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Abstract

We consider invariant covariant derivatives on reductive homogeneous spaces corre-
sponding to the well-known invariant affine connections. These invariant covariant
derivatives are expressed in terms of horizontally lifted vector fields on the Lie group.
This point of view allows for a characterization of parallel vector fields along curves.
Moreover, metric invariant covariant derivatives on a reductive homogeneous space
equipped with an invariant pseudo-Riemannian metric are characterized. As a by-
product, a new proof for the existence of invariant covariant derivatives on reductive
homogeneous spaces and their the one-to-one correspondence to certain bilinear maps
is obtained.
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1 Introduction

Reductive homogeneous spaces play arole in a wide range of applications from math-
ematical physics to an engineering context. Without going into details, geodesics and
parallel transport are certainly of interest. These notions can be defined with respect
to invariant covariant derivatives which correspond to the well-known invariant affine
connections from the literature. In fact, the existence of invariant affine connections on
areductive homogeneous space G/ H with a fixed reductive decomposition g = hédm
and their one-to-one-correspondence to Ad(H )-invariant bilinear maps m x m — m
were proven in [1].
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The initial motivation for this text was to derive a characterization of parallel vector
fields along curves generalizing [2, Lem. 1] to an arbitrary reductive homogeneous
space equipped with some invariant covariant derivative. In order to obtain such a
characterization, given in Corollary 4.27 below, we express an arbitrary invariant
covariant derivative on G/H associated to an Ad(H )-invariant bilinear map m x
m — min terms of horizontally lifted vector fields on G. This expression generalizes
formulas for the Levi-Civita covariant derivative on G/H in terms of horizontally
lifted vector fields from the literature, where G is equipped with a bi-invariant metric
and G/H is endowed with a pseudo-Riemannian metric such that G — G/H is a
pseudo-Riemannian submersion. Indeed, in the proof of [2, Lem. 1], a formula for the
Levi-Civita covariant derivative on a pseudo-Riemannian symmetric space in terms of
horizontally lifted vector fields is obtained. Moreover, a formula for the Levi-Civita
covariant derivative in terms of horizontal vector fields is derived in [3, Sec. 4.2] for
certain homogeneous spaces of compact Lie groups equipped with bi-invariant metrics.
Here we also mention the recent work [4], where similar questions are independently
discussed in the context of spray geometry.

We now give an overview of this text. We start with introducing some notations
in Sect.2. Moreover, in Sect.3, we recall some facts on reductive homogeneous
spaces and discuss the principal connections defined by reductive decompositions.
After this preparation, we come to Sect.4, where invariant covariant derivatives are
investigated in detail. In Sect. 4.1, we show that an invariant covariant derivative is
uniquely determined by evaluating it on certain fundamental vector fields of the left
action G x G/H > (g, ¢ - H) — (gg') - H € G/H. Afterwards, we express an
invariant covariant derivative V¥ corresponding to an Ad(H )-invariant bilinear map
o:m x m — minterms of horizontally lifted vector fields on G as follows. For two
vector fields X and Y on G/ H whose horizontal lifts are the vector fields on G denoted
by X and Y, respectively, we express the horizontal lift V¢Y of V§Y in terms of X and

Y. The exact expression for W is obtained in Theorem 4.15. As a by-product, a new
proof for the existence of invariant covariant derivatives associated to Ad(H )-invariant
bilinear maps m x m — m is obtained. Moreover, the formula from Theorem 4.15 is
used to derive the curvature of V¥ in Sect. 4.2 In addition, we characterize invariant
metric covariant derivatives if G/H is equipped with an invariant pseudo-Riemannian
metric. In Sect. 4.4, we turn our attention to vector fields along curves. In particular,
the expression of V¢ in terms of horizontally lifted vector fields from Theorem 4.15
allows for characterizing parallel vector fields along curves on G/H in terms of an
ODE on m. In addition, we obtain a geodesic equation for the reductive homogeneous
space G/ H equipped with an invariant covariant derivative. If this geodesic equation
is specialized to a Lie group endowed with some left-invariant metric, the well-known
geodesic equation from [5, Ap. 2] is obtained. Finally, we discuss the canonical invari-
ant covariant derivatives of first and second kind which correspond to the canonical
affine connections of first and second kind from [1, Sec. 10].
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2 Notations and Terminology

We start with introducing the notation and terminology that is used throughout this
text.

Notation 2.1 We follow the convention in [6, Chap. 2]. A scalar product is defined as
a non-degenerated symmetric bilinear form. An inner product is a positive definite
symmetric bilinear form.

Next we introduce some notations concerning differential geometry. Let M be
a smooth (finite-dimensional) manifold. We denote by TM and T*M the tangent
and cotangent bundle of M, respectively. For a smooth map f: M — N between
manifolds M and N, the tangent map of f is denoted by Tf: TM — T N. We write
€°°(M) for the algebra of smooth real-valued functions on M.

Let E — M be a vector bundle over M with typical fiber V. The smooth sections
of E are denoted by I'*°(E). We write End(E) = E* ® E for the endomorphism
bundle of E. Moreover, we denote by E ® Sk E and AXE the k-th tensor power, the
k-th symmetrized tensor power and the k-th anti-symmetrized tensor power of E. If
T e T®((T*M)®* @ (T M)®") is a tensor field on M and X € ' (T M) is a vector
field on, we write Zx T for the Lie derivative. The pull-back of a smooth function
x: N — R by the smooth map f: M — N is denoted by f*x =xo f: M — R.
More generally, if @ € ' (A*(T*N)) ® V is a differential form taking values in a
finite dimensional R-vector space V, its pull-back by f is denoted by f*w.

Concerning the regularity of curves on manifolds, we use the following convention.

Notation 2.2 Whenever ¢c: I — M denotes a curve in a manifold M defined on an
interval I C R, we assume for simplicity that c is smooth if not indicated otherwise.
If I is not open, we assume that ¢ can be extended to smooth curve defined on an open
interval J C R containing 1. Moreover, we implicitly assume that O is contained in 1
if we write 0 € I.

Notation 2.3 If not indicated otherwise, we use Einstein summation convention.

3 Background on Reductive Homogeneous Spaces

In this section, we introduce some more notations and recall some well-known facts
concerning Lie groups and reductive homogeneous spaces. Moreover, the principal
connection on the H -principal fiberbundle G — G/ H obtained by areductive decom-
position is discussed in detail.

3.1 Lie Groups

We start with introducing some notations and well-known facts concerning Lie groups
and Lie algebras. Let G be a Lie group and denote its Lie algebra by g. The identity
of G is usually denoted by e. We write

le: G — G, h> ly(h)=gh 3.1)
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for the left translation by g € G and the right translation by g € G is denoted by
rg: G — G, hw>rg(h)=hg. 3.2)
The conjugation by an element g € G is given by
Conjg: G—>G, h— Conjg(h) = (lgorg-1)(h) = (rg-1 04g)(h) = ghg*ﬂ3.3)
and the adjoint representation of G is defined as
Ad: G — GL(g), g+ Ady = (§ = Ad,y(§) = T.Conj,§). (3.4)
Moreover, we denote the adjoint representation of g by
ad: g — gl(@), &~ (n+> ads () = [£, n)). (3.5)

Next we recall [7, Def. 19.7]. A vector field X € I'*°(T G) is called left-invariant or
right-invariant if for all g, k € G

Tl X(k) = X(£g (k) or  TirgX (k) = X (rge(k)), (3.6)

respectively, holds. For £ € g, we denote by £L € I'™*(T'G) and £R € I'*(T G) the
corresponding left and right-invariant vector fields, respectively, which are given by

£l(g) =Tl and £R(g) = Turet, ge€G. (3.7)
We write
exp: g — G. (3.8)

for the exponential map of G.

3.2 Reductive Homogeneous Spaces

Next we recall some well-known facts on reductive homogeneous spaces and introduce
the notation that is used throughout this text. We refer to [7, Sec. 23.4] or [6, Chap.
11] for details.

Let G be a Lie group and let g be its Lie algebra. Moreover, let H C G a closed
subgroup whose Lie algebra is denoted by ) € g. We consider the homogeneous space
G/H. Then

1:GxG/H— G/H, (g,¢ -H)w (gg) -H (3.9)
is a smooth action of G on G/H from the left, where g - H € G/H denotes the coset

defined by g € G. Borrowing the notation from [7, p. 676], for fixed g € G, the
associated diffeomorphism is denote by
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te: G/H — G/H, g -Hwr> 1,(¢ - H) = (gg)- H. (3.10)
In addition, we write
pr:G— G/H, g—pr(g)=g-H (3.11)

for the canonical projection.
Since reductive homogeneous spaces play a central role in this text, we recall their
definition from [7, Def. 23.8], see also [1, Sec. 7] or [6, Def. 21, Chap. 11].

Definition 3.1 Let G be a Lie group and g be its Lie algebra. Moreover, let H € G
be a closed subgroup and denote its Lie algebra by h C g. Then the homogeneous
space G/H is called reductive if there exists a subspace m C gsuchthatg=hdm
is fulfilled and

Adjp(m) Cm (3.12)

holds forall h € H.

Following [7, Prop. 23.22], we recall a well-known property of the isotropy repre-
sentation of a reductive homogeneous space. This is the next lemma.

Lemma 3.2 The isotropy representation of a reductive homogeneous space G | H with
reductive decomposition g = H @& m

H>h+— Tpr(e)Th € GL(Tpr(e)G/H) (3.13)
is equivalent to the representation

H — GL(m), h> Ady| = (X > Adj(X)), (3.14)

Torey T o Tepr,, = Tepr o Ady |, (3.15)

is fulfilled for all h € H.

Notation 3.3 Ler g = §h @ m be a reductive decomposition of g. Then the projection
onto m whose kernel is given by V) is denoted by pry, : g — m. We write pry: g — b
for the projection whose kernel is given by m. Moreover, we write for & € g

§m =pr(§) and &y = pry(§). (3.16)
A scalar product (-, -): m x m — R is called Ad(H)-invariant if

(Adp(X), Adp(V)) = (X, Y) (3.17)
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holds forallz € H and X, Y € m, see e.g [6, p. 301] or [7, Sec. 23.4] for the positive
definite case. Reformulating and adapting [7, Def. 23.5], we call a pseudo-Riemannian
metric (¢, -)) € T®°(S?*T*(G/H)) invariant if

{vps wphp = (Tptevp, TpTewple(p), P € G/H, vp,wy € Tp(G/H) (3.18)

holds for all g € G. In the next lemma which is taken from [6, Chap. 11, Prop. 22], see
also [7, Prop. 23.22] for the Riemannian case, invariant metrics on G/H are related
to Ad(H)-invariant scalar products on m.

Lemma 3.4 By requiring the linear isomorphism Tgpr}m: m — Tpe)(G/H) to be
an isometry, there is a one-to-one correspondence between Ad(H )-invariant scalar
products on m and invariant pseudo-Riemannian metrics on G/ H.

Naturally reductive homogeneous spaces are special reductive homogeneous
spaces. We recall their definition from [6, Chap. 11, Def. 23].

Definition 3.5 Let G/H be a reductive homogeneous space equipped with an invari-
ant pseudo-Riemannian metric corresponding to the Ad(H )-invariant scalar product
(-,-): m x m — R. Then G/H is called a naturally reductive homogeneous space if

(X, YIm, Z) = (X, [Y, Z]m) (3.19)

holds forall X, Y, Z € m.

The following lemma can be considered as a generalization of [7, Prop. 23.29
(1)-(2)] to pseudo-Riemannian metrics and Lie groups which are not necessarily con-
nected.

Lemma 3.6 Let G be a Lie group and denote by g its Lie algebra. Moreover, let G be
equipped with a bi-invariant metric and let (-, -): g X g — R be the corresponding
Ad(G)-invariant scalar product. Moreover, let H C G be a closed subgroup such that
its Lie algebra by C g is non-degenerated with respect to (-, -). Then G/ H is a reductive
homogeneous space with reductive decomposition g = b @ m, where m = bt is the
orthogonal complement of b with respect to (-, -). Moreover, if G/ H is equipped with
the invariant metric corresponding to the scalar product on m that is obtained by
restricting (-, -) to m, the reductive homogeneous space G/ H is naturally reductive.

Proof The claim can be proven analogously to the proof of [7, Prop. 23.29 (1)-(2)] by
taking the assumption h @ h* = h @ m = g into account. O

Remark 3.7 Inspired by the terminology in [7, Sec. 23.6, p. 710], we refer to the nat-
urally reductive homogeneous spaces from Lemma 3.6 as normal naturally reductive
homogeneous spaces.

We end this subsection with considering another special class of reductive homo-
geneous spaces. To this end, we state the following definition which can be found in
[8, p. 209].
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Definition 3.8 Let G be a connected Lie group and let H be a closed subgroup. Then
(G, H) is called a symmetric pair if there exists a smooth involutive automorphism
o: G — G, i.e. an automorphism of Lie groups fulfilling o> = o, such that (H,)o <
H C H, holds. Here H, denotes the set of fixed points of o and (H, )¢ denotes the
connected component of H, containing the identity e € G.

Inspired by the terminology used in [7, Def. 23.13], we refer to the triple (G, H, o)
as symmetric pair, as well, where (G, H) is a symmetric pair with respect to the involu-
tive automorphismo : G — G. These symmetric pairs lead to reductive homogeneous
spaces which are called symmetric homogeneous spaces if a certain “canonical” reduc-
tive decomposition is chosen, see e.g. [1, Sec. 14]. Note that the definition in [1, Sec.
14] does not require an invariant pseudo-Riemannian metric on G/ H.

The next lemma, see e.g. [1, Sec. 14], shows that a symmetric homogeneous space
is a reductive homogeneous space with respect to the so-called canonical reductive
decomposition. Here we also refer to [7, Prop. 23.33] for a proof.

Lemma 3.9 Ler (G, H, o) be a symmetric pair and define the subspaces of g by
h={Xeg|T.ocX=X}Cg and m={Xeg|T,0cX =—-X}Cg. (320

Then g = b @ m is a reductive decomposition of g turning G/H into a reductive
homogeneous space. Moreover, the inclusion

[m,m]Ch (3.21)

is fulfilled.

Next we define symmetric homogeneous spaces and canonical reductive decompo-
sitions following [1, Sec. 14].

Definition 3.10 Let (G, H, o) be a symmetric pair. Then the reductive decomposition
g = bh @& m from Lemma 3.9 is called canonical reductive decomposition. Moreover,
the reductive homogeneous space G/H with the reductive decomposition g = h G m
is called symmetric homogeneous space.

For pseudo-Riemannian symmetric spaces we state the next remark following [6,
Chap. 11, p. 317], see also [7, Sec. 23.8] for the Riemannian case.

Remark 3.11 Let (G, H, o) be symmetric pair and let G/ H be the associated symmet-
ric homogeneous space with canonical reductive decomposition g = hdm. Let G/H
be equipped with an invariant pseudo-Riemannian metric and let (-, -): m x m — R
be the associated Ad(H )-invariant scalar product. Then G/H is a naturally reduc-
tive homogeneous space since [m, m] C b implies that the condition on the scalar
product (-, -) from Definition 3.5 is always satisfied. In the sequel, we refer to sym-
metric homogeneous spaces equipped with an invariant pseudo-Riemannian metric as
pseudo-Riemannian symmetric homogeneous space or pseudo-Riemannian symmet-
ric spaces, for short.
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3.3 Reductive Decompositions and Principal Connections

In this section, we consider G as a H-principal fiber bundle over G/H and discuss
certain principal connections on pr: G — G/H. For general properties of principal
fiber bundles and connections, we refer to [9, Sec. 18-19] and [10, Sec. 1.1-1.3].

Let G be a Lie group and H C G be a closed subgroup. It is well-known that
pr: G — G/H is a H-principle fiber bundle, see e.g. [9, Sec. 18.15], where the base
is the homogeneous space G/H. The H-principal action on G is denoted by

<:GxH—G, (g.h)r gah=r(g) =Ls(h) =gh, (3.22)

if notindicated otherwise. We now assume that G/ H is areductive homogeneous space
and the reductive decomposition g = b @ m is fixed. This reductive decomposition
can be used to obtain a principal connection on pr: G — G/H, see [11, Thm. 11.1].
Although this fact is well-known, we provide a detailed proof in order to keep this text
more self-contained. To this end, we recall a well-known fiber-wise expression for the
vertical bundle of pr: G — G/H which follows for example from [9, Sec. 18.18].
We have for fixed g € G by [10, Lem. 1.3.1], see also [9, Sec. 18.8]

Ver(G), = {%(g <exp(tn))],_o | 1 € b} = (TLy)h. (3.23)

The next proposition provides explicit formulas for the principal connection and the
associated principal connection one-form on G — G/H defined by a reductive
decomposition.

Proposition 3.12 Considerpr: G — G/H asa H-principal fiber bundle, where G | H
is a reductive homogeneous space with a fixed reductive decomposition g = ) @ m
and define Hor(G) € TG fiber-wise by

Hor(G), = (Tolg)m, ge€G. (3.24)

Then Hor(G) is a subbundle of T G defining a horizontal bundle on T G, i.e. a com-
plement of the vertical bundle Ver(G) = ker(Tpr) € T G which yields a principal
connection on pr: G — G/H. This principal connection P € F°°(End(TG)) corre-
sponding to Hor(G) is given by

P‘g(vg) = T,lg opry o (TeZg)_lvg, geG, v, eT,G. (3.25)
The corresponding connection one-form w € I'*°*(T*G) ® b reads
o, (vg) = pry o (Tely) v, (3.26)

forg € Gandvg € TyG.

Proof Although, this statement is well-known, see e.g. [11, Thm. 11.1], we provide a
proof, nevertheless. Indeed, Hor (G) is a complement of the vertical bundle Ver(G) =
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ker(Tpr) € TG due to g = hh @ m implying TG = Ver(G) @ Hor(G) as desired.
Moreover, P defined by (3.25) is clearly a smooth endomorphism of the vector bundle
TG — G,ie. P € I'°(End(TG)). In addition, P> = P is obviously fulfilled.
Moreover, one has im(P) = ker(Tpr) = Ver(G) and ker(P) = Hor(G) showing that
P is the connection corresponding to the horizontal bundle Hor(G).

We now show that w is the connection one-form corresponding to P by using the
correspondence from [9, Sec. 19.1]. Let n € h and denote by 5¢ the corresponding
fundamental vector field, i.e. we have for g € G

() = 5 (g aexptm)| _y = Sl (exptm)|,_y = Telyn.

By this notation, one obtains for v, € T, G
(w|g(vg))G(g) = Tezg(w|g(vg)) = Tegg(prh o (Teeg)_l(vg)) = P|g(vg)~
Moreover, we have
o[, (n6(8)) = (pry o (Tele) ") Telgn = pry(n) =11

forall n € hproving thatw € I'*°(T*G)®} is the connection one-from corresponding
to P € I'°(End(TG)).

Itremains to show that P is a principal connection. By [9, Sec. 19.1] thisis equivalent
to showing that w has the equivariance property

(Camo)],(vy) = Adj-1 (o], (vg))

forallh € H, g € G and vg € Ty G, where (- < h)*w denotes the pull-back of w by
(<h): P> pr p<h € P.Since g = hh @ m is a reductive decomposition, we
obtain forh € H and & € g

(pry o Adp)(§) = pryy (Ady (&) + Ady(6m)) = Ady (&) = (Ad), o pry)(£)(3.27)

Using (3.27) and the chain-rule, we compute forh € H, g € G and vy € T, G

(¢ <k )] @) = ], (TeC <hy,)
= w|gh(Tgrhvg)
= (pry o (Telgn) ") Tgravg
= pry o Tonly-14-1 0 Tgrpvg
= pry o Tg(€; ' o ;" orp)vg
= pry o To(£y-10rp0 ngl)vg
=pry o T,(¢y-10rp) 0 ngg—lvg
= pry, o T.Conj;-1 o (Teﬂg)_lvg
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= pryy o Adj—1 0 (Tely) v,
= Adj,-1 opry o (Teﬁg)_lvg
= Adj-1 (@], (vy)).

Hence w is the connection one-form corresponding to the principal P. O

By [7, Prop. 23.23], adapted to the pseudo-Riemannian case, we obtain the follow-
ing remark concerning pseudo-Riemannian reductive homogeneous spaces.

Remark 3.13 Let G/ H be a reductive homogeneous space with reductive decomposi-
tion g = h @ m endowed with an invariant pseudo-Riemannian metric corresponding
to the Ad(H )-invariant scalar product (-, -) : m x m — R. By [7, Prop. 23.23], which
clearly extends to the pseudo-Riemannian case, the scalar product (-, -) on m can
be extended to a scalar product (-, -)g on g such that m = ht is fulfilled. Then
pr: G — G/H becomes a pseudo-Riemannian submersion by [7, Prop. 23.23], where
G is equipped with the left-invariant metric defined by (, -) 4. Obviously, the horizon-
tal bundle defined by Hor(G) = Ver(G)+ yields the connection on G which coincides
with the principal connection from Proposition 3.12 defined by the reductive decom-
position g = h & m.

4 Invariant Covariant Derivatives

In this section, we consider the invariant covariant derivatives on a reductive homoge-

noeus space G/H that correspond to the invariant affine connections investigated in

[1]. These invariant covariant derivatives are expressed in terms of horizontally lifted

vector fields yielding another proof for their existence. In particular, this expression

is used to characterize parallel vector fields along curves in terms of an ODE on m.
Throughout this subsection, we use the following notation.

Notation 4.1 Ifnot indicated otherwise, we denote by G/ H a reductive homogeneous
space with a fixed reductive decomposition g = h & m.

4.1 Invariant Covariant Derivatives

We start with introducing the notion of an invariant covariant derivative on a reductive
homogeneous space. In view of the one-to-one correspondence of covariant derivatives
and affine connections, see Remark 4.3 below, the next definition can be seen as a
reformulation of [1, Eq. (2.3) and Sec. 8, p. 43].

Definition 4.2 Let G/H be a homogeneous space. Then a covariant derivative
V: I‘OO(T(G/H)) X FOO(T(G/H)) — FOO(T(G/H)) 4.1
on G/H is called G-invariant, or invariant for short, if

VxY = (fg—l)*(v(rg)*X(Tg)*Y) 4.2)
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holdsforallg € Gand X,Y € I'*® (T(G/H)), where (74)4 X denotes the well-known
push-forward of X by the diffeomorphism 17,: G/H — G/H given by (14).X =
TtgoXo Tg-1.

Obviously, for a fixed g € G the push-forward (74)«X = Ttgo0X o Tg-1 of a vector
field X € F°°(T(G/H)) by t,: G/H — G/H is point-wise given by

((rg)*X)(pr(k)) = Ttg_,(pr(k»rgX(rg_l (pr(k))), pr(k) € G/H. 4.3)

In the next remark, we relate the notion of affine connections from [1] to covariant
derivatives.

Remark 4.3 Let M be a manifold and denote by Endeoo(pyy (F°° (TM )) the endomor-
phisms of the €°°(M)-module I'*°(7T' M). An affine connection is defined in [1] as a
map

1:T®(TM) > X+ 1(X) € Endgooyr) (T(T M)) (4.4)
such that

1(X1+ X)) =1(X) +1(X2) and t(fX)(Y) = f1(X)(¥) + (Zx Ht(X)(Y)
4.5)

holds for all X1, X5, X,Y € I'*°(TM). As pointed out in [12, Sec. 4.5], an affine
connection ¢: I'*°(TM) — Endegoopp (F°°(T M)) defines a covariant derivative
V:I®(TM) x '®(TM) — I'*°(TM) on TM by

VxY =t(Y)(X), X,Y e T(TM). (4.6)

Obviously, the converse is also true. Given a covariant derivative V on T M, Equa-
tion (4.6) yields an affine connection.

In the sequel, we discuss the invariant covariant derivatives on G /H corresponding
to the invariant affine connections on G/H from [1, Thm. 8.1]. This correspondence
is made precise in Proposition 4.18, below.

We first recall the notion of an Ad(H )-invariant bilinear map from [1, Sec. 8].

Definition 4.4 Let G/H be a reductive homogeneous space with reductive decompo-
sition g = b @ m. Then the bilinear map o: m x m — m is called Ad(H )-invariant
if

Ady, (a(X, Y)) = a(Adh(X), Adh(Y)) 4.7

holds for all X, Y € mand h € H. More generally, for £ € N, we call a £-linear map
o: mé — m Ad(H)-invariant if

Adh(ol(X], R Xg)) = Ol(Adh(Xl), R Adh(X()) 4.8)
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holds forall Xi,..., Xy emandh € H.

Remark 4.5 As we have already pointed out in the introduction, the one-to-one corre-
spondence between invariant affine connections and Ad(H )-invariant bilinear maps
m x m — mis well-known by [1, Thm. 8.1]. Nevertheless, the discussion in this text
differs from the discussion in [1]. Inspired by [7, Sec. 23.6], we consider invari-
ant covariant derivatives evaluated at the fundamental vector fields of the action
7: G Xx G/H — G/H at the point pr(e) which already determines them uniquely.
Moreover, we express invariant covariant derivatives on G /H in terms of horizontally
lifted vector fields on G. Beside yielding another proof for the existence of an invariant
covariant derivative associated with an Ad(H )-invariant bilinear map m x m — m,
this point of view allows in particular for an easy characterization of parallel vector
fields, see Sect. 4.4.

4.1.1 Invariant Covariant Derivatives Evaluated on Fundamental Vector Fields

Before we continue with considering invariant covariant derivatives, we take a
closer look on the fundamental vector fields on G/H associated with the action
7: G x G/H — G/H from (3.9). Let X € g. The fundamental vector field
XG/H € I‘OO(T(G/H)) associated with X is defined by

Xe/H(Pr(g) = S Texpex) (Pr(2))],_, (4.9)

for pr(g) € G/H with g € G. In the next lemma, we state some properties of X,/ g .
Note that its third claim is well-known.

Lemma 4.6 Let G/ H be areductive homogeneous space with reductive decomposition
g = b @& m. Moreover, let X € m, let {A1,..., Ay} € m be a basis of m and
let {A', ..., AN} C m* be its dual basis. Let A* € T'°°(Hor(G)) denote the lefi-
invariant vector field on G defined by A; for i € {1,..., N}. Then the following
assertions are fulfilled:

1. The horizontal lift of Xy is given by
Xo/m(g) = A (Ady-1(X))Af (9) (4.10)
forall g € G.

2. Let Y € m and define the smooth functions yi:G 3 g = yl(g =
Al (Adg_1 (Y)) € R, where j € {1, ..., N}. Then one has

(Lo )@Af(€) = X, Y]m. @.11)
3. One has
(tg)« X u (prik)) = (Adg(X))G/H(Pr(k)) (4.12)

forall g € G andpr(k) € G/H.
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Proof We first show Claim 1. To this end, we compute for g € G

Xe/H(Pr(g) = S (Texpx) 0 PO,y
= $(pr o Lexpi)) (@),
= dprory(exptX))|,_, (4.13)
= Typro TpergX
= Tpro X®(g)

showing that X,y is pr-related to the right-invariant vector field X R Next we express
X R in terms of left-invariant vector fields. Let g € G. We now compute

XR(g) = (Tulg o (Toly) " TorgX
=T,lgoTyly10TorgX
=T ly o T(Ly1 0rg)X
=Tl o0 TeConquX
= T,lgAd, 1 (X)

= (Adg10)" (9.

(4.14)

Let P be the principal connection from Proposition 3.12. Then the horizontal lift of
Xgn is given by Xg /g = (idrg — P) o XR because of Xg/m opr = Tpro xR
according to (4.13). Using (4.14) and pr, (Y) = A’ (pr,,(Y))A; = A'(Y)A; for all
Y e g, wehaveforg € G

Xo/u(g) = (idre — P) o X ()
= (id7g — P)(Adg1(X))"(9)
= (Tolg o pryy o (Tely) ") TelyAd,-1 (X)
= Tolg (A (Adg-1(X))A;)
= A'(Ad,-1 (X)) Af (9).

Next we show Claim 2. The curve y: R > ¢ — exp(tX )‘ € G fulfills y(0) = e and
y(0) = X. Therefore we compute, again by pr,,(¥) = A'(Y)A; forallY e g

(&

XG/H

V) @A @) = (53 (r)],_o)A;

T (Adeyp(rx)1 (D) ],_p) A
(A] (dt AdCXP(—tX)(Y) };:0))’41

=A/(—[X,Y])A

=—[X,Y]m

(&>
= (&4

as desired.
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Although a proof of Claim 3 can be found for example in [7, Prop. 23.20], following
this reference, we repeat it here for the reader’s convenience. We compute for g, k € G

((t9)«XG/m) (pr(k)) = (Trg,l(pr(k))fg)XG/H (Tgl(pr(k)))

= (Tr - pran Ts) $exp(0) (Tg-1 (pr() [, g

A exp0g-1 P,
= & Texpuad () (Pr(0))],_,
= (Adg (X)) 5y (Pr(K)),

where (4.3) is used in the first equality and we also exploited Conj, oexp = exp oAd,.
This yields the desired result. O

Itis well-known that there is a one-to-one correspondence between Ad (H )-invariant
tensors on m and invariant tensor fields on G/H, see e.g. [6, Chap. 11, p. 312]. In
the sequel, we need the following lemma which can be regarded as a special case of
this assertion. In order to keep this text as self-contained as possible, we include proof
which is inspired by the proof of [7, Prop. 23.23] and [6, Chap. 11, Prop. 22].

Lemma 4.7 Let G/H be areductive homogeneous space with reductive decomposition
g = h ®m. There is a one-to-one-correspondence between Ad(H )-invariant £-linear
maps d: m* — m with £ € N and tensor fields D € 1""0(T*(G/H)®‘Z ® T(G/H))
on G/H fulfilling

()« (D(X1, ..., X0)) = D((te)+ X1, ..., (Tg)«X¢) (4.15)
forall X1, ..., X, € T®(TM) and g € G by requiring

D| o (TeprXi, ... ToprXy) = Topr(d (X1, ..., X¢)) (4.16)

forall Xy, ..., X, em.

Proof We use ideas that can be found in [7, Prop. 23.23], see also [6, Chap. 11, Prop.
22]. In this proof, we write 0 = pr(e) = e - H € G/H for the coset defined by
eec G.Let D € FOO(T*(G/H)‘X’Z ® T(G/H)) be a tensor field satisfying (4.15).
Using Lemma 3.2, i.e. Tpre)Th © Topr| = Tty o Tepr| = Topr o Ady|  for all
h € H,and Lemma 4.6, Claim 3, i.e. (t3)+Xg/n = (Ad;,(X))G/H forall X € mas
well as T,prX = X¢,n (o) we compute for Xq,..., X, emandh € H

(Tpro Adp)d(X1, ..., Xy))
= (Totp o Topr)d(Xq, ..., X¢)
= (Tow)(D|,(TeprXi, ... TprXy))
= (T,m)D| ((X1)6/u0). - ... (Xe)G/1(0))
= (Trh,l(o)fh)(D((Xl)G/H, ooy (X0 G H) (Th-1(0))
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= ()«(D(XD6/u. - XOo/m))|,

= D((t)+«(XD6/H- - ()« (X)),

= D| ((Ady(XD)G/(0). . ... (Ady(Xe)G/H(0))

= T,pr(d(Adu(X)), ..., Ady(Xp)), (4.17)

where we exploited 7;,(0) = o for all h € H. Thus the tensor field D fulfilling (4.15)
yields an Ad(H)-invariant £-linear map d via (4.16) since Tepr|m :m — Tore)(G/H)
is a linear isomorphism. Conversely, assume that d : m? — misan Ad(H)-invariant ¢-
linear map. Then (4.16) defines a unique invariant tensor field on G/ H fulfilling (4.15)
by setting for v o, ... V¢ € To(G/H)

D| (Wios. s ve0) = Tepr(d((reprym)‘lvl,o, o (Tepr|m)‘1u@,,,)) (4.18)

and definingfor g € G with p = pr(g) = 15(0) € G/H forvyp, ..., vep € T,(G/H)

D|p(v1p, ceVgp) = TU‘L'g(D|0(Tp‘L'g71U1p, e, (TpTg—IU[p))>. (4.19)

We first show that this yields a well-defined expression. Let k € G be another element
with pr(g) = p = pr(k), i.e. there exists a h € H with g = kh and therefore
k™' = hg™" as well as k = gh~! is fulfilled. Using the definition of D in (4.18)
and (4.19), we compute

D|p(v1p, e, ng) = D|pr(k)(v1p, ey vgp)
= Ofk(D|g(Tpfk*1v1p’ Tpfkflvfp))
= (Totg 0 Tot-1) (D], ((Toth © TpTg-1)v1p. .. ..
(Tyth 0 Tptg_l)vgp))
= (Totg o Tot-)(Totn (D| (TpTg-1vip. - ... (TpTg-10p))))
= D|pr(g)(v1p, V),
where the fourth equality follows by a calculation similar to (4.17) exploiting the
Ad(H)-invariance of d : m* — m. It remains to proof that D has the desired invariance
property. To this end, let X1, ..., X, € I'(T(G/H)) be vector fields and let g € G.

Suppressing the “foot points” of the tangent maps, we compute by the definition of D
for g = pr(k) € G/H represented by some k € G

((Tg)*D(Xl’ cees XZ))(Q)
=Tt,0D(Xy,...,Xp)o rg_n(q)
=T7g(Dl; )X (@1 @) Xe(rg1(@))))
= T‘I,'g(T‘l,’g71kD|o(T‘C(g71k)—1Xl('l»'gfl @), ..., TT(gflk)fl XZ(Tgfl (CI)))
= TTkD’()(TTk_l oTtg0Xjo0 Ty @),....Tg-10Ttg0Xg0 Ty (q))
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= TtkD|o(TTk*1 ((Tg)*Xl)(Q)’ R ((Tg)*XE)(CI))
= D| (s X1(@), .., ()4 Xe(9)
= (D((t)e X1, ... (1) X¢))(@).

Thus (1g)«D(X1, ..., X¢) = D((1g)«X1. ..., (tg)«X¢) is shown for all g € G and
X1,...,X¢ € '°°(T(G/H)) as desired. o

In the remainder part of this subsection, we investigate invariant covariant deriva-
tives and their relation to Ad(H )-invariant bilinear maps m x m — m. We first show
that an invariant covariant derivative on G/ H yields an Ad(H )-invariant bilinear map
by evaluating it on fundamental vector fields and considering its value atpr(e) € G/H.
This is motivated by the discussion in [7, Sec. 23.6].

Before we proceed, we point out that the right-hand side of (4.20) in the next lemma
is chosen such that it coincides with the expression from Definition 4.16, below.

Lemma 4.8 Let G/ H be areductive homogeneous space with reductive decomposition
g = b ®m. Moreover, let V: I'®°(T(G/H)) x I*°(T(G/H)) — I'**(T(G/H)) be
an invariant covariant derivative. Then the following assertions are fulfilled:

1. Let X, Y € m. Then
VX Y6 1| priey = Tepr( = [X, Y + (X, V) (4.20)

defines an Ad(H )-invariant bilinear map a: m X m — m.
2. Let V! and V?* be both invariant covariant derivatives on G/H. Then V

2
vXG/H

1
XG/H

YG/H‘pr(e) = YG/H|pr<e) forall X, Y € m implies V! = V2.

Proof We first show Claim 1. Obviously, the map m x m > (X, Y) — [X, Y]y €
m is bilinear and Ad(H)-invariant. Moreover, by exploiting that Tepr|m: m —
Tpr(e)(G/H) is a linear isomorphism, Claim 1 is equivalent to the assertion that

B:mxm—om, (X,Y)— (Tepr|m)_1(VXG/HYG/H|pr(e)>

is an Ad(H )-invariant bilinear map. The map g is bilinear since the covariant derivative
V:T(T(G/H))xI'**(T(G/H)) — I'*°(T(G/H)) is R-bilinear. Next, leth € H.
Using ideas of [1, Sec. 8], we obtain by Lemma 4.6, Claim 3 for X, Y e m

B(Adr(X), Ady(Y)) = (Tepr|m)7] (V(Ad;,(X))G/H (Adh(y))G/H|pr(e)> 42

= (Tepr|m)7] (V(rh)*X(;/H (th)*YG/H|pr(e)>'

Moreover, using Lemma 3.2, i.e. Tp(e)Th © Tepr|, = Tepr o Ady| . and exploiting
that Tepr|m: m — Tyr(e)(G/H) is a linear isomorphism, we obtain by the invariance

@ Springer



Covariant Derivatives on Homogeneous Spaces Page 17 of 43 150

of V
T,pr(Ady (B(X, Y))) = Tyreyth 0 ToprB(X, Y)
= Tor(e)Th (VX o YG/H |pr(e))
= Tr,:l(pr(e))fh((VXG/H YG/H)(Th*1 (Pr(e))))
= ((T/’L)*VXG/H YG/H)(pr(e))
= Vi Xoum ()« Y6/m)|

(4.22)

pr(e)
= T,pr(B(Ady(X), Ady(Y))),

where the last equality holds by (4.21). Obviously, (4.22) is equivalent to
B(Ady(X), Ady(Y)) = Ady(B(X, 1))

forall h € H and X, Y € m. Hence Claim 1 is proven.
We now show Claim 2. Let V! V?: T®(T(G/H)) x I'*(T(G/H)) —
re (T(G /H )) be two invariant covariant derivatives. Then their difference

D(X,Y)=VLY —V2Y, X,Y e "(T(G/H))

defines a tensor field D € FOO(T”‘(G/H)®2 ® T(G/H)) on G/H according to [13,
Prop. 4.13]. Moreover, this tensor field corresponds to an Ad(H )-invariant bilinear
mapd: m x m — m via D!pr(e)(Teer, T.prY) = T.pr(d(X,Y)) forall X, Y € m
by Lemma 4.7 because of

= v(lrg)*x(rg)*y — V(ng)*x(rg)*Y
= D((Tg)*x’ (Tg)*Y)

for all X,Y e T'™(T(G/H)). By Vi _ Ygul|

Xem Yo /H| for all
X, Y € m, we obtain

)
pr(e) VXG/H pr(e)

1 2
0=Vxem YG/H|pr(e) = VXem YG/H|pr(e) = D(Xg/u(e). YG/u(e)) = Tepr(d(X,Y)).

Hence d(X, Y) = 0 is fulfilled for all X, Y € m. This implies D = 0 as desired. 0O

4.1.2 Invariant Covariant Derivatives in Terms Horizontal Lifts

Lemma 4.8, Claim 1 shows that an invariant covariant derivative V on G/ H defines an
Ad(H)-invariant bilinear map «: m x m — m by (4.20). Moreover, it shows that V is
uniquely determined by an Ad(H )-invariant bilinear map «: m x m — m by (4.20).

However, it does not show that such an invariant covariant derivative V on G/H
exists. In the sequel, we obtain another proof for the existence of an invariant covariant
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derivative V¥ on G/ H for a given Ad(H )-invariant bilinear map «: m x m — m by
expressing V¢ in terms of horizontally lifted vector fields on G. To this end, we state
some lemmas as preparation.

Lemma 4.9 Let g € G. Then the following assertions are fulfilled:

1. Let X € FOO(Hor(G)) and g € G. Then the push-forward of X by le: G — G
is a horizontal vector field on G, i.e. (Kg)*f =Tty o0 Xo L1 € F°°(H0r(G))
holds.

2. Let f: G — R be smooth and let X € m. Moreover, let g € G. Denoting
by (Zg)*XL =T, o0 xLo Ly-1 the push-forward of xL e F“(Hor(G)) by
Le: G — G, one has

(L)« (fX") = ((Lg-1)* f)X". (4.23)

Proof The first claim is obvious. It remains to prove the second claim. To this end, we
compute for g,k € G

((L)e(fXE)) (k) = Ty13g 0 (FXE) 0 Lym1 (k)
= To1ele(f (g X (7))
= f(le-1(0))(Ty-15Lg 0 X" 0 £,-1 (k)
= ((Lg-1)* f) (k) X" (k).

where exploited that X L ¢ FOO(Hor(G)) is a left-invariant vector field. This yields
the desired result. O

Lemma4.10 Let G/H be a reductive homogeneous space with reductive decom-
position ¢ = m @ h and let Hor(G) € TG be the horizontal bundle from
Proposition 3.12. Moreover; let o : m x m — m be an Ad(H)-invariant billinear map.
Let {Aq, ..., AN} € m be a basis of m and denote by AL .. AL € F‘X’(Hor(G))
the correspondmg left-invariant frame. Let X,Y € F“(Hor(G)) be horizontal vec-
tor fields on G and expand them in the frame AL, .. AL, X = x AL and
Y =yl AL, with some uniquely determined smooth functions x', y/ G —> R, where
i,j €{l,..., N}. Using this notation and Einstein summation convention, as usual,
we set

VE‘“Y (Lxy) AL+ x'y/ (A, A )" (4.24)

Then (4.24) defines a map V1" T (Hor(G)) x I'*(Hor(G)) — I'**(Hor(G))
fulfilling

H Hor,a% Hor, - =3 Hor,a5
vfgayzfvy"ray and VY"r"‘(fY):(gyf)YJrvK‘”Y (4.25)

forall f € €°(G)and X,Y € I"OO(Hor(G)). Moreover, V% has the following
properties:
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1. Foreach g € G, the map VH"% is invariant under £ ¢: G — G in the sense that

VEY = (L), (V Z";‘?(((eg) Y)). X.Y e I®(Hor(G)). (4.26)

holds.
2. The map VHor FOO(Hor(G)) X F°°(H0r(G)) — FOO(Hor(G))fulﬁlls

vyt = (@X. 1) (@ = a(X.Y) XY em, (4.27)

Proof We first show that VH"® is well-defined. Let {B, ..., By} € m be another
basis of m. Then one has A; = a¥ By and therefore AL = ak(BL) where ( k) e RVXN

is some invertible matrix. Writing X = x AlL and Y = y/ AJL yields X = (x’af‘)BkL

aswell as Y = (y/ af)BeL. Using the R-linearity of Lie derivatives and the bilinearity
of @: m x m — m we compute

VHCY = (L (v ab))BE + (x'af) (v af) (B Bo)"
= (Ly)aiBE +x'y/ (a(al Br. atBp)"
= (Ly) AL +xTyI (a4 Ap)".
Thus VHor@: [°(Hor(G)) x ['®(Hor(G)) — I'™(Hor(G)) is well-defined. By a

straightforward computation, one verifies that VHO"¢ fylfills (4.25).
Next we show Claim 1. By Lemma 4.9, we obtain

(L)X = (Lg)w (x' AF) = ((£g-1)*x") A} (4.28)

forall g € G and analogously (£4).Y = ((£,-1 )*y/)AL By (4.28) and using ¢} AF =
AF due the left-invariance of A¥, we compute

Horoz
((Z ) X)((ﬁg)*Y)

= (Ll oyt (e)™y) AT () ™x) (") (el Ar, A7)
= (((ej,,fl)*xf).z(,Z year (€Y ))A,L- + () (e y)) (A, Ap)"
= (€ ") () (Zar ) ) AT + (60" 3) (elti. 4,)"

= (€ )" (Laary ) AT + (€)@ y)) (A, 4))"

= (L)« (V5™Y),

where we used £, .4z ((ngl)*yf) = (Kg—l)*(jALyj), see e.g. [13, Prop. 8.16]
g i i
and the last equality follows by Lemma 4.9, Claim 2. Thus Claim 1 is shown.
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It remains to prove Claim 2. To this end, let X, ¥ € m. Then we can write
xt=x'Al and YE=y/Al,

where the functions x', yi : G — Rareclearly constant. By this notation, we compute
by exploiting that Zyry’/ = 0 since y/: G — Ris constant forall j € {1,..., N}

VIR OYE = (Lyxy ) AR+ x yl (a(Ay, Ap)E =Xy (a(Ar, A)E = (X, )",

For g = e, the equation above yields

vyl = (a(X. 1)) () = a(X. Y) (4.29)

as desired. O

Remark 4.11 The map Vo« FOO(Hor(G)) X F°°(H0r(G)) — I‘OO(Hor(G)) in
Lemma 4.10 has properties that are similar to those of a covariant derivative on
Hor(G) — G althoughits first argumentis only defined on F°°(H0r(G)) C I'(TG).

Horizontal lifts are compatible with push-forwards in the following sense.
Lemma4.12 Let X € I'™°(T(G/H)) and let X € "> (Hor(G)) be its horizontal lift.
Then

(T X = (L)X (4.30)

holds for g € G, where (tg)+X denotes the horizontal lift of (1g)« X € I'™® (T(G/H)).
Proof Let g € G. We have pro £, = 1 o primplying Tpro T, = T, o Tpr. Using
this equality as well as Tpr o X = X o pr we compute
Tpro ((g)«X) =Tpro (TlgoX ol,1)

=Ttg0 (Tpr OY) 0Ly

=Tt50 (X o pr) o ngl (4.31)

=TtgoXot,-10pr

= ((‘Cg)*X) o pr.
Since (Eg)*f € 1"°°(Hor(G)) is horizontal and T'pro ((Eg)*Y) = ((rg)*X) opr holds
by (4.31), we obtain (t¢)+ X = (£)«X as desired. o

Lemma4.13 Let G/H be a reductive homogeneous space with reductive split g =
h @ m. Moreover, let {A1, ..., Ay} C m be some vectors, not necessarily forming a
basis of m, and let x' : G — R fori € {1, ..., M} be smooth. Define the horizontal
vector field X € FOO(Hor(G)) by

X(g) =x'(9)AF(9), g€G. (4.32)
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Then X is the horizontal lift of X € T'® (T(G/H)) given by
TproX =X opr (4.33)
iff

(@Al () = x (g (Adr(4)) (9) = X' (9)Ai = x (gh)Ad)(A)
(4.34)

holds forall g € G and h € H.

Proof We first assume that X = xiAl.I‘ is the horizontal lift of the vector field X €
FOO(T(G/H)). Then (4.33) holds. Using pr(gh) = pr(g) forallg € Gand h € H,
we can rewrite (4.33) equivalently as

Tepr(x'(9)AF(9)) = (Tepr)X(g)
= X opr(g)
= X o pr(gh)
= (Tpr o Y) (gh)
= Tgnpr(x' (gh)Af (gh))
= x"(gh)((Tgnpr o Telgn) Aj)
= x'(gh)(Te(pr o £g) Ay)
= x"(gh) ((Tyr(e)Tgn © Tepr) A;) (4.35)
= x'(gh) (Tpe(e) (g © ) © Tepra; )
= x'(gh) (Tpe(e) T © (TpeeyTh © Topr) Ay )
= x'(gh)(Tpr(e)Tg © (Tepr o Ady)A;)
= x' (gh)(Te(t 0 pr)(Ady(A;)))
= x'(gh)(T.(pr o £3)(Ady(A))))
= x'(gh)((Tgpr o T,le)Ady(A;))
(

= x'(gh)(T, Tepr(Ady(A; )) ).

where we exploited Lemma 3.2, i.€. Tpr(e)Th © Tepl“m = T,pr o Ady, ]m forallh € H.
Since T,pr: Hor(G)g — Tpy(g)(G/H) is alinear isomorphism for each ¢ € G, Equa-
tion (4.35) is equivalent to the left-hand side of (4.34). Applying the linear isomorphism
(T, g)_1 : Hor(G), — mto both sides of this equality shows the equivalence to right-
hand side of (4.34).

Conversely, assuming that the functions x': G — R in the definition of X €
FOO(Hor(G)) in (4.32) fulfill (4.34) for alli € {1, ..., M}, we define the map

X:G/H — T(G/H), pr(g) =g- H > (Typr) o X(g),
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where the coset pr(g) = g- H € G/H isrepresented by g € G. Then the computation
in (4.35) shows that X: G/H — T(G/H) is well-defined, i.e. we have forall g € G
andh € H

X (pr(g)) = Tgpro X(g) = Tenpr o X(gh) = X (pr(gh)). (4.36)
Then X opr = Tpro Y_holds by construction. Since pr: G — G/H is a surjective
submersion and Tpro X: G — T(G/H) is smooth, the map X: G/H — T(G/H)
is smooth by [13, Thm. 4.29]. Clearly, for pr(g) € G/H, one has X(pr(g)) €

Tor(e)(G/H). Hence X € FOO(T(C_}/H)) is a smooth vector field on G/H. Obvi-
ously, its horizontal lift is given by X. O

Lemma4.14 LetX,Y € I'™®(Hor(G)) be the horizontal liftsof X, Y € T'™°(T (G/H)),
respectively, and let {A1, ..., AN} C m be a basis of m. Denote by AL . AILV the
corresponding left-invariant frame of T°°(Hor(G)). Moreover, expand X = xiAI-L
andY = yjA/L., where x!, yj: G — R are smooth. Then

(L)) ()AL (9) = (Ly!)(gh) (Adi(A)))" (&) (4.37)

holds. In particular, (nyj )Af € FOO(Hor(G)) is the horizontal lift of the vector
field X € T°°(T(G/H)) given by X opr = Tpro ((fyyj)AlL-).

Proof Let {A!,... AN} C m* be the dual basis of {A1,..., Ay}, ie. A/(A)) = 5;

foralli, j € {1,..., N} with 8; denoting Kronecker deltas. Since Y = y/AjL is the
horizontal lift of Y, one has

¥ (9)A; = y/ (gh)Ady(A)) (4.38)

forall g € G and h € H by Lemma 4.13. Let j € {1, ..., N}. Applying Al e m*
to (4.38) yields by A/ (Ax) = §]

¥ (g) = AV (Y (9)Ak) = AT (¥ (gh)Ady(AY) = y* (gh) A7 (Ady(Ar)) (4.39)

forall g € G and h € H. Next we define the curves c;: R 5 7 > gexp (1x'(9)A;) €
Gandcy: R3¢t > ghexp (tx'(gh)A;) € G. Then

A1(0) = & (gexp (1x' (9 A7) |,y = Tels (x' () Ai) = x () A (8) = X(g)
holds and analogously one obtains
&2(0) = $(ghexp (tx (gh) A;))|,_y = Telgn(x' (A7) = x' (gh)AF(gh) = X (gh).
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Expressing y/ : G — R by (4.39) and using the definition of ¢; and ¢», we compute
for g € G and h € H by Conj;, o exp = exp cAdy,

(Zoy) A ©) = (§07 (10)] o)) AF @)
( (yk(cl(t)h)A](Adh(Ak))>|t:0)AL(g)
y

d
i
d
dr
= ($* (sexpex @ anh)| Ly ) (47 (Adn(40) AL (o))
= (£*(gexp (1 Ay (AN 1 )],y ) (Adi (40) (&)
(%yk(ge (tAdh X (gh)A; ) ) )Adh(A ) ()
(%y"(gConJh(eXp tx (gh)Ak)) )L:o)(Adh(AJ))L(g)
(%yk(ghexp tx (gh)Ak))| )(Adh(Aj))L(g)

= (& (20)],o ) (Adi(4) (@)

= (L") (gh) (Adu(A ) (2)

showing (4.37). Thus (Z5y/ )AJL is the horizontal lift of the vector field X on G/H
given by X opr = Tpro (fyy-/)A]L. according to Lemma 4.13. O

After this preparation, we are in the position to prove the existence of an invariant
covariant derivative on G/H associated with an Ad(H)-invariant bilinear map by
expressing it in terms of horizontally lifted vector fields.

Theorem 4.15 Let X, Y € I'°(T(G/H)) and let X, Y € I'*°(Hor(G)) denote their

horizontal lifts. Let {A1, ..., AN} € m be a basis and let AL Ak denote the
corresponding left-invariant vector fields. Moreover, expand X = xiAl-I‘ and Y =
yjA]L. with smooth functionsx', y/ : G — Rfori, j € {l,..., N}. Leta: mxm — m

be an Ad(H)-invariant bilinear map. Then
(V§Y) o pr = Tpr((Lyy AT +x'y/ (a(A;, A‘/))L) (4.40)

defines an invariant covariant derivative V¥ : FOO(T(G/H)) X FOO(T(G/H))
I'>(T(G/H)) and

N . o L
VEY = (Lxy! )AL +x'y (a(Ai, A)) (4.41)

holds, where V{Y denotes the horizontal lift of VY. Moreover, forall X, Y € m

epr(— [X. Ylm +a(X. 1)) (4.42)

a _
VXG/H YG/H |pr(e) -

is fulfilled. In addition, V* is the unique invariant covariant derivative on G /H sat-
isfying (4.42).

@ Springer



150 Page 24 of 43 M. Schlarb

Proof We define the covariant derivative V* on G/H by
(V§¥) opr = Tpro (VA™“7), (4.43)

where VHOI¢ i5 given by Lemma 4.10. We first show that this definition yields a
well-defined expression, i.e. (V%Y) opr(g) = (Vg‘(Y) o pr(gh) holds for g € G and
h € H. To this end, we calculate by exploiting Lemmas 4.13 and 4.14 as well as the
Ad(H)-invariance of : m x m — m

vﬂora 7|, = Ly ) @Ak @) +x (9)y () (a(Ai, Ap)F(2)

)

) @Ak @) + (@ (' (9)4;. 37 (0)47))" (9)

Y (gh)(Adp(A )" (0) + (a(x (gh)Ady (AD), ¥/ (eh)Ad(A ) (g)

J)(gh)(Adh(A NE@) +x (gl (gh) (@(Ady (A, Ady (A ) (2)
)

7Y (gh)(Adp (A )" (2) + ¥ (eh)y (gh) (Ady (e (A, A))E (o).

Hence (4.43) yields a well-defined vector field on G/H by Lemma 4.13.

Next we show that V¥ yields a covariant derivativeon G/H. Let f: G/H — Rbe
smooth. By fX = pr*(f)X and the properties of VH"¢ from (4.25) in Lemma 4.10,
we obtain

VE(fY)opr=Tpro (Vi” (pr(/)Y))
= Tpro ((Lxpr* /)Y +pr(/H)VE'Y)
= Tpro (pr*(Lx f)Y) + Tpro (pr*(f)V%‘”Y)
= ((Zx )Y + fVRY)opr

due to L (pr* f) = pr*(ZLx f) by [13, Prop. 8.16] since X and X are pr-related.
Moreover, we have

Hor, E52
VixY opr=Tpro (Vpr*(;)YY)
= Tpro (pr*(f)V5"“Y)
= (pr* f) (Tpr(V%Or’a Y))
= (fVgY)opr
by Lemma 4.10. Hence V* is indeed a covariant derivative. In addition, V* is invariant.
Indeed, by Lemma 4.10, Claim 1 and Lemma 4.12, one has

(V?rg)*x(fg)*Y) opr = Tpr o ( 20; a;((ﬁg)*?)

= Tpro ((zg)*vg’““y
= ((rg)*Vg‘(Y) o pr.

@ Springer



Covariant Derivatives on Homogeneous Spaces Page 250f43 150

Next let X, Y € m and let {Al, e, AN} - m*' be the dual_basis of {Aq,.. " An}.
By Lemma 4.6, Claim 1, we have Yg/p = yfA? with y/: G 2 g — y/(g) =
Aj(Adg—l (Y)) e Rfor j € {1, ..., N}. Thus we obtain by Lemma 4.6, Claim 2

= —[X, Y]m + A (Ad (X)) AT (Ad, (Y))ar(A;, Aj)E(e) (4.44)
= —[X, Y]m + a(X, V),

where we used that X /g (e) = Al (Ade—l (X))AZL (e) = X is fulfilled for all X € m
by Lemma 4.6, Claim 1. Equation (4.44) is equivalent to (4.42) because of

T Hor,aj——
Vo Y611 |y = Tepr(V5, Yoy (©) = Topr (VA< | ). @5)
Moreover, V¥ is uniquely determined by (4.42) according to Lemma 4.8, Claim 2.
This yields the desired result. O

The next definition makes sense due to Theorem 4.15.

Definition 4.16 Let «: m x m — m be an Ad(H )-invariant bilinear map. Then the
invariant covariantderivative V* : (T (G/H))xI'*(T(G/H)) — I'**(T(G/H))
which is uniquely determined by

V§G/HYG/H|pr(e): gpr(—[X, Yim +a(X, Y)), X, Yem, (4.46)

is called the invariant covariant derivative associated with « or corresponding to .

Remark 4.17 The right hand side of (4.46) in Definition 4.16 is chosen such that the
invariant covariant derivative V* corresponds to the invariant affine connection from
[1, Thm. 8.1] associated with the Ad(H )-invariant bilinear map «, see Proposition4.18
below.

As already mentioned above, the one-to-one correspondence between invariant
affine connections on G/ H and Ad(H )-invariant bilinear maps m x m — m is proven
in [1, Thm. 8.1]. Clearly, an invariant covariant derivative on G/ H yields an invariant
affine connection on G/H and vice versa by Remark 4.3. In addition, Theorem 4.15
provides another proof for the existence and uniqueness of an invariant covariant
derivative on G/ H corresponding to an Ad(H )-invariant bilinearmapo: mxm — m
via (4.46) from Definition 4.2. The next proposition shows that V¥ associated to the
Ad(H)-invariant bilinear map « : m x m — m corresponds indeed the invariant affine
connection associated with o from [1, Thm. 8.1].

Proposition 4.18 Let G/H be a reductive homogeneous space with fixed reductive
decomposition g = h@mand let - mxm — mbe an Ad(H)-invariant bilinear map.
Moreover, let t* . '™ (T(G/H)) — EndgeG/m) (F°° (T(G/H))) denote the invari-
ant affine connection corresponding to « from [1, Thm. 8.1]. Then V{Y = t*(Y)(X)
holds forall X, Y € FOO(T(G/H)), i.e. t% is the affine connection corresponding to
V% by Remark 4.3.
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Proof Obviously, an invariant affine connection corresponds to an invariant covariant
derivative and vice versa by Remark 4.3. We now briefly recall some parts of the
construction of the invariant affine connections from [1, Sec. 7-8], where we adapt
some notations. Let N = dim(m) and n = dim(g). Let (V, x) be a chart of G, where
V C G is an open neighborhood of ¢ € G such that V is diffeomorphic to M x K,
where M and K are the submanifolds of V defined by

M={geV |x"tl(g) = =x"(g) =0},
K={geV|x'(e)=--=xN(g =0},

where M is denoted by N in [1, Sec. 7]. Moreover, it is assumed that V is chosen such
that the restriction of the canonical projection pr| w M — G/H isadiffeomorphism
onto its image denoted by M* = pr(M). It is pointed out in [1, Sec. 7] that the
existence of such a chart is well-known referring to [14, Chap. IV, §V]. In addition
to the assumptions from [1, Sec. 7], we assume that 7, M = m holds. Clearly, a chart
(V, x) of G centered at e € G with the properties listed above can be constructed by
exploiting that the map

g—> G, X+ exp(Xm)exp(Xp) 4.47)

restricted to a suitable open neighborhood of 0 € g is a diffeomorphism onto its image
which is an open neighborhood of e € G, see e.g. [15, p. 76]. Obviously, M* is an
open submanifold of G/H. Following [1, Eq. (7.1)], we now define for X € m the
vector field X* € I (T M*) by

X*(pr(g)) = X*(tg(pr(e))) = (Tpr(e) 7)) (TePrX), pr(g) € M*, g€ M(4.48)

where we exploit that pr| v+ M — M* is a diffeomorphism. We now relate V¥ to ¢
which is uniquely determined by

V)X ) = Tepr(@(X. YV)), XY em (4.49)

according to [1, Thm. 8.1], see in particular [1, Eq. (8.1)]. To this end, we rewrite (4.48)
as

X*(pr(g)) = (Tpr(e)fg) o (TeprX)
= Te(tg opr)X
= T,(pro gg)X (4.50)
=TeproTely X

= lgpro XL(g)

for all g € M, where we used 7, o pr = pr o £, and t,(pr(e)) = pr(g). Thus the
horizontal lift X* € F"Q(Tpr_1 (M*)) of X* restricted to M C pr— ' (M*) C G fulfills
F!M = xt M due to (4.50) since X° is horizontal. Next let {A1,..., AN} Cmbe
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a basis of m and expand X* = x' A’ with uniquely determined smooth functions
x': pr!(M*) — R. Analogously, one defines for ¥ € m the vector field Y* on M*
whose horizontal lift Y* € '™ (Tpr_1 M *)) is expanded as Y* = y/ A ]L . Clearly, the
unique smooth functions y/: pr~'(M*) — R restricted to M, i.e. y/ |M: M — R,
are constant forall j € {1, ..., N}. We now compute Vg‘(* Y* |pr © which makes sense
since Y* is defined on the open neighborhood M* of pr(e) € G/H. Moreover, by the
assumption T,M = m, there exists a smooth curve c: (—g, €) —> M for some € > 0
with ¢(0) = e and ¢(0) = X € m. Since the functions y/|, : M — R are constant
forall j € {1,..., N}, Theorem 4.15 yields for X, Y e m

VEY | = Topr((Zm!) AL (@) + 37 @y (@a(Ar, ApFe)
= Topr(($97 (c)],_g) A + (X, 1))

= Tpr(a(X,Y))
=1*(Y*)(X")|

4.51)

pr(e)’

where we used (4.49) in the last equality. Moreover, V¢ is the unique invariant covari-
ant derivative on G/H satisfying (4.51). Indeed, let V# be the invariant covariant
derivative associated with the Ad(H )-invariant bilinear map f: m x m — m fulfill-

ing VB, Y¥| = (y*)(x*)|  forall X,Y e m. Then

pr(e) pr(e)

VoY Tpr(B(X, V) = 1% (V) (X" Topr(a(X,Y)) = V§.Y¥|

pr(e) — pr(e) — pr(e)

yields B = « implying V* = V#. In addition, ¢ is uniquely determined by (4.49).

Hence V¥ and t* are both uniquely determined by (4.51). Thus (4.51) implies V§Y =
1*(Y)(X) forall X, Y € I'°(T(G/H)) as desired. m]

4.2 Torsion and Curvature

Next we consider the torsion of an invariant covariant derivative. This is the next
lemma whose result coincides with [1, Eq. (9.2)].

Lemma 4.19 Let V¥ be the invariant covariant derivative on G/ H associated to the
Ad(H)-invariant bilinear map a: m x m — m. The torsion of V* is the G-invariant
tensor field Tor* € FOO(Az(T*(G/H)) ® T(G/H)) defined by

Tor* (X6 /H. Yg/H)}pr(e) =Tpr(a(X,Y) —a(Y,X) —[X.Y]m) (452

forall X,Y em

Proof We first note that (t,)«[XG/u, Yo/u] = [(tg)«XG/u, (Tg)«YG m] holds all
for g € G, see e.g. [13, Cor. 8.31]. This identity and the invariance of V? yields
that Tor® is G-invariant. Thus Tor® corresponds to an Ad(H )-invariant bilinear map
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mxm — mbyLemma4.7. In order to determine this bilinear map, writing pr(e) = o,
we compute

Tor* (X1 Yo u)|, = Vi, Yertl, = ViguXe/ul, = Xo/n- Youll,
= Ve u Y6/t |, = V¥guXoyul, + X Yl (0)

= Topr(— [X,YIm +a(X,Y) — (@Y, X) = [Y, X]m) + [X. Y]m)
= Topr(a(X,Y) —a(Y,X) — [X,Y]n)

for all X, Y € m, where we exploited that g > X — Xg/u € I'™°(T(G/H)) is an
anti-morphism of Lie algebras, see e.g. [9, Sec. 6.2]. O

Moreover, one can compute the curvature of V¥ given by
R*(X,Y)Z =VYVyZ —VyVYZ —Vix v/ Z, X, Y,Z ¢ F‘X’(T(G/H)l4.53)

by using the expression for V* from Theorem 4.15. This is the next proposition which
yields an alternative derivation for the curvature obtained in [1, Eq. (9.6)].

Proposition 4.20 Let V* be the invariant covariant derivative on G/H associated
to the Ad(H)-invariant bilinear map «: m x m — m. The curvature of V¥ is the
G-invariant tensor field R* € T ((A*(T*(G/H)))® T*(G/H)® T (G/H))) given
by

Ra(XG/H: YG/H)ZG/H|pr(e)
= Tepr(@(X, oV, 2)) ~ [1X. Y1y, Z1 = e([X. VI, 2) — (¥ (X, 2)))
(4.54)

forall X,Y,Z e m.

Proof Obviously, the curvature R fulfills

(Tg)*(Ra(Xa Y)Z) = Ra((fg)*xa (Tg)*Y)(Tg)*Z

for all vector fields X, Y, Z € I'™(T(G/H)) by the invariance of V. Hence R”
is uniquely determined by an Ad(H)-invariant 3-linear map m®> — m according to
Lemma 4.7. We now determine this 3-linear map. To this end, let X, Y, Z € m and let
XG/H. Yo H, Ze/u € T™(T(G/H)) be the associated fundamental vector fields. In
order to compute the curvature R*(Xg/u, Y6 /n)Zc/u defined by (4.53) evaluated
at the point pr(e) = e - H € G/H, we need some computations as preparation. Let
{A1,..., Ay} € mbe abasis of m and denote by {A', ..., AY} € m* its dual basis.
By Lemma 4.6, Claim 1, we have Xg/p = xiAl(“ and Yg/g = yjA]L. as well as

ZG/u = X AL, where the functions x', y/, zF: G — R are defined by
x'(g) = A(Ad,—1 (X)), ¥/ (g) = A/ (Ady-1(Y)), ZF(g) = A*(Ad,-1(2))
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forallg € Gandi, j, k € {1, ..., N}.Using this notation, we obtain by Theorem 4.15

Ve Zam = (L) AE + R (A, Ap)E = ' AL,

XG/H YG/H
where the functions a*: G — R for £ € {1, ..., N} are given by
¢ ¢ ¢ i k4l
a' = A (L) Ak + ¥ (@A), AD)) = Lyt + VAl (@A), ap).
(4.55)
In particular, evaluating a*: G — R at g = e yields by Lemma 4.6, Claim 2
a' @Ay = (Lrg ') @AL () + y/ ()2 () A (A}, Ap)) Ay 56)
—[Y, Zlm + (Y, 2). '
Moreover, we obtain by Theorem 4.15 and (4.56)
V()X(G/H v?/lG/HZG/H|e = (XXG/H(JK)(e)A[ + x'(e)a* (e)a(A;, Ap) @57
= (Lrsa ) @OA +a(X. Y, 2)) —a(X, [Y, Z]n).

In order to obtain a more explicit expression for (4.57), we consider the first summand
on the right-hand side. Recalling that a’ is given by (4.55) one obtains by the Leibniz
rule

(XXG/HCZZ)A(

(4.58)
= gXG/H (gYG/H )Aé + ((gx

) A (a(A), Ap)Ae.

j k
(XXG/HZ

We now take a closer look at (4.58) evaluated at g¢ = e. We obtain for second summand
of its right-hand side by Lemma 4.6, Claim 2 and A*(a(A;, Ap))A¢ = a(A;, Ag)

((D%XG/H yj)zk + yj (gx Zk))(E)Ol(Aj, Ap)
= o(((Lxg @A}, Z) +a(Y, (%

=—a([X,Y]Im, Z) —a(Y,[X, Z]m).

G/H

) (e) Ax) (4.59)

G/H
Next we consider the first summand of the right-hand side of (4.58). As preparation,

we note that for fixed g € G, the curve yy : R — G defined by

yr(t) = gexp (tAj(Adg_l (X))A;), teR
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fulfills yy(0) = g and yy(0) = TeegAj(Adg—l(Y))Aj = Y5/H(g), where the last
equality follows by Lemma 4.6, Claim 1. Thus we obtain

%

Yo/u

)],

Al (Ad

2 (g) =

4
dr
4
dr

(gexp (zAJ(Adg,l (Y)Aj)))_I (Z))

__d 4t
= $A(A G (Cyrin ) (Ao (D)

= —AY([AT(Ady-1 (1) Aj, Ady-1(2)]).

=0 (4.60)

=0

Since the curve yx: R 2 t — exp(tX) € G fulfills yx(0) = eand y(0) = X =
Xy /(e), Equation (4.60) yields

(Lxon (Lo ) @A = § (L2 (exp( X)),

Xe/u\"Yo/H Yo/n
= — & A ([A (Adexpx) (VA Adexp(—rx) (2)]) e,

Plugging (4.59) and (4.61) into (4.58) yields by (4.57)

Vo VY
G/H  YG/H
=[[X, YIm, Zlm + [Y, [X, Z]lm — «([X, Y]m, Z) — (Y, [X, Z]m) (4.62)

+a(X,aY,2) —a(X,[Y, Z]n).

ZG/u|,

By exchanging X with Y in (4.62), one obtains

o o
VYG/H VX(;/H ZG/H |e

=Y, Xlm, Zlm + [X, [¥, Zllm — (Y, X]m, Z) — (X, [Y, Z]m) (4.63)
+a(Y,a(X,2)) —a(Y,[X, Z]n).

Moreover, we obtain by Theorem 4.15

Y Zoul, = Ve X Yo ZGIH
= ~((Lxrio ) @Ak + AT(IX, YD a(Ar, Ap) (4.64)

=[[X,Y]m, Z]m — a([X, Y]m, 2),

o
[XG/u.Ye/H]

where we exploited that g 5 X — Xg,z € I'*°(T(G/H)) is an anti-morphism of
Lie algebras, see e.g. [9, Sec. 6.2]. Combining (4.62) with (4.63) and (4.64) yields the
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following expression for the curvature

R*(XG/H, Yo H)ZG/H(e)
= ([[X, Y1, Zlm + [V, [X, Z]lm — ([X. YIm, Z) — (Y, [X, Z]n)
+a(X,a(Y, 2)) — a(X. 1Y, ZIn) )
— ([[Y, Xlm: Zlm + [X, [Y, Z]l — (1Y XTm. Z) — a(X. [Y. Z]m)
+a(Y (X, 2)) = a(Y. X, ZIn) )
= (I1X. YIm, Zlm = (X, Y1, 2))
=Y, [X, Z]lm — «([X. Y]m., Z) + «(X, (Y, 2))

— 1Y, XIm, Zlm — [X, 1Y, Z]lm — (Y, (X, Z))
=—[[X.Y]p. Z] —a([X. Y]m. Z) + (X, (Y, 2)) — (Y, (X, 2)),

where the last holds due to

(Y, [X, Z]lw = (1Y, XIm, Zlw — [X, [Y, Z]]w = (LY, [X, Z]]
— X, 1Y, Z11), = [[Y, X1, Z]m
—[[X. Y]y, Z]

by the Jacobi identity and [, m] € m. This yields the desired result. O

4.3 Invariant Metric Covariant Derivatives

In this short subsection, we assume that G/ H carries an invariant pseudo-Riemannian
metric defined by an Ad(H )-invariant scalar product (-, -) : m x m — R. We charac-
terize all Ad(H )-invariant bilinear maps «: m x m — m such that V¥ is an invariant
metric covariant derivative with respect to the invariant pseudo-Riemannian metric
corresponding to (-, -). To this end, we first recall that a covariant derivative V on a man-
ifold M is called compatible with the pseudo-Riemannian metric g € I'*° (S2 (T*M )),
or metric for short, if

Z7(8(X. V) =g(VzX.Y) +g(X.VzY), X, Y, ZeT>(TM) (4.65)

holds, see e.g. [9, Sec. 22.5].

Notation 4.21 In this subsection, we denote by g and g a pseudo-Riemannian metric
on G and a fiber metric on Hor (G), respectively, while in the previous sections as well
as in the sequel, we usually denote by g an element in a Lie group G.

Proposition 4.22 Let o: m x m — m be an Ad(H)-invariant bilinear map defining
the invariant covariant derivative V¢ on G /H. Then V¢ is metric with respect to the
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invariant pseudo-Riemannian metric on G/ H defined by the Ad(H )-invariant scalar
product (-, -): m x m — R iff for each X € m the linear map

aX, ) m—->m, Y alX,Y) (4.66)
is skew-adjoint with respect to (-, -), i.e.
(0X,Y),Z) = —(r,a(X, 2)) (4.67)

holds forall X, Y, Z € m.

Proof We denote the invariant pseudo-Riemannian metric on G/H corresponding to
() by g € Foo(Sz(T*(G/H))). Let X,Y,Z € T*(T(G/H)) be vector fields
with horizontal lifts X, Y, Z € I'*®(Hor(G)). We expand these vector fields in a
left-invariant frame, i.e.

X = xiAiL, Y = yjAIL. and Z = zkA,f,
where {A[, ..., Ay} € misabasis of m and x?, y/, zX: G — R are uniquely deter-
mined smooth functions for i, j, k € {1, ..., N}. Moreover, we endow Hor(G) — G
with the fiber metricg € '™ (SzHor(G)*) defined by left translating the scalar product
(-, -). Then
gX,Y)opr=pr*(g(X,Y)) =3(X.Y): G >R (4.68)

holds by the definition of g € FOO(SZT*(G /H )). Since Z and Z are pr-related, we
obtain by [13, Prop. 8.16] and (4.68)

pr(Zz(s(X. 1)) = Z7(pr* (s(X. 1))

= 2% (3(X.Y))
=% (g (x ALy AT)) (4.69)
L (x'yI(AiL Aj))

= (ffxi)yj(Ai,A )+x (g )<AlaA )

where we exploited that §(AiL, AJL) = (A;, Aj) holds by the definition of g €
e (SzHor(G)*). Moreover, with V"¢ from Lemma 4.10, we compute

7(v! vireY 7) 4+ (X, Vgor,a?)
((37 NAF + 2Fxf (A, A)EL y ALY
+3(xAF, (L) AT + 2V (@(Ar, A)Y) (4.70)
= (Lox" )y (Ai, Aj) + X (Loy ) (A A))
+ 25y (o (A, A, Aj)+ (AiL (A, A)).
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By comparing (4.69) with (4.70), we obtain by (V$Y) o pr = Tpro (Vgor""?)

pr(ZL2(g(X. Y))) = (Lx" )y (Ai, Aj) + X' (Lo )(AiL Aj)
g(vg""“f, Y)+z(X, vg‘"’“?)
8(VZX.Y) +3(X. V3Y)
pr(g(VeX.Y) 4+ g(X. Vs, Y)),

where the second equality holds iff
(@(Ar, A, Aj)+ (A, a(Ar, Aj)) =0 @.71)

is satisfied for all i, j,k € {l,...,N}. Since {Ay,..., Ay} € m is a basis of
m, Equation (4.71) is equivalent to (4.67). This yields the desired result since the
pull-back by the surjective map pr: G — G/H Yyields clearly an injective map
pr*: €°(G/H) — €*°(G). O

We now recall an expression for the Levi-Civita covariant derivative on a reduc-
tive homogeneous space G/ H equipped with an invariant pseudo-Riemannian metric
corresponding to the Ad(H )-invariant scalar product (-, -) : m x m — R. This is the
next proposition which is taken from [7, Sec. 23.6], where it is stated for the Rieman-
nian case. However, since its proof only relies on the non-degeneracy of the invariant
pseudo-Riemannian metric and its associated Ad(H )-invariant scalar product, it can
be generalized to the pseudo-Riemannian setting.

Proposition 4.23 Let G/ H be a reductive homogeneous space with reductive decom-
position g = b & m. Moreover, let (-, -): m x m — R be an Ad(H)-invariant scalar
product corresponding to an invariant pseudo-Riemannian metric on G/H. Then the
Levi-Civita covariant derivative defined by this metric fulfills for all X, Y € m

Vi Y6/ |y = TePt( = 31X, Y1m + U(X, V), 4.72)
where U: m x m — m is uniquely determined by
AUX.Y), Z)=([Z, X]m. ¥) + (X, [Z, Y]m) (4.73)

forall Z € m.

Proposition 4.23 can be simplified for naturally reductive homogeneous spaces.
This is the next corollary which can be seen as a reformulation of [7, Prop. 23.25]
adapted to the pseudo-Riemannian setting.

Corollary 4.24 Let G/H be a naturally reductive homogeneous space. Then

LC 1
Ve Y6 H ey = Tepr( = 31X, Y]m) (4.74)

holds forall X,Y € m.
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Proof This is proven in [7, Prop. 23.25]. Nevertheless, we include the proof here, as
well. Since G/H is naturally reductive, we have ([X, Y]m, Z) = (X, [Y, Z]n) for
all X, Y, Z € mimplying ([Y, X|m, Z) + (X, [Y, Z]n) = 0. Using the definition of
U:m x m — min (4.73) of Proposition 4.23 yields for X, Y, Z e m

implying U(X,Y) = O for all X,Y € m. Thus Proposition 4.23 yields the desired
result. O

Next we relate the Levi-Civita covariant derivative on G/H, equipped with an
invariant pseudo-Riemannian metric, to an invariant covariant derivative on G/H.
This is the next remark which coincides with [1, Sec. 13].

Remark 4.25 Let G/H be a reductive homogeneous space equipped with an invari-
ant pseudo-Riemannian metric corresponding the Ad(H)-invariant scalar product
(-,-): m x m — R. Then the action t: G x G/H — G/H is isometric, see e.g.
[6, Chap. 11, Prop. 22]. Therefore V' is an invariant covariant derivative on G/ H by
[16, Prop. 5.13]. Thus Lemma 4.8, Claim 2 implies by Proposition 4.23 that VI = v
holds, where o : m x m — m is defined by

a(X,Y) = 3[X,YIm + U(X,Y) (4.75)

for all X,Y € m in accordance with [1, Thm. 13.1]. In particular, one has vLC —
V* for a(X,Y) = %[X , Y]m by Corollary 4.24 if G/H is naturally reductive. This
coincides with [1, Eq. (13.1)].

4.4 Parallel Vector Fields Along Curves

Having an expression for V* on a reductive homogeneous space G/H in terms of
horizontally lifted vector fields on G allows for determining the associated covariant
derivative of vector fields along a given curve on G/H in terms of horizontal lifts,
as well. In this subsection, an ODE for a specific curve in m is determined which is
fulfilled iff the corresponding vector field along the given curve is parallel. Let

y: 1 — G/H (4.76)
be a curve and let
Z:1— T(G/H) (4.77)
be a vector field along y, i.e
Z(t) € T,y(G/H), tel. (4.78)
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Moreover, let
g1 —-G 4.79)

denote a horizontal lift of y with respect to the principal connection P €
r °°(End(TG)) from Proposition 3.12. It is well-known that g is unique up to the
initial condition g(fp) = go € G, (). Furthermore, the curve g is defined on the
whole interval / since principal connections are complete, see e.g. [9, Thm. 19.6]. Let
Z: I — Hor(G) be the horizontal lift of Z along g, i.e.

—_ —1=
Z(t) = (Te0P | yor(q,,) 20> L€ (4.80)

Next we define the curves in m associated with g and Z, namely

il >m, te x() = (Tolew) 80 (4.81)
and

Il—-m, 10 2() = (Tlyw) Z(0). (4.82)

We now consider the covariant derivative of Z along y. This is next proposition which
can be seen as a generalization of [2, Lem. 1], where we use the notation which has
been introduced above.

Proposition 4.26 Let G/ H be a reductive homogeneous space and let y: I — G/H
be smooth. Let g: 1 — G be a horizontal lift of y. Moreover, let Z:1— T(G/H)
be a vector field along y with horizontal lift Z: I — Hor(G) along g: I — G. Let
{A1, ..., AN} C m be a basis and write

g =x' (DA} (g(1) and Z(1) =/ (A} (5(1)) (4.83)

for some uniquely determined smooth functions x*, z/ : I — R. Letor: mxm — mbe
an Ad(H)-invariant bilinear map and let V¥ be the corresponding invariant covariant
derivative on G /H. Then the associated covariant derivative of Z along v lifted to a
horizontal vector field along g: I — G is given by

m—
VinZ

= (L7 (1)) AL (g(0) +x' () (1) (w(Ai, A)) " (g1)
t ! (4.84)
= (20)" () + (ax(0), z(1)) " (g@))

fqr allt € I, where z: [ 5t — Z/(H)A; = (Teeg(,))’lf(t) emandx: I >t +—
X (DA = (Tolgw) ' 8(t) € m.
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Proof The proof is essentially given by applying Theorem 4.15. To this end, we define
the vector field X: I — T(G/H) along y: I — G/H by

Xt)y=y@), tel

and we denote by X: I — TG the horizontal lift of X along g: I — G. Moreover,
for fixed 1y € I, we extend X and Z to vector fields defined on an open neighborhood
O C G/H of y(ty). These vector fields are denoted by

X eI™(T(G/H)|,) and ZeT>®(T(G/H),).
respectively. In particular,
X(y@) =X =y and Z(t) = Z(y(®)

is fulfilled for all ¢ in a suitable open neighborhood of #y in /. Moreover, their horizontal

lifts X, ¥ € I (Hor(G)| -1 ) fulfil

X(1)=X(g0) =4 and Z(1) = Z(g(t)).

These horizontal lifts can be expanded in the global frame AIL o A ]LV of Hor(G). We
write for ¢ € [ in a suitable open neighborhood of 7

X =x'0AFg0) = (x0) ) and Z() =2/ 04k (@) = (2(0)" (@)
Similarly, we expand
X =xal| and Z(1) =7 A,

pr1(0) pr=1(0)

where X', 7/ : pr~'(0) € G — R are uniquely determined smooth functions for
i,jef{l,..., N}. By construction

x'() =% (g(1)) and /(1) =7 (g(1))

holds for all ¢ in a suitable open neighborhood of 7y in /. We now use [16, Thm. 4.24]
as well as Theorem 4.15 to compute the horizontal lift of the covariant derivative of
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Z along y. We obtain for ¢ € I in a suitable neighborhood of 7y

)?(I)A ' - X 2

_ Vﬁor,a?
X O
= (L) (@) Ak () + X ()7 (g(1)) (A, A; )) (g(®)
= ($7 () A% (g(0)) + X (g(1)Z/ (g(1)) (A Aj )) (8(1))
= (7 0)4) oy + («l@An d041) g
= (0)" ) + (), 2(1) " (1)),
Applying this argument for each ¢y € I yields the desired result. O

Proposition 4.26 allows for characterizing parallel vector fields along curves.

Corollary 4.27 Let G/H bea reductive homogeneous space equipped with the invari-
ant covariant derivative V®. Let Z: 1 — T(G/H) be a vector field along y: I —
G/H. Then Z is parallel along y iff the ODE

() = —a(x@), 2(1)) (4.85)

is fulfilled, where x, z: I — m are defined as in Proposition 4.26.

Proof et g € G. The map (7,¢ g)_1 : Hor(G) — m is a linear isomorphism which
fulfills (Teég)_lé L(g) = & for all & € m by the definition of left-invariant vector
fields. Hence Proposition 4.26 yields the desired result due to

0=V¢

foll, = 0= (Telew)” Z‘ =z(t) + a(x (1), z(1))

V(t)

fort € I. O

4.5 Geodesics

In this short section, we consider geodesics on the reductive homogeneous space
G /H with respect to an invariant covariant derivative V¥. Recall thata curve y : I —
G/H is a geodesic if the vector field y: I — T(G/H) along y is parallel. Thus
Corollary 4.27 can be used to obtain the following characterization of the geodesics
on G/H with respect to V¥.

Lemma 4.28 Let G/ H be a reductive homogeneous space endowed with the invariant

covariant derivative V¥ corresponding to the Ad(H )-invariant bilinear map o : m X
m—>m.Lety: I — G/H beacurvein G/H and g: I — G be a horizontal lift of
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y.Definex: 1>t x(t) = (Tgﬁg(,))’lg(t) em. Theny: I — G/H is a geodesic
with respect to V* iff the ODE

2(1) = —a(x(@), x(1)) (4.86)

is satisfied for all t € I.

Proof The curve y: I — G/H is a geodesic with respect to V¥ iff the vector field
y: 1 — T(G/H) is parallel along y : I — G/H. Thus the desired result follows by
Corollary 4.27. O

We now apply Lemma 4.28 to a reductive homogeneous space equipped with the
Levi-Civita covariant derivative defined by some invariant pseudo-Riemannian metric.
Inspired by the well-known characterization of geodesics on a Lie group equipped with
a left-invariant metric given in [5, Ap. B], see also [17, Sec. 4] for a discussion in the
complex setting, we obtain the next corollary which generalizes the description of
geodesics on Lie groups equipped with left-invariant metrics.

Corollary 4.29 Let G/ H be a reductive homogeneous space and let (-, -): mxm — R
be an Ad(H)-invariant scalar product. Moreover, let VLC denote the Levi-Civita
covariant derivative defined by the invariant metric on G/H corresponding to (-, ).
Lety:1 — G/Hbeacurvein G/H and g: I — G be a horizontal lift of y. Define
x:I >t x(t) = (Teeg(,))_lg(t) e m. Then y: 1 — G/H is a geodesic with
respect to VVC iff the ODE

X(1) = (pry 0 ady(n) ™ (x (1)) (4.87)

is satisfied for all t € I. Here (pry, oadx)*: m — m denotes the adjoint with respect
to (-, -) of the linear map defined for fixed X € m by pr, oady: m — m.

Proof We first recall Proposition 4.23. The Levi-Civita covariant derivative on G/H

with respect to the invariant metric fulfills VX¢ = V¥, where o : m x m — m s given
by a(X.Y) = —=3[X, Yl + U(X.Y) forall X, Y € m with

2UX,Y), Z) =([Z, X]m, Y) + (X, [Z, Y]m) = =(([X, Z]m, ¥) + (X, [V, Z]u))
(4.88)

Obviously, (4.88) is equivalently to

UX,Y) = —5(((pry 0 adx)*(Y), Z) + {(pry, 0 ady)*(X), Z))  (4.89)
forall X, Y, Z € m, where (pr,, o adx)* and (pr,, o ady)* denote the adjoints of the
linear maps (pr,, o ady) and (pr, o ady) with respect to (-, -), respectively. Since (-, -)
is non-degenerated, we can rewrite (4.89) equivalently as

U(X,Y) = —5((pry 0 adx)*(¥) + (pry, o ady)*(X)).
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Thus we obtain
a(X,X) = —3[X, XIm + U(X, X) = —(pry, o adx)*(X)

for all X € m. Now Lemma 4.28 yields the desired result. O

As indicated above, by applying Corollary 4.29 to a Lie group equipped with a
left-invariant pseudo-Riemannian metric considered as the reductive homogeneous
space G = G/{e}, one obtains the following corollary concerning geodesics on G. Its
statement is well-known and can be found in [5, Ap. 2]. We also refer to [17, Sec. 4]
for a discussion of this characterization of geodesics in the complex setting, where it
is named Euler-Arnold Formalism.

Corollary 4.30 Let G be a Lie group equipped with a left-invariant metric defined by
the scalar product (-,-): g x g — R. Then g: I — G is a geodesic iff the curve
x: I3t x) = (Teﬁg(,))_lg(t) € g satisfies

X(1) = (adx() " (x (1) (4.90)

forallt € I. Here (adx)™: g — g denotes the adjoint of ady : g — g with respect to
(-,-), where X € g is fixed.

Proof Clearly, the Lie group G equipped with the left-invariant metric defined by the
scalar product (-, -): g x g — R can be viewed as the reductive homogeneous space
G/H for H = {e} with reductive decomposition g = {0} @ g equipped with the
pseudo-Riemannian metric defined by the Ad({e})-invariant scalar product (-, -) on g.
Thus the assertion follows by Corollary 4.29 due to pr,, = idg. O

4.6 Canonical Invariant Covariant Derivatives

We now relate two particular invariant covariant derivatives on G /H to the canonical
affine connections of first and second kind from [1, Sec. 10]. To this end, we list
the two properties concerning invariant covariant derivatives which correspond to the
properties of invariant affine connections from [1, Sec. 10, (A1) and (A2)]. This is the
next definition.

Definition 4.31 Let V¥ be an invariant covariant derivative on G/H corresponding to
the Ad(H )-invariant bilinear map «: m x m — m. The following properties of V¢
are of particular interest:

1. The curves yx: R 2 ¢t — pr(exp(tX)) € G/H are geodesics with respect to V¥
forall X e m.

2. The curves yx: R > ¢ — pr(exp(tX)) € G/H are geodesics with respect to V*
for all X € m and the parallel transport of T,prZ € Tpr()(G/H) along yx with
respect to V¥ is given by Z: R 5 1 = (Texpx)pr © Telexpx)) Z € T(G/H) for
all Z e m.

The next lemma is very similar some parts of [1, Sec. 10].
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Lemma4.32 Let G/H be a reductive homogeneous space equipped with an invariant
covariant derivative V¥ corresponding to the Ad(H )-invariant bilinear map o : m X
m — m. Then the following assertions are fulfilled:

1. V* fulfills the property from Definition 4.31, Claim 1 iff «(X, X) = 0 holds for
all X € m.

2. V fulfills the property from Definition 4.31, Claim 2 iff «(X, Y) = 0 is fulfilled
forall X,Y e m.

Proof Let X € m be arbitrary. We define the curve yx: R > 1 — pr(exp(tX)) €
G/H. Obviously, the curve R 3 ¢ — exp(tX) € G is a horizontal lift of y. Define
x: R — mbyx(1) = (Telexpirx)) ' o (Tepr| ) ™'y (1). Clearly, x(1) = X holds for
all r € R. By Lemma 4.28, the curve y: I — G/H is a geodesic with respect to V¢
iff «(X, X) = 0 holds, i.e. Claim 1 is shown.

It remains to prove Claim 2. To this end, let Z € m be arbitrary. We now define
the vector field Z: R > ¢ — (Texp(tx)pr o Teéexp(tx))Z € T(G/H) along the curve
yx: R >t — pr(exp(tX)) € G/H. Next we consider the curve z: R — m given
by z(t) = (Teﬁexp(tx))fl o (Tepr|m)71/Z\(t) = Z. According to Corollary 4.27, the
vector field Z: [ — T(G/H) is parallel along y iff a(x(¢),z(#)) = ¢(X,Z) =0
holds for all # € R. This yields the desired result. O

The next proposition can be viewed as a reformulation of [1, Thm. 10.1] and [1,
Thm. 10.2].

Proposition 4.33 Let G/ H be a reductive homogeneous space.

1. Define the Ad(H)-invariant bilinear map
axmxm—>m (X,¥) a(X,Y)=3[X, Vn. (4.91)

The corresponding invariant covariant derivative V* is the unique invariant
covariant derivative on G /H which is torsion free and satisfies Definition 4.31,
Claim 1.

2. Define the Ad(H)-invariant bilinear map

amxm—>m, X, Y)—aX,Y)=0. (4.92)

The corresponding invariant covariant derivative V* is the unique invariant
covariant derivative which satisfies Definition 4.31, Claim 1 and Claim 2.

Proof Claim 2 is an immediate consequence of Lemma 4.32, Claim 2.

It remains to proof Claim 2. Obviously, V¥ is torsion free for ¢ (X, Y) = %[X , Yl
by Lemma 4.19. Moreover, V* fulfills Definition 4.31, Claim 1 by Lemma 4.32,
Claim 1 because of (X, X) = 0 for all X € m. It remains to prove the uniqueness of
«. To this end, let f: m x m — m be an Ad(H )-invariant bilinear map and assume
that the Ad(H )-invariant bilinear map

y=a+pmxm—>m (X,¥) > X, V]n+BX,Y)
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fulfills y (X, X) = 0 for all X € m such that y defines the torsion-free invariant
covariant derivative V¥ on G/H, ie. y(X,Y) — y(Y, X) = [X, Y]y holds for all
X,Y € m by Lemma 4.19. This yields

(X, Y) =y (Y, X) = HX, Y1 + BX, Y) — (A[Y, X]m + B(Y, X))
=[X.Y]m + B(X.Y) — B(Y. X) (4.93)
=[X,Y]m.

By (4.93), one obtains B(X,Y) — B(Y,X) = O0forall X,Y € m,ie. B(X,Y) =
B(Y, X) is symmetric. Moreover, we have 8(X, X) = 0 for all X € m due to

0=y(X,X)=3[X, Xlm + B(X, X) = B(X, X).

Thus : m x m — mis asymmetric bilinear map that fulfills §(X, X) = Oforall X €
m. By polarization, we obtain S(X,Y) =0forall X,Y e m.Hencey =a+ =«
holds, ie.a:m xm > (X,Y) — %[X, Y]m € m is the unique Ad(H )-invariant
bilinear map that satisfies @ (X, Y) — a(Y, X) = [X, Y]y and o (X, X) = 0 for all
X, Y € m. This yields the desired result. O

Definition 4.34 Let G/H be a reductive homogeneous space.

1. The invariant covariant derivative defined by o (X, Y) = %[X ,Y]mforall X, Y €
m is called the canonical invariant covariant derivative of first kind. It is denoted
by vcanl .

2. The invariant covariant derivative defined by a(X,Y) = O forall X,Y € m is

called the canonical invariant covariant derivative of second kind. It is denoted by
VcanZ.

Remark 4.35 By Proposition 4.18, the canonical covariant derivatives of first kind
veanl and of second kind V@2 from Definition 4.34 correspond to the canonical
affine connections of first and second kind form [1, Sec. 10], respectively.

Remark 4.36 Assume that G/ H is a naturally reductive homogeneous space. Then the
Levi-Civita covariant derivative coincides with the canonical covariant derivative of
first kind by Remark 4.25, i.e V¢ = V@1 holds. This has already been proven in [1,
Thm. 13.1 and Eq. (13.2)].

Remark 4.37 Let G/ H be equipped with an invariant pseudo-Riemannian metric. Then
V€an2 i5 an invariant metric covariant derivative on G/H by Proposition 4.22.

We briefly comment on the canonical covariant derivatives on symmetric homoge-
neous spaces in the next remark following [1, Thm. 15.1].

Remark 4.38 Let (G, H, o) be a symmetric pair and let G/H be the correspond-
ing symmetric homogeneous space. Let g = h @ m denote the canonical reductive
decomposition. Then [X, Y] € h holds for all X, Y € m by Lemma 3.9. Therefore
J[X, Y1m = 0is fulfilled for all X, ¥ € m. Hence V¢*"! = Va2 holds by Proposi-
tion 4.33.
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Moreover, for pseudo-Riemannian symmetric spaces, we obtain the following
remark whose statement can be found in [1, Thm. 15.6].

Remark 4.39 Let G/ H be a pseudo-Riemannian symmetric homogeneous space. Then
one has V€ = veanl — yean2 by Remark 4.36 combined with Remark 3.11.

We end this section by specializing Corollary 4.27 on parallel vector fields along
curves to the canonical covariant derivatives V2! and vean2,

Corollary 4.40 Let Z:1— T (G/H) be avector field along the curvey : I — G/H.
Using the notation of Corollary 4.27, the following assertions are fulfilled:

1. Zis parallel along y with respect to V™! iff
() = =3[0, 2(0)]m (4.94)

i/z\oldsfor allt € I.
2. Z is parallel along y with respect to V<2 iff

1) =0 (4.95)

is fulfilled for all t € I.

Remark 4.41 A similar description of parallel vector fields as in Corollary 4.40,
Claim 1 has already appeared in [18, Prop. 2.12] for the special case, where G/H is a
normal naturally reductive space, see Remark 3.7 for this notion, and y: I — G/H
is a geodesic, i.e. for x : I — m being constant.

5 Conclusion

We considered invariant covariant derivatives on a reductive homogeneous space in
detail. We proved that they are uniquely determined by evaluating them on fundamental
vector fields. Moreover, we provided a new proof for their existence by expressing
them in terms of horizontally lifted vector fields. By this result, a characterization of
parallel vector fields along curves in a reductive homogeneous space equipped with an
invariant covariant derivative is obtained. In addition, the so-called canonical covariant
derivatives of first and second kind corresponding the canonical affine connections of
first and second kind from [1] are considered.
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