
metric entropy h w
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4 Topological Entropy
4.1 Receptive Topological Entropy

Let (X, d) be a metric space, let T: G x X — X be an action of the semigroup G
on X such that each of the maps g: x — gx is uniformly continuous (briefly, T is a
uniformly continuous action).

Let I' = (Ny)nez, be aregular system in G. The topological entropy that we will
consider here was defined and studied in [29] under more general assumptions (in
[29] G is a locally compact group and each N, is just a compact subset of G), using
spanning and separated sets, following R. Bowen’s definition [6] in the classical case
of actions of Z .

Definition 4.1 Let G be a semigroup, I' = (Ny)uez, a regular system in G and
T: G x X — X auniformly continuous action on a metric space X. Let K be a
compact subset of X, lete > Oandletn > 1.

A subset F of K is called an (n, €)-spanning set for K (with respect to I') if for
every x € K there exists y € F such that d(gx, gy) < e forall g € N,.

A subset E of K is called (n, €)-separated (with respect to I') if for any x, y € E,
x # y, there exists g € N,, such that d(gx, gy) > €.

These definitions can be easily understood by using the dynamic balls, for x € X,
€>0,ne’Z,,

D} (x,e) ={y € X: d(gx,gy) <€, Vg € Np}.

When it is clear from the context we shall omit the regular system I".

Namely, F is an (n, €)-spanning set for the compact subset K of X if K C
UxeF D,(x,€), and E is (n,€)-separated if for any x,y € E with x # vy,
Dy(x,€) N Dy(y,€) = 0.

By the compactness of K, the minimal (n, €)-spanning sets and the maximal (n, €)-
separated sets are finite, so we can define

rn(e, T, K)=min{|F|: F € K, F is(n, €)-spanning for K},

4.1
sp(e, T, K)=max{|E|: E C K, E is(n, €)-separated} . @D

Then set

1 1
7(e,T,K) =limsup — logr,(e, T, K) and s(¢,T, K) =limsup — logs, (¢, T, K).
n

n—o0 n— 00

These functions are non-increasing in € and moreover, following arguments similar
to those in [49, p. 169], we obtain

re,T,K) <5 T,K)=<r(e/2,T,K),
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so the following monotone limits exist and coincide:

W(T,K,T)=lim7(, T,K)=1lim5(, T, K).
e\o0 e\0

Definition 4.2 Let G be a semigroup, I' = (Nj),ez, a regular system in G and
T: G x X — X auniformly continuous action on a metric space X. Let K be a
compact subset of X. We call 4(T, K, I') the receptive topological entropy of T with
respect to K and the given regular system I in G. The receptive topological entropy
of T with respect to I is

h(T,T) =sup{h(T,K,T): K € X, K compact}.

When the system I is clear from the context and no confusion is possible, we shall
omit I' and write simply 2(T, K) and i(T).

When X is compact, it is easy to see that fl(T) = fz(T, X). In this case we will also
use the shorter notation r,, (¢, T) = r, (¢, T, X),7(e,T) =r(e, T, X), etc.

Remark4.3 When G = Z and I = ([0, n]),ez, , the uniformly continuous action
T: G x X — X on a metric space X is given by a uniformly continuous map
f=T(,-): X — X.Then h(T) = h(f) is the topological entropy of the map f,
as defined by Bowen in [6].

It follows from [29, Proposition 2.6] that for the uniform continuous action 7 : G x
X — X of the semigroup G on the metric space X and the regular system I' =

(Nnn €y

sup h(g) < h(T),
gEN]

where h(g) is the topological entropy of the map g: x — gx (a proof can be given in
the line of Proposition 2.7 above).

For the sake of completeness we mention the following special case of [29, Propo-
sition 2.7], which is an analog of Bowen—Kushnirenko Theorem in the classical case
(e.g., see [49, Theorem 7.15]).

Proposition4.4 Let X be a Riemannian manifold and let the continuous action
T: G x X — X of the semigroup G be such that each of the maps g: x +— gx
is smooth. Consider the standard regular system I' = (Ny)nez, in G where Ny is a
finite generating subset of G. Consider X with the metric generated by the Riemannian
metric of X, and let k = dim X. Then

h(T) < max{0, kloga},

where a = sup, .y maxgen, lldx gll and dy g is the differential of g at x € X.



Metric Versus Topological Receptive Entropy of Semigroup Actions Page 190f41 50

4.2 Classical Topological Entropy

Let G be a semigroupand 7: G x X — X a uniformly continuous action on a metric
space X. Assume in addition that G is amenable and let I' = (N,),ez, be a Fglner
sequence in G. For a compact subset K of the metric space X, define r,, (¢, T, K) and
sp(e, T, K) asin (4.1) and set

r(e,T,K) =

1
s, T, K)=limsup — | logs,(e, T, K).

n—00 n—o0 I n

The topological entropy of T with respect to K is then

WT,K)=1limr(e T,K)=lims(, T, K)
e\0 e\

while the topological entropy is
h(T) = sup{h(T,K): K € X, K compact}.

This is the definition of the classical topological entropy using spanning and separated
sets (see e.g. [42]).

An equivalent definition for actions on compact spaces using open covers was intro-
duced in [18,38]. In fact, a more general concept, the so-called topological pressure,
has been defined similarly and studied extensively (see [20,36,38,39,42,43]).

As in the case of metric entropy (see Proposition 2.11), the classical topological
entropy is zero for some actions of ZX , with k > 1):

Proposition 4.5 (See [18, Corollary 2.3]) Let G = Z", k > 1, let g1, 82, ...8k be
generators of G, and let T: G x X — X a uniformly continuous action of G on a
metric space X. If h(g;) < oo for somei € {1,2,...,k}, then h(T) = 0.

5 Equivalent Definitions of the Receptive Topological Entropy
5.1 Receptive Topological Entropy via Open Covers

First we define the receptive topological entropy adapting the initial approach of Adler,
Konheim and McAndrew [1]. Let X be a compact topological space and for any
A € cov(X) we let N(A) be the number of elements of a subcover of A of the
smallest possible cardinality.

LetT: GxX — X bean action of the semigroup G on X such that each of the maps
g: x > gx is continuous (briefly, T' is a continuous action), and let I' = (N,)nez.,
be a regular system in G.

Given an integer n > 1 and A € cov(X), set

(T, AT) _hmsupllogN(A ).

n—o0
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Then define
(T, T) = sup{h(T, A, T): A€ con(X)}.

When the system I' is clear from the context and no confusion is possible, we shall
omit I'.

The proof of Theorem 5.3 is very similar to the one presented in [49, Section 7.2]
in the case G = Z.

Lemma 5.1 Let G be a semigroup, I' = (Nyp)yez, aregular systemin G, and T : G x
X — X a continuous action of G on a compact metric space X.

(a) Forall € > 0 and all integersn > 1, r,(e,T) < s,(6,T) <ry(e/2,T).

(b) Let A € cov(X) and let § > 0 be a Lebesgue number for A. For all integers
n>1 NUAL <r, (3. 7).

(c) For any € > 0 and any y € cov(X) with diam(V) < € forall V € y, for all
integersn > 1, sy(e, T) < N(y[).

Proof (a) corresponds to [49, Chapter 7, Remark (5)], (b) and (c) to [49, Theorem
7.7(1) and (ii)]. O

The following result corresponds to [49, Theorem 7.6].

Lemma 5.2 Let G be a semigroup, I' = (Ny) ez, aregular systemin G, and T : G x
X — X a continuous action of G on a compact | metric space X. Let (Anez, bea
sequence in cov(X) with diam(A,) — 0. Then W(T) = limy o0 (T, Ay).

Proof Supposethath(T) is finite,lete > Oandlety € cov(X) w1thh(T, y) > iz\(T)—
€.1f§ > Ois a Lebesgue number for y, there exists N € Z such that dlam(.AN) <34,
andsoy < Ap . Therefore, h(T y) < h(T AN) and hence h(T)—e < h(T Ap) <
h(T) for every integer n > N. This shows that h(T) = hmn_m<> h(T Ap).

In case h(T) 00, leta > Oandlet y € couo(X) with h(T y) > a. Then proceed
as in the preceding case. O

Theorem 5.3 Let G be a semigroup, I' = (Ny)pez, a regular system in G, and
T: G x X — X a continuous action of G on a compact metric space X. Then

W(T) = h(T).

Proof For any integer m > 1 fix A, € cov(X) consisting of open balls of radius 2/m
and y;, € cou(X) consisting of open balls of radius 1/(2m). By Lemma 5.1 we obtain,
for all integers n > 1,

1 1 1 1 1 1
- logN((Am)’[l‘) < -—logr,\ =, T|<-logs, | =, T) =< _logN((Vm)'ll)~
n n m n m n

Taking lim sup,,_, ., gives

~ (1 (1 ~
T, Ay, <F (—, T) <3 <—, T) < h(T, yn).

m m

By Lemma 5.2 this implies 7(T) < h(T) < h(T), so h(T) = h(T). o
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5.2 Receptive Topological Entropy Following Bowen'’s Definition

Next, we give another equivalent definition of the receptive topological entropy similar
to the one by Bowen in [7]. Although this definition works for non-compact spaces as
well, here we concentrate on the case of a compact metric space X. Denote by B(X)
the family of Borel subsets of X and by [X]=® the family of all non-empty finite or
countable subsets of X.

Let G be a semigroup, I' = (N,),ez, aregularsysteminGand7T: Gx X — X a
continuous action. Let also 4 = {A{, Az, ..., Ar} € cov(X). Modifying a definition
in [7], for every non-empty subset E of X we denote

nA(E) =nyp 4(E) =max{n € Z; U{oo}: A< {gE: g € Ny}}.
We set n 4 (E) = 0 if E is not contained in any element of 4. Then set
DAE)=e"AF) e freR:r <1}

in [37] the notation diam 4 7 (E) = D4(E) was used. If £ is a family of subsets of
X, let

diam 4 7(£) = sup D(E) = sup e "AE),

Ee& Ee&

Next, given a subset ¥ of X, € > 0 and any A € R, consider the family F(Y) of all
finite or countable covers £ of Y with diam 4 7(£) < €. Clearly,

Fo(Y) C Fe(Y), whenever € < e. ()

For a family £ C [X]=“ and any real A > 0 define

DAE W)=Y DaE) =) e *ma®),
Ec&E EecE

Therefore, the function
Ry y(e) :==inf {D4(&E, 1) : £ € Fe(Y)} 5.1

increases when € > 0 decreases. This allows us to define an outer measure m 4 ; on
X by setting

ma s (Y) = Elgr}) Ry y(€) € R>o U {o0}.

The function m 4 5 (¥) is non-increasing in A and if 0 < m 4, (Y) < oo for some
A>0,thenm g,/ (Y)=0for A > Aandm 4 5/ (¥Y) = oo for A < A. Set

bA(T,Y,T) =inf{A € Rug: ma, (Y) = 0}
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and
b(T,Y,T) =sup{ba(T,Y,I'): A e con(X), A finite}.

Finally, set b(T,I") = b(T, X, I'). When the system I is clear from the context and
no confusion is possible, we shall omit I".

Remark 5.4 Only real numbers A > 0 were considered above, as the negative values
of A are irrelevant for the definition of (7', Y, I'). Indeed, m 4 5 (Y) is non-increasing
in A and then we take an inf in the definition of b 4 (T, Y, I'). Actually,

m(Y) = ooif A <0. (5.2)

Clearly, m 4 o(Y) = 1if Y is a singleton. So it is enough to verify that m 4 o(Y) = oo
if Y is not a singleton. Obviously D 4(€,0) = |£|, so Ro.y(€) = inf{D4(£,0): £ €
Fe(Y)} =inf{|E|: € € Fe(Y)}. This implies m 4 ¢(Y) = oo, since Y is not a single-
ton.

Here is an alterative direct proof of (5.2) that works also for singleton Y when A < 0.
Lete > 0and £ € F,(Y). Then for every E € £, e "AE) < ¢ 50 e7AE) > A
SO0 DAE, L) = D pes e MAE) > ¢ and Ry y(e) > €*. Therefore, ma(Y) =
lime_, Ry y(e) > lime_0 e = oo.

In the next theorem the inequality b(T') < h(T) holds for any regular system and
also when the semigroup is not commutative. We follow the line of [7], however some
significant modifications will be necessary.

Theorem 5.5 Let G be a commutative finitely generated semigroup with a standard
regular system I' = (Ny)nez, and let T: G x X — X be a continuous action of G

on a compact metric space X. Then b(T) = h(T).

Proof In view of Theorem 5.3 we show that b(T) = iz\(T). First, we show that b(T') <
iz\(T). Let A = {A], Ay, ..., A;} € cou(X), let n > 1 be an integer, and let £, =
{E1, E>..., Ey) be asubcover of Al withm = |E,| = N(A}). By the definition of

1> any E; can be written in the form E; = [,y g 1A, for some A, € A. So, for
any g € N, we get gE; € Ag. Hence for every E; we have n o(E;) > n. Therefore,
given A € R>,

n

1) (=it klog N(AR)

m
D.A(gns A) = Ze—AnA(E,-) < me—kn _ N(A"F)e_k" _ e—kn+logN(.A

i=1

If A > W(T,A) = lim supn_moﬁlog N(A}), then taking § > 0 so that A >
ﬁ(T, A) + 8, we get D (Ey, 1) < e for all sufficiently large n > 1, so we must
have m 4, (X) = 0. This demonstrates that b 4(T', X) < iz\(T, A) < iz\(T). Hence
b(T) = b(T, X) < h(T).

Next, we show that il\(T) < b(T). The proof is articulated in four claims.
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Assume that b(T') < o0o; otherwise there is nothing to prove. Fix a small constant
€ > 0 and an arbitrary A € R>( with

b(T) <A <b(T)+e.

The definition of b(T") now implies b(T, X) < A and so mp 3 (X) = O for any finite
B € covu(X). Our aim will be to deduce from this that ;z\(T) < b(T) + 2e. Since € was
chosen arbitrarily small, this will imply that E(T) < b(T).

Let us fix a finite set of generators f1, f2, ..., f¢ of G, so that I' = (Ny)uez, is
the standard regular system defined by Ny = {0, fi, f2, ..., f¢}. Our next step is to
fix A= {A1, As, ..., Ar} € con(X) with

(T, A) = lim sup l log N(A}) > (T —e. (5.3)

n—oo N

Let § > 0 be a Lebesgue number for A. Since N; is finite and fi: X — X is
uniformly continuous for every i € {1, ..., £}, there exists §; € (0, §/2) such that
gBs,(x) € Bs(gx) forevery g € Ny andevery x € X. Thatis, forany g € Nj and any
x,y € X,d(x,y) < & implies d(gx, gy) < 8,50 A < {gBs;(x): g € Ni,x € X}.
There exists a finite cover B = {By, B, ..., B,} of X consisting of open balls of
radius §;. By what we said above,

A<{gBi:geNy,ie{l,2,...,p}}.

Let 8, € (0, §1) be a Lebesgue number for 5. Hence, 5 < {E} for every subset E of
X with diam(E) < §.

As mentioned above, the choice of A implies mp ;3 (X) = 0, so in particular there
exists a finite or countable cover £ = {E; 21 € I} of X with diam(E;) < & for
alli € I and Dp(E’', 1) < 1. Next, forevery i € I let n; := nB(Elf) and for every
g € Ny, fix amember By € B, such that gE; C B, (we noted above that B < {gE'}).
Now put, for every i € I,

: ~1
E;i == By, giam(e(E}) N () ¢ 'Bg
gENn,-

(by definition By, (M) = UZE u By (2) for every y > 0 and every subset M of X).
For each i € I, this open set E; is “slightly enlarging” the set E’ to an open set with
diameter < 28;; then ng(E;) < nlg(E;) = n;. The definition of E; implies ng(E;) =
ni = nB(E;): indeed, for every g € N,;; we have E; C g_lBg, so gE; C Bg, and
hence D(E1, 1) = D€', 1) < 1, where & = {E;:i € I} € con(X).

By choosing a finite subcover £ = {V1, V2, ..., V,;} of £ we get a finite open
cover of X with Dg(€, L) < Dr(&1, A) < 1. Let

J={1,2,....m}, aj:=ng(Vj)forieJ and M = max a;.

1<j<m
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Note that a; > 1 forall j € J. This implies

o0 m oo m m m

Z Z e Majtotaj) _ Z Z o4 Z e ap | ... Z e dis
s=1 ji,enjs=1 s=1 \ji=1 =1 Js=1
[e9) m s o)
— —Aa; _ s
=2 (Ze ) = _(D5(€,3)" < o0
s=1 \i=l1 s=1

(the last series converges as Dg(&, A) < 1).
For the sake of brevity set f = fy andlet C(V;) := V; forevery j € J.Fors > 1
and ji,..., js € J,let

CWVj,....Vi)={xeVj : frTTax)eV,, ¥re{2, ... s}}
=V, N fv,n ety n F@ +~~+"js71)vjs;

clearly C(Vj,, ..., V; ) is an open subset of X.
For any pair of integers s > 1 and n > 1 let

Tns ={1=01,....j et n<a;+...+aj <n+ M}

Asaj; > 1forall j € J,itis clear that J; | = J, while 7, # { implies s < n+ M,
hence > ., > ;e 7 1 <ooforalln > 1.

Claim 1 For any integer n > 2M, the family
Co={C(Vj,....,V;):s=>2, J=(j1,-..1Js) € Tnys)

is an open cover of X.

Proof Fix n > 1, and pick x € X. Define recursively indices ji, j», ... such that:

(1) x € Vjy;

(2) ifs > land ji, jo, ..., js—| arealready defined, pick j such that £%i1 %1 (x)
€ V]s *

Obviously, x € C(Vj,, ..., V) for every integer s > 1. Moreover, since a; > 1 for

all j € I, the sequence
aj <aj ‘aj <...<aj+...+aj <...

is strictly increasing and the gaps between two adjacent members are < M. As n >
2M > aj,, there exists an s > 2 such that

aj+...+aj_, <n=<aj+...+aj_, +aj,

then obviously, aj, +...+aj_,+a;, <n+M,asa; < M.Hence,C(V},,...,V;) €
Cy. This ends up the proof, since x € C(Vj,, ..., Vj,), as mentioned above. O
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Recalling that f = f,, for any integer n > 1 set

n—1
=\/ A= ﬂfg Aigy 1i {01, ....n—1} > {0,1,... .k}
r=0

Claim2 Foralln > 2M, A"t < C,.

Proof 1t is enough to prove the following statement for all integers s > 1:

P(s) : If a set of the form C = C(Vj,, ..., V}) belongs to C, for an integer
n > 2M, then A < {C}.

We argue by induction on s > 1. To prove P(1),let C = C(V;) = V; € C, for
some integer n > 1. Then n < a;. So At < A% hence it suffices to check that
A4t < (CY, or equivalently, gC is contained in some element of A for every g = fep s
with 0 < p < a;. To this end note that C = V; and diam(V;) < &, implies that C is
contained in some element B; of B. Now a; = ng(V;) means that gC is contained in
some element of 3, and therefore in some element of A (since A < B) forall g € Ng;.
Thus, flp C is contained in some element of A.

Assume that s > 1 and the statement P(r) is true forall 1 <r < s — 1. We will
prove P(s). Let C = C(Vj, ..., V;) be such that C € C, for some n > 1. Then
n<aj+...+a; <n+M.Setu=aj,n=n—uandC’' =C(Vj,...,V;). It
is easy to see that

filcc c'. 5.4

Sincen < u+(aj,+...+aj) <n+Mimpliesthatn’ < aj,+...4aj <n'+M and
consequently C’ € C,, our inductive assumption gives A"t < {C}. Now we show
that A < {C}, i.e., gC is contained in some A; for every g = fzp with 0 < p < n.
The case p < u follows from the argument proving P (1) above, so assume that g = fzp
for some integer pwithu < p <n—1.Theng=p—u<m—1)—u=n"—1,s0
A" < {C'} implies that f;C’ C A, forsomei € {1,...,k}. From (5.4) we deduce
that f/'C = f] f/C € f/C' C A,. This proves the claim. |

Now we estimate N (A}.). To this end, for n, s > 1 define the set

[x]
B

={E=01 e i) € 2!
xJ0<ri<n Vie{l,...,0 =1}, ri+...4+r_1+aj,+...+aj, <n+ M}

Asa; > 1foralli € J,itis clear that E,; # ¢ implies s < n 4+ M, hence
Yo |Ensl < oo foralln > 1.

Claim3 Foralln > 2M, N(A}L) < 302, |8l

Proof By definition
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n—p—1
no_ —r —re 4 _ —r —re-1 —r _
Al = \/ f e T A= \/ e \/ Al =
ri+...+re<n rit..t+r-1=<p r=0
ryre>0 ri-re-120,0<p<n
_ —r —re—1 n—p,t
= \/ NI (A ) ) .

ri+..+re-1<p
ri-re-1=0,0<p<n

Using Claim 2, the above gives

- -1 _ ! —re—1 _
Af < \/ Aty (Cop) = \/ Hohe f (Cg) =
r|+“,+r[71§p r1+m+r@71+q§n
rprp—120,0=p<n rperp—120,g>0
_ -y —re—1 . | . . s X . < M
= \/ s T ey Viis =1 (i, js) € 0%, g <aj +...+aj <q+M}).

ritetrg_1+q=n
ry-rp_120,g>0

Therefore

N(Ar[l‘) = |{f17r1 g__rle_IC(V/'l,...,VjJ)Z s>1, (jl,-..,js) [S Js, ry---re—1
>0,9g>0,rn+...+re1+qg=<n,qg=<aj+...+aj <qg+ M}

Notice that the inequalities 71 +...+r,—1+qg <n,q > Oandaj +...+a; <g+M
imply

rn+...+re-1+aj+...+a, <(—qg)+@+M)=n+M.

Thus,

NAD) <Y A f T e, Vs
s=1

Utsoon ) €5, 0=, -+ yre—1 <n, ri+...+re—1+aj+...4aj, <n+M}|
o0

<D 1Ensl,
s=1

This proves Claim 3. O

Claim4 Foralln > 2M and C = 1

o0 o
> 1Bnsl = € DN (DRE, L))
s=1 s=1

Proof Since A > 0, and £ € E, ¢ for some integer s > 1 implies 7| + ... +rp—1 +
aj +...+aj <n+ M,itfollows that

1< e)»[n+M—(r1+...+rz—1+aj] +..taj)l e—)»(r1+...+rz—|+aj1 +...4aj ) +r(n+M)
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— oMttt a etagg) Jhnk M)

Therefore

o (0.¢] o
Z |En X| — Z Z 1 S Z Z e—)n(r1+.‘.+r471+ajl+.‘.+ajs) e)u(ﬂ-i-M).
s=1

s=1 EEEnJ s=1 éean,s
(5.5)
Using the factthat 0 < r; < nforalli € {1,..., ¢ — 1}, we deduce

n—1 n—1

n—1
Z oMt AT ) < Z Z Z Z (e+n _“ef»\rH)Aefx(ujl+...+a,>s)

E€Bns r1=0ry=0 re-1=0aj +..+aj <n+M
£—1

n—1 m
< (Z e—kr) Z o Maj +.Faj)
r=0 J1 =
5
1 —aa;
S U—emyt (Ze ) =C (Dp(£. 1)’

Combining this with (5.5) proves the required inequality. O

Now we can conclude the proof of the theorem by using Claim 4 and Claim 3. For
everyn > 2M,

e—klzN(A?) — eMAe—A(n+M)N(AF) < eMAe—A(n+M) Z IEn,s| <

s>1

o0 o0
< MMM € PN (DR (E, 0) = CeM Y (DB 1) = K

s=1 s=1

for some constant K < oo independent of n. This yields, for every n > 2M,
1 1
—logN(A}) <A+ —logK.
n n

Therefore

—~ 1
h(T,A) =limsup —log N(A}) <& < b(T) +e.

n—oo N

Combining this with (5.3) gives #(T) < b(T) + 2e. Letting € — 0 implies 1(T) <
b(T). This proves the theorem. O

Remark 5.6 Notice that the first part of the proof of Theorem 5.5 works without assum-
ing that the semigroup is commutative and finitely generated, and moreover without
any specific assumptions about the regular system. Thus, 5(7)) < &(T) holds for any
continuous action of a semigroup G on a metric space and with respect to any regular
system in G.
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5.3 An Alternative Definition Following Pesin

Let G be a semigroup, I' = (N,)necz, aregular systemin G,and 7: G x X — X a
continuous action of G on a compact metric space X. In what follows we will give an
equivalent definition of Bowen’s entropy b(T', Y) following some ideas of Pesin (see
[40, Section 4.11]).

Let Y be a non-empty subset of X and let . > 0. Given € > 0 and an integer N > 1
set

My .er(Y)=inf > e[| <w, ¥ | D) (xive), xi €Y, n = NVie 1}. (5.6)

iel iel
Then define

Mea(Y) = lim Ay.c,(Y) and () = lim e, (Y).

The limits exist due to the monotonicity of 7y ¢, (Y) with respect to both N and €.
Just as in the case of m 4 ; (Y), it is easy to see that there exists a critical point s € R
such thatm; (Y) =0forA > sandm; (Y) = ocofor A < s.Setc(T,Y,I') =s. Thus,
we define a new entropy-like quantity

o(T,Y,T) =inf{A > 0: m,(Y) = 0}.

ForY = X setc(T,I") = ¢(T, X, I'). When the system I is clear from the context
and no confusion is possible, we shall omit I".

Remark 5.7 In [5], following the line of [40, Sections 10 and 11], we defined the upper
capacity for Pesin—Carathéodory structures, and we described the receptive topological
entropy h(T,Y,T) as a limit of upper capacities for suitable Pesin—Carathéodory
structures. The entropy ¢(T, Y, I') can be analogously obtained as a limit of upper
capacities.

Theorem 5.8 Let G be a semigroup, I' = (Nyp)uez, a regular system in G, and let
T: G x X — X be a continuous action of G on a compact metric space X. If Y is a
non-empty subset of X, then b(T,Y,T') = c¢(T,Y,T).

Proof Let A = {Ay, ..., Ax} € cov(X) and let ¢ > 0 be a Lebesgue number for A.
Given an integer N > 1 and a real number A > 0, set

my A (Y) = inf {Z etmaB) g B, Y S| JE na(E)=NVEe 5} )

Ee€E
5.7
The map N — my_4,(Y) is monotone, and it can be seen as above that my 4, (Y)
has similar properties to 7y ¢ 1 (Y).
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Notice that if E = D,f (x,€) forsomex € X andn > 1, then n 4(E) > n. Indeed,
given g € Ny, there exists j € {1, ..., k} with Bc(gx) € A;. Forany y € E we have
d(gx,gy) <e€,s0gy € Be(gx) € Aj. Thus, gE C Aj;. This proves thatn 4(E) > n.

Hence, taking N > 1 sufficiently large so that eV < e, the set in the right-
hand side of (5.7) is contained in the set in the right-hand side of (5.1). Therefore
my A (Y) <my e (Y). Moreover, the set in the right-hand side of (5.6) is contained
in the set in the right-hand side of (5.7). Taking limits N — oo, € — 0, gives
mp(Y) < m; (Y). Thus, whenever m; (¥Y) = 0 we have m 4,(Y) = 0 as well.
Hence ¢(T,Y) > b (T, Y) which implies ¢(T, Y) > b(T, Y).

To prove the opposite inequality, take small constants § > 0 and € > 0, and let
A=1{Ay,,..., A} € cov(X) with diam(A;) < e foralli € {1, ..., k} and such that
A =bp(T,Y)>b(T,Y)—6 Thenmy;(Y) =0forall A > Ag. Let A > Ag and
take a large N > 1 so thate™™ < € and my_4.,(Y) < 8. Then there exists a cover
E ={E;:i € I} of Y as in the right-hand side of (5.7) with

Z e MAED) < g,

iel
For each i € I, fix an arbitrary x; € E; and set n; = n4(E;). Notice that
E;, C D,l:i(x,-,e): indeed, for every g € Ny, there exists j € {1,...,k} with

gE; € Aj; since diam(A;) < €, we get d(gx;,gy) < € for all y € E;. This
yields Y C (J;¢; D,l; (xi, €), which in turn shows that #y ¢ 1 (Y) < 8. Taking limits
N — o0, e — 0, gives m (Y) < §. Letting § — 0, it now follows that m7, (Y) = 0
forallA > b(T,Y).Hence c(T,Y) < b(T,Y).

The following is a direct consequence of Theorem 5.5 and Theorem 5.8.

Corollary 5.9 Let G be a finitely generated commutative semigroup, I' = (Ny)pez.,
a standard regular system in G, and T : G x X — X a continuous action of G on a
compact metric space X. Then h(T,T") = b(T,T') = (T, ).

6 Comparisons Between Metric and Topological Entropy

Let again T: G x X — X be a continuous action of the semigroup G on a compact
metric space X, and let I' = (N,) ez, be aregular systemin G.

Denote by M (X) the space of all Borel probability measures on X considered with
the weak™ topology (see e.g. [49, Chapter 6]). Let M (X, T) be the closed subspace of
M (X) consisting of all T -invariant measures u € M (X).

Remark 6.1 In general, even when the semigroup G is finitely generated, M (X, T)
could be empty (e.g., see [48, Example 4.1.1]). Nevertheless, it is known (see [48,
pages 97-98]) that for two commuting homeomorphisms f, g: X — X there exists
a Borel probability measure on X which is both f-invariant and g-invariant. The
argument can easily be extended to the case of two, and so finitely many, pairwise
commuting continuous selfmaps. Therefore, M (X, T) is non-empty in case G is a
finitely generated commutative semigroup.
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The existence of a T'-invariant Borel probability measure on X is ensured also when
G is an amenable (not necessarily finitely generated) group (see [19, Theorem 8.10]).

The classical Variational Principle due to Goodwyn [27] and Goodman [24] states
that,incase G =Z; and T =T (1, —): X — X is a continuous selfmap,

h(T) = sup{h, (T) : u € M(X, T)}. 6.1)

In fact there is a more general Variational Principle concerning the topological pressure.
Proofs of the Variational Principle have been given by various authors in a variety of
specific situations — see [42] (for G = ZF and topological pressure, under some
conditions), [20,36,38,39,43] and others.

Remark 6.2 In particular, it is well-known (see [38,39]) that the Variational Princi-
ple (6.1) holds for continuous actions of amenable groups, where A (T') and h, (T)
are the classical topological and metric entropy defined by means of a Fglner
sequence (N,),ez., (see Sects. 2.3 and 4.2). Moreover, the same result was proved by
Misiurewicz [36] for actions of Z} , and for actions of countable cancellative semi-
groups in [46].

For the receptive topological entropy (T considered here a few remarks follow
(the general case is not done yet). What we aim to prove is the following Receptive
Variational Principle.

Conjecture 6.3 Let G be a semigroup, I' = (Ny)nez, a regular system in G and
let T: G x X — X be a continuous action on a compact metric space X with
M(X,T) # . Then:

h(T) = sup{h, (T): u € M(X, T)}. (6.2)

The main problem in all existing proofs of similar claims, including the one by
Misiurewicz in [36], is that in doing some estimates the “error term” is multiplied by
| Ny |. Then using the classical definition of entropy, a division by |N,,| follows which
solves the problem. In our case we only divide by n and this cannot kill the extra factor.

Proposition 6.4 Let G be a (necessarily countable) amenable cancellative semigroup
with a regular system (Ny)nez, which is a Folner sequence in G with lim,,_, oo |N"—‘ =
0.Let T: G x X — X be a continuous action of G on a compact metric space X. If

h(T) > 0, then (6.2) holds.

Proof In this case we must have 1(T) = o0, 0 clearly sz(T) < h(T) forall u €
M(X, T). Let us prove that sup{fzﬂ(T): w € M(X,T)} = oo. Fix an arbitrary € > 0
such that 0 < ¢ < h(T). By Remark 6.2 there exists u € M (X, T) such that
€ < h,(T) < h(T). By the definition of 4, (T), there exists a finite A € par(X)
with

. 1 ;
€< hM(T, ./4) = nlingo W—lHu( l}')
n
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Since [N, |/n — oo as n — 00, this implies hM(T A) = limsup,_, o, nH (A}p) =
o0. Thus, hu(T) = 00, s0 (6.2) holds. O

Conjecture 6.5 Let G be a semigroup, I' = (N,),ez, a regular system in G and
let T: G x X — X be a continuous action on a compact metric space X with
M(X,T) # @. Then

h(T) = sup{h,(T): p € M(X, T)). (6.3)

Question 6.6 For which compact metric spaces does (6.3) hold? More specifically,
does it hold for the Cantor cube {0, 1}"? What about an arbitrary totally disconnected
compact metric space X ? What about the tori T”, or, more generally, metric continua?

We conclude with a special case, namely when X is a compact topological group
with Haar measure 1 and G acts on X by continuous surjective endomorphisms. By a
well known Halmos paradigm, this ensures that the actions 7' is measure preserving. In
case G = Zy, h(T) = h(T) = h,(T) = h,,(T), as established in [45]. The equality
h(T) = h,(T) is true also for 74 actions on compact groups for the classical entropy
(see [34]). Clearly, this can be seen as a (strongly) positive answer to Conjecture 6.3.
In this vein one can ask:

Question 6.7 Under which conditions on the semigroup G the equality 7(T) = h w(T)
is true in the above situation?

The notion of algebraic entropy /4 (f) for an endomorphism f: A — A of
an abelian group A was briefly introduced in [1] and further studied in [14,16]. A
nice connection, named Bridge Theorem, was found between this entropy and the
topological entropy /( f ) of the dual (continuous) endomorphism f of the (compact)
Pontryagin dual A namely hqio(f) = h( f ) (see [13]). This result extends earlier
previous ones of M. Weiss [50] (for A torsion) and Peters [41] (for A countable and
f an automorphism).

Extending the definition of 4, to the case of an action 7" of an amenable cancella-
tive semigroup G on an abelian group A via endomorphisms, the algebraic entropy
haig(T) was defined in [12]. Moreover, the Bridge Theorem was extended in this set-
ting as well, in case the group A is torsion. Namely, if 7 is an action of an amenable
cancellative semigroup G on a torsion abelian group A via endomorphisms, then
the topological entropy 4 (T) of the dual action T of G on the (compact and totally
disconnected) Pontryagin dual A coincides with hatg(T).

Recently, the authors [4] defined the receptive algebraic entropy ﬁalg(T) of an
action T of a semigroup G, provided with a regular system I' = (Ny),ez,, On an
abelian group A by endomorphisms. In case the abelian group A is torsion, a Bridge
Theorem between this entropy halg (T) and the receptive topological entropy h(T) of
the dual action T was established in [23].

There is an obvious analogy between the Variational Principle, connecting (recep-
tive) topological entropy and (receptive) metric entropy of the same action 7', and the
Bridge Theorem, connecting the (receptive) topological entropy of an action 7 and
the (receptive) algebraic entropy of the dual action T (for example see [15]). This
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motivated our choice to formulate Conjecture 6.3 in view of the positive evidence, in
this sense, provided by the Bridge Theorem available in all these cases, as well as the
results of Sect. 7 that are in the spirit of the Variational Principle.

7 Receptive Local Metric Entropy

For a continuous selfmap f: X — X of a metric space X and a Borel probability

measure i on X, Bowen [7] introduced a topological entropy 42 of subsets inspired

by Hausdorff dimension. Then Brin and Katok [8] introduced a notion Qllf” and Eifc of

lower and upper local metric entropy. By the so-called Brin—Katok Formula £, (f) =

ﬁifc( = Eifc( f) they gave a description of the metric entropy in terms of the local
metric entropy for every f-invariant probability measure © on X.

Later on, Ma and Wen [35] showed that the lower local metric entropy hifc with
respect to any Borel probability measure ¢ on X is always smaller than Bowen topo-
logical entropy. This result was taken to a local Variational Principle by Feng and
Huang [21], who proved in particular that, in case X is a compact metric space,

hB(f) =h(f)= sup{ﬁif“(f) : ; Borel probability measure on X}.

More recently, Bowen’s topological entropy inspired by Hausdorff dimension was
extended to continuous actions of amenable groups on compact metric spaces by Zheng
and Chen [51], and under suitable hypotheses they proved that this Bowen topological
entropy coincides with the classical topological entropy. Moreover, they introduced
upper and lower local metric entropy, extended the Brin—Katok Formula and prove
a “local Variational Principle” between Bowen topological entropy and lower local
metric entropy in the case of actions of countable amenable groups on compact metric
spaces.

The definition of upper and lower receptive local metric entropy that we use here
is the analogue of the one in [51] adapted to our definition of receptive topological
entropy. The pointwise concepts ﬁif" (x) and ﬁif"(x, €) below are as in [3], where
they were introduced in the particular case of actions of finitely generated groups on
compact metric spaces with respect to the finite generating set of the group.

Definition7.1 Let T: G x X — X be a continuous action of the semigroup G on
a compact metric space X, and let I' = (N,),ez, be a regular system in G. Let
be a Borel probability measure on X. The lower and the upper receptive local metric
entropy of T at x € X are defined by

1y () = lim hiy(x.€) and B () = lim A (x, €),

where, for € > 0,

loc P 1 r Floc . 1 r
Qﬂ (x,€) =liminf ——log u(D,, (x,€)) and hu (x,€) =limsup ——log u(D,, (x, €)).
n—o00 n

n—o00 n
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The lower and the upper receptive local metric entropy of T with respect to  are
defined by

loc _ 1 —loc _ —loc
g rr) = [ e and B = [ @ dn.

Clearly, ﬁifc (x,€) and Eifc (x) measure the decay of the dynamic ball D,E (x,€)
with respect to . We shall omit to write I" in QifC(T, I') when it is clear from the
context.

The argument in the proof of the following folklore fact was kindly proposed to us
by Hans Weber in the case of the trivial action. It is used in the above definition to
apply the integral to the function I_zifc : X = Rso.

Lemma7.2 Let T: G x X — X be a continuous action of the semigroup G on
a compact metric space X, let I' = (Ny)yez, be a regular system in G and u a
Borel probability measure on X. The functions ﬁif"(—, €): X — Rsq fore > 0and

Qifc: X — Ry are measurable.

Proof We prove that, fixed n € Zy and € > 0, the function f,: X — [0, 1],
X M(D,IZ (x, €)) is measurable. So also the function x +— %log /JL(D,I,“ (x,€)) is
measurable. Then ﬁifc(—, €) and llifc result to be measurable as limits of measurable
functions.

Let f = f,. First we verify that f is lower semicontinuous. To this end, fix xg € X
and a € [0, 1] with f(xg) > a. Since {D,l;(xo, € — %)}k>0 is an increasing chain
and Uy~ ¢ D,l; (x0, € — %) = D,l; (x0, €), the sequence of real numbers {,u(D}; (x0, € —
%))}k>0 converges to f(xg) = M(D}: (x0, €)). Thus, there exists 0 < €’ < ¢ such that

u(Dy, (xo,€)) > a.

Leté = ¢ —¢'. Forevery g € Ny, g: X — X is (uniformly) continuous, so there
exists §g > 0 such that x € B(xo, §,) implies gx € B(gxo, €). Let § = mingey, o,
and U = B(xg, §).If x € U, then

DI (xo, €'y € DL (x, €). (7.1)

Indeed, y € D,l;(xo,e’), then for every ¢ € N,, d(gy,gx) < d(gy,gxo) +
d(gxg,gx) < € + & = €. By (7.1), if x € U, then f(x) = ,LL(D,I;(X,E)) >
/L(D,l; (x0, €")) > a. This shows that f is lower semicontinuous.

The fact that f is lower semicontinuous implies that f~'((y, 1]) is open in X for
every y € (0, 1), and this last property entails that f is measurable. O

Forreader’s convenience, we give an auxiliary result based on the classical theorems
of Lusin and Egorov adapted to our more specific situation.

Lemma 7.3 Let X be a compact metric space and | a Borel probability measure on
X.
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(a) A real valued function f on X is measurable if and only if for every € > 0
there exists a compact subset K of X with w(X\K) < € and such that f [k is
continuous.

(b) If a sequence of measurable real valued functions f, on X converges to a real
valued measurable function f on X at each x € X, then for each € > 0 there
exists a compact subset K of X such that w(X\K) < € and f, converges to f
uniformly on K.

We see that the lower receptive local metric entropy is always smaller than the
receptive metric entropy. This can be seen as one half of the receptive version of the
Brin—Katok Formula.

Theorem 7.4 Let G be a semigroup, I' = (Ny) ez, aregular systemin G and T : G x
X — X acontinuous action of G on a compact metric space X. Then, for a T -invariant
Borel probability measure |1 on X, ﬁZ’C(T) < hu(T).

Proof CASE 1: @L”C(T) <oo.Letéd >0, g = ﬁifc and g, = llifc(—, 1/m) for every
integer m > 0. Pick € > 0 such that

EZ)C(T)=f g(y)dusf g(y)du+8
b K

whenever K is a compact subset of X with u(X\K) < €.

Clearly, g(x) = lim,, o gn(x) for all x € X. Since each g, is measurable by
Lemma 7.2, by iterated applications of Lemma 7.3, one can find a compact subset K
of X such that all functions g, and g are continuous on K, g,, converges uniformly
to g on K and u(X\K) < €. Consequently,

/g(y)dusf g(y)du+34.
X K

Take mqo > 1 so large that g(y) — g, (y) < § forall y € K and all m > mg. Then, for
allm > mo,

/g(y)dMS/ gm(y)du + 4.
K K

Next, fix an arbitrary integer m > mg. Let A = {A, Ay, ..., Ax} be a u-
measurable partition of X such that diam(A;) < 1/m for alli € {1, 2, ..., k} (this
is straightforward, otherwise see for example [49, Lemma 8.5] for an even stronger
statement). For any integer N > 1 set

L

Ky = {x ekK: — llog.;,u(D,l;(x, 1/m)) > h'°(x,1/m) =8, Vn > N}. (7.2)
n
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This defines an increasing sequence (Ky)xy>1 of subsets of K with | J N>1 Ky =K.
So there exists an integer N > 1 such that

/g(y)dusf gy du+34.
K Kn
Letn > N. Then

1
hlee (1)

IA

/g(y)dwras/ g(y)du+265/ em(0) dpt + 38 <
K Ky Ky

IA

1
——/ log t(D} (v, 1/m)) dp(y) + 48
n Ky

1
-y / log 12(DF (v, 1/m)) dju(y) + 45.
KnnNYy

n
YeAfL

IfY € Af.issuchthat YNKy # @, thenforany y € YNKy wehaveY C D,f(y, 1/m),
sou(Y) < ,u(D,l; (v, 1/m). Combining the above inequalities we obtain

1
Hoery < -+ 3 / log s(DY (y. 1/m)) duu(y) + 45 <
" YeAn Knoy
1 1
<> log u(Y)dp +48 < —— 3 u(¥) log u(¥) +46.
" YeAlL Kvny " YeAl

Letting n — oo we obtain that ﬁifc(T) < sz(T, A) + 46, therefore ﬁifC(T) <
hy(T) + 48. This is true for any § > 0, so hl%°(T) < h,,(T).
CASE 2: @if”(T) = 00. Now/ g(x)du = oo, where g = ﬁif". Let M > 0 be an

X
arbitrary (large) number. Using Lemmas 7.2 and 7.3 as above, there exists a compact
subset K of X such that all functions g,, are continuous on K, g;, converges uniformly
to gon K, and

/ gy)ydu =M.
K

Fix an integer mg > 1 so large that g, (x) > g(x) — 1 forall x € K and all m > my.
Define the sets Ky as above with § = 1. Then again (Ky)y>1 is an increasing
sequence of subsets of K with | Jy-; Ky = K, so for a sufficiently large integer
N >1, -

/ g(y)duzf e dp— 1.
Ky K
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Now for n > N and m > my, using estimates similar to those above, we get

MS/ 8(y>dMS/ g(y)dp+1 5/ gn(dp+2=
K Ky Ky

1
=/ R (y. 1/m)ydp +2 < ——/ log 1(Dy, (y, 1/m)) dpu(y) +3 =
Ky nJKy

1
__1 Zf log ;u(DF (v, 1/m)) dpu(y) +3.
KnnNYy

n
Ye AL

As before, if ¥ N Ky # ¢ for some Y € A%, then Y € D! (y, 1/m) and so u(¥) <
M(D,l: (y, 1/m) for any y € Y N K. Thus, the above inequalities imply

n

1
M<—— Z / log u(Dy, (v, 1/m)) du(y) + 3
yeAn” KnnY

PN
< —= logu(Y)dp +3
Z Kyny

n
YeAL

IA

1
== > ¥ logu(¥) +3.
n
Ye AL

Letting n — oo we obtain that M < ﬁM(T, A +3 < EH(T) + 3, and therefore
hy(T) = M — 3. Letting M — oo gives /,,(T) = oo = hl?“(T). O

The following question arises in a natural way in view of the Brin—Katok Formula
and Theorem 7.4.

Question 7.5 Let G be a semigroup, I' = (N,),ez, aregular systemin G, T: G x
X — X a continuous action of G on a compact metric space X and u € M(X, T).
Does @ff”(T) = h,,(T) hold under suitable conditions?

Let T: G x X — X be a continuous action of the semigroup G on a compact
metric space X, letI' = (Ny) ez, be aregular systemin G and p a T -invariant Borel
probability measure on X. We denote by S, (T, I') the essential supremum of QL”C,
that is,

S,(T.T) =supla > 0: u(fx € X: I(x,T) > a}) > 0O}.

=
When there is no possibility of confusion we omit I" and write simply S, (7).

Remark7.6 Let T: G x X — X be a continuous action of the semigroup G on a
compact metric space X, and let I' = (N;, )z, be aregular system in G. Let 1 be a
Borel probability measure on X. Put s(Y) := inf{ﬁﬁ’"(x) :x € Y}forY C X. Since
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S, (T) > s(Y) for every measurable subset ¥ of X with u(Y) > 0 and S,(T) is the
smallest number with this property, an alternative description of S, (T') can be

S,(T) = sup{s(Y): Y € X measurable, u(Y) > 0}.

We conjecture that a local Variational Principle in the spirit of the one mentioned
above by Zheng and Chen holds:

Conjecture 7.7 If G is a semigroup, I' = (N,)uez, aregular systemin G, T: G x
X — X acontinuous action on a compact metric space X, then

fz(T, I = sup{ﬁifC(T, I'): u Borel probability measure on X}. (7.3)

As mentioned above, the validity of the conjecture for Z -actions was established
by Feng and Huang [21]. The following result can be seen as one half of the local Vari-
ational Principle (7.3), namely, hloc(Ty < h(T) for every Borel probability measure

_/L
. Therefore, in case Question 7.5 has a positive answer, this would provide also one

half of the Variational Principle (6.2), namely, h w(T) < fz(T) foreveryu € M(X, T).

Theorem7.8 Let G be a semigroup, I' = (Ny)uez, a regular system in G and
T: G x X — X a continuous action of G on a compact metric space X. Then, for a
Borel probability measure pon X, S, (T) < ¢(T), and therefore S, (T) < h(T). In

particular, B'o(T) < h(T).

Proof Set S = S,(T) and take a small constant § > 0. Then wu(Yy) > 0, where

Yo={xeX: ﬁif"(x) > § — 4}. Since the measure is inner regular, there exists a
compact subset K of Yy such that u(K) > 0 and

@Z’C(x) > S —§forevery x € K.

For every integer m > 1 set
. 1 r
Ky =1{x € K: liminf ——logu(D, (x,r)) > S =6, Vre (0,1/m];.
n—00 n

The sequence (K,;)n,>1 is increasing and Um21 K, = K, so there exists mg > 1
with (K pny) > 3(K) > 0.
Similarly, for every N > 1 let

1
Koy, n = {x € Ky : —;log,u(D,l;(x,r)) >85—-658,Vn>N, Vre(, l/m)};

the sequence of sets (K, v)N>1 1S increasing and UN>] Ky, N = Ky, so there
exists Ng > 1 such that

1 1
(Ko, Ng) > EM(KmO) > ZM(K) > 0.
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Set F = Ku,,n, and assume for a contradiction that ¢(7, F) < S — 4. Fix an
arbitrary A € R with ¢(T, F) < A < § — 4. Then m; (F) = 0 by the definition of
¢(T, F). This implies that there exist € € (0, 1/mg), an integer N > Ny and a finite
or countable cover {D,l;, (xj,€):i € I} of F withx; € Fandn; > Ngforalli € I,
such that

> e < @ (7.4)

iel

Then by the choice of F, for all i € I we have — log M(D}; (xi,€)) > n; (S —95), so

/L(D,l;_ (xi,€)) < e "S=9) Since F C U D,I;l_ (x;, €), it now follows that

iel

Do Mis N e ST S N (D (i, €)) = p(F),

iel iel iel

and this is a contradiction with (7.4).

In this way we have proved that ¢(T', F) > S — §. Letting § — 0 we obtain that
c(T, F) > S which in turn implies ¢(T) > S. By Theorem 5.8 and Remark 5.6, we
conclude also that S < ¢(T) = b(T) < h(T).

The last assertion follows from the inequality ﬁifC(T) =S8,(T) since by definition
ﬁﬁ’"(T) and S (T) are respectively the integral and the essential supremum of the
function Qifc: X — Rxp. O

Remark 7.9 Theorem 7.8 is closely related to [3, Corollary 5.4], where G is a finitely
generated group acting on a compact metric space X and the regular system I' is
standard. In the notation of Theorem 7.8 and Remark 7.6, it is proved in [3, Corollary
5.4] that if E is a Borel subset of X with w(E) > 0, then s(E) < h(T, E). Therefore,
in view of Remark 7.6, S, (T) < h(T).

The following question arises as very natural in view of Theorem 7.8.

Question7.10 Let G be a semigroup, I' = (N,)uez, a regular system in G
and T: G x X — X a continuous action of G on a compact metric space X.
Does ¢(T) = sup{QM(T): 1 Borel probability measure on X} hold? Does h(T) =
sup{S,, (T'): u Borel probability measure on X} hold at least when G is commutative
and finitely generated and I' is standard?

In view of the Variational Principle and of Conjecture 7.7 it makes sense to ask
whether also the following version of the local Variational Principle holds.

Question 7.11 If G isasemigroup,I" = (Ny)nez, aregularsysteminG,T: Gx X —
X a continuous action on a compact metric space X admitting some 7 -invariant Borel
probability measure, does
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R(T.T) = sup{h!¢°(T, T): p € M(X, T))? (7.5)

In view of Theorem 7.4, this version (7.5) of the local Variational Principle would
imply the “hard half” (i.e., the inequality <) of the Variational Principle (6.2), as
(7.5) and Theorem 7.4 would give h(T) < sup{ﬁM(T): w e M(X,T)}. So only the
inequality > in (6.2) (sometimes referred to as “easy half”) of the Variational Principle
would be missing, now stated as (6.3) in Conjecture 6.5.
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