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Abstract

Given a function f € L*(R), we consider means and variances associated to f
and its Fourier transform f , and explore their relations with the Wigner transform
W (f), obtaining, as particular cases, a simple new proof of Shapiro’s mean-dispersion
principle, as well as a stronger result due to Jaming and Powell. Uncertainty principles
for orthonormal sequences in L2(R) involving linear partial differential operators
with polynomial coefficients and the Wigner distribution, or different Cohen class
representations, are obtained, and an extension to the case of Riesz bases is studied.
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1 Introduction

This paper treats uncertainty principles for families of orthonormal functions in L?(R)

in connection with time-frequency analysis. When talking about uncertainty principles,
in harmonic analysis, one refers to a class of theorems giving limitations on how much
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a function and its Fourier transform can be both localized at the same time. Different
meanings of the word “localized” give rise to different uncertainty principles. For
instance, referring to the most classical results (see [ 12] for a survey), in the Heisenberg
uncertainty principle the localization of f and its Fourier transform f has to do with
their associated variances, in Benedicks [1] it has to do with the measure of their
supports, in Donoho-Stark [10] with the concept of e-concentration, in Hardy [15]
with (exponential) decay at infinity, and so on. Over the years many other authors
studied uncertainty principles involving various time-frequency distributions (see, for
instance, [2, 5, 9, 11, 13, 14]). There are, moreover, uncertainty principles giving not
only limitations on the localization of a single function and its Fourier transform, but
on how such limitations behave, becoming stronger and stronger, when adding more
and more elements of an orthonormal system in L. In this paper we focus in particular
on results of this type involving means and variances. For f € L?(R) we define the
associated mean

1
R KNG (L1)
I£117 Jr
and the associated variance

1
A(f) = T2 /R It — (P f(0))2dt; (1.2)

observe that, for || f||> = 1, such quantities are the mean and the variance of | f|. The
dispersion associated with f is A(f) 1= A2(f).

Our aim is to study uncertainty principles of mean-dispersion type involving
quadratic time-frequency representations applied to the elements of an orthonormal
system in L2(R). In order to state our main results we need some basic definitions.
The classical cross-Wigner distribution is defined as

1 .
W(f, &), &) = E/Rf (x + %) g (x —~ %)e"édr, f.g e L*(R),
(1.3)

and we set for convenience W( f) := W(f, f). Let moreover L be the linear partial
differential operator in R? defined as

. 1 2N 2

The following result (that we prove in Theorem 4.4 and Corollary 4.5 below) con-
stitutes a Mean-Dispersion uncertainty principle associated to the Wigner transform.
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Theorem 1.1 Let { fi}ren, be an orthonormal sequence in L%(R). Then for every
n>0

n

D ULW (i), W) = (n+ 1)%, (1.5)

k=0

where as usual (-, -) indicates the inner product in L* (see Sect. 3 for a discussion
on the domain ofi, and the corresponding meaning of (lA,W(fk), W (fr)))- Equality
in (1.5) holds for every 0 < n < ng, ng € Ny, if and only if there exist ¢y € C with
lck| = 1 such that fy = cihg, k = 0, ..., ng, where hy are the Hermite functions
(1.8).

This result comes motivated by an uncertainty principle for orthonormal sequences
due to Shapiro. We shall use throughout the paper the notation Ny := N U {0}, and
adopt the following normalization of the Fourier transform:

) = —— —igg R 1.6
f(é)—m/Rf(t)e . EeR (16)

Theorem 1.2 (Shapiro’s Mean-Dispersion Principle) There does not exist an infinite
orthonormal sequence { fi }ken, in L2(R) such that all u(f), n(fe), ACfe), Afr)
are uniformly bounded.

This theorem appeared in an unpublished manuscript of Shapiro from 1991; in [19]
a stronger result has been proved, namely, there does not exist an orthonormal basis
{ filken, of L2(R) such that

ACf), A, n(fi)

are uniformly bounded, while there exists an orthonormal basis { f}xen, of LZ(R)
such that

w(fio)s 1n(fi), Ao

are uniformly bounded (see also [18]). Moreover, the following quantitative version
of Shapiro’s Mean-Dispersion Principle is proved in [16].

Theorem 1.3 [16, Theorem 2.3] Let { fi }ren, be an orthonormal sequence in L%(R).
Then for every n > 0

n

D (8200 + A2 + IUOP + k(o) = @+ D% (17)

k=0

Equality holds for every 0 < n < ng, ng € N, if and only if there exist cy € C with
|ck| = 1 such that fy = cihy fork =0, ..., ng, where hy are the Hermite functions
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on R defined as follows:

hi(t) = LR, teR, (1.8)

1
k) 12¢
where Hy is the Hermite polynomial of degree k given by

k
Hy () = (—1)"e’257e—’2, reR.

Observe that (1.7) differs for a constant from the result in [16], due to a different
normalization of the Fourier transform. Theorem 1.2 is an easy consequence of The-
orem 1.3; moreover, Theorem 1.3 also says that the limitation on the concentration of
fr and fk become stronger and stronger by adding more and more elements from the
orthonormal system, as the lower bound (n + 1)? increases faster than the number of
involved functions.

We show that Theorem 1.1 implies Theorem 1.3 (and then also Theorem 1.2), and in
this sense it can be interpreted as a Mean-Dispersion principle associated to the Wigner
transform. Theorems 1.1 and 1.3 are in fact intimately connected, and this is linked
to a deep relation between (1.4) and the Hermite operator; such a relation has many
consequences and applications in different fields, see for instance [8] where dispersive
estimates of the wave flow for the twisted Laplacian (and the Hermite operator) are
investigated, or [3, 6, 22] where it has been used to study global regularity properties
of partial differential equations. The advantage of the formulation of Theorem 1.1 on
the side of the Wigner transform is twofold. First, the proof is simpler than the one
of Theorem 1.3 in [16]. In particular, it does not need the Rayleigh-Ritz technique
used there. Moreover, L is not the only operator that can be used in (1.5) in order to
have Mean-Dispersion principles of the kind of Theorem 1.1. In Sects. 4 and 5 we
give more details on this fact. Here, we just point out that we can use instead of L the
multiplication operator by x2 + &2, obtaining that (see Theorem 5.1 below) if { i} keNp
is an orthonormal sequence in L%(R), then for everyn > 0

n 1 2
2:A;@2+E5MKﬂxx£N%hd$ZEZ%—L, (1.9)
k=0

and equality is characterized as in Theorem 1.1. We show that if fi satisfies pu(fi) =
w( fr) = 0, then the quantity

Ay%&WWﬂM£WM@

is the trace of the covariance matrix of |W(f)(x, & )|2; then, comparing (1.9) with
(1.7) (in the case u(fr) = u( fk) = 0) we observe that we have replaced the two
variances associated with f; and ﬁ in (1.7), with (a constant times) the trace of the
covariance matrix associated with W ( fi), which reflects the fact that W ( f) includes
at the same time both information on f; and on fk

@ Springer



Mean-Dispersion Principles and the Wigner Transform Page50f35 159

Other extensions of Theorem 1.1 are also studied. Since there are many different
time-frequency representations besides the classical Wigner, we consider the so-called
Cohen class, given by all the representations Q( f, g) of the form

0(f.g) = J%o fW(f.g), oeSE®), figeS®:  (110)

such class contains all the most used time-frequency representations. A natural ques-
tion is if in Theorem 1.1 one can substitute W ( fx) with Q(fx) = O(fk, fr), and
which operators can be considered instead of L.We prove in Sect. 6 that for a suitable
class of kernels o in (1.10) a result of the kind of Theorem 1.1 can be formulated for
representations Q in the Cohen class. Finally, the Mean-Dispersion principle for the
Wigner transform can be extended to Riesz bases instead of orthonormal bases.

The paper is organized as follows. In Sects. 2 and 3 we give basic results on the
Wigner transform and on the action of the Wigner transform on Hermite functions.
In Sect. 4 we prove Theorem 1.1. Section 5 is devoted to the study of the case of the
covariance matrix associated with W ( f) and to the proof of (1.9). In Sects. 6 and 7
we extend the results to the Cohen class and Riesz bases.

2 The Wigner Distribution

Besides the classical cross-Wigner distribution W (f, g) for f, g € L*>(R) defined in
(1.3) we also consider the following Wigner-like transform introduced in [6]

. ! ! LN g 2 2
_ LA LR
Wiglul(x, £) mfR“<X+z’x 2)e dr, ueL*RY,

with standard extensions to f, g € S’(R) and u € S’'(R?). Such operators are strictly
related since

W(f. g = Wiglf ®¢gl.

However, the second one has the advantage, with respect to the classical Wigner
transform, that

Wig : S(R?) — S(R?)
Wig: S'(R?) — S'(R?)
is a linear invertible operator, being composition of a linear invertible change of

variables and a partial Fourier transform. Indeed, denoting by F(f)(§) = f (&) the
classical Fourier transform (1.6), by

Fr(u)(x, &) = u(x, e de,  (x,€) € R?,

7l
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the partial Fourier transform with respect to the second variable, and by

t t
rm(x,t):u(x—i—z,x—E),

we have that
Wiglu] = Fotu.

The inverses of the operators above are

FYF)x) = F(£)e'™ d&

7 .

and
t
rs_lF(x, ty=F (%,x — t) .

Moreover, denoting by

Miu(x,y) = xu(x,y), Mu(x,y) =yu(x,y),
Diu(x,y) = Dyu(x,y), Dyu(x,y)= Dyu(x,y),

for Dy = —idy and Dy, = —idy, a straightforward computation (see also [6]) shows
that
Dy Wig[u] = Wig[(D; + D2)u] @1
D>Wiglul = Wig[(Ma — My)ul 2.2)
1
M Wig[u] = Wig [E(Ml + Mz)u:| 2.3)
1
M>Wiglu] = Wig |:§(D1 - Dz)u:| 2.4)

for all u € S(R?).
We write M and D for the multiplication and differentiation operators when just one
variable is involved, so for u € S(R)

Mu(t) =tu(t), Du(t) = —iu'(1).
Moreover, we also adopt, for convenience, the following notations. First, we write

(-, ) to indicate both the inner product in L2, the duality S’-S (we consider here
distributions as conjugate-linear functionals), and in general the integral

(g.h) = / C O di
R
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each time such integral is finite, even though g, & are not L? functions (in particular,
we use (-, -) for the duality L% - L% v between weighted L?-spaces with weight v).
Second, we write

(D"f,D"g) 2.5

for the integral

| e iea@ae 26)
when the last one makes sense and is finite. It coincides with

/R D" f(t)D"g(t)dt

if D" f, D"g € L? by Parseval’s formula

(f.&)=1(f.8), Vf.geLl’®). @7
We use the symbol (-, -) with analogous meaning in dimension greater than 1.
With this notation, formulas (2.1)-(2.4) hold also for u € S'(R?). Let us prove, for
instance, (2.1). Since it’s valid in S(R?), then for all u, ¢ € S(R?):

(D1 Wig[u], ) = (Wig[(D1 + Da)ul, ) = (Fats(D1 + Da)u, ¢)
= (t,(D1 + Do)u, F5 '¢) = (D1 + Do)u, 7, ' Fy o)
= (u, (D1 + D2)(z; ' Fy ) (2.8)

by Parseval’s formula and
(tou, Tv) = (u,v),  Vu,v e L2(R?). (2.9)
On the other hand, for all u, ¢ € S(R?),
(D1 Wiglul. ¢) = (Wiglul, Di¢) = (Fatu, Dig) = (u, 7, ' Fy ' (D19)),
which yields, together with (2.8),
T, ' Fy {(Dig) = (D1 + Do)(z; ' F5 o).
Therefore, if u € S’(R?) and ¢ € S(R?):

(D\Wig[ul, ¢) = (Wiglul, D1¢) = (Fatsu, D1g) = (u, 7, ' F5 ' (D19))
= (u, (D1 + D) (' Fy ') = (D1 + Dou, 77 Fy o)
= (Wig[(D1 + Dy)ul, ¢),
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so that (2.1) is valid also for u € S’ (R?).
Similarly also (2.2)-(2.4) hold for u € S/(R2).
More generally, we have the following result (proved in [3] foru € S (R2)):

Proposition 2.1 Let P(x,y, Dy, Dy) be a linear partial differential operator with
polynomial coefficients. Then for all u € S’ (R?):

P (M, M>, Dy, Dy)Wig[u]
1 1
= Wig [P <§(M1 + M>), E(Dl — D»), Dy + Dy, M — M1> u:| , (2.10)
Wig[P (M1, M>, D1, D2)u]

1 1 1 1
=P <M1 — zDz, My + zDz, EDl + M>, ED] — M2> Wig[u]. (2.11)

The above proposition will be useful to relate the classical Wigner distribution
W (f) to the mean (1.1) anAd the variance (1.2) associated with a function f € L?(R)
and its Fourier transform f € L*(R).

Proposition 2.2 Givean f € L*(R) with || f|| = 1 and finite associated means and
variances of f and f, the following properties hold:

M2f, f) = n(f) + AX(f)
D2f, f) = 1>(f) + A*(f)

(a)
(b)

(
(
(c) (MiW(f), W(f)) = u(f)
(d) (MW (f), W(f)) = n(f)
(e) (DIW(f), W(f))=0
(N (DLW (). W) =0
(g) <D§W(f> W(f)) =2A (f)
(h) (DIW(f), W(f)) = 2A%(f)
(i) (MiDIW(f),W(f)) =%
(DIM\W(f), W(f) =—%
() (MaDIW(f), W(f)) = '5
(DaMaW (f), W(f)) =
(k) (MW (), W(f))=n (f)+%A2(f)
(1) (MW (), W(f) = 1> (f) + TA2(f).

Proof Let us first recall that (2.7) and (2.9) imply the following Moyal’s formula for
the cross-Wigner distribution (cf. [13, p. 66])

(W(f1, 80, W(f2, g2)) = (f1, L) (g1, 820,  Vfi, f. 81,82 € LX(R).
(2.12)
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Note that the assumption that f has finite associated mean and variance implies
that Mf € L*(R). Indeed,

(Mf,Mf) = /R YV0fO)Pdy = /R v — w(f) + w(N*F ) 1dy
=/R|y—u(f)|2|f(y)|2dy

+21(f) /R O = kDO Pdy + 12 (OIFIIF

= I FIPA%CH) + 22 (ONLI? = 22O LI + w2 (DONF I
= A2(f) + 12 (f), (2.13)

which is the well-known relation between the variance of a random variable and the
expectations of the randon variable and its square.

In the same way, the fact that f has finite associated mean and variance implies
that Df € L?(R). This means that Moyal’s formula (2.12) can be applied when, in its
left-hand side, M f or Df appear in the arguments of the Wigner transform.

Now we analyze the case when in the left-hand side of (2.12) the expression
W(f, M 2g) appears, for f, g € L*>(R) with finite associated means and variances of

f’ g’ f’ g‘
From (2.3) we have that

2MIW (S, 9)(x, ) = W(f, Mg)(x, §) + W(MS, )(x, §) € L*(R?),

since Mf, Mg € L*>(R). Therefore W(f, g) € L2(R?) for v(x, &) = 1 + |x|. On the
other hand, for f, g € S(R),

2
WS, M2g)(x, £) = /Rf (x + %) (x _ %) . (x _ %)e—ns "
= [ (e D)]r (e 5) () e (s 5)ea
IR 2 2 2)8 2

=2W(f, Mg)(x,§) — W(Mf, Mg)(x,§).

Such an equality holds in fact for f, g € S’(R) and for tempered distributions it reads
W(f, M?>g) =2M W (f, Mg) — W(Mf, Mg). (2.14)

Being Mf, Mg € L*(R), it follows from (2.14) that W(f, M?g) € L? /U(IR{Z). Then,
by the duality between L% /v (R?) and L%(Rz), we have that

(W(f M), W(f. ) = /R W M) (. W, 9)(x, E) dx d
is convergent.
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Using again (2.14) and (2.3), we can then write

(W(f, M), W(f, ) = MW (f, Mg), W(f,2)— (W(MS, Mg), W(f,g)
= (W(f.Mg),2MiW(f,8)) — (WMf,Mg), W(f,g))
= (W(f, Mg), WMf,g))+ (W(f, Mg), W(f, Mg))

—(WMf, Mg), W(f,¢g)).

Now, all functions are in L?(R) and applying Moyal’s formula (2.12) we finally get

(W(f, M?*Q), W(f,g) = (f, Mf)(Mg, g)+ (f. (Mg, Mg) — (Mf, f)(Mg, g)
= (f, ) (M2g, g). (2.15)

Recall now that for every uy, up € S’(R) the following formula holds
Wiy, i) (x, &) = Wui, uz)(=§, x); (2.16)
then, since f and g have finite associated means and variances, the same procedure

can be applied when we have W ( f, D?g) instead of W (f, M?g) obtaining that, with
the notation (2.5)-(2.6),

(W(f,D*g), W(f, ) = (W(f, M?8), W(f,8) = (f, /)(D%g,g). 2.17)

Similar considerations can be done for M Df, obtaining that W(MDf, g) €
L%/U(Rz) because

s (o) (e
o)
2 2
=2xW(Df, g) — W(Df, Mg),

with Df, Mg € L*(R) under the assumptions of finite associated means and variances.
Arguing as for M? f we then have

(W(MDf,8), W(f,8) = (MDf, f)(g.8) =(Df, Mf)(g.g). (2.18)

All the above considerations will be implicit from now on.

Let us now prove point (a): it follows from (2.13) since (M2 f, f) = (Mf, Mf).

(b): Let us first remark that by Parseval’s formula (2.7) and the assumption || f|| = 1
we also have that || f || = 1. With the notations (2.5)-(2.6), by point (a) applied to f
we thus obtain:

(D*f, )y =(&2F, f) = () + A ().
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(c): From (2.3) and Moyal’s formula (2.12):

(MiW (), W(f)) = (MWiglf ® f1, W([f))

1 -
= (WiglZ (M1 + M2)(f @ 1. W(f))
1
= S UWMS, ). W ) + W MP), W )

1 -
= UML)+ UME ) = w(h),

since u(f) € R.
(d): From (2.4), Moyal’s and Parseval’s formulas (2.12) and (2.7):

1 -
(MW (f). W()) = (Wigl (D1 — Do) f & f1. W(f))
1
= S UWDS, ). W )+ WD), WL D
1 [ -
= S UDL NS SY + L DS )

A

1 .
=SS 1)+

5 €f, ) =nh,

since u(f) e R.
(e): From (2.1), (2.12) and (2.7):

(DIW(f), W(f)) = (Wigl(D1 + D2) f ® f1, W([))
Df, f) = W(f. D), W(f. f))

(
Df, /)T, f) = (f, /YDF, )
£ —&f, fH=o.

(
= (W
= (
= (&

(f): From (2.2) and (2.12):

(D2W(f), W(f)) = (Wigl(M2 = M) f ® f1, W([))
= (W(f. Mf) =WMf, /), W(f. )
=(f. SUMS. [) = (Mf. F)(f. f)=0.

(g): From (2.1), (2.12), (2.17), (2.7) and point (a):
(DIW(f), W(f)) = (Wigl(D1 + D2)* f ® f1, W(f))
= (W(D*f, f) =2W(Df. Df) + W(f. D> ), W(f. [))
= (DXf, [T, 1) = 2D [YDF Y+ (f FUD S, f)
=& f, ) =206 f, AP+ EF.
=uum+ﬁm>muﬂ-MWi
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(h): From (2.2), (2.12), (2.15) and point (a):

(DSW(f), W(f)) = (Wigl(Ma — M1)* f ® F1, W(f))
= (W(f, M* ) =2W(M[, Mf)+ WM [, ), W(f, )

= (f, [UM2f, ) =2(Mf, £YMF, fY + (M2 f, £Y(F, )
= 201%(f) + AX(f) — 22 (f) = 202 (f).

(1): From (2.1), (2.3), (2.12), (2.18) and (2.7):

(M1 DyW(f), W)

1 _
= <Wig [E(Mz +M)D1+ Do) f® f] ; W(f)>
(Wig[(Ma D1 + M1 D1 + My Dy + M1 D2) f & f1, W(f))

(W(Df, Mf) +WMDf, f) =W(f.MDf) = W(Mf,Df), W(f. f))

(Df. YMF, f) + (Df, MEY(F. ) = (f, fUDf. Mf) — (Mf, f)(Df. )

l\)\'—‘l\)\'—‘l\)\'—‘l\)\'—‘

(& f, i) + (Df, Mf) — (Df, Mf) — n(f)EF, F)).

Since u(f) € R, (€ f, f) = u(f) € Rand

(Df, Mf) = (f, DMf) =i(f, f) +(f, MDf)
=i+ (Mf,Df) =i+ (Df, Mf), (2.19)

we finally have that

(MiDIW(f), W(f)) =3

Therefore

(DIMIW(f), W(f)) = (MW (f), DIW () = (W(f), MiDiW(]))

= (MiD\W(f). W(f)) = —3.
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(j): From (2.2), (2.4), (2.12), (2.18), (2.7) and (2.19):

(MaD2W(f), W(f))
1 —
= <Wig |:—(D1 —Dy)(Mx = M) f® f] ; W(f)>

(ng[(Dle — DyMy — D1My + DaMy) f ® f1, W(f))

(W(Df, Mf)——W(f D+ W, MDf), W(f, )

[ l\JI'—*l\JI
—

5<;W(f7 )+ WWMDS, f)+WMf,Df), W(f, )

1 — 1 -
= 5 (DS FUMS. f) = 2 f SUF )+ FUDS M)

1 /1 [ -
—5<lf+(Df,Mf)(f,f>+<Mf,f)(Df,f>)

= %@f, HuhH+i+ %(W —(Df, Mf)) - %u(fxsf, f)
- ZE 2
It follows that
(DaMaW (), W(f)) = ll<w<f, DLW D)+ (MaDIW(f). W(f)) = —
(k): From (2.3), (2.12) and point (a):

(MEW(f), W(f))
= (M Wig[f ® f1, MiWig[f ® f1)

1 _ 1 _
= <Wig [E(Mz +MDf® f] , Wig [E<M2 +MDf® f}>

(W, Mf) + WMFE, ), W(f, Mf) + W(MF, f))

(fs M ME) + (M, Y ME) + (f MOYME, )+ (Mf, MF){F, £))

(M2f, f) + 21 (f)+<M2f i)

m»—m~m~m~

2P + AR + u 2= Az(f) + 120
(): From (2.4), (2.12), (2.7) and point (b):

(MIW(f), W(f))
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= (MaWiglf ® f1, MoWiglf ® f1)
= <W1g [ (D =D f® f} . Wig [E(Dl —-Dy)f® f}>

(W(Df, f)+ W(f, Df), W(Df, f) + W(f, Df))

(Df, DFYF, f)Y +(f. DAYDF, fY +(Df, FY{f, Df) + (f. /){Df. Df))

A ~ ~

UD*f, 1Y+ (F e fVES Y+ & F D 60+ (D2f, )
A2 + 12 ().

The proof is complete. O
Let us remark that the identities of Proposition 2.2 can be rewritten for any f €

L%(R), without the restriction that || || = 1, by considering ”—;” instead of f. For
instance, points (a), (b) of Proposition 2.2 would be replaced by

(M2£, £) = IFIPWP ) + A2 (), (2.20)
(D*f, ) = I FIP(2(F) + A2 (). 2.21)

3 The Hermite Basis

For k € Ny = NU {0}, let iy be the Hermite functions on R defined by (1.8). It is well
known that Ay are eigenfunctions of the Fourier transform and form an orthonormal
basis in LZ(R). Moreover, they are an absolute basis in S(R) (see [17]).
Denoting by
hjg=F "Whj, hy),

by [22, Thms. 3.2 and 3.4] we have that the functions {% 1} ; ke, form an orthonormal
basis in L2(R?) and are eigenfunctions of the twisted Laplacian:

Lhji(y,t) = 2k + Dhji(y.1),  j,k €Ny,
for
12 1\?
v (0= L)+ (0 )
By Fourier transform (see [4, Ex. 3.20])

hjie, ) =Whj, hi)(x. &) (3.1
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are eigenfunctions of the operator L defined in (1.4), with the same eigenvalues as
before, in the sense that

Lhjx = Qk+ Dhji. (3.2)

Note that also {fz j.k}jkeNg arein S (R?) and form an orthonormal basis in L?(R?).
More in general, following the same ideas as in [21, Thm. 21.2], we can prove:

Theorem 3.1 If { fi}ren, is an orthonormal basis in L2(R), then {(W(f, fi)})keNy
is an orthonormal basis in L*(R?).

Proof Let us first remark that if {fi}x is an othonormal sequence in L%(R), then
{W(f;, f)};x is an orthonormal sequence in L?(R?) since, by (2.12),

WS . W(fi, fu)) = (fjs fi){fis fn)

=0, Okh = 0 if (j, k) # (i, h).

In order to prove that {W (f}, fi)}; ken, is a basis for L2(R?), by [7, Thm. 3.4.2],
it is enough to prove that if F € L*(R?) is such that

/R FOL WS, fox. dxds =0, Vj.k €N, (33)

then F = 0 a.e. in R,
By [21, Thms. 4.4 and 7.5] the operator

L*(R*) — L(L*(R), L*(R))
Fr+— Wg

defined by

1
(Wre, ¥) = E/RZ F(x, §)W(p, ¥)(x, §)dxd§

is a bounded linear operator satisfying
W FIL(L2,1L2) = )i 2(R2 W FIHS, 3.4
(L*,L%) /2 (R*)

where || - || gs is the Hilbert-Schmidt norm defined by (see [21, formula (7.1)]):

+oo
IWelgs ==Y IWr fil}2 (3.5)
Jj=0
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for an orthonormal basis { f;} jen, of L2(R). The operator Wr is in fact the classical
Weyl operator with symbol F. Then

(WEfjs fi) = Fx, O )W(fj. fi)(x,8)dxd§ =0,  Vj, k€ No,

7
2 JR2
by assumption, which implies that

Wrfj =0, VjeN, (3.6)

since {f;}eN, is an orthonormal basis in L2(R).
From (3.4) and (3.5) we finally have that F = 0 a.e. in R2. O

The operator L defined in (1.4) is unbounded on LZ(RZ) (see Remark 6.6 below)

and defined (at least) in S(R?) c L2(R?). Now, since the functions (3.1) are an
orthonormal basis for L2(R?), every element F € L?(R?) can be written as

—+00
F=73" cjkhjx
Jj,k=0

where ¢ = (F, }Azj,k). Then, writing
N
Fy= )Y cjthjre S®?
j,k=0
we have from (3.2)
N
LEy(x, &)=Y cjxk+Dhji(x, &)
k=0
The operator L is then the unbounded and densely defined operator with domain

+o0
D(L)={FeL*®R»): Y cjx2k+ D)h;j converges in L*(R?)
J,k=0

~

forcjr = (F,hjy),actingon F € D(L) as
+oo
LF =Y cjx@k+Dhji € L*®?.
J k=0
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In this case

(LF, F) Z lcj k> (2k + 1). (3.7)
Jj. k=0

In general, we shall write (3.7) for all F e L2(R?), meaning that (LF F) = 400
if the series diverges. Note that, being {h j.k}j.keN, an orthonormal basis for L2(R?),

we have that F' € D(L) if and only if {c; x (2k + 1)} ren, € ¢2. This implies that the
series (3.7) converges (but not vice versa).

4 Mean-Dispersion Principle

From the results of the previous sections we obtain now an alternative formulation and
a simple proof of the Shapiro’s Mean-Dispersion Principle (see [16] and the references
therein). To this aim let us first prove some preliminary results.

Lemma 4.1 Let {hi}ien, be the Hermite functions defined in (1.8) and Lasin (1.4).
Then for every j € Nog we have

n
D ALW(hj, hi), Wy, hi)) = (n+1)>, Vn € N.
k=0

Proof From (3.2) for all j, k € Ny we have
(LW (hj, hi), Wl hi)) = (Lhjg, hje) = (@k + Dhja hji) =2k + 1,
since {}Azj,k}j,k is an orthonormal basis in L2(R2).

It follows that

n

S LW (hj he), W(hj b)) =Y (k+1) = (n+ 1),
k=0 k=0

where the last equality is the formula for the sum of all odd numbers from 1 to 2n + 1.
]

Lemma4.2 Let L be the operator in (1.4). Then for all f,g € L?>(R) with finite
associated means and variances of f, g, f, &:

(i) LW(f.g) = W(f.(M*+ D%y),
(ii) (LW(f,8), W(f,2) = IfI1glI*(A%(g) + A%(&) + u*(g) + 1*(8)).

In particular, (LW (f, 8), W(f, 8)) € Rand if | f|| = llgll = 1, then

(LW(f, ), W(f,8) = A%(g) + AX(@) + 1’ (g) + 12 (®).
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Proof (i): From (2.10) we have
. 1 21 2
LW(f,g) = <§D2 + M1) + <§D1 - M2> Wig[f ® gl
, 1 1 2
= Wig <§(M2—M1)+5(M2+M1)>

+ (%(Dl + D) — %(Dl — D2)>2> f® g}
= Wig[(M5 + D3) f ® gl = W([, (M* + D*)g).
(ii): From (i), (2.15), (2.17), (2.20) and (2.21):
W(f, (M>+D*g), W(f, )

=
= (W(f, M%), W(f, )+ (W(f,D*8), W(f, )
=

f. ) {M2g, g)+ (f, [{{D%g. g)
IFIP1gl2 (A% () + (@) + L FIPNgl*(A%(8) + 1 (8))
IFIP1gl*(A%(g) + A% (@) + 1P (g) + 12(8)).

(LW(f, ), W(f, )

O
Lemma4.3 Let 0 < oy < 1 satisfy ZZ:OS oy = n + 1 for some n € Ny. Then
+o00
D@+ 1) = (n+ 1)
£=0
Moreover, the inequality is an identity if and only if g = - - - =« = 1.
Proof By assumption we can write
+o0
n+1:Zag:a0+~-~+a,,+R,,
=0
for a reminder
+00
Ri= ) . 4.1)
l=n+1
Note thatog = - =, = 1if R, = 0.
Forall 0 < k < n we set
0, ifR, =0 @2)
cx = .
S E=L Y )
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Then

ar+cxRn=1 VYO<k<n 4.3)

and (co + - - -+ ¢n) R, = R;, so that

n n 1 ifR, >0
C “e Cp =
0 "7 10 ifR, =0
and we can write
+00 +00
(ot +ew) D @+ = Y anl+1), (4.4)
L=n+1 =n+1
being R, =0 iff oy =0 forall £ > n + 1.
By (4.4) and (4.3)
+00 n 10
Y@ =Y a @A DH (ot Y a2+ 1)
=0 =0 {=n+1
n +00 +0o0
= 20+ 1 20+ 1 20+ 1
D@D 4o Y QU Dter Y a2+ 1)
=0 {=n+1 -1 l=n+1 -3
+00 +00
ooy 20+ 1 20+ 1
w1 Y QU D 4o Y e (2U+1)
t=n+l >2n—1 t=n+l >2n+1
+00 +00
> (ao+co Z Ol£>+<0ll'3+6'1 Z ouz~3)
{=n+1 l=n+1

+00
S (an_l-(zn—mcn_l > Ole~(2n—1))

l=n+1

+o00
+(an-(2n+1)+cn Z ocg-(2n+1)>

{=n+1

=Y (@ +aR)Qk+1) =) Qk+1) =@+ 1> 4.5)
=0 k=0

Finally note that the inequality in (4.5) is strict unless cp = --- = ¢, = 0, that is
o0y =---=a, = 1. O

@ Springer



159 Page 20 of 35 C. Boiti et al.

Theorem 4.4 Let { fi }ken, be such that || fi |l = 1 for every k € Ny, and let {gi }ren,
be an orthonormal sequence in L*>(R). Then

n

D ALW (fi, 80 Wi g0)) = (n+ 1%, ¥n € N. (4.6)
k=0

Moreover, the estimate is optimal, in the sense that if gy are the Hermite functions,
then equality holds in (4.6) and, conversely, given ny € N, if equality holds in (4.6)
for all n < ng, then there exist cy € C with |cx| = 1 such that g = cihy for all
0 <k <ny.

Proof Since W (fi, gx) € L>(R?) and the sequence {1 ¢} = {W (h;, h¢)} defined in
(3.1) is an orthonormal basis in L?(R?), we can write

+00
W(fi.g) =yl Whj he)

j.0=0
with
) = (Wi, g0, Wy, he)) = (o hj)ges he), 4.7
by (2.12). As in (3.7) we have
n N n 400
SEWfer g0 W g0) = Y0 3 19 P@e+ 1), “8)
k=0 k=0 j,t=0

and we can assume that for every 0 < k < n the series in (4.8) converges, otherwise
(4.6) would be trivial, being the left-hand side equal to +oo.
By (4.7) and (4.8), we get

n n  +oo

D ULW (feo 80 W fieg0) = Y Y S P18k he) FQ2L+ 1)

k=0 k=0 j, £=0
n o [+oo +00 +oo [ n

=3 D W mP D Wk ko) Pe+ 1 =Y [ Y ek ko) P | @e+ 1),
k=0 \j=0 £=0 £=0 \k=0

4.9)

since || fx||> = 1. Setting

n

ar =Y g ho)l,

k=0

we remark that
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+00 +00 n n +oo
Dlar=Y" Y e he)l* =Y Y gk ho)l? —ankn =n+1. (410
=0 £=0k=0 k=0¢=0

But for each £ € Ny

+00
ar < Y gk ho)l* < [lhel® =
k=0

so that we can apply Lemma 4.3 to obtain from (4.9) that

n +o00
D LW (fi, 80 Wi g0) = Y e e+1) = (n+ 1)?,
k=0 =0

and equality holds if and only if

n
=Y Hekh)P =1, ¥L=0.....n

If g = hy for every k € Ny, then oy = 1 for all £ € Ny and equality holds in (4.6)
for all n € Ny.
Conversely, if equality holds in (4.6) for all n < ng, then

n
S gk he)P =1, VE=0,....n, ¥n <no.

This implies i, € span(go, ..., g¢) for all £ < ng. Therefore gg = coho for some
co € C with |co| = 1 and then, recursively, gr = crhy for some ¢ € C with [¢x| = 1
andfork =1, ..., ng. O

Let us remark that we can choose in Theorem 4.4 a constant sequence f; = f €
L%(R) with || f|| = 1, obtaining that if {gk}ken, 1s an orthonormal sequence in L*(R),
then

n
D ULW(f. g0 W(f.g0) = (n+1)*  VneNo, VfeL*®), |f|=1
k=0

Choosing gr = fi in Theorem 4.4, we immediately get:

Corollary 4.5 If { fx}ken, is an orthonormal sequence in L%(R), then

DLW, W) = (n+1)%, Ve N, (4.11)
k=0
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and the estimate is optimal, in the sense that if fi are the Hermite functions, then
equality holds in (4.11) and, conversely, given ng € N, if equality holds in (4.11)
for all n < ng, then there exist cx € C with |ck| = 1 such that fi = cihy for all
0 <k <ny.

From Corollary 4.5 we have that if
(LW WD) <A, Yjeld,

then J must be finite.
Moreover, since

(LW (), W) = 1> (fi) + 12 (fo) + A2 (fo) + A2 (fo) (4.12)

by Lemma 4.2, we have obtained a simple proof of Theorem 1.3 (the sharp Mean-
Dispersion Principle [16, Thm. 2.3]), and then also of Theorem 1.2 (the original
Shapiro’s Mean-Dispersion Principle).

Formula (4.12) says that Corollary 4.5 is exactly a reformulation of Theorem 1.3,
and in this sense Theorem 4.4 and Corollary 4.5 can be seen as Mean-Dispersion
principles related with the Wigner transform. On the other hand we observe that
working with the Wigner transform gives several advantages. First of all we have
more generality since in Theorem 4.4 we can consider different arguments fx, gk
in the cross-Wigner distribution; moreover the proofs with the Wigner transform are
simpler and more self-contained with respect to [ 16]. Another advantage is that we have
information on the Wigner transform of an orthonormal sequence { fi }xeN, rather than
on fj and fk themselves, and this gives more possibilities on how such information
can be treated and written. In Sect. 5 we give a Mean-Dispersion principle on the trace
of the covariance matrix associated to the Wigner transform; here we start by noting
that, from Proposition 2.2, the quantity 12 ( fr) + u2(fx) + A2(fi) + AZ(fx) in (4.12)
can be written not only as (ﬁ W (fx), W(fr)), but also through many other operators,
as we can see in the following examples.

Example 4.6 For all f € L?(R) with || f|| = 1 and finite associated mean and variance
of fand f

W2+ 1) + A2(f) + AX(f) = (M f, f) + (D, f)

by Proposition 2.2(a), (b). Therefore formula (1.7) for an orthonormal sequence
{ fihkeny, in L2(R) can be rewritten as

n

D UM+ D) fi. fi) = (n+ 12 ¥n e N.
k=0
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Example 4.7 For all f € L2(R) with || f|| = 1 and finite associated mean and variance
of f and f we have from Proposition 2.2(g), (h), (k), (I):

1
<[Z(D‘2 + D}) + (M7 + M%)} W), W(f)>
= A (N) + 2D+ 12 + 12 ()
and hence for an orthonormal sequence { fi }ren, C Lz(R)

DUPW (). W(f)) = (n+ 1%, Vn e N,
k=0

for P = 1(D? + D3) + (M? + M2), by Theorem 1.3.

We can also combine, for example, the operators of Examples 4.6 and 4.7, or add
combinations of Dy, Dy, M1 D1 — M3 D>, by Proposition 2.2(e), (f), (i), (j).

5 Covariance

In this section we give an uncertainty principle involving the trace of the covariance
matrix of the square of the Wigner distribution |W ( f)(x, &) |2, and explore its relations
with Theorem 1.3.

To this aim, let us first recall some notions about mean and covariance for a function
of two variables p(x, y) € L' (R?). We set

px(x) 1= fR PG, Wy, pr(y) = fR p(x, Ydx, 5.1)
and then consider the means
M(X) := fR xpx(x)dx,  M(Y):= /R yoy (y)dy, (5.2)
and the covariances
CX.Y):= /R &= M)y = M(¥))p(x, y)dxdy = C(Y, X)
C(X.X) = fR [ = M(X))*p(x, y)dxdy
C(Y.Y)= fR 0= M¥)?p(x, y)dxdy.

The covariance matrix

C(X,X)CX,Y)
CY,X)Ccr,y)
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is symetric and its frace is given by

CX.X)+C(Y.Y) = /R (6= M0 + (= M))?) o, y)dxdy
=/ (% +y?)p(x, y)dxdy
RZ
—2M(X) / xp(x, y)dxdy — 2M(Y) f yo(x, y)dxdy
]RZ RZ
+(M?(X) + M*(Y)) /2 o(x, y)dxdy. (5.3)
R

If p(x, y) has null means M (X) = M(Y) = 0, then (5.3) represents the trace of the
covariance matrix of p(x, y).

For f € L*(R) we can consider p(x, £) = |W(f)(x, £)|*> € L' (R?) since W(f) €
L?(R?). It is then interesting to consider the quantity in (5.3)

fRz(x2 +EDIW (N, £)Pdxds,

which is related to means and variances of f and f ; indeed, if f € L*(R) with
Il £ = 1, by Proposition 2.2(k), (I) we have

/R O+ EDIW (), )P dxds

= (M} + MHW(f), W(f)) (5.4)
1 ~ 1 ~

=12 (f) + 5A2<f> + 12 (f) + 5A2<f> (5.5)

> 2020p) + k2 + 220 + A2(F 56

> S 1) + A2(f) + A%() (5.6)

and the equality in (5.6) holds if and onlyA if u(f) = pu( f ) = 0. In particular, since
the Hermite functions satisfy w(hy) = w(hx) = 0 by [16, Ex. 2.4], from Theorem 1.3
we have the following:

Theorem 5.1 If { fi }keN, is an orthonormal sequence in L%(R), then

n l 2
Z/IR2(X2+§2)|W(fk)(x’f)|2d)€d§ > (”Z C wnenye 6
k=0

Moreover, given ng € N, the equality holds for all n < nq if and only if there exist
cr € Cwith |ck| = 1 such that fy = cxhy forall 0 < k < ny.

Proof The inequality (5.7) immediately follows from (5.6) and Theorem 1.3. If f; are
multiples of the Hermite functionsAckhk with |cx| = 1, then the equality holds because
of (5.5), the fact that w(hy) = u(hr) = 0, and Theorem 1.3.
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In the other direction, if the equality holds in (5.7) for all n < no, then from (5.5)
we have, for n < ny,

" . 1 1 R (n+1)2
D) + 1P (fo) + 58 (fi) + 5 A2 (fo) = —
k=0
and hence, from Theorem 1.3:
u(fi) = n(fi) =0 VO<k<n
n
D (A (fo) + A% (fi) = (n+ 1)
k=0
Then we conclude from Theorem 1.3. O

Let us remark that from Theorem 5.1 we immediately get the following uncertainty
principle for the covariance matrix:

Corollary 5.2 If {f;}jecs is an orthonormal sequence in L2(R) with zero means

w(fj) = ,u(fj) = 0, and if the trace of the covariance matrix of |W (f;)(x, £))?
is uniformly bounded in j, then J is finite.

Proof From Proposition 2.2(c), (d) we have that

M(X) = /]RZ X|W(fo)(x, &)Pdxde = (MW (fi), W(f)) = n(fi) =0
MY) = (MaW (fi), W(fi)) = n(fi) =0
by assumption, and hence from (5.3):

C(X,X)+C(Y,Y) = /Rzu’*’ + EDW (o) (x, &) dxdE.

The thesis thus immediately follows from Theorem 5.1. O

Note that Corollary 5.2 can be stated also in terms of the variances of [W ( f;)(x, §) |2
since, in general, the variances

V(X) = /R (x — M(X))?px (x)dx,
V(Y) = /R (v = M) py (3)dy,

for px, py, M(X), M(Y) defined as in (5.1)-(5.2), satisfy:
CX,X)=V(X), CI,Y)=V(),

if p(x,y) € L'(R?).
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6 Cohen Classes

Infinitely many operators playing the same role as in the previous sections may be
constructed by means of the Cohen class

Q(f,g)=\/%—ﬂ6*W(f,g), /.8 € SMR),

for some tempered distribution o € S'(R?). For f, g € S(R) we have W(f, g) €
S(R?), and then O(f, g) is well-defined forevery o € S '(R2). As for the Wigner we
define

Olw] = «/%_n o x Wiglw], w e S(R?).

If o = F~ (e 'PEM) ¢ S'(R?) for some polynomial P € R[£, n], we have the
following result (see [3, Thms. 3.1 and 3.2]):

Theorem 6.1 Let B(x,y, Dy, Dy) be a linear partial differential operator with poly-
nomial coefficients and let o = F~ (e 1P €M) e S/(R?) for some P € R[E, n). Then
for every w € S(R?):

(i)
Q[B(My, M3, Dy, Dy)w]

1 1 1 1
=B <M1 - 502 —Pi,Mi+-Dy—P,-D1+Mr— P>, D1 — M + Pz) QOlw]

2 2 2
for
Py = (@D1P)(D1, D2), Py=(iD2P)(D1, D2). (6.1)
(ii)
B(M1, M>, Dy, D>) Qw]
:Q[B(MJFPI*,¥+P§,D1+D2,M2—M1)w}
for

P/ =(iD\P)(D1+ Dy, My — M), Py = (iD2P)(Di + D2, M — M)).
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Let us remark that if 0 = F~1(e7?PEM) then |6| = 1 and hence, for all
fi, 2, 81, &2 € SR), from (2.7) and (2.12):

1
3 o x Wi g1). 0% W(f2. 82))
b4

1 —_— —
E(f—l(\/ﬁ 6-W(f1.g1)). F \(V2m 6 - W(f2. g2)))

(Q(f1.81), Q(f2. 82))

(6 - W(fi. 80,6 - W(f2 g2))
= (I6PW (1, g1). W(f2, 22)) = (W(f1, g1). W(f2, 2))
= 81.82)

W(f1, g1, W(f2, &) = (f1, f2)(g1. &2), (6.2)

since m =27 f- 8.

Moreover:

Theorem 6.2 Let { fi}ren, C S(R) be an orthonormal basis in L*(R) and Q, o as in
Theorem 6.1. Then {Q(f}, fi)}j keN, is an orthonormal basis in L2(R?).

Proof Let us first remark that Q(f;, fi) € S (R?) < L*@R?). Moreover
{O(fj. fi)}j keN, is an orthonormal sequence by (6.2).
We only have to prove that if F € L?(R?) satisfies

(F, Q(fj, fi)) =0, Vj, k€N,

then F = 0 a.e. in R? (see [7, Thm. 3.4.2]). Let G = F~'(F /&) € L2(R?), so that
from (2.7)
0= (F,Q(fj, fi)) = (£, 0(fj, fi)) = (G - 6,6 - W(Sj, i)
= (162G, W(f;, ) = (G, W(Jj, f)) = (G, W(fj, fi)), Vi, keN,

which implies G = 0 a.e. in R? since {W(fj, fi)}jkeN, is a basis in L2(R?) by
Theorem A3.1. A
Then F = G -6 =0,i.e. F =0ae.in R% O

Let us remark that if f, g € S(R) c L?(R) with || f|| = |g|l = 1 then, by
Lemma 4.2, (6.2) and Theorem 6.1, we have

12(9) + 12 (8) + A%(g) + A2(§)
=(LW(f, ), W(f.2)
= (W(f, (M*+ D*)g), W(f, ) = (Q(f, (M* + D})g), O(f, &)

1 2 2
:<|:(M1+2D2—P1) +(§DI—M2+P2> }Q(f,g),Q(f,g)> 6.3)

for Py, P> asin (6.1).
Then Theorem 4.4 can be rephrased as follows, for any choice of P € R[¢, n]:
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Theorem 6.3 Let { fi}reny, {8klken, C SR) be two orthonormal sequences in
L%(R). Then

n

D ALO(fi, g1, Q(fxs gr)) = (n+1)%,  ¥n € N, (6.4)

k=0

for any linear partial differential operator L of the form

8 1 2 2
LMy, M, Dy, D) = (Ml + 502 - Pl) + (501 — M, + Pz)

with

Py = (iDP)(Di1, D), P, =(iDyP)(D1, D),
PeR[E ], o=F " PED),

1
= — w .
O(fi, k) ma * W(fk, &)

Example 6.4 Let P(D;, D>) = 1D D,. Then

. 1
Pi=iDiPEL )| e py.0y) = > D2

. 1
P2 = ZDZP(élv€2)|(&-1’S2):(D1’D2) = EDI

and hence

Z—M+1D 1D 2+ lD M+1D ’
= 12222 21 221

= M} + (D) — My)*.

Therefore, by Theorem 6.3, we obtain
n
D M+ (D1 = M) Q(fi, fi), Qe fO) = (n+1)%, ¥n € Np.

k=1

Example 6.5 Similar results can be obtained considering the operator P (M1, M) =
M? + M3 in (5.4) instead of L and then Theorem 5.1 instead of Corollary 4.5. Indeed,
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for f € S(R) with || f|| = 1 we can write, by Proposition 2.1, (6.2) and Theorem 6.1:

(M? +MDW (), W(f))
1 1 _
= <Wig [(Z(Ml + Ma)? + 2 (01— D2)2> f® f} : W(f)>

1 _
= (oI + My)* + (D1 — D2)*) f ® f1, Q(f))

1

1 1 2
= 4_L<<M] - EDZ — P+ M+ §D2 - Pl) owN., Q(f)>

1/ 1 ’
+Z<<§D1+M2_P2_§D1+M2_P2) Q(f)v Q(f)>

= (M) — P))* + (M — P))Q(f), Q(f))

for any Py, P> asin (6.1).
It follows that if { fx }xen, C S(R) is an orthonormal sequence in L2(R), then, from
Theorem 5.1,

n

D AL* O (), Q(fi) =

k=0

(n+1)?
2 9

Vn € Ny, (6.5)

for any linear partial differential operator L* of the form
L*(My, Mz, Dy, Dy) = (My — Py)* + (M2 — P»)?
with
Py =(@iDP)(D1, D2),  P»=(iD2P)(D1, D),

PeR[E,nl, o=F e PEMD)

1
= ——o0x W(fp).
O(fi) Norhd (fi)

Remark 6.6 Any linear operator T : L?(R?) — L2(R?) (not necessarily everywhere
defined) satisfying, for some orthonormal sequence { fi }xen, C L2(R),

n

D ATW (S, f), Wi, fi)) = (n+1)?,  Vn e N, (6.6)

k=0
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cannot be a bounded operator on L?(R?). Indeed, assuming by contradiction that T
is bounded, by Theorem 3.1 we would have, for all n € Ny:

(n+ 17 < Y ATW(fi, f), WS, )

k=0

n
< ATl eqz i IW e fOll72 = 4+ DIT 22 12
k=0

which gives a contradiction for large n. The above considerations can be applied to
the partial differential operators with polynomial coefficients appearing in the various
results where we have proved estimates of the kind of (6.6). This is not surprising
since all non-constant differential operators with polynomial coefficients are in fact
unbounded in L2(R").

7 Riesz Bases

In this section we consider a general Riesz basis of L2(R) instead of an orthonormal
basis. We recall that a Riesz basis in a Hilbert space H is the image of an orthonormal
basis for H under an invertible linear bounded operator. In particular, if {ux}ren,
is a Riesz basis for L2(R), we can find an invertible linear bounded operator U :
L?(R) — L%(R) such that

Ur(ur) = hg,  Vk € Ny,
for the Hermite functions {4 }xecn,. Moreover (see [7, Lemma 3.6.2])

0 < Cy := inf Jlug|® < sup Jlux|®> =: C2 < +00. (7.1)
keNp keN

We can thus generalize Theorem 4.4 to Riesz bases:

Theorem 7.1 If{uy}ren, and {vi}ren, are Riesz bases for LZ(R) and L is the operator
in (1.4), then for all n € Ny

" 105 1% 2,12 n+1 ’
E (LW (ug, vi), Wug, vg)) > 7 v 3 (72)
k=0 ”Ul ||£(L2’L2) ||U2 HE(LZ,LZ) ”UZ”[:(LZ’LZ)

where U : L2(R) —» LX(R), Jj = 1,2, are such that Uy (uy) = hy and U (vi) = hy,
for the Hermite functions hy. defined in (1.8), and [x] denotes the integer part of x.
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Proof As in (4.8)-(4.9) we obtain that

n +00 +00
D LW (g, vg). W g, v0)) = Z wi, )P | Y o he) PE+ D)
k=0 k= j=0 =0
+
= ||uk||2|<vk, he)[*2E + 1),
£=0 k=0

and we can suppose that the series in the right-hand side is convergent, otherwise (7.2)
would be trivial. We thus obtain, for the constant C| defined in (7.1):

+00 n
Z<LW<uk V), W, ve) = Cr Y > (o, he) FQ2E+ 1) = C Zag(zul)
k=0 £=0k=0 £=0
(7.3)
for
Z| v, he)|? < Z| vk, he)|* < Bllhe|)* =

for B = ||U; " ||2£( 12,12, because of [7, Prop. 3.6.4].

We have

+oo +oo n n 400 n

Dlar= Y Y Mo hd)P =) Ko ho)P =) ul® = Ci(n+ 1),

£=0 £=0 k=0 k=0 £=0 k=0

. . »
for C1 := infeeny |vkl|*. Note that 0 < C1 < supgen, 105 17 12 1) 1l* =

Let us now assume n > éﬁ — 1 so that
1

1~
mZZI:n+ Cl]—lENO

B
and write
+o00
Ciln+ 1) <) ag=ao+-+an+ Ry
=0
with

3

>m+1

@ Springer



159 Page320f35 C. Boiti et al.

If R, = 0, then "TTICN‘I € Nand g = --- = a;,, = B because otherwise or

m+1<%6~‘] oray < Bforsomek =0,...,mand

~ n+1-~ ~
C](n+1)§oto+-~-+am<B'TC] =m+1)Cy

would give a contradiction. It follows that setting

0 if Ry = 0
Cl =
R =T M)
m

we have ¢, > 0 and oy + ¢y Ry, = B forall0 < k < m.
Moreover, if R, > 0

n—+1

(co+ -+ cm)Rm = B[ 61}—(ao+~--+am>

Ci(n+1) — (o + -+ aw) < Ry.

IA

It follows that cg + - - - 4+ ¢, < 1 and hence, for all n > éﬁ -1,
1

+00 m
Z(xe(ZZ—i—l):ZaZ(ZE—}—l)—l— Z 20+ 1)
=0 =0 >m+1

> @A D+ (ot tem) Y el+1)

=0 >m+1
m
=Y @4+ Y ar@AD+tem Y al+1)
—— — —
=0 >m—+1 >m+1

>1 >2m+1

= (o +coRp) -1+ -+ (@n + cnRp) -Cm + 1)
— —
=B =B

" n+1 2
= BZ(2k+ )=Bm+1)>=8B [—Cl] )
k=0 B

Note that the above inequality is trivial if %C‘ 1 < 1 so that from (7.3) we have, for
alln € Ny,

n

. 1.7
Z<LW(uk,vk>,W(uk,vk)>zclB[”; cl} . (7.4)
k=0

Let us now remark that, from the continuity of U; : L*(R) - L3(R), j = 1,2,
L=llhellp2 = WUl gee2 2y - Nuilizz, 1= llhellp2 < 102l g2, p2y - okl 2
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for every k € Ny, and therefore

1 -
Ci = inf lugl?r > ————, Ci = inf o), > :
keNo o T U 20 keNo - E T 1027 g0 g0
Since B = ||U2_1 HZL(LZ 12y We finally have from (7.4) that

o U502, s I 2
S EW e v). W, vy > ———=E D -
k=0 ||U1”L(L2,L2) ||U2 ”ﬁ(LZ,LZ)”Uz”ﬁ(LZ,LZ)

for all n € Ny.

From Theorem 7.1 and Lemma 4.2 we have the mean-dispersion principle for Riesz
bases:

Corollary 7.2 Let {uj }xen, be a Riesz basis in L2(R), with U (uy) = hy, for the Hermite
Sunctions {hi}ken, defined in (1.8). Then for alln € Ny

f(Az(u )+ A2G0) + 12 w) + R ) > ——— [ nt T
k k k k) = )
o PRl TRIETE
where || - | = || -l g¢z2, 12y

Proof From Lemma 4.2 we have that
(LW (ui), Wur)) = g I* (A% up) + A% (@) + 1 ) + 12 Gig)).
Since |[ug| < U™ - |lhell = |U ™", by Theorem 7.1 we obtain:
n
D (AT ) + A () + P () + pP (i)
k=0

1 " R A
= U114 Z NI (A% ug) + A2k + w2 () + i)
k=0

1 [ n+1 T
U120 LIIo-Y2u? ] -

O
Note that if the Riesz basis {uy }xen, is orthonormal, then ||U|| = 1 since
+o00 +o0
U() =D (fruU) =Y (f.udhe.  fe€L*R),
k=0 k=0
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and hence ||U(f)|l;2 = | fll 2 forall f € L%(R).

From Corollary 7.2 in the case of orthonormal Riesz bases we thus find again (1.7),
i.e. Shapiro’s Mean Dispersion principle. This improves [16, Cor. 2.8] for |U| =
1, where a weaker estimate is obtained with respect to Shapiro’s Mean Dispersion
principle [16, Thm. 2.3].
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