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Abstract This article studies a confluence of a pair of regular singular points to an
irregular one in a generic family of time-dependent Hamiltonian systems in dimension
2. This is a general setting for the understanding of the degeneration of the sixth
Painlevé equation to the fifth one. The main resultis a theorem of sectoral normalization
of the family to an integrable formal normal form, through which is explained the
relation between the local monodromy operators at the two regular singularities and
the non-linear Stokes phenomenon at the irregular singularity of the limit system. The
problem of analytic classification is also addressed.
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1 Introduction

We consider a parametric family of non-autonomous Hamiltonian systems of the form

dy oH

x(x —e)5r = E()’,X,E) 5
iy . (y,x,€) € (C-xCxC,0), (1
x(x =) = —5; (0 X, €),
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shortly written as

x(x—OR =J(DH), J= <_01 (1)> , 2)

with a singular Hamiltonian function I-)I(E)yc f:)) , where H(y, x, €) is an analytic germ

such that H(y, 0, 0) has a non-degenerate critical point (Morse point) at y = 0:

DyH(0,0,0) =0, det D§H(O, 0,0) #0.

The last condition means that the y-linear terms of the right side of (2) are of the form
A(x,e)y for A(x,e) = JD%H(O,x,e), with trA(x,e) = 0 and det A(0,0) # O,

©
ie. A(0,0) ~ (A 0(0) B A(OO) (0)) for some A% (0) # 0.

For € # 0 the system (1) has two regular singular points at x = 0 and x = e.
At each one of them, the local information about the system is carried by a formal
invariant and a monodromy (holonomy) operator. On the other hand, for € = 0 the
corresponding information about the irregular singularity at x = 0 is carried by a
formal invariant and by a pair of non-linear Stokes operators. Our main goal is to
explain the relation between these two distinct phenomena, and to show how the
Stokes operators are related to the monodromy operators. The principal thesis is,
that while the monodromy operators diverge when € — 0, they each accumulate
to a 1-parameter family of “wild monodromy operators” which encode the Stokes
phenomenon (Theorem 40). It is expected that this “wild monodromy” should have
Galoisian interpretation, this question is however outside the reach of this paper.

An important example of a confluent family of systems (1), which in fact motivates
this study, is the degeneration of the sixth Painlevé equation to the fifth one, presented
in Sect. 6. A more detailed treatment of this confluence will be the subject of an
upcoming article [14], which will provide an explicit description of a representation
of the “wild monodromy” of the fifth Painlevé equation as an action on the “wild
character variety” of the associated isomonodromic problem.

The main tool in our investigation is a theorem on “sectoral normalization” of
the family (Theorem 17) to its formal normal form which is integrable. The domains
on which these transformations exist are of the form introduced in recent years by
C. Rousseau and her collaborators [10,15,16,25,26], consisting of two sectors in the
e-space and a family of ramified domains in the x-space attached to both singular
points x = 0, € along certain logarithmic spirals. When ¢ — 0 they tend to a pair of
usual sectors attached to the irregular singularity at x = 0. This construction allows
to define unfolded Stokes operators for the family, analogical to those introduced in
[10,15] for linear systems, and to decompose the nonlinear monodromy operators
around 0 and € for € # 0 into a convergent “Stokes” part and a wild “exponential
torus” part (Theorem 38). We also provide an analytic classification for the family
(Theorem 36), where the analytic modulus is expressed in terms of a conjugacy class
of the unfolded Stokes operators.
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In Sect. 5, we illustrate all this on the example of 2-dimensional traceless linear
differential systems

xx — P = A(x,e)y, Alx,€) € sh(T), det A(0,0) #0, 3)

for which our description follows from the more general work of Lambert and
Rousseau [10,15]. Here the relation between the monodromy of the unfolded sys-
tem and the Stokes operators of the limit systems can be summarized as:

Theorem When € — 0 the elements of the monodromy group of the system (3)
accumulate to generators of the wild monodromy group of the limit system (that is the
group generated by the Stokes operators and the exponential torus).

The non-linear analogy of this theorem is Theorem 40. The linear case can be kept
in mind as a leading example of which the general non-linear case is a close parallel.

2 The Foliation and its Formal Invariants

The family of systems (1) defines a family of singular foliations in the (y, x)-space,
leaves of which are the solutions. We associate to (1) a family of vector fields tangent
to the foliation

Zn(y,x, €) = x(x — )3 + X (y, x, ), )

where

Xu(y,x,€) = 5L, x,€)dy — 5y, x, )y, )

which may also be seen as a single vector field in the (y, x, €)-space. We will denote

Zhe(y,x), resp. Xpxe(y),

the restriction of (4) to a fixed value of €, resp. of (5) to a fixed value of (x, €).

The vector field Zg ¢(y, x) has a saddle-node type singularity at (y, x) = 0, i.e.
its linearization matrix has one zero eigenvalue, corresponding to the x-direction. It
follows from the Implicit Function Theorem that, for small € # 0, Zy  has two
singular points (yp(0, €), 0) and (yo (e, €), €) bifurcating from (yo(0, 0), 0) = 0 and
depending analytically on €. The aim of this paper is a study of their confluence when
e — 0.

The two singularities of Zy . have each a strong invariant manifold Yo = {(y, x) :
x = 0}, resp. Ye = {(y, x) : x = €}. Away of these invariant manifolds the vector field
Zh ¢ is transverse to the fibration with fibers Y, = {(y, x) : x = c¢}. The (y, x)-space
is endowed with a Poisson structure associated to the 2-form

w =dy; Ndyr, (6)
the restriction of which on each fiber Y, is symplectic. The vector field Zy ¢ is trans-

versely Hamiltonian with respect to this fibration, the form w, and the Hamiltonian
function H (y, x, €).
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2.1 Fibered Changes of Coordinates

We consider the problem of analytic classification of families of systems (1), or orbital
analytic classification of vector fields (4), with respect to fiber-preserving (shortly
fibered) changes of coordinates

(y,x,€) = (P(u, x,€),x,€).

Such a change of coordinate transforms a system (2) to a system

x(x — G)Z—Z = (Dy®) ' J(DyH) 0o ® — x(x — €)(D,®) 32
= (det D, ®) "' T (Dy(H 0 ®)) —x(x —e)(D,®) 122, (7)
using the identity
PJ'P =detP-J forany2x2 matrix P. (8)

Definition 1 We call a fibered transformation ® transversely symplectic if det(D,, P)
= 1, i.e. if it preserves the restriction of w to each fiber Y.

Definition 2 Two systems (1) with Hamiltonian functions Ii g ’fg) and Ii gfg) are

called analytically equivalent if there exists an analytic germ of a transversely sym-
plectic transformation y = ®(u, x, €) that is analytic in (u, x, €) and transforms one
system to another: ®*Zy . = Z; .

Lemma 3 If a transformation y = ®(u, x, €) is transversely symplectic, then the
transformed system (7) is transversely Hamiltonian w.rt. w = duy A duy, i.e. it is
again of the form (1).

Proof 1Itis enough to show that the system % =—(D,®)"! % is transversely Hamil-
tonian, that is, denoting (2) = —(DMCIJ)’1 %, to show that duy fi + 0y, fo =

0. Using the identity (8), we can express f; =
3 Y9y, @) J 0, @, hence

detD ) (8142(1))]8 o, f2 =

det D, ® D

By f14 0ur o = m [0, ®)J 8,8, @ — (3, @) J 8,3,
= s g 0x [ (00, ®) T 8, @] = —defDlquax det D, ® = 0.

2.2 The Formal Invariant x (k, x, €)

Theorem 4 (Siegel) Let H : (C2,0) = (C,0)havea non-degenerate critical point at
0, and let w be a symplectic volume form. There exists an analytic system of coordinates
u = (uy, up) in which
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w=du; ANduy, and H = Ggy(uiuz), Gg(0) =0.
The function G g is uniquely determined by the pair (H, w) up to the involution
GH(uiuz) — Gu(—uiuz), ©)

induced by the symplectic change of variable J : (uy,u2) +— (uz, —uy). The pair
(G, w) is called the Birkhoff-Siegel normal form of the pair (H, w). Moreover,
if (H, w) depend analytically on a parameter, then so does Gy and the change of
coordinates.

Proof While not explicitly stated in this form, the existence part of the theorem is
originally proved by Siegel [28, chaps. 16 and 17]. See also [8,36]. The uniqueness
can be seen by expressing G () in terms of a period map of 7 over a vanishing
cycle, see Sect. 2.2.1 below. O

Remark 5 e The Theorem 4 provides the existence of an analytic transformation of
a Hamiltonian vector field y = J t(DyH ) in dimension 2 to its Birkhoff normal
form i = J (D,Gpg), with

Gu(h) =Ah+---,

where +X # 0 are the eigenvalues of the linear part J D%H (0). The involution (9)
corresponds to the freedom of choice of the eigenvalue A.

e The change of coordinates is far from unique. Indeed, the flow of any vector field
& = a(ujuz) (u19,, — uzdy,) preserves the normal form.

Let H = H(y, x,€) be our germ. By the implicit function theorem, for each
small (x, €), the function H(-, x, €) has an isolated non-degenerate critical point
yo(x, €), depending analytically on (x, €). Let y = ®(u, x, €) be the transformation

to the Birkhoff—Siegel normal form for the function y — H(y, x, €) and the form
w = dy) A dy, depending analytically on (x, €), i.e.

H(,x,6)o®(u,x,¢) =Gyuiuy, x,¢€), detD,d(u,x,¢e)=1.
By (7), it brings the system (1) to a prenormal form

x(x — E)Z—Z = J(DuGp) + O(x(x — €))

= x(ujuz, x, €) <(1) _01> u+ 0x(x —e¢)), (10)

where

x(h,x, €)= x Q&) +xxVh,€) =288 (h,x,€) mod x(x —€), (11)
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h = uyuy, or equivalently,

L[x2t(h e e) — (= 021, 0,0)]. € #0,

x(h,x, €)= (12)

31 (4,0,0) + x 251 (R,0,0), €=0.

Definition 6 The function y (%, x, €) is called the formal invariant of the system (1).

For € # 0 the formal invariant x is completely determined by the functions
Gp(-,0,¢)and Gy (-, €, €) , which are analytic invariants of the autonomous Hamil-
tonian systems X g.0.¢, X .e.c (5) on the strong invariant manifolds Yo, Ye.

Corollary 7 The formal invariant x (h, x, €) is well-defined up to the involution
J* :X(h7x7 6) = _X(_hax’€)7 (13)

induced by the symplectic transformation u +— Ju. It is uniquely determined by the
polar part of the Hamiltonian [i(()y( fe? and it is invariant with respect to fibered
transversely symplectic changes of coordinates.

Let

Alx,e) = x(0,x,€).

Then £A(x, €) are the eigenvalues of the matrix of the linearized system A(x, €) =
J thH(yo(x, €),x,€) modulo x(x — €), see Example 8, and the involution (13)
corresponds to the freedom of choice of the eigenvalue X.

Example 8 (Traceless linear systems) A traceless linear system
d
(x-S = AGx, o)y, (14)
dx

2 Q0 0

0 —290
the form (1) for the quadratic form H(y, x, €) = %tyJ 'A(x, €)y. Let £A(x, €) be
the eigenvalues of A(x, €), and let C(x, €) be a corresponding matrix of eigenvectors
of A(x, €), depending analytically on (x, €) and normalized so that det C(x, €) = 1.
The change of variable y = C(x, €)u is the one which brings (H, dy; A dy>) to
its Birkhoff-Siegel normal form (Gy = %X(x, Yh?, duy A dus). It transforms the
system (14) to a prenormal form

with trA(x, €) = 0 and A(0, 0) ~ < ) for some A (0) # 0, is of

du [ 1 0 _,dC
Xx—e)o = )»(X,e)(O _1>+x(x—e)C o |

Denoting A(x, €) := (A(O)(e) —i—xk(l)(e)) = A(x,e) mod x(x — €), then we have
x(h, x,€) = A(x, €) up to the choice of sign (13). It coincides with the formal invariant
of [10,15].
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2.2.1 Geometric Interpretation of the Invariant x.

For each small (x, €), the function H (-, x, €) has an isolated non-degenerate criti-
cal point yg(x, €), depending analytically on (x, €), with a critical value hg(x, €).
For (x, €) fixed, i € (C, hg), consider the germ of the level set S,(x,€) = {y €
(C?, yo(x,€)) : H(y,x,€) = h} C Y,. As a basic fact of the Picard-Lefschetz the-
ory [1], we know that if % is a non-critical value for H(-, x, €), i.e. h # hg, then
Si (x, €) has the homotopy type of a circle. Let y;(x, €) depending continuously on
(x, €) be a loop generating the first homology group of Sy (x, €), the so called vanish-
ing cycle. And let i be a 1-form such that w = d H A ; its restriction to a non-critical
level Sy, (x, €) is called the Gelfand—Leray form of w and is denoted

“=aE

Its period function over the vanishing cycle

w

0 (15)
(x,€) dH

pth,x,€) = %[

Yh

is well-defined up to a sign change (orientation of y}), and depends analytically
on (x,e) [1, chap. 10]. Let Gy (-, x,€) be the inverse of the function &
fhho(x,e) p(s,x,€)ds. Then (G, w) is the Birkhoff-Siegel normal form of (H, w).
Indeed, the above formula for Gy is invariant with respect to analytic trans-
versely symplectic changes of coordinates: Supposing that H = g(y1y2, x, €) is
in its Birkhoff-Siegel normal form, then the level sets are written as S, = {y; #

o(—1)

— & (h,x,€) © dy —

0, 2 = " ), and 77 = Ty and therefore p(h) =
(')()vl)vz) vy

(%) ' g°D(h, x,€),ie. Gy =3g.

The above formula for the Birkhoff—Siegel normal form and hence for the formal
invariant x involves a double inversion which makes it difficult to calculate. The
following proposition, which will be proved in Sect. 7.4, allows to determine it in
some special cases. This will be useful in the case of the fifth Painlevé equation
(Sect. 6).

Proposition 9 (Birkhoff—Siegel normal form of an autonomous Hamiltonian system)
Let H(y) be of the form

H(y) = G(h) + yiAQi,h), h=yiy,
for some i € {1,2}, with G, A analytic germs, and
G(h) = AMh+ O(h%), 1 #0.

Then (G, w) is the Birkhoff-Siegel normal form for the pair (H, w), = dy; A dys.
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Corollary 10 (Invariant y for € = 0) For € = 0, suppose that

H(y,x,0) = GOh,0) +xHV(y,0) + 0D, h =y,
where GO (h,0) = 2@ 0)h + O(h?), AO(0) # 0. Write

HY(y,0) = GV(h,0) + y1A1(1. 7, 0) + y282(y2, b, 0),
with A;(yi, h,0) = O(y;). Then

x(h,x,0) = (G(O)(h, 0) +xGD(h, 0))

is the formal invariant of the vector field Zy o = x28, + Xy associated to H.
Proof Consider a deformation

H(y,x,€) = GO0, 0)+xGV(h,0)+xy1A1(y1, h, 0)
+ (x —e)y2A2(32,h,0) + O(x(x —€)),

and calculate the Birkhoff—Siegel invariants for H(y, 0, €), H(y, €, €), using Propo-
sition 9. O

2.3 Model System (Formal Normal Form)

Definition 11 (Model family) Let x (h, x, €) be the formal invariant of the system (1).
The model family (formal normal form) for the the system (1) is the family of systems

X(x—e)%= X@uz, x, €) - uy (16)
x(x - 6)% = _X(M11/l2, X, 6) U,
which is Hamiltonian with respect to the Hamiltonian function %,
h
G(h,x,¢e) = / x(s,x,6)ds =Gy(h,x,¢) mod x(x — €). (17)
0

The formal normal form of the family Zp is the associated family of vector fields
Zg(u,x,€) =x(x —€)dy + x(uiuz, x, €) (u18u1 — uzauz) . (18)

The system (16) is integrable with the function i (1) = uu, being its first integral,
Zc - h = 0. The general solutions of (16) are of the form

ui(x,e;c) =cr1Ey(cicz, x, €),
. | c=(c1.0) eC?, (19)
uz(x, €;¢) = caEy(ciea, x,€)" 7,
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where Ey (h, x, €) = exp [, x(h.x.€)

0 xa=9) dx, namely

(0) 0)
_x(he) x " (h.€) 0]
e (x—e) e TR for e £0,

E,(h,x,e)=
X5 A O n,0
== x( )xx(l)(h,())’

(20)
e for € =0.

In particular, E, (h, x, €) is analytic in € near the origin for x # 0.

3 Formal and Sectoral Normalization Theorem
Throughout the text we will denote
Y={lyl <8y}, U={lul <du}, X={lx] <8}, E={le|l <}, 2D

for some &y, 8, 8y, 8¢ > O sufficiently small,! and consider the systems (1), resp.
(16), as defined on Y x X x E, resp. U x X x E. We will implicitly suppose that
3¢ << &y so that the singular points (y, x) = (y0(0, €), 0) and (yg(€, €), €) of the
original foliation are both well inside Y x X forall € € E..

We will now define “sectoral” domains in the €- and x-space on which the system
can be normalized. They are of the same type as those introduced in [10,13,15,16,25].

Definition 12 (Family of spiraling sectoral domains X+ (€), ¢ € Ex) Let n > 0 be
an arbitrarily small constant, and let §,, >> §. > 0 be radii of small discs at O in the
x-and e-space. Let A(x, €) = x (0, x, €), and let

EL = {le] < 5., |arg(:i:m>|<n—2n}u{0}, (22)
be two sectors in the e-space. For € € E define a domain

Xi(e)

in the x-space as a simply connected ramified domain spanned by the complete real
trajectories of the vector fields

¢t By (23)

that never leave the disc of radius J,, where the phase 64 varies continuously in the
interval

T

max iO, arg (ﬁ)}—%—i—n < 6+ < min {0, arg (%)}—i—%—n, for € #0,
x| <5 —n, for e=0.

(24)

! The constants 8, 8x, 8¢ will appear in Theorem 17 in purely existential way; they’re “small enough”.
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Fig. 1 The domains X (¢) in dependence on € € E4. (Picture with 2@ 0 =1

The constraints (24) on the variation of 64 are such that the real dynamics of the
vector field (23) and the asymptotic behavior of the solutions (19) would not change
drastically depending on 6. Namely, for € # 0:

e The point x = ¢ is repulsive when | arg ﬁ — 0+| < % and attractive when
| arg ﬁ — 0+| < 7, and vice-versa for the point x = 0.

e The u-component of the solution (19) tends to 0 along a negative real trajectory
of (23) and to oo along a positive real trajectory for [6+| < 7, and vice-versa for
the u,-component.

For € = 0, the domain X (0) = X_(0) consists of a pair of overlapping sectoral
domains? X®(0), X¥(0) of opening 277 — 21 with a common point at x = 0. See Fig. 1.
Moreover, it follows from the construction that when € — 0 radially with some fixed
arge = f3, then X4 (¢) tends to a sectoral subdomain of X4 (0) corresponding to the
constraints (24) on the variation of the phase 6.

Note that by our definition the points x = 0, € are included in X (¢).

We denote XE_ the union of the domains in the (x, €)-space

XE+ :={(x,¢) | x € Xi(e)}. (25)

2 QOur notion of sectoral domains deviates slightly from the usual one by including also the vertex point 0.
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Remark 13 Denoting x| +(€) the attractive equilibrium point of (23) and x2 4 (¢) the
repulsive one,

X146 =x2,-(€) =0, x1_(€) = x24(6) = €, (26)
then

ui(x,€) - oo, uj(x,e) - 0, (j =3—1i), when x — x; +(€)

along a real trajectory of (23).

Remark 14 For each € € EL \ {0}, XL (¢) is a simply connected ramified domain.
Strictly speaking, the domain X (¢) is defined on the Riemann surface of 7 (x, €) =
/ ;O ;((;Cfé)) dx, on which it corresponds to a simply connected domain in the coordinate
t(x, €) obtained as a union of infinite stripes of varying directions 6+ for € # 0, resp.

half-planes with boundaries in directions 6+ for € = 0. See [13] for more details.

Remark 15 In the variable x = €z, the system (2) takes the form of a singularly
perturbed system
€2z — )% = T (DyH)(y. ez, €).

The domains z € %Xi (¢), € € E4, then roughly correspond to the Stokes domains
in the sense of exact WKB analysis [12], where the Stokes curves would be the real
separatrices of the point z = oo of the vector field (23) e’ WHargd%az with a
fixed phase 6+ (24).

Before giving a general theorem on sectoral normalization for the parametric family
(1), let us first state it for the limit system with € = 0 which has an irregular singularity
of Poincaré rank 1 at x = 0.

Theorem 16 (Formal and sectoral normalization at € = Q) The system (1) withe = 0
can be brought to its formal normal form (16) through a formal transversely symplectic
change of coordinates

(v, %) = (WG, x, 00, %), W, x0 = v&Pw@xt, (27)
k>0

where *9 (u) are analytic in u on a fixed neighborhood U of 0. This formal series is
generally divergent, but it is Borel 1-summable, with a pair of Borel sums W*®(u, x, 0)
and V¥ (u, x, 0) defined respectively above the sectors x € X®(0), X¥(0) of Defini-
tion 12 (for some 0 < n < % arbitrarily small and some 8; > 0 depending on n),
and u € U. The fibered sectoral transformations (y, x) = (V*(u, x,0), x), e = a, v,
are transversely symplectic and bring the system (1) with € = 0 to its formal normal
form.

The Theorem 16 is originally due to Takano [32] for systems (1) whose formal
invariant is of the form x (h, x) = 2O 4 x X(l) (h). In the case of the irregular singu-
larity of the fifth Painlevé equation it was proved earlier by Takano [30]. Some similar
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and closely related theorems are due to Shimomura [27], Yoshida [34], and recently
by Bittmann [3,4], which apply to doubly resonant systems xzdy = F(y, x), with

D,F(0,0) = 4© (0)( ~ 1) under the condition that 9t (tr-& D, F (0, 0)) > 0. This

condition is not satisfied for Hamiltonian systems (1) but nevertheless allows to treat
Painlevé equations.

Theorem 17 (Formal and sectoral normalization) Let Zy (y, x, €) be a family of vec-
tor fields (4) and let x (h, x, €) be their formal invariant.
(i) There exists a formal transversely symplectic change of coordinates (y, x,€) =
(\i/(u, X, €), X, €) which brings Zy to its formal normal form (18). It is written as a
formal power series

U x.e) =Y pEDwrke, (28)

k,1>0

with ¥ %D (u) analytic in uon the same fixed neighborhood U = {|u|, luz| < 8,} of
0 for some §,, > 0, and Uu,0,¢) = ZZ>0 v 0D )€l is convergent on U x E for

some 8¢ > 0. The coefficients %D grow at most factorially in k +1:

sup [y &0 )| < cr~® Dk +1)! for some C,r > 0.
uecl

(it) There exists a transversely symplectic fibered change of coordinates (y, x,€) =
(Wi(u, x,€),x,¢€), with W1 (u,0,¢) = \il(u, 0, €), defined for x in the spiraling
domain X4(¢), € € Ex, of Definition 12 (for some 0 < n < 7 arbitrarily small and
some 8y, 8¢ > 0depending onn), andforu € U, which brings Z g to its formal normal
form (18). It is uniformly continuous on U x XEL (25) and analytic on its interior.
When € tends radially to 0 with arge = B, then V1 (u, x, €) converges to V4 (u, x, 0)

uniformly on compact sets of the sub-domain lim ¢_.o Xi(€) € X4 (0). Note that in
arge=f

our notation V4 (u, x, 0) consists of a pair of sectoral transformations Y™ (u, x, 0)
and V¥ (u, x, 0); it is a functional cochain using the terminology of [11,18].

(iii) Let V(u, x, €) be an analytic extension of the function given by the convergent
series

(k1)
v (u)xk 1

\Tf(u,x,e) = Y €, w(k’l) as in (28).

k,[>0

For each point (x, €), for which there is 0 €]— 7%, Z[ such that By - (x, €) € XEx,
with By C C denoting the closed disc with center on ¢'RT and 0 and 1 on its
circumference, we can express Wi (u, x, €) through the following Laplace transform

of\Tl.'

+ooe'”_
Wy (u,x,€) = / W (u,sx,se)e *ds. (29)
0

In particular, V4 (u, x, 0) is the pair of sectoral Borel sums W*®(u, x, 0), ¥¥(u, x, 0)
of the formal series V (u, x, 0).
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As a consequence, Vi and N7 satisfy the same (0,, 0y, 0¢)-differential relations
with meromorphic coefficients.

The proof of the theorem will be given in Sect. 7.
The transformations W4 and W are unique up to left composition with an analytic
symmetry of the model system, see Corollary 32.

Corollary 18 The system (1) possesses:

(i) A formal first integral given by h o \ilo(_l)(y, x, €), where W is as above and
h(u) = uyuy is a first integral of the model system.

(ii) An actual first integral given by h o \Ili(_l) (v, x, €) that is bounded and analytic
on the domain XE 4.

Definition 19 The solution y = W4 (0, x, €) is called ramified center manifold of
the vector field Zg. It is the unique solution of the corresponding system (1) that is
bounded on X4 (¢) (cf. [13]).

Remark 20 More generally, instead of the system (1) one could consider a parametric
family of systems unfolding a higher order singularity

(xk+1 +Ekxk + .- +60)[d1—§ =J t(DyH)v

J = (_01 (1)) . (y,x,€) € (C?x C xCH1 0,
for any k > 1 under the same non-degeneracy condition on H. The definition of
the formal invariant x (h, x,€) = X(O) (h,e) +---+ xkx(k) (h, €) would then be a
straightforward generalization of (11), and it is expected that the same should be also
true for the assertions (i) and (ii) of Theorem 17 where the “sectoral” domains in the
(x, €)-space should be generalized in the spirit of those introduced in [10].

4 Stokes Operators and Accumulation of Monodromy

We will define several operators acting as transversely symplectic fibered isotropies
on the three following parametric foliations given by three different vector fields:

e Foliations in the (u, x)-space given by the model vector field Zg (u, x, €) (18).

e Foliations in the (c, x)-space, ¢ being the constant of initial condition in (19), given
by the rectified vector field Zy(c, x, €) = x(x — €)dy. Note that a fibered isotropy
of Zy is necessarily independent of x; it acts on the c-space of initial conditions
only.

e Foliations in the (y, x)-space given by the original vector field Zg (y, x, €) (4).

Notation 21 If f = f(u, x, €) is a map, we denote f (-, x,€) : u — f(u,x,€) the
restricted map. Hence f (-, x,€) o g(-,x,€) = f(g(-, x, €), x, €).
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4.1 Symmetries of the Model System: Exponential Torus

A vertical infinitesimal symplectic symmetry, or shortly infinitesimal symmetry, of
the normal form vector field Zs (18) is an analytic germ of a family of vector fields
&(u, x, €) in the (u, x)-space that preserves:

(i) the x-coordinate: Lex =& -x =0,
(ii) the symplectic form w = duj A dus: Lew =0,
(iii) the vector field Zg: L:Zg =1§,Zg] =0.

Similarly, we can define a vertical infinitesimal symplectic symmetry &:(u, x) of the
normal form vector field Z¢ . restricted to a fixed €.

Lemma 22 A family of vector fields &(u, x, €) is an infinitesimal symmetry of Z¢ if
and only if there exists an analytic first integral f(u, x, €) of Zg, i.e. Zg - f = 0, such
that§ = X ¢ (u, x, €) is a Hamiltonian vector field for f with respect to w. Similarly
Sfor an infinitesimal symmetry & of Zg ¢ for any fixed €.

Proof The conditions (i) and (ii) say that § = a1 (u, x, €)9d,, + a>(u, x, €)9,, with

g% + g% =0,1e. a = %, a = —% for some f with f(0,x,¢) = 0, and
&= %8,“ — %3142 = X . The condition (iii) now says that

0=Z26 -Duf—Xy-DyG=D,(Z¢g - f),

whichmeans that Z - f is independent of u, hence by evaluatingatu = 0: Zg- f|,=0 =
x(x =L ,o=0. o

The “initial condition” constant ¢ € (C2, 0) in the general solution u(x, €; ¢) (19)
is obviously locally constant along the solution, hence it can be seen as a local first
integral of the corresponding vector field Zs. By expressing it as a function of (u, x, €),
we obtain

ci(u,x,€) =uy-Ey(h,x,)7", ca(u,x,€) =uz- Ey(h,x,€),  (30)

and
h(u) = ujup = ciez,

where E, (h, x, €) is as in (20). Clearly, any function of ¢ = (c1, ¢2) and € is again a
first integral of Z, and since ¢ defines local coordinates on the space of leaves (space
of initial conditions), the converse is also true. Note that the map ¢ : u — c(u, x, €)
conjugates the vector field Z¢ to the “rectified” vector field Zyp = x(x — €)0y in the
(c, x)-space:

Zg = c*(Zp).

It turns out that analytic first integrals are functions of 7 = cj¢; and € only.
Proposition 23 If f(u, x, €) is an analytic first integral of Z g on some neighborhood
UxXxEof0, then f = F(uyuy, €) with F analytic. Similarly, an analytic first integral

fe(u, x) of Zg.e on some neighborhood U x X of 0 is of the form f. = Fc(ujuz) for
some analytic F.
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Proof Since ¢ (u, x, €), ca(u, x, €) are local coordinates on the space of leaves, we
canwrite f(u, x, €) = g(c(u, x, €), €) for some analytic germ g, which can be decom-
posed uniquely as g(c, €) = go(h, €)+c181(c1, h, €)+cag2(ca, h, €) with g; analytic.
When x — x; + from within X4 (¢), then ¢; (1, x,€) — 0 and c¢;(u, x, €) — oo for
every u € U. Since f(u,x,€) = g(c(u, x, €), €) is bounded on X4 (¢), this means
that g; = 0. Therefore f(u, x, €) = go(h, €). O

Corollary 24 The Lie algebra tot of analytic infinitesimal symmetries of Zg consists
of Hamiltonian vector fields

tovr ={& =a(ujus, €) (1413M1 — uzauz) =a(h,e)Xy : a(h,e€) analytic}, (31)

and is commutative. It is called the infinitesimal torus of Zg.
Similarly, for afixed € € E, the Lie algebra tot. of analytic infinitesimal symmetries
of Zg.e consists of Hamiltonian vector fields

tore = {&c = ac(uiuz) (ulaul - u28u2) =ac(h)Xp : ae(h) analytic},
and is commutative. It is called the infinitesimal torus of Z¢ .

The time-1 flow map of a vector field (31) is given by

! ea(h,e) 0
ur Ty(u) = dDaXh (u) = ( 0 e_“(h'e)> u. (32)

Definition 25 We define the exponential torus of Zg as the connected commutative
Lie group
Tor = exp tor = {7, : a(h, €) analytic}, (33)

and likewise, for a fixed € € E, the exponential torus of Z¢ ¢ as the commutative Lie

group
Tor. = exp tore = (T}, : ac(h) analytic}. (34)

Definition 26 A transversely symplectic fibered symmetry, or shortly symmetry,
of a family of vector fields Zg is a germ of analytic symplectic transformation
(u, x,€) = (¢p(u, x,€), x,€), such that p*Zg = Z. Similarly, for a fixed € € E,
a symmetry of a vector field Zg  is a germ of analytic symplectic transformation
(, x) > (pe(u, x), x), such that 9¥Zg c = Zg.e.

Proposition 27 The (transversely symplectic fibered) symmetries of Zg, resp. Zg.e,
are exactly the elements of the exponential torus Tor, resp. Tor.

This follows as an immediate corollary from Proposition 31 below. A charac-
terization of the Lie group of symmetries of a general system (1) will be given in
Proposition 34.
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Fig. 2 The intersection sectors
Xg:l: (e),i =1, 2, for some fixed
value of €. The two arrows
symbolize the Stokes operators
(40) which change the branch of
the transformation W above the
intersection sectors

Definition 28 (Intersection sectors) For € € EL ~ {0} define the left and right inter-
section sectors

XIy(e) = {x € Xe(e) t xix + € (x — x1,4) € Xe(O)},

and for ¢ = 0 let Xpi(O) be their limits (see Fig. 2). They are the domains of
self-intersection of X4 (¢) attached to the points x; 4 (€) (26). And they are simply
connected; in fact in the coordinate 7 (x, €) = f ;‘O ;((xx—fe))dx of Remark 14 each inter-
section sectors corresponds to an “infinite wedge”.

Definition 29 An isotropy of a vector field Z¢ ¢ is a germ of transversely symplectic
transformation (u, x) — (¢e(u, x), x), such that ¢ Zg . = Zg,.. We will consider
isotropies of Z¢ . which are analytic and bounded either on the domain U x X4 (¢)
oron U x X', (e).

Lemma 30 Let ¢ (u, x) be a sectoral isotropy of the normal form vector field Zg .,
analytic and bounded for x € Xgi(e), u € U. Then

cioge =ci-e*M 4 clg (h,e;), and cjope =cj - emaeh) + gje(h, ci),

for some analytic germs ae, gi e, &;.¢, subject to a transversal symplecticity condition
det D.(c o ¢p¢) = 1.

Proof The isotropy ¢, (u, x) is analytic in # on some neighborhood of # = 0 and

bounded when x — x; +(€). In particular, the restriction of ¢ o ¢, to any fiber {x =

cst # 0, €} is analytic in u, and therefore the function c o ¢ (u(x, €; c), x), which is a

function only of ¢, independent of x, is analytic in ¢ on some neighborhood of ¢ = 0.
We have ¢; = uyE, (h, x, €)D"k = 1,2, (30), and

lim E,(hx,e)"" =0.
+

X—>Xj,
xeXy(e)

Writing ¢ = (@1.¢, P2.¢), its i-th component is given by

fic=(cioga- (E*V ohoge),



Stokes Phenomenon and Confluence in Non-autonomous... 681

. . . . Ny
and we see that the expansion of ¢; o ¢ in powers of ¢ can contain only terms c?’ c j’ =
.y i) . . .
u?’uj" E, (h, x, e)( DY ni=nj) with n; > n; + 1, while the expansion of ¢; o ¢, in
. ;N ;N N —n - .
powers of ¢ can contain only terms c?’ cj" = u?’ u .’ Ey(h,x, e)( Dii=nj) with n; >

. J
nj—1,ie.
cioge =ci- M 4 clgi(hc)), and cjoge =cj- e <P 4 g; (b cp).

By transversal symplecticity 1 = det D, ¢ = det D.(c o ¢.). One can verify that the
last determinant is a function of (%, ¢;) only; expressing it for ¢; = 0, we have

1 = e“etie(l 4 haj  + hd'; ) = 4 (he® <) |
which implies that ¢; ¢ +a;j = 0. O

Note that the hypersurface {#; = 0} = {¢; = 0} consists of all leaves of Z¢ . that
are bounded when x — x; 4+ (€) inside X4 (¢), and therefore ¢ must preserve it.

Proposition 31 An isotropy of the normal form vector field Z¢g ¢ that is bounded and
analytic on U x X4 (¢€) is an element of the exponential torus Tor¢ (34).

Proof Anisotropy ¢, (u, x) of the model system bounded and analytic on U x X4 (¢)
is in particular bounded and analytic on U x XQ , (€), and therefore by Lemma 30, it
is such that

ae(h)

code = (c1e® e M) ie e, x) = (ure® uze= %)

for some analytic germ ac. O

Corollary 32 The normalizing transformations U and W4 of Theorem 17 are unique
modulo right composition with elements of the exponential torus Tor. They are
uniquely determined by the analytic germ WV (u, 0, €) = W4 (u, 0, €).

Proof If Wy, ®4 are two normalizing transformations for Zg, then ¢+ (u,€) :=
\IJi(fl) o ®4(u, x, €) is by Proposition 31 independent of x and such that ¢ (-, €) €
Tor.. Hence ¢ (u,€) = \i"’(_l)(~, 0,€) 0 qAD(u, 0, €) which is analytic in € € E by
Theorem 17 (i). O

4.2 Canonical General Solutions

The model system has a canonical general solution u(x, €; c) (19), depending on an
“initial condition” parameter ¢ € C?, uniquely determined by a choice of a branch
of the function E (h, x, €) (20). Correspondingly, y = W (u(x, €; ¢), x, €) is a germ
of general solution of the original system on Y x X (¢). In order for this solution to
have a continuous limit when € — 0, one has to split the domain X4 (¢) in two parts,
corresponding to the two parts of X4 (0), by making a cut in between the singular
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Fig. 3 The sectoral isotropies S + o N, S + and Ny, , as connecting transformations between the

. . " ) . .
canonical general solutions y (x, €; -) on Xi and y; (x,€;-)on X; above the intersection sectors

points x1 +, x2 + along a trajectory of (23) through the mid-point 5 (see Fig. 3). Let

us denote X; (e) the upper and X; (e) the lower part (with respect to the oriented line
2©(0) R) of the cut domain

Xz (e) = XT(e) UXY(e).

The two parts of X4 (¢) intersect in the left and right intersection sectors Xg L (€)
(Definition 28) attached to x; +, i = 1,2, and for € # 0 also in a central part along
the cut.?

Now take two branches E;(h,x, €) and E;(h,x, €) of E,(h,x,¢€) on the two
parts of the domain, that agree on the right intersection sector XQ 4 and have a limit
when € — (. Correspondingly they determine a pair of general solutions of the model
system

ut(x,€;c), e=an,w,

3 Technically speaking, the domains X+ (¢) and Xl.ﬂ . (€) are defined on some Riemann surface as explained
in Remark 14, what we mean here is the intersection of the projection of X% (¢), ¢ = a, v, to the x-plane.
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and a pair of canonical general solutions of the original system
Vi(x, € 0) == WL(u®(x,€50),x,€), e=n, v (35)

Since the transformation W is unique only modulo right composition with an expo-
nential torus action T, (u, €) (32), which acts on u®(x, €; ¢) as

T.(,e)ou®(x,€;¢) =u®(x,€;-) o T,(c, €),

the solutions y$ are determined only up to the same right action of 7, (c, €).

4.3 Formal Monodromy
The formal monodromy operators are induced by monodromy acting on the solutions
u®(x,€;c), « = m, v, of the model system. For € # 0 the induced action of formal

monodromies along simple counterclockwise loops around each singular point x; + =
0, € on the 3 foliations is given by:

e Monodromy operators of the model system, defined by
HaaCox, O oulx,€;¢) = u@™ (x —x; 1) +xix,€0), x€Xe(e), (36)

whose action on the foliation of the normal form vector field Zg ¢ is given by

. x° L 0
N uHexp(—an%h’e)Q) _1>>'“:T2’§"xh=o(u)’

e u— exp (Zni [% + X(l)(h, 6)] <(1) _01>> ‘U= T@xme(”)‘
(37)
They belong to the exponential torus Tor. The outer monodromy of the model
system, that is the monodromy around both x; +, x2 +, is given by

N = Mo Ne=NeoM: ur> exp (Znix(l)(uluz,e) <(1) —01>> o

e Formal monodromy operators
Ny (€)oc(u,x,€) =c(-,x,€) 0N +(u,x,¢€),

acting on the space of initial conditions ¢ commutatively by

No: ¢+ exp (— 2m’% <(1) _01)) e=T iy (),

[ x0 1 0
Ne: ¢+ exp (2711 [# + x DO, e)] (0 B 1)) c= T@erze(c),
(33)
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and a formal outer monodromy
. ) 1 0
N =NopoNc:=NcoNg: cr—>exp|2rix ' (h,€) 0 —1 - C.

e Formal monodromy operators ; +(y, x, €) acting on the foliation of the original
vector field Zg :

Mi+(,x,€)oWip(u,x,€) =Wi(-,x,€) oM +(u,x,€), xe€Xx(e), (39)
and
Ne(ox,€) =M x(,x,€) oMy x(x, €) =My 2( x, €) 0Ny £, X, €).
The canonical solutions ul u of the model system on the domains Xl, Xl, are

defined such that they agree on the right intersection sector X; 4 - Therefore on the left
intersection sector they are connected by the formal outer monodromy operator

ul(x, e;c)=M(,x,€)o0 u;(x, €, ¢c) = u;(x, €;)oN(c,e), x¢€ X?i,

and by the formal monodromy .#;, _ on the central cut between the two domains for
€ # 0 (cf. Fig. 3).

4.4 Stokes Operators and Sectoral Isotropies

Let y = Wy(u, x, €) be the normalizing transformation on X4 (¢). We call Stokes
operators the operators that change the determination of the branch of W, over the
left or right intersection sectors (see Fig. 2). If x € XQ . (€), then for € # 0 we denote

=" (x — xi 1)+ xix

the corresponding point in X4 (¢) on the other sheet, and extend this notation by limit
to € = 0. Namely,

if x € XP, () C XY(e), then ¥ e X2 (e),
if x € X0, (€) c XZ(e). then ¥ € XY (e).

Then the Stokes operators are the operators

‘Ijﬂ:(u3xa€) = \I—[i(u,i,f), X € Xgi(e)v (40)
which for € = 0 are the Stokes operators in the usual sense that send the Borel sum
of the formal x-series W (u, x, 0) in one non-singular direction to the Borel sum in a

following non-singular direction.
To each of these Stokes operators we associate sectoral isotropies of the 3 foliations.
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e Sectoral isotropies .7 + (u, x, €) of the normal form vector field Zg :
Wi(,x,€) 0S4 x,€) =Walu, X,€), x X L(e). (41)
The pair (A1, +, -, +) is an analog of the Martinet—Ramis invariant of saddle-node
singularity [17,25].
e Sectoral isotropies S1 +(c, €) and S2 4 (c, €) of the rectified vector field Zp . =

X(x — €)dy in the c-space:

u¥(x, ;)0 S1£(c,€) = A1 +(,x, ) ou¥(x, e;50), x € X[ (e),

(42)
ut(x,€:) 08 1(c,€) = S x,€) ou(x, €50), x € Xy (e).
e Sectoral isotropies S; +(y, x, €) of the original vector field Zp :
Sit(x,€)oWi(u, x,€) =Wi(u, X, €), xeXi(e). (43)

Proposition 33 (Form of the Stokes isotropies) Let S; +(c, €) = '(S1.;+(c, €), Sa.i +
(c, €)) be a Stokes sectoral isotropy (42). Then

o Siit(c,e)=ci+ ci2 - 0.i.+(h, ci, €) for an analytic germ o; ; +,
o S;i+(c,e)=cj+o0ji+(h, ci e€)forananalytic germoij; v, j =3 —1,

subject to a condition det D.(S; +) = 1.

The term o7 ; +(0, 0, €) is responsible for the ramification of the ramified center
manifold y = W4 (0, x, €) of the original vector field Z, at the sector XQ L (€).

Proof Theisotropy . + = (S1.i +, -7.i.+) is analytic in u on some neighborhood of
u = 0 and bounded in x with limy_ ,, , i+, x,€) =ur, k=1,2.By Lemma 30
Sk.i.+ 0 ¢ = ¢ 0 7 + is of the form

cioSLhx=ci-e=M) L 250 (¢ €), and

cjoSitr=cj-e i (h.€) +0jix(h,ci,€)

for some some germs a; +, 0; ; +, 0} +. We want to show that a; + = 0.
Writing tautologically

Fit = (cko Six) - <E_(_1)k oho <5ﬂi,j:> ,

and knowing that limy ., , h o i+, x,e)=h,wehaveho S+ =h+c;-(...)
where (. ..) is an analytic function of (%, ¢;, €), hencelimy _ , | E;l-(EX oho % +) =

1, and therefore lim,_,,, (ck 0 S+) - E =D — 4, from which we conclude that
aj + = 0. O
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4.5 Symmetry Group of the System

The following proposition describes the group of analytic symmetries of the original
vector field Zpy, resp. Zg ., where the Stokes operators provide an obstruction for
analyticity. It is a direct analogue of similar theorems for e.g. saddle-node singularities
[25, Proposition 10.6] or for irregular singularities of linear systems [10, Lemma 6.2].

Proposition 34 The group of (analytic transversely symplectic fibered) symmetries of
the original vector field Zy, resp. its restriction Zy ¢ to a fixed €, is either

(1) isomorphic to the exponential torus Tor, resp. Tor.: this happens if and only if
the system is analytically equivalent to the model (16), or
(2) isomorphic to a finite cyclic group.

If the symmetry group is non-trivial, then the system has an analytic center manifold
(bounded analytic solution on a neighborhood of both singular points).

Proof If ®(y, x, €) is a symmetry of the system (1), then & (-, x, €) o Vi (u, x,€) =
Wy (-, x,€)0¢(u, €) for some germ

ea(h,e)
¢ U e_a(h’e) s

from the exponential torus, and the analyticity of ® means that this ¢ must commute
with the Stokes operators S; + (42) (note that ¢ acts the same way on c as on u). Using
their characterization in Proposition 33, this means that

oil,+(h,c1) = eoj1,+(h,e“cr), o +(h,c2) =e “oip+(h, e c2), i=1,2.

This can be satisfied only if

o cither 0j; +(h,cj) = Oforalli, j,ie.if S1+ =1id, S + = id and the system is
analytically equivalent to its formal normal form,
e or there is k € N such that ¢;o;; +(h, ¢j) = 0 contains only powers of c]jf for all

i,j,and ek =1,ie.ace %Z.

4.6 Analytic Classification

Definition 35 (Analytic invariants) The collection (x, {%1.+, %+, .-, 2.—})
is called an analytic invariant of a system (1). Two analytic invariants (x, {7 +}),
(X, {#.+}) are equivalent if

e cither x = x and there is an element ¢ (u, €) € Tor of the exponential torus such
that: .74+ =do.Srrop° D i=1,2,
e or x(h,x,e) = —x(—h,x,¢) and there is an element ¢ (u, €) € Tor of the

exponential torus such that: .; + = J¢p o S+ o Jp)°=D, i =12, j =
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3 — i, where J : (uy,uz) — (up, —up). Note that the deﬁnitjon of E4+, X4 and
xi,+ depends on A(x, €) = x(0, x, €), therefore the relation A = —A entails the
renaming

E:=Ep X1=X% Fit=x5.

By the construction, an analytic invariant of a system (1) is uniquely defined up to
the equivalence.

Theorem 36 (Analytic classification) Twvo systems (1) are analytically equivalent (in
the sense of Definition 2) if and only if their analytic invariants are equivalent.

Proof If y = ® (3, x, €) is analytic transformation from one system to another, then
the sectoral normalizations y = W4 (u, x,€) and y = \ili (u, x,€) = ® oWy provide
the same analytic invariant. Conversely, if the analytic invariants are equivalent, then
up to modifying one of the normalizing transformation, one can suppose that they are
in fact equal, in which case ®+ = ¥ o \Ili(_l) are analytic transformations between
the systems on E and E_. In fact & = ®_ is analytic on the whole e-neighborhood
E. Indeed, the composition @, o P isa symmetry of the second system on the
intersection E; N E_, and as such it is determined by its value at x = 0; but since
by Theorem 17(1) W, (u,0,€) = W_(u,0,¢) and W, (u,0,¢) = W_(u,0,€) are
analytic in € (29), this means that &4 o o =id. O

Example 37 In the case of linear systems (14), the Stokes operators S; + are given by
two unipotent matrices

) 1 0 _ 1 s24(e)
Si+:cH— (Sl,i(é) 1>c, SH+icH— <O ; )c

In this particular case, the conjugacy class of the outer monodromy M = S + 51 + N
is given by det M = 1, tM = 2cosRrA)) + > * Mgy 15y 4, and therefore it
determines completely, together with the formal invariant A (x, €), the analytic invariant
of the system.

4.7 Decomposition of Monodromy Operators

Fore # 0,letxg € X4 (€)~{0, €} be abase-point, and let two counterclockwise simple
loops around the singular points x; +, i = 1, 2, be as in Fig. 4. Correspondingly, we
have two monodromy operators 9, , acting on the foliation by the solutions of the
original system (1) by analytic continuation along the loops. Since the monodromy
operators 9, . act on the foliation, they are independent of the choice of the two-
parameter general solution on which they act on the left (a different general solution
is related to it by a change of ¢ independent of x, i.e. by right action on the general
solution). In particular

m}ﬂ,+ = mm.—v Dﬁxz,+ = m}ﬂ,f'
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Fig. 4 Simple loops along
which the monodromy operators
Mo and M, are defined N O

Theorem 38 For € # 0, the monodromy operators My, , of the original foliation
are well defined on some open neighborhood of the ramified center manifold y =
Wo(0,x,€)inY x Xy(€). Their (left) action is given by

mxi,j: = Gi,ﬂ: o mi,:l:v (44)

where &, + are the Stokes operators (43) and 2; 1 are the formal monodromy oper-
ators (39). Hence

My =61+0MN+=62_0MN _,
mg = 62,4_ o mz,_g. = 61’_ oml,_.

Their right action on analytic extension of the canonical general solutions y$ (35) to
the whole X (€) is given by

My, (VL(x,€0),x,€) =yi(x, €)oo M (c,€), e=an,u,

where
"~ o(—
M{ . =NI{VoS 0N, M}, =S 40Ny,, s)
M;)i = Sz,i o lei’ MZi = Nxzi o Sz,i’
cf. Fig. 3.

Proof of Theorem 38 The demonstration of the given formulas is straightforward, but
we include it here for the sake of completeness. Let x := x; + + eXmi(x — Xi +), then

My L (ox,€)oyr(x,€:¢) = yx(X,€:¢) = Wi(-, X, €) ou(x, €; ¢)
= (Gi+0Wi) (-, x,€) ou(x, €;c)
= (Gi,i oW.o Jﬂi) (,x,€e)ou(x,€;c)
= (Gix0oMitoWi) (-, x,€)oulx, € c)
=(6

itoMitoys)(x, €0,
using (36), (39), (43). Similarly, to calculate M 1“ . for example,

Ya(E, € ¢) = Wil X, €) ou™(X, €; ¢)
= q‘lﬂ:(’ )E’ 6) o u“()f, €] ) o Nxzyi(cv 6)

= \pi('a )E, E) o uv(xv € ) o le.i o Nxzi(ca 6)
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= lIJ:ﬁ:(" X, 6) o M“(.X, € ) o Sl,:l: o NX].:t o Nxzvi(cr 6)

=Wi(,x, &) ou(x,e:) o Ng VoS 10Ny, 0Ny, (c.€)

=5, ;)0 NV oS L oN(ee),

X2+

see Fig. 3. The general solutions y;, yY are related by

YR € 0) = y¥(x, €5 ) 0 Ny, (e, ).
O

Note that in general, a composition of the two monodromies may not be defined if
the image of the first does not intersect the domain of definition the second. This is
due to the ramification of the center manifold.

4.8 Accumulation of Monodromy

Definition 39 (Monodromy pseudogroup)

(1) For € # 0, the pseudogroup generated by the monodromy operators
(mo(a X, 6)7 me(" X, E))

is called the (local) monodromy pseudogroup. The pseudogroup generated by the
corresponding action on the initial condition ¢

(Ml.yj:(" 6)7 Mij:('a 6))

is its representation with respect to the general solution y$ (x, €; ¢).
(2) Fore = 0, the pseudogroup generated by the Stokes operators and by the elements
of the exponential torus (pushed-forward by the sectoral transformations W*):

(61,:|:('7 X, 0)» 62,:|:('1 X, 0)7 {‘I:;(v X, 0)}a>»

where T0(-,x,0) = Wi(,x,0).7, = q>%\1l;)*(a(h)xh)’ is called the (local)
wild monodromy pseudogroup. The pseudogroup generated by the corresponding

action on the initial condition ¢

(S1,£¢,0), $2,+(, 0), {Ta()}a), (46)

is its representation with respect to the formal transseries solution y(x, 0; ¢) =
Y (u(x,0;c),x,0).

Note that the pseudogroup (46) is independent of the freedom of choice of the sectoral
normalizations W} of Theorem 16.
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One of the main goals of this paper is to understand the relation between the
monodromy pseudogroup for € # 0 and the wild monodromy pseudogroup for e = 0.
Suppose that the formal invariant x (%, x, €) is such that

x(h, x,0) = 290) + xxV(n,0), (47)
and therefore
x(h,x,e) =2 90) + eagg—f)(h, 0) +xxV(h,0) + O(xe) + O(e?).
Let {€,,},c+n be sequence in EL \ {0} defined by

200 _ &0(0) +n, e €EL~{0} (48)

€n

7i2.(0)
along which the exponential factor ¢ in the formal monodromy (38) stays con-

stant, and denote
2720

K:i=e O . 49)

Then the formal monodromy operators .4 (u, x, €), Ae (u, x, €),resp. No(u, x, €), N
(u, x, €), converge along each such sequence to a symmetry of the model system
(element of the exponential torus)

- e 2 a)f;(eO) (h,0) 0
No(k; u, x) := lim No(u, x,€,) : ¢ +— 2,0 c,
n—=+oo 0 Ke2m')g—€(h,0)
Ne (s u, x)
)
2] % (h,0)4+x V) (h,0)]
. Ke EG 0
= lim N¢(u, x,€,) : ¢+ PO c, (50)
n—+o0 0 Lo 2mil = (1.0 (h.0)]

« € C*. This implies that also the monodromy operators M; ,(c,€), resp.
My, . (v, x, €), converge along such sequences {€,},exn C E+ \ {0}. Denote

N Gy, x) = lim My, x,6), xeXi, e=nw
’ n—+oo

Theorem 40 Suppose that the formal invariant of the form (47). Then the monodromy
operators of the system (1) for € # 0 accumulate along the sequences {€,}nc+N (48)
to a 1-parameter family of wild monodromy operators
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My (s y,x) == lim My, (v, x, &)

n—+oo
= 61 4(,x, 00 0MY, (k3 y,x), x € X[, (0),
Do 4 (k5 y, %) i= lim_ My, , (9, X, €)

n—=+00

= G4 (,x,0) 0 MG, (k: y,x), x € X5 .(0).

94 (0)
i| 2 (h,0>+a,v,i<0)x“><h,o>}

b)) = B g0

that ‘ﬁ;l , (k3 y, x) becomes an identity, we obtain the Stokes operators

—2mi |:
In particular, if we replace k by e

- zm[axa‘f) (h,0)+6i,i(0))((l)(h,0)]
Gi+(y,x,0) =M +(e P, X). (D
The vector field corresponding to the differential system
§ =D (0G5 v, 070 ) 0 My (s v, x) (52)

equals to the push-forward W3 (-, x, 0)s (X3) of the vector field Xj, = w10, — u20y,,
where ¢ = »ifi = 1 and ¢ = A if i = 2, which “generates” the commutative Lie
algebra of bounded infinitesimal symmetries on the sector X*(0).

Conclusion. The knowledge of the limits E)fnii(/c; v,x), k € C*, allows to
recover the infinitesimal symmetry W3 (-, x, 0), (X5) (52), and hence its Hamilto-
nian, the bounded first integral W} (-, x, 0),(7) which vanishes at the singular points
(yo(xi,+, €), x; +), and therefore, knowing the formal invariant x, also the formal
monodromy operators ‘ﬁ;l_ N (k; v, x), and finally the Stokes isotropies &; +(y, x, 0).
Remark 41 In the case when the assumption (47) is not met, one can nevertheless get
a similar “accumulation” result by replacing in (48) 2O (0) by x © (h, 0) and defining
2mix O (1,0) -
k(h) = e ©®  (49). In fact, one can interpret the limit M7; + of I, + along

the special sequence {€,(h)},e+N as being obtained by replacing the divergent term
27i x O (1,0)
e in an expression of My, + by a new function « (#) and taking the limit

€ — 0 of all the other terms bounded in €.

5 Confluence in 2 x 2 Traceless Linear Systems and Their Differential
Galois Group

To illustrate the matter of the previous section, let us consider a confluence of two
regular singular points to a non-resonant irregular singular point in a family of linear
systems

d
xx -2 = A, o)y, yeC? (53)
dx
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where A is a 2 x 2 traceless complex matrix depending analytically on (x, €) € (Cx
C, 0), such that A(0, 0) # 0 has two distinct eigenvalues +1? (0).

The Theorem 17 in this case can be found in the thesis of Parise [22] and in the
work of Lambert and Rousseau [15] (see also [10]). It provides us with a canonical
fundamental solution matrices

Yi(x,€) =Wi(x,e) - Ul(x,€), e=n,w, (54)

where the transformation matrix W4 (x, €) is bounded on XE., and

ES(x,€) 0 )’ (55

UL(x. €)= < 0 ES(x,e)”!

is a solution to the diagonal model system

x(x —€)

dy _ (A(x,e)

dx —A(x,e)>y'

The solution basis Y} (x, €) is also called a mixed basis: the first (resp. second) column
spans the subspace of solutions that asymptotically vanish when x — x1 4 (€) (resp.

when x — x2 4+(€)), and it is an eigensolution with respect to the corresponding

. . . 7 )L(lei’e)
monodromy operator M, , (resp. My, . ) associated to its eigenvalue e=7 ¢
M"Z,:be)

< ). A general solution is a linear combination

(resp. =27

yi(x,e;¢c) =Y (x,€)-c, e=n, .

Let K be the field of meromorphic functions of the variable x on a fixed small
neighborhood of 0, equipped with the differentiation %. For a fixed small €, the local
differential Galois group (also called the Picard—Vessiot group) of the system (53) is
the group of (K, %)—automorphisms of the differential field K(Y (-, €)), generated by
the components of any fundamental matrix solution Y (x, €). The differential Galois
group acts on the foliation associated to the system by left multiplication of solutions
of the system. Fixing a fundamental solution matrix ¥ = Y}, then each automorphism
is represented by a right multiplication of Y? by a constant invertible matrix, hence the
differential Galois group is represented by an (algebraic) subgroup of SL;(C) acting
on the right.

It is well known [19,29] that the differential Galois group is the Zariski closure of

€ # 0: the monodromy group generated by the two monodromy operators around the
singular points 0 and €,
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€ = 0: the wild monodromy group * generated by the Stokes operators and the linear
exponential torus> which acts on the fundamental solutions Y$ as

a
XY (x,0) > Yi(x,0)-T,, where T, = (e e‘“) , acC. (56)

The question is how are these two different descriptions related?

The monodromy matrices of Y; , Y; , around the points x1 4(€), x2,+(€), € €
E. ~ {0}, are given respectively by

"
Ml + = N,Ez i)Sl’iN’ My = 824Ny, .
Ml,:l: = Sl;tNXl,i’ M;:t = Ny, 1 2.4,

where S; + are of the form

(1 0 (1 s+
S+ = <s1’i 1) ) S+ = (0 | ) .

In particular M7 , is lower-triangular and M7 __ is upper-triangular.
When € — 0 along a sequence6 é = % + ﬁ n € x£N, ¢g € E4 ~ {0}, these

monodromy converge respectively to Mt' + (&) = limy 400 M7, (€4) given by

17, (k) = Ne() ' S (0)N(0), MY (k) = S1(0)No(k),
17, (k) = $2(0)Ne (k). MY (k) = Ne (k) $2(0),
17 (k) = No(k) ' S1(0)N(0), MY _ (k) = S1(0)Ne(x),
M3 _ (k) = $2(0)No (k). My (k) = No(k)S2(0).

-1
= K It K
Noe) = ( K) T pian® gy Nel) = ( K1> it 2 0) 120 )"

We call them wild monodromy matrices. Their family

{M} L(k), M3 ,(x) |k € C*}

4 The name “wild monodromy” is borrowed from [19].
5 For general linear systems one would need to add also the formal outer monodromy N(0) = T,_,, (1) o)
which in our case already belongs to the exponential torus.

6 The idea of taking limits of monodromy along such sequences can be found in the works of Ramis [23]
or Duval [7].
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generates the same group, the representation of the wild monodromy group with respect
to the formal solution Y (x, €), as does the collection of the Stokes matrices and the
linear exponential torus

{5100), 20} U{T, | a € C}.

Hence we have the following theorem, whose general idea was suggested by Ramis
[23]:

Theorem 42 When € — 0 the elements of the monodromy group of the system (53)
accumulate to generators of the wild monodromy group of the limit system.

6 Confluent Degeneration of the Sixth Painlevé Equation to the Fifth

The sixth Painlevé equation is

, 1 /1 1 1 " 1 1 1 ,
Pyr: ¢ =5 ;+QT1+_ (g — +:+—t q

q(g— (g —1) 2 2 -1
212G — 172 [w“ D7 =00 3 40 Ty
L, 1t —1)
|

where % = (U9, ¥, V1, Po0) € C* are complex constants. It is a reduction to the
g-variable of a time dependent Hamiltonian system [21]

dg _ 0Hyi(q.p,t) dp _ 9Hyi(q,p.1)

= , = 57
dt ap dt aq 57)

with a polynomial Hamiltonian function

Hyi = 55 [ata = D = 0p?

— (Polg —D(g—1) +1q(q—1) + @ —Dgg—1)p
I wo+m+m 1> oo( t)]‘

It has three simple (regular) singular points on the Riemann sphere CP'atr =0, 1, cc.
The fifth Painlevé equation Py ’

1 1 —1)? i
Py : q”=<z+q )(q)2 LUR ((z%o—l)2 70)

7 The Eq. (6) is the fifth equation of Painlevé with a parameter n; = —1. A general form of this equation

would be obtained by a further change of variable  — —n7. The degenerate case Pgeg with n; = 0 which
has only a regular singular point at co is not considered here.
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.9 qq@+1)
+(1 +z91)? T 2g-1)

is obtained from Py as a limit € — O after the change of the independent variable
- 1 -
t=14et, Vr=-, Ih=—+N+1, (58)
€

which sends the three singularities to 7 = —é, 0, oo. At the limit, the two simple

singular points —% and oo merge into a double (irregular) singularity at the infinity.
The change of variables (58), changes the function € - Hy to

Hyje = m[c](q —1)(g—1—enp?

- (ﬂo(q— (g —1—ei)+ Dig(q — 1 —ef)+fq—efq)p
3322 -
+ WP )

and the Hamiltonian system to

d_q_ aHVI,E(qvpaf) d_P__aHV[,e(q’Paf)
dr ap Todr aq ’
whose limit € — 0 is a Hamiltonian system of Py . In the coordinate x = % + €, the

above system is written as

dq 0H(q, p,x,€) dp dH(q, p,x,€)
x(x—€)—= ———, x(x—€)—=—"7T-"7"7,

59
dx ap dx aq (59)

with

H(‘], p7x9€) =_(1+€;)HVI,E(q7 p’;)
Do+01)> -2

_ _ Do+ 14) 2 ((x —

€)g —x)

+ xp + (1 —€ — (x — )V — x(Fo + D1))qp

+ 2x — )(gp)* + (x — W0 + D1)g*p — xqp* — (x — €)g’ p*.,
and Theorem 17 can be applied.

Theorem 43 The formal invariant x of the system (59) is
x(h,x,€) =1 —¢€— (x —€)dg — x(F + 1) + 2(2x — €)h. (60)

Proof Let

120}

9=4q-x4 A= I4e(1+00+01)°
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(040120

p=p+(x—€B, B = Zirea=ao)
and let
. Bo+01)2 402
H(q,p,x,6)=H(q,P7x,€)—%x

Then for € # 0,
H(@G, pre,e) = (1—e(l+ 00+ D1))Gp + €(§ + €A’ p — € + €A,

hence by Proposition 9 the Birkhoff—Siegel invariant of H(q, p, €, €) is
G(h,e,€) = (1 —e(l+99+D))h+eh?,

and

H(@G. p.0.€) = (1 —e(1 =90))§p — €4 (P + €B)* — (o + D1)G*(p + €B)

+€§°(p+€B)’,

hence by Proposition 9 the Birkhoff-Siegel invariant of H (g, p, 0, €) is

G(h,0,€) = (1 — (1 — D9))h — eh?,
i.e.
Gh,x,€) = (1 —€ — (x — €)% — x(Fo + V1)) h + 2x — €)h*.

O

The Theorem 16 for the limit system € = 0 is in this case due to Takano [30], see
also [27,35]. A separate paper [14] will be devoted to a more detailed study of the
confluence Py; — Py and of the non-linear Stokes phenomenon in Py through the
Riemann-Hilbert correspondence.

7 Proof of Theorem 17 and of Proposition 9

The proof of Theorem 17 is loosely based on the ideas of Siegel’s proof of Theo-
rem 4 [28, chaps. 16 and 17], using similar tools as [4]. We construct the normalizing
transformation y = &4 (u, x, €) in a couple of steps as a formal power series in the
u-variable with coefficients depending analytically on (x, €) € XE_, and then show
that the series is convergent. The main tool to prove the convergence is the Lemma 44
below for series with coefficients in a Banach algebra.

Let (B, || - ||) be a Banach algebra, and let

)= Y ¢mu™, m=(mymy), u™ =ul"uy?, m|=m +m,
|m|>2
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be a formal power series in the u-variable with coefficients ¢, € 28, and denote

b)) =Y lpmlu™

|m|>2

its majorant power series. We will use the notation

{?}m = dm,

and

@) <Y @) if [{p}ml < 1{¥}mll for all m.

Lemma 44 Let (B, || - ||) be a Banach algebra, let ¢ = (¢1, p2) = Ou?) be a
formal power series in u with coefficients in B2 and let r = (r1,r) = O@W?) be a
power series in u with coefficients in B2 convergent w.r.t. the norm || - ||. If

;) <Tiu+dw), j=1.2

- t— - .
where ¢ = (¢, ¢,), then ¢ is convergent w.r.t. the norm || - ||.

Proof See [24, Theorem 2.2]—the generalization to Banach algebra setting comes
for free with no change in the proof. This lemma can also be implicitly found in [20,
p.520] and in [28, chap. 17] as the technique used in Siegel’s proof of Theorem 4. O

We will introduce two Banach algebras: (i) an algebra B (XE.) of bounded analytic
functions on the domain XE_, and (ii) an algebra %(Q?t) of certain Borel summable
formal power series in (x, €), with the goal to construct the sectoral normalizing
transformation W4 (u, x, €), resp. the formal normalizing transformation \il(u, X, €),
of Theorem 17 as a convergent power series of u in the algebra B(XE.), resp. %(Qgﬁ).

Banach algebra of bounded analytic functions B(XE4). We denote B(XE.) the
space of all such functions f : XEL — C that are bounded and uniformly continuous
on the ramified domain XE_L (25) and analytic on its interior. The space B(XEL)
endowed with the supremum norm

Ifll:="sup [|f(x,e)l

(x,e)eXEx

clearly forms a Banach algebra. A

Banach algebra of Borel (1,1)-summable formal power series %(Q?t). Next we
introduce a type of Borel summation procedure for certain formal series of (x, €)
following [2], and provide a suitable norm which makes the space of them into a
Banach algebra. While the construction is a bit technical, the details of it won’t be
needed beyond this section.

For § € ]—7%, Z[ let us denote

By := {0 € C: (%) = cosf} U {0} (61)
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the closed disc with center on ¢/’ R and the points 0 and 1 on its circumference.
Let r > 0 be a small constant which will appear in Theorem 47 below. We will
consider formal power series

f(x, €)= Z F&EDxkel such that sup |f(k’l)|(lzlrll), < 400,
k>0 )
k,[>0 =

i.e. such that the transformed series

~ (k.0
fx, €)= Z (£+1)| g l’

k.l

converges on the polydisc D, = {|x|, |€| < r}. Supposing that f~ extends analytically
on a ray (x0, €0) - R for some (xo, €9) and has at most exponential growth there:

|f(sx0, s€g)|e A0 ds < to0 for some A(xg, €9) > 0, then the following
Laplace transform of f

+00

[,o[f](x, €) = f(sx, se)e Y ds, (62)
0

is convergent on the segment (x, €) € (xp, €g) - [0, A(xp, €9)]. The function (62)
extends analytically as a bounded function to the “Borel disc” (xo, €g) - A(xo, €9)Bo,
by

—+00e
Lo[f1(x, €) := / f(sx, se)e™ ds,
0

where 6 €]— 7, Z[ depending on (x, €) is such that (x, €) - e'? e (xg, €0)RT. The
function (62) is called the Borel (1,1)-sum of f (x, €) in the direction (xg, €g) [2],
and satisfies the same (dy, d¢)-differential relations over the ring of convergent power
series as f (x,€).

We shall now define a space %(Q ) of thus summable power series, and a suitable
norm that would make it into a Banach algebra.

Definition 45 Let
QY :={(x.€) € XEx : (x,€) - By € XE+} € XEx,

where By is the disc (61), and let r > 0 as before. Let

_ x| el
A(x, €) := max { 5 5
where 8},86 > 0 are such as in Deﬁnmon 12. Let us consider formal power

series f(x,€) = Zk I> of kD kel guch that the transformed series f (x,6) =
£
Zkl (HI),xkel is convergent on the polydisc D, = {|x]|, |€| < r} and extends analyt-

ically on the cone QO -R™T. We introduce a norm of the formal series f (x, €), based on
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similar norms in [5,6], as an exponentially weighted supremum norm of the function
(x0y +€9¢) f:

1Flla = sup  5F5l(xd +€d) fx, O)le "0+ Ax, )P, (63)

(x,e)e
D,UQYL R

and define %(Qi) as the space of such f for which ||f||A < 400.

If f € %(Q ), then its Borel (1,1)-sum f4(x, €) defined through the Laplace inte-
gral (62) converges for every (x, €) € Q with A(x, €) < 1 (which is automatically
satisfied), and it extends analytically as a bounded function on

Qi= |J (o) Bo={(x,€) € XEx, 30 €]-F, 5[: (x,€) - By C XEx}.
(x,6)eQY
(64)

Note that if a sequence of formal series in SAB(QQE) converges with respect to the
norm || - |5 then they also converge in the product topology on C[[x, €]], i.e. the
coefficients of the power series converge term by term, and moreover the sequence
of the corresponding Borel (1, 1) sums converges uniformly on compacts of Q4. In
particular, if > A (x, Ou™, Pm(x, €) = Zk 10 ¢(k Dykel ¢ %(Qi) is a con-
vergent power series in the Banach space (%(Q ), Il - la) for u € U, then its sum
isamap U — %(QO) given by a formal series qAﬁ(u X, €) = Zk 10 d®D (u)xkel,
with each oD (1) = >om q)(k Dym convergent on U. Moreover, it follows that the
Borel (1,1)-sum ode(u, X, €), given by the Laplace integral ,Co[d)(u, , 9 ](x, €) (62),

~ k.
with ¢(u, x, €) = ZNk 10 ¢((k _:l(;f)xkel agrees with the convergent series of the Borel
(1,1)-sums »_ . Lol¢ml(x, €)u™, which can be showed by a dominated convergence
argument.

Proposition 46 The space (%(Q ), |l - lla) is a Banach algebra.

Proof 1t is quite clear that (%(QQ_L), | - Ila) is a Banach space. What rests is to show
the sub-multiplicativity property of the norm:

1F2lla < IFlIalglla forall g e BQY).

Given f (x,€) € sIAS(QQE), consider the formal series

F(t,x,€) = f(tx, t€) = Z FUD kel ket Z( Z FlED & 1)

k,[>0 n>0 \k+/=n
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of anew variable r with parameters (x, €). The usual Borel transform of F with respect
to t is given by

FD) ~
B[F](s X, €)= E (k+1 1),xkel k=1 _ ds f(sx, s€).
k,1>0

Hence

1flla = sup TS IBIF1Gs, x, €)le MBI 4+ Acx, €)[s ),
(sx,5€)€D,UQY R+

which is a rescaling of the weighted supremum norm introduced in [5, p.312]. The
usual Borel transform B changes products into convolutions,

t
BIFG(t, x, €) = (BIF] % BIG1) (1, x, €) ::/ BIF1(t — s, x, )BIG](s, x, €)ds,
0

and we can conclude by the estimate of a norm of convolution in [5, Proposition 4]
which gives us the result. O

The reason for introducing the two Banach algebras the above way lies in the
following theorem adapted from [13] which is the other essential tool in our proof of
Theorem 17.

Theorem 47 Consider a system of the form

x(x—e)j—f=M¢+F(¢,x,e), (p,x,6) e C" x C x C. (65)

with M an invertible m x m-matrix whose eigenvalues all lie on the line LOR and
F(¢, x, €) analytic germ such that Dy F(0,0,0) = 0, and F(0, x, €) = O(x(x —¢€)).
Then there exist some constants r, 11, 8x, 6c > 0 such that the system (65) possesses:

(1) A unique formal power series solution ¢A>(x, €) = Zj,kzo ¢ijkej. It is formally
divisible by x (x — €), and it belongs to (%(Qg[))m.

(2) A unique bounded analytic solution ¢ (x, €) € (‘B (XEi))m on the domain XE
of Definition 12. It vanishes at the singular points (it is uniformly O (x(x — €))).

Moreover; the restriction of ¢+ (x, €) to the domain Q.+ agrees with the Borel (1,1)-
sum of the formal solution ¢(x, €):

i0

—+o00¢
dr(x,€) = / $(sx, se€)e *ds, for (x,¢€)¢€ Q9 , (66)
0

where 6 €]— %, 5[ depending on (x, €) is such that (x, €)-Bg C XE, and q)(x €) =

Pkj k j
2k [(ESRA
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Proof The existence and uniqueness of the bounded solution ¢+ (x, €) is [13, Theorem
2]. The existence and uniqueness of the formal solution ¢A5(x, €) is [13, Proposition
1], while the Borel (1,1)-summability is [13, Theorem 4]. The finiteness of the norm
@l is just a consequence of its Borel (1,1)-summability, up to perhaps restricting
of 8,8 > 0. O

7.1 Step 1: Ramified Straightening of Center Manifold and Diagonalization of
the Linear Part

Suppose that the system is in a pre-normal form,

dy ot
x(x —e)— =J DyF(y, x,¢€),
dx
0

J'DyF(y,x,€) = x(y1y2, x, €) <(1) 1>y4r0(x(x—6))- (67)

We will show that there exists a ramified transversely symplectic change of variable
y=T1(x,€)w + ¢+ (x,€), detTy(0,€) =1, ¢p+(x,€) = O(x(x —€)) (68)

bounded and analytic on the domain XE_1 (25), i.e. defined over the Banach space
B(XEL), that brings the system to a form

0

x(x—e)d—w = x(wjwy, X, €) (1 )w—l—x(x—e)fi(w,x,e), (69)
dx 0 -1

with fi(w,x,€) = O(wl?), Yoz 4 %= — 0,

All this has a formal counterpart over the Banach space %(Q?t).

The solution w = 0 of the transformed system (69), corresponds to a bounded
ramified solution y = ¢4 (x, €) of the system (67). The paper [13], see Theorem 47
below, shows that there is a unique such solution on the domain XE_; this it is the
“ramified center manifold” of the corresponding foliation.

The variable y = y — ¢+ (x, €) then satisfies

d
x(x — e)ﬁ = J'DyFG + ¢s, x.€) — J 'DyF (o, x. €),

whose linear part is Ay (x, €) := J(DgF)(gbi, x,€) = A(x, €) (é _01> + x(x —

€)R(¢+, x, €). The transformation matrix 7+ (68) must then satisfy

dTy+ 1 0
x(x — E)W =ALTy — ATy (0 _ l) .
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The existence of such a transformation 74 bounded on XE_. is known [10,15] when
Ay is analytic. In our case the matrix Ay is ramified, but their proof would work
anyway. We will obtain 74 directly using Theorem 47.

Writing R = (r,'j)l.,j and

T, — 1 1+ et 0
= 1+ 1 0 e |

then the terms #; 4+, i = 1, 2, are solutions to Riccati equations

x(x—'f)dgt;;(i = (-1 12Mi,i+x(x—6)[rij+(rii—rjj)'li,i—rji'(li,i) ] (70)

and the terms b; 4 are solution to dZ;i = (rii + rijtj,i), ie.

x
bi + :/ rii +r,-jtj,idx.
0

Combining together the equations (67) for ¢+ and (70) for t., in which r;; =
ri,j(¢+, x, €), we get an analytic system for which the existence of a unique bounded
solution on XE is assured by Theorem 47.

Since the trace of the linear part of both systems (67) and (69) is null, then by the
Liouville-Ostrogradskii formuladet 7 (x, €) is constantin x and equal todet 7 (0, €) =
1. Therefore the transformation (68) is transversely symplectic, and by Lemma 3 the
transformed system (69) is transversely Hamiltonian.

7.2 Step 2: Normalization

Suppose that the system is in the form (69). We will show that there exists a ramified
change of variable w = ®1 (v, x,€), ®4+(-,0, €) = id, given as a convergent series
of v in the Banach space B(XE_L), that will bring it to an integrable form

dv 1 0
x(x—e)% =a4(h,x,¢€) <O _1> v, h=nvv, (71)

for some germ ay(h, x, €), with a1 (0, x, €) = L(x, €). .
As before, this has a formal counterpart over the Banach space %(Q&).
The transformation @4+ must satisfy

1 0
x(x—e)axcbi—l—af(v]av] — vzavz) Dp = yody- (0 B 1) Di+x(x—e€)frody.

(72)
We are looking for &4 written as

SL(v,x,6) =v+Wpp+x(x —e)Wi,(v,x,€), Vip+Vi,=Vr (73)
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where the power expansion of the j-th coordinate of W4 A is equal to

VA= Z{\Ilj,i}(n,n)ﬂjh" v;, e; being the j-the elementary vector,

n>1

while the power expansion of the j-th coordinate of {W .} does not contains any power

! 0 ) W A. Therefore (72)

h"vj, n > 0. In particular, (v]dy, — vV20,) Wi, A = (O O

becomes

1 0
8x\I’:I:,A + ax(x(x - 6)‘IJ:I:,w) + A <U18v1 - U2avz_ (0 _ 1)) ‘IJ:I:,*

x¥ody —alf (1 0

= —(xi (U] 81)1 - U28v2) ‘Ilis* + x(x _ 6) 0 —1

) 4+ W)+ Gy,
(74)

where G+ = (x™* o @) <é _01> Wi,+ fodi,and x* = x — A, af =atr —A.
Set
at(h,x, €)= Z{X o Dy} mh”,
n>0
and denote

_Xfody —xTo(v+Wia)
x(x —€)

Ky :

’

which is an analytic function of v+W A and W4 , with coefficients dependingon x, €.

Then {x* o ®1+ —al}u,n =0foralln > 0,and {x* o &+ —al}y = x(x —€){K+}n

for all multi-indices n with n1 # no, since {&f }n = 0= {x* o (v + Vi A)}n-
Expanding the j-th coordinate, j = 1, 2, of the Eq. (72) in powers of v we get:

o form = (n,n) +e;:
AWt mny+e; =1{Gj£hmn)te;s (75)
e for a multi-index m with m|— mo + (—1)7 # 0:

dlx(x — OV 1)m + (my— ma + (—DHAY; 1 )m
= —(mi—m){a} - W thm— (DK - (0 + ¥ 2 A)Im + {Gj +)m-
(76)

The right-hand sides of (76) and (75) are functions of {W1}x = ‘(W1 +}k, {(¥2.+}k),
with ki < my, kp < my, |K| < |m| only, which means that the equations for {W; 1}
can be solved recursively.

The Eq. (75) is solved by

X
{‘Dj,i}(n,n)+ej(x,€)=/0 {Gj+}nn)te;dx. 7
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The Eq. (76) has a unique bounded solution {W; +}m given by the integral

—(my—my+(=D"t,  px (m1—mat (=)t
(Y +lm(x, ) = O / e M Fj 4+ tmdx, (78)
Xit

where {Fj 1 }m is the right side of (76),

©) ©
b (x. €) = fx A6 g |-t logx + (% + M”) log(x —€), for € #0,
x(x—e) _@ + 2D log x, for € =0,

is a branch of the rectifying coordinate for the vector field

x(x —€)

——— 0y = 0,
Ax, €) * g

on X4 (¢€), and the integration follows a real trajectory of the vector field (23) in X (¢)
from a point

_ xl,i,ifml—m2+(—1)j>0, o .

Xy = {x2,:|:7 iy — mo + (—1)) <0, Xi 4+ 1s as in (26),

to x, along which the integral is well defined.

Note that the convergence of the constructed formal transformation @ is equivalent
to the convergence of Wy (73). We prove the convergence of the latter series using
Lemma 44. For this we need to estimate the norms of (77) and (78).

Lemma 48 Let {W; +}m be given by (78). Then
¥ +imll < mH{FJ +mll

for some ¢, > 0 independent of m.

Proof Let 1p(x,€) = kty(x,€) + log(x(x — €)). If k = my — ma + (=1)7 # 0,
then for € small enough the integrating path can be deformed so that it corresponds
toaray (€, ¢€) € tr(x,€) — €90, 4+00[, with 6 as in (24). We have dk(x €) =

kAa(x,€)+2x—e
—ao - Hence

1

1% 1 )mll < Wt hm(x, €)
’ ~ cos@

kh(x,€)+2x — €

with cos 0+ > sinn > 0, n as in (24). O
Therefore

o form = (n,n) +e;:

I{Wj, £ nmy+e; 1| < G j + my+e; Il
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e for a multi-index m with m| — ms + (—1)7 # 0:

W) 2 Imll < ¢ (i ¥ clmll + I{K+ - (0j + )£ ADbmll + {Gj t}mll) ©
for some ¢ > 0.

Therefore the majorating series satisfies

Ej,i < Ca*iaji + C?i . (vj —l—Ej,i) +C5j¢
<2c(X*o®s) Wt +cke (j+Vjs)+cfjiods
= Rj+(v+Pyia Vi,
<Rj+(v+ Uy, v+ Ty),

where K = K3 (v+Waa, Vi) ke = Ki(v+Wia, Uil and Rj (i, wy) =
O(|w|2), and we can conclude with Lemma 44. .
The same thing is done also in the formal category with the Banach space ‘B(Q?t).

7.3 Step 3: Final Reduction and Transverse Symplecticity of the Transformation

Suppose that the system is in the form (71), and write
axr(h,x,€) = xx(h,x,€) +x(x —€)px(h, x, €),
~ ~(0 ~(
Jih x, €)= 7V (h, €) +xxi)(h, €).

Then the transformation v = e

. 1 0
f() Bxdx (0 o 1)
formal invariant y.

Let y = W4 (u, x, €) be the transformation obtained as a composition of the trans-
formations of Steps 1-3,and y = W (u, x, €) = Zk,l YD () xkel the corresponding

u will bring it to the normal form with

formal transformation. By construction W (-,0, €) = \if(-, 0, €) = id, in particular
it is convergent. The restriction of W4 (u, x, €) to U x Q4 must agree with the Borel
(1,1)-sum of li/(u, x, €): indeed one can swap the summation in # and of the Laplace
integral by a dominated convergence argument.

Let us now show that W (u, x, €) is transversely symplectic and therefore x+ =
x- Let uy(x, €;c) be a germ of a general solution of the normal form system with
the formal invariant equal to x4, depending on an initial condition parameter ¢ =
(c1,¢2) € (C%,0), det(Deu+) # 0, and let yo(x, €;¢) = Wi(us(x, €;c), x,€) be
the corresponding solution germ of the system (1). Then D.y+ = D,V - Deuy
satisfies the linearized system

dD,
x(x —e) <t _ JD*H - Dcyx+,
dx Y
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and by the Liouville-Ostrogradskii formula
d 2
x(x — e)d— det(D.y+) = wr(JDyH) - det(Dcy4+),
X

but tr(JD%H) = 0, i.e. det(D.ys+) = det(D, Vi) - det(D.uy) is constant in x.
Similarly, det(D.u+) is constant in x. Therefore det(D, W4 (u, x, €)) is also constant
in x, and equal to det(D, V4 (1, 0, €)) = 1 since V1 (u, 0, €) = u.

This terminates the proof of Theorem 17.

7.4 Proof of Proposition 9

We will construct a formal symplectic change of coordinate ® = ®(h, u;), written
as a formal power series in /& and u;, such that G = H o ®. The transformation ® is
constructed recursively as a formal limit

®= lim @, Prprq= lim Py, Do =id, Ho<1>k,1=G+0(h’<u§).
[—+00

k——+00

Ateach step (k, 1),k > 0,1 > 1, we want to get rid of the power hkuf in Ho®y ;. We
construct @y ;41 = Py ;0 d>1fk (X, 884 composition of ®; ; with the time-1 flow of
ST RR

a Hamiltonian vector field fi ;X1 = — (=D fi ;h* b {ku;d,, — (k+Du j0u ;] for
some fi; € C. The flow sends both / and u; to functions of (4, u;),

O, e w0 (W) s b D il 0 (R,

where the terms O (h**~1u?') are null ifk = 0.1f Ho®y; = G+ Hy jh*ul+0 (h*ul ™)
for some Hy; € C, then we want

(G + Huntul) o @) =G =0 (Wul ).,

! fk'[thul,
Hi il 40 (=Dl = 0 (Wul*1)
fea = —(= 1)/ &L,

Now that we have constructed the formal symplectic transformation ®, we can
conclude by the following Proposition.

Proposition 49 Ler H, H : (C2,0) — (C, 0) be two germs with a non-degenerate
critical point at 0, and let ,® be germs of symplectic forms. Then the two pairs
(H, w), (H, @) are analytically equivalent if and only if they are formally equivalent.

Proof By Theorem 4, the Birkhoff—Siegel normal form is, up to the involution (13),
a complete analytic invariant for each pair. Therefore it is enough to show that it is
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also a formal invariant. This can be seen from the invariance of a formalization of the
formula (15) of Sect. 2.2.1. m|
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