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Abstract

The John-Nirenberg spaces J N, are generalizations of the space of bounded mean
oscillation BM O with J Now = BM O. Their vanishing subspaces VJN, and C/ N
are defined in similar ways as VM O and CM O, which are subspaces of BM O. As
our main result, we prove that VJN, and CJN, coincide by showing that certain
Morrey type integrals of J N, functions tend to zero for small and large cubes. We
also show that JN, ,(R") = LP(R")/R, if p = q.

Keywords John—Nirenberg space - Vanishing subspace - Morrey type integral -
Euclidean space - Bounded mean oscillation - John—Nirenberg inequality

Mathematics Subject Classification 42B35 - 46E30

1 Introduction

In 1961, John and Nirenberg studied the well-known space of bounded mean oscillation
BM O and proved the profound John—Nirenberg inequality for BM O functions [10].
The space BM O plays a vital role in harmonic analysis and it has been studied very
extensively. For example, a celebrated result of Fefferman and Stein states that BM O
can be characterized as the dual space of the real Hardy space H 1'[7]. In [10], John
and Nirenberg also defined a generalization of BM O, which is now known as the
John—Nirenberg space, or J N, with a parameter 1 < p < oo, see Definition 2.3
below. In addition, they proved the John—-Nirenberg inequality for J N, functions, see
Theorem 2.4 below. From this theorem, it follows that J N, (Qo) C L?*°(Qy), where
Qo C R" is a bounded cube. It is also easy to see that L”(Qo) C JN,(Qp). Both of
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these inclusions are strict; however, this is far from trivial. An example of a function
in JN, \ L? was discovered in 2018 [4]. Thus, the space J N, is a nontrivial space
between L? and L?-*°. However, there are still many unanswered questions related
to the study of John—Nirenberg spaces.

Various John—Nirenberg type spaces have attracted attention in recent years, includ-
ing the dyadic John—Nirenberg space [11], the congruent John—Nirenberg space [9,
22], the John—Nirenberg—Campanato space [17, 19], and the sparse John—Nirenberg
space [5]. The John—Nirenberg space can also be defined with medians instead of
using integral averages [13]. Hurri-Syrjdnen et al. established a local-to-global result
for the space JN,(2), where 2 C R" is an open set [8] and Marola and Saari found
similar results for J N, in the setting of metric measure spaces [12].

The spaces VM O and CM O are well-known vanishing subspaces of BM O. They
were introduced by Sarason [16] and Neri [14], respectively. The aforementioned
duality phenomenon of Fefferman and Stein was later complemented by Coifman
and Weiss who showed that H! is the dual space of CM O [3]. Recently, there has
been research on the J N, counterparts of these spaces, which are denoted by VJ N,
and CJ N, [20]. Brudnyi and Brudnyi showed that V J N, is a predual to the Hardy-
type space H K ,» among other duality results for a family of related spaces Vlljj on a
bounded cube [2]. The space H K was first introduced by Dafni et al. as a predual
to the space JN, [4]. Here, p’ is the conjugate index of p,ie., 1/p 4+ 1/p" = 1.
It follows directly from the definitions of VJN, and CJN, that L € CJN, C
VJN, € JNp. Moreover, examples in [18] demonstrate that L? # CJN, and
VJN, # JN,. However, it has been an open question whether the set VJN, \
CJ N, is nonempty, see [18, 20]. As our main result, we show that VJN, and CJN,,
coincide.

Our method is to study Morrey or weak L? type integrals

|Q|%‘1/ 171, (1.1
0

where Q is a cube. We prove that if f € JN,, then these integrals tend to zero both
when Q] — 0 and when |Q| — oo. See Theorems 3.5 and 3.8 below for precise
statements of these results. Note that L? functions have this property, but weak L?
functions do not. From Theorem 3.5, it follows easily that C/JN, = VJN,, see
Corollary 3.7.

In Sect.2 we briefly study the more general version of the John—Nirenberg type
spaces J N ,(X), where the L'-norm of the oscillation term is replaced with the L4-
norm where g > 1. This generalization has been studied in [4, 21, 22]. It has turned
out that in case X is a bounded cube, the J N, , norm is equivalent with the J N, norm
(for ¢ < p) or L9 norm (for ¢ > p). In case X = R", the JN,, , norm is equivalent
with the JN, norm (for ¢ < p), and if ¢ > p, the space contains only functions
that are constant almost everywhere. We complete this picture by showing that in the
borderline case p = ¢ and X = R", this space is equivalent with the space L? (R") /R,
i.e., the space of functions f for which there is a constant b such that f —b € L?(R").
The result answers a question raised in [22, Remark 2.9].
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2 Preliminaries

Throughout this paper by a cube, we mean an open cube with edges parallel to the
coordinate axes. We let X C R” be either a bounded cube or the entire space R”. If
Q is a cube, we denote by /(Q) its side length. For any r > 0, we denote by r Q the
cube with the same center as Q but with side length r - [(Q). For any measurable set
E C R", suchthat 0 < |E| < oo, we denote the integral average of a function f over

E by
feimf fi= o [

Definition 2.1 (Weak L”-spaces) Let 1 < p < co. For a measurable function f, we
define

I FllLpoocxy i=suptl{x € X : | f(x)] > 1}]"/P.
>0

We say that f is a weak L? function, or f € L7*°(X), if || f|Lr.oo(x) is finite. We
define

I fllrwxy = wp|EW§fU@wm
ECX E

0<|E|<o0

where E is any measurable set. We say that f € L?"(X), if || |l Lr.»(x) is finite.

Remark 2.2 The expression || - ||z».(x) is not a norm, since the triangle inequality fails
to hold. However, || - || Lr.w(x) does define a norm. Additionally, if p > 1, || fllLr.o(x)
and || f||zr.»(x) are comparable and therefore L?-* (X) = LP°°(X), see Chap. 2.8.3
in [6].

Definition 2.3 (JN,) Let 1 < p < oo. A function f isin JN,(X) if f € L}OC(X)
and there is a constant K < oo such that

& p
i - i _KP
;yg(iJf.wo <

for all countable collections of pairwise disjoint cubes (Q,-)l?’il in X. We denote the
smallest such number K by ”f”]]\]p(x).

The space J N is related to BM O in the sense that the BM O norm of a function
is the limit of the function’s J N, norm when p tends to infinity. It is easy to see that

N, < 20 F 1N, x)- 2.1
Likewise, it is clear that L?(X) C JN,(X), as we get from Holder’s inequality that

IF NN, x) < 211 fllLex)- If X is a bounded cube, then J N, (X) C LP*°(X). This is
known as the John-Nirenberg inequality for J N, functions.
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Theorem 2.4 (John-Nirenberg inequality for JN,) Let 1 < p < oo, Qp C R" a
bounded cube and f € JN,(Qo). Then f € LP*°(Qo) and

If = foollLr=0p) < clfllin, o
with some constant ¢ = c(n, p).

The proof can be found in [1, 10], for example. In [18], this result was extended
to the space J N, (R"). Also a more general John—Nirenberg space J N, 4 has been
studied, for example, in [4, 21, 22].

Definition 2.5 (/N 4)Let]l < p < ococand1 < g < co. Afunction fisin JN, ,4(X)
if f e L! (X),and there is a constant K < oo such that

loc

x rlq
Z|Q,-|(][Q |f—fQ,-|q> < K?
i=1 i

for all countable collections of pairwise disjoint cubes (Q;)72, in X. We denote the
smallest such number K by || fllsn,,, (x)-

It was shown in [4, Proposition 5.1] that if X is a bounded cube, then J N, ,(X) =
JN,(X),if 1 <q < pand JN, ,(X) = L9(X) if p < g < oo. The same proof
also shows us that JN, ,(R") = JN,(R"),if 1 < g < p. It was shown in [22,
Corollary 2.8] that the space JN, ;(R") contains only functions that are constant
almost everywhere, if p < g < co. However, it was stated in [22, Remark 2.9] that
the situation is unclear if g = p. We complete the picture by showing that JN,, ,(R")
is equal to L?(IR™) up to a constant. This also answers [21, Question 15].

Proposition2.6 Let 1 < p < oo. Then JN, ,(R") = LP(R")/R and there is a

constant ¢ = c(p) such that for any function f € Llluc (R™), we have

;||f||JN,,,,,(Rn) < 1321% If = bler@ny < clfllun, ,@-

Proof First assume that f € L? /R, that is there is a constant b such that f —b € LP.
Then for any set of pairwise disjoint cubes Q;,

S [ ir-sor =Y [ == -bol
i=17Qi =17 Qi

o0
=y [ 1o <2 [ g -op
i=1 !

and therefore f € JN, ,(R").
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Now assume that f € JN ,(R"). Clearly

/Q 1f = fol?” < I f 15y, @

for every cube Q C R". Let (Qx)72, be a sequence of cubes such that the center of
every cube is the origin and | Qx| = 2%. Then Q1 C Q> C ... and Up2 Ok = R". We
shall prove that the sequence of integral averages (o, )7 is a Cauchy sequence. For
any integer i, we have

o~ fol = f, V= fol =2 17 = fal

Qit1

This means that
p
|fo, = foin P =27 (][ |f_fQi+1|) 5217][ lf = foinl?
Qit1 Qi1
p—i—1 p
S 2 ”f”ij,p(Rn)'

Then for any positive integers m and k, we get

max(m,k)—1 [ee) .
1 B
\fou = foll = Y. fo —fol = D 2770 fluw, @2 7P
i=min(m,k) i=min(m,k) (2‘2)

= c”f”]Np‘p(]Rn)z_ min(m,k)/p’

where the constant ¢ depends only on p. Therefore, (fg, )7, is a Cauchy sequence.
Then by using (2.2), we get

J.

p p

f— lim fo,
k— 00

m— 00

= lim ‘ f— lim fo,
Om k— 00

)

. -1 p ; p
SmILmOOZP <||f||JNp,p(Rn)+2mkll)n;o|me _ka} )

< lim [ 277! <If—me|”+‘me—klggo fou

m—00 Qm

< 21’_1||f||§Np‘p(]Rn) <1 + lim 2™ lim cz—mi“(m”‘))

m— 00 k—o00

1 . _
— 2P ||f||§Np,p(R") (1 + mlgnoo om ey m) = C”f”?zv,,,p(wy

where the constant ¢ depends only on p. This means that f —limy_.o fo, € L? and
therefore f € L?/R. This completes the proof. O

The spaces VJN, and CJN, were studied in [18, 20]. These spaces are JN,
counterparts of the spaces VM O and CM O, which are subspaces of BM O. The
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spaces VJ N, and CJ N, can also be defined in a bounded cube Qg instead of R" as in
the following definitions. However, in that case, it is clear that the spaces coincide [18,
20]. In this paper, we only define the spaces in R" and we write VJN, = VJN,(R")
and CJN, = CJN,(R") to simplify the notation.

Definition 2.7 (VJN,)Let1 < p < oo. Then the vanishing subspace VJN, of /N,
is defined by setting

VIN, :==D,®) "IN, ",

where
D,(R") :={f € C*([R") : [Vf] € LP(R")}.

Definition 2.8 (CJN,)Let1 < p < oo. Then the subspace CJ N, of JN,, is defined
by setting

CIN, = Co@®)’ ™",

where C2°(R") denotes the set of smooth functions with compact support in R”.

As in the case of vanishing subspaces of BM O, there exist characterizations of
VJN, and CJN, as J N, functions for which certain integrals vanish, see [20, The-
orems 3.2 and 4.3].

Theorem 2.9 Let 1 < p < oo. Then f € VIN, ifand only if f € JN, and
o0 P
li j — fo, =0,
tim sup 32101 (f, 1f - ol

QiCR" ;4
[(Qi)<a

where the supremum is taken over all collections of pairwise disjoint cubes (Q;){2,
in R", such that the side length of each Q; is at most a.

Theorem 2,10 Let 1 < p < o0o. Then f € CJN, ifand only if f € VJIN, and
lim  sup IQII/”][ |f = fol =0.
“ 0

—00 OCR”
(Q)=a

where the supremum is taken over all cubes Q C R" such that the side length of Q is
at least a.

From the definitions, we can see that L” /R € CJN, € VJN, € JN,. It was
shown in [18] that L? /R # CJN, and VJN, # JN,. However, the question of
whether C/ N, and V J N, coincide remained open.
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3 Equality of VJN, and CJN,

Let 1 < p < oo. In this section, we prove the equality of VJN, and CJN, by
showing that for any J N, function f, integrals of the type

lQl}’fQIfl

tend to zero both when |Q| — 0 and when |Q| — oo. This type of integral appears
in the Morrey norm, see for example [15]. Compare it also to the weak L?” norm
(Definition 2.1), where the supremum is taken over such integrals with the cube Q
replaced with an arbitrary measurable set.

The aforementioned results follow from Proposition 3.1.

Proposition 3.1 Ler X C R” be either a bounded cube or the entire space R". Let
Q C X be a cube such that3Q € X. Let1 < p <00, 0< A <ooand( < € <
eo(n, p). Suppose that f € L} (X) is a nonnegative function such that

loc
|Q|ﬁ][szA(1—e> G.1)

and for any cube Q' C X withl(Q') = %Z(Q) orl(Q) = %Z(Q) we have

Q1 f r=aae. (62)

Then there exist two cubes Q1 C 3Q and Q> C 3Q such that fori € {1, 2}, we have
2 4

1(Qi) = gl(Q) orl(Q;) = gl(Q), (3.3)

dst(Q1, 0 = 11(0), and (3.4)

|Qi|’l’][Q If = fo,l = ¢ A, (3.5)

where ¢ = c(n, p) is a positive constant.
To prove this proposition, we first need to prove Lemmas 3.2 and 3.4.

lemma3.2 Let 0 < @ < 1 < B. Let Q' C Q C QO C R" be cubes such that
1(Q) = al(Q) and 1(Q) = BI(Q). Suppose that f € L'(Q) is a nonnegative
function, 1 < p <00,0 < A <ooand0 < € < €y(n, p,a, B). Assume also that
(3.1) holds for Q and (3.2) holds for Q' and Q. Then we have

~ 1
IQ\Q’IT’][ f—=Ffool=c1-A,
Q\Q,’ 0\0 1

where c1 = c1(n, p, «, B) is a positive constant.
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Proof From the assumptions of the lemma, we get directly

10\ 0 ‘ 10\ Q| ’
- — + - =
/Q\Q’ ! /Q\Qf [0\ O Q\Q’f' /Q\Q’f IQ\Q’I/Q\Q'f

=2'/Qf—ﬂln__a:n/gf‘,£n__;n /Qf'
.

> 2(A<1 ol - A+ 010

B"
_ ﬂ”—l A(1+€)|Q/|]7%>
B —

~fovo| z

_ n

=240/ (1 —e— ﬂn—_“a,,a +e)(p) 7

Aol (1+e) (a")l_% )

- 6}1 _a}’l

Thus, we have

IQ\Q’I%][ f=Fono
Q\Q" o\Q
n_n%*l _ _1_()5” n_%_ﬁn—l
2(B" —a") (1 € ﬂn_an(1+e)ﬁ

= C(n, p,a, B,e)A.

v

Notice that
lim0 C(n,p,a,B,e)=Cn,p,a,p,0)
€E—>

1_ l—a™ ,_n T—1 ,_n
=2(p" —a")? l(l—ﬁn_aanﬂ" P oLy )

IBn_an

This is positive for every n, p, «, and 8. Indeed, we have C(n, p, «, 8,0) = 2(B" —
1
o)~ (L) with

| —on n_q
W)y =1 — =% gnone _ P11
o[n ﬂn_an

p -

n—nx

We notice that 2(0) = h(1) = 0 and the second derivative of £ is strictly negative.
Thus 4 is concave and h(x) > O for every 0 < x < 1. In conclusion, if € is small
enough, we have

1
C@n. p.e. B €) 2 5Cn. p. . ,0) := 1 (n, p, @, p) > 0.
This completes the proof. O
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For the reader’s convenience, we start by giving a proof of Proposition 3.1 in the
special case n = 1 as it is technically much simpler. The idea of the proof is the same
also in the multidimensional case.

PNroofofProposition 3.7inthecasen = 1 Let us assume that Q = [a, a + L]. Define
O=[a,a+3L]and Q' =[a,a+3L]. Weset O := O\Q' =[a+3L.a+ 3L]
and we get from Lemma 3.2 and the assumptions in Proposition 3.1 that

S =

[O1] ][ lf — foil = 14,
01

if € is small enough. Here ¢y = c1(n, p, o, ) withn = 1, 0 = % and B = %‘.
On the other hand, if we set Q = [a — %L, a+L]and Q' = [a+ %L, a+ L]and
define Q5 := Q\Q' = [a — 1L, a + LL], then we get from Lemma 3.2 that

<=

10, ][ \f = foul = c1A,
0>

if € is small enough. Finally we notice that the distance between the cubes Q1 and Q2
is %L. This completes the proof. O

The case n > 2 is more complicated as the set 0\ Q' is usually not a cube. Before
the actual proof, we fix some notation about directions and projections.

Definition 3.3 Let {vy, ..., v,} denote the standard orthonormal basis for R”. Let
Q1 C R" and Q> C R” be cubes. The cubes can be presented as Cartesian products
of intervals as

Q1 =1 xI} x..x I!and

Q2=112x122x...x1nz.

We say that Px(Q1) =1 kl is the projection of cube Q; to the subspace spanned by
the base vector vg. Fix an index k with 1 < k < n. If for every x; € P¢(Q1) and
Vi € Pr(Q2) we have x; < yx, then we say that Q> is located in direction Tk from
Q1 and Q is located in direction | from Q5.

Lemma3.4 Ler Q C R" be a cube. Let Q' C Q C Q be cubes with [(Q) = %Z(Q)
and 1(Q) = %l (Q) such that all the cubes share a corner. By symmetry, we may
assume that Q = [0, L]", Q' = [O, %L]n and Q = [0, %L]n. Let f € L' ([0,2L]")
be a nonnegative function, 1 < p < 00,0 < A <o0oand(0 < € < ¢y from Lemma
32 witha = % and B = ‘3—‘. Suppose also that (3.1) holds for Q and (3.2) holds for

Q' and Q. Then there exists a cube Q C [0,2L1" \ Q' such that either
@ [(Q)=3Land O C Q

or
(b) l(Q) = %L and Pk(Q) = Pk(Q) =[O0, i‘L]for every 1 <k < n except one
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Fig.1 The cubes Q, 0/, O, 21,7
(Qi)7y” and (Q)""_,, when
n = 2. We have
0=0'UQyUQ1UQs, Qb
QoU Q1 C Q) and
QoU 02 C 0

Q2 Q

L Qo
Q
Q1
@ Q1
L 2L

and in addition
_ 1
1017 ][Qlf—fgl > A,

where ¢y = cy(n, p) is a positive constant.

Proof Let us divide the cube Q dyadically into 2 subcubes. Then one of them is Q’.
Let us define Qg = [%L, %L]n and let us denote the rest of the subcubes by (Qi)?lf.
Notice that Q' does not have an index unlike all the other dyadic subcubes. For any
1 < j < n, we define

Q’j =15 xDh x..xI,,

where

_)I3L.2L), k=,
“To, 40, k£

See Fig. 1 to see how these cubes are located with respect to each other. It is simple to
check that then

Qo C Q) Cl0,2L1"\ Q" and [(Q)) =2I(Qo)

for every j. Also for every Q; with 1 <i < 2" — 2, there exists at least one cube Q’j
such that Q; C Q’j. For every Q;, let us denote by Q’jl_ one of these cubes Q’j.
Let us prove that for at least one of the cubes Q; or Q’/., we have

_ 1 _1 l4n—n 2" -2 2\ 7!
Ile][Qlf—fQIE(Zn—l) T\1+2 ”(zn_1> ad, 36
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where ¢y = c1(n, p, o, B) is the constant from Lemma 3.2 with ¢ = % and 8 = 3
We prove this by contradiction. Assume that (3.6) does not hold for any Q; or Q’j . We
get from Lemma 3.2 that '

A<|0\ Q" — oo
aA <10\ 0 ][Q\Q/‘f fove
:((2n_1)|Q/|)%71 /| 1)|Q|Z/ fl. (3.7

We continue estimating one of the integrals in the sum above

2 -2

/,."f_( —11)|Q| f'
:/Q,-‘f_fQ" (2”—1)|Q| (/ /Q )‘
/If foi

Assume that k > 1. Then because Q; U Qg C Q’J.k and Qx N Qo = 9, we have

o~ o= Gt U, G- )=

Thus if i = 0, we get

“Jo !
Ok

i

Qo

2 vy
g /if‘/Qkf 5;/% f-to,

On the other hand, if i > 1, then

Aeenlf o[ ez
i

)
oo w5,
Q;, ' =1 "2

k2

o

Ok Qo Q

i
1

! .
Jk
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We continue by estimating the sum in (3.7) and we get

Z/ —UIQIZ/

2"-2 —
< lf - fQi / / f‘
; /Qi =0 i Ok
2)[
< Z/ -t |-,
k=1 " Cj
22 |
n —
+ Z 2n 1 (2 2) /‘Q/- Z / ‘f fQ!k
i=1 Ji
k;él
2"-2
Z/ f- fQ,|+Z/ r 1 |+ |y e,
i= 3
Z/v fQ,|+<1+ )Z/ 1o,
Then finally from our assumption, that (3.6) does not hold, we get
2 -2
/If fQ,|+<1+ )Z/ £ = 10,
=2 1 1 o 2\ :
< 2(; (2" —1)77 (1 4+ oMHnh (2n — 1) ) clAlQ:|' v
1=
22 2\ !
2" -2 _1 lan—n (2" =2 -1
+2. T ,(X: (2"—1)"7 <1+2 n—y, <2n_1> ) c1A|Q/jk|
=1

-1 _n an_ny2\ "l 1 n_ny2 -1
=@ =)' (12" (5)) C1A<IQ/|1 P+ T (2112)) )
1
=" - 1'""reAlQ) 7
In conclusion, we have
410001 |- ta0)
A= ~ — Jovo
0\0' o\e
n ms-1 n 1-1 -1
<(@ -0 @ = 1"TraAlQ)TF =4,
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which is a contradiction. Hence, there is at least one cube Q C [0,2 L1\ Q' that
satisfies the conditions of the lemma and

-1
o1 Y Lnon (27 =22
Yol Q|f—fQ|z(2 1) [1+27" Y c1A = A,

where ¢y = c2(n, p) is a positive constant. This completes the proof. O

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1in the casen > 2 Let0 < ¢ < ¢p from Lemma 3.2 witha = %
and 8 = %. We apply Lemma 3.4 2" times to each corner of Q and obtain 2" sets of
cubes Q’, Q and Q Here, every Q satisfies (3.3) and (3.5). No matter which corner
the cubes Q’, O and Q share, we always have %Q C Q’.Since Q and Q' are disjoint,
we get that O and %Q are also disjoint and thus each Q is located in at least one
direction from %Q in the sense of Definition 3.3.

Because Q' is in the corner of Q, there is one direction for each k € {1, 2, ..., n}
such that Q cannot be located in that direction from %Q. For example, if Q = [0, L]",
o' = [0, %L]" and Q = [0, 2L]", then the possible directions where Q may be
located in from %Q are 1!, 42,... and 1. The cube Q cannot be located in any of
the directions | ', |2,... and " from %Q. Thus, for each cube Q, there are n possible
directions and for any two cubes Q, the sets of possible directions do not coincide.

If one cube Q is located in direction ¥ from % Q and another is located in direction
1¥, then the distance between those two cubes is at least %l (Q) — thus the proposition
is true. Therefore let us assume by contradiction that no two cubes Q are located in
opposite directions.

Let S be the set of all directions in which all the cubes Q are located from % Q. Then
we clearly have |S| < n, because by our assumption, there is at most one direction in
S for each k € {1, 2, ..., n}. However, there is always at least one cube Q for which
the possible directions are all exactly opposite to the directions in S. If for example
the directions in S are Tl, TZ,... and 1™ for some m < n, then there is no direction
in S for the cube Q for which the possible directions are only J!, |2,... and |". This
contradicts with the assumption that the directions of all Q are represented in S. Thus,
we conclude that there must be two cubes Q in opposite directions. This completes
the proof. O

Now we can show that the Morrey type integral (1.1) vanishes as the measure of
the cube tends to infinity.

Theorem 3.5 Let 1 < p < oo and suppose that f € JN,(R"). Then there is a
constant b such that

m sup |Q|”"][Q|f—b|=o, (3.8)

li
a—> o0 QCRH
(Q)=a
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where the supremum is taken over all cubes Q C R" such that the side length of Q is
at least a.

Proof Assume first that f € JN,(R") N LP°°(R") and f is nonnegative. Let

lim  sup |Q|‘/P][ f=A,
a—> o0 QCR" Q
[(Q)za

where A > 0. The limit exists as this sequence is decreasing, the elements are finite —
this follows from Remark 2.2 because f € L?°°(R") — and the sequence is bounded
from below by 0.

Let us assume that A > 0. Let 0 < € < €o(n, p) as in Proposition 3.1. Then there
exists anumber N < oo such that (3.2) holds for every cube Q where /(Q) > N. Also
for any number M < oo, there exists a cube Q such that /(Q) > M and (3.1) holds.
This means that we can find a sequence of cubes (Q;){2, such that [(Q) > %N,

1(Qis1) > 1(Qi), lim; .0 [(Q;) = 00 and
|Q,~|1/P][ f=A(l-e
Qi

forevery i € N.

Let Q; be one of these cubes. According to Proposition 3.1, there exist two cubes
Qi1 C3Q; and Q;» C 30Q; that satisfy (3.3), (3.4) and (3.5). The cubes (Q;,1){2,
may not be pairwise disjoint. However, for every cube Q;, we have two cubes to
choose from.

Let us construct a new sequence of cubes (Q;j )?O | iteratively. We start with Q;, :=

01 and choose Q;l := Q1,1. Let Q;,, i > 1, be the smallest cube in the sequence
(Q,-)l?il such that %I(Q,-z) > l(Q;.I ). Then at least one of the cubes Q;, | and Q;, 7 is
pairwise disjoint with Q; . Let’s say that Oy, 1 is the disjoint one and set O}, := Q1.

Let us denote by Q the smallest cube such that Q;l U Q;z C Q.Let Qj5, i3 > ia,
be the smallest cube in the sequence (Q;){2, such that %Z(Q,-3) > [(Q). Then at least
one of the cubes Q;;,1 and Q;; 2 is pairwise disjoint with both Q;l and Q;z.

By repeating this process and taking a subsequence of (Q;);2,, if necessary, we
get infinitely many pairwise disjoint cubes (Q;.j)?oz] . Then we get

o0
> Zc(n, p)A? = oo.
Jj=1

Sl f, |7 s,
j=1 ’ Q,-/. J

This contradicts with the assumption that f € JN,(IR"). Thus, we conclude that
A=0.

Now assume only that f € JN,(R"). From [18, Theorem 5.2], we get that there is
a constant b such that f —b € LP°°(R"). Obviously f — b € JN,(R"). Then from
(2.1), we get that | f — b| € JN,(R") N LP-°°(R"). Finally by the same reasoning as
before, we conclude that
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lim  sup |Q|1/P][ |f —b| =0.
a—>0o0 QCR” Q
(Q)>a

This completes the proof. O

Remark 3.6 Naturally Theorem 3.5 implies that the result holds also for L? functions
with p > 1, but this can also be seen easily by considering the Hardy-Littlewood
maximal function. Indeed assume by contradiction that

1
lim sup |Q|F][ [fl=A>0.
a— 00 QCR" 0
(Q)=a

Then for any number a < oo, there exists a cube Q such that /(Q) > a and

1 >A
ol fgm =2

1
Thus for every x € Q, we have M f(x) > %| Q| 7, where Mf is the non-centered
Hardy-Littlewood maximal function. Thus M f (x) ¢ L? and consequently f ¢ L?.

Clearly the theorem does not hold for weak L? functions. For example let n = 1
and f(x) = x~ /P when x > 0. Then we have f € L”*(R) but (3.8) does not hold
for any b. The same function shows us that Theorem 3.8 does not hold for weak L”
functions.

As a corollary from Theorem 3.5, we get that VJ N, and CJN, coincide. This
answers a question that was posed in [18] and it answers [20, Question 5.6] and [21,
Question 17].

Corollary 3.7 Let 1 < p < oo. Then CJN,(R") = VJN,(R").
Proof 1t is clear that C/N, € VJN,. Let f € VJN, C JN,. Then we get from

Theorem 3.5 that there is a constant b such that

lim sup |Q|‘/1’][ f - fol = lim sup IQII/”][ \f —b—(f —b)gl
a— o0 QCR” Q a— o0 QCR” Q
1(Q)>a 1(Q)>a

< lim sup |Q|1/P2f |f —b| =0.
a— 00 OCR" 0
(Q)=a

Then by Theorem 2.10, we get that f € CJN,,. This completes the proof. O

From the following result, we can infer that the additional condition in [18, Lemma
5.8] is not necessary, answering the question posed in [18].
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Theorem 3.8 Let X C R” be either a bounded cube or the entire space R" and
1 < p < o0. Suppose that f € JNp(X). Then

lim sup IQII/”][ 1fl =0, (3.9)
a—=0 gcy
I(Q)=<a

where the supremum is taken over all cubes Q C X, such that the side length of Q is
at most a.

Remark 3.9 The theorem implies that L” functions also satisfy (3.9). However, in that
case, the result is well known as it follows simply from Holder’s inequality and the
dominated convergence theorem. Notice that for L? functions, (3.9) holds also when
p = 1, whereas in Remark 3.6, it is necessary that p > 1.

Remark 3.10 In particular, this result implies that for any 1 < p < oo and bounded
cube X C RR”", the John-Nirenberg space JN,(X) is a subspace of the vanishing

Morrey space VL (X) as defined in [15].
Proof of Theorem 3.8 The proof is similar to the proof of Theorem 3.5, but we have to

take into account the possibility that we might have 3Q ¢ X, even though Q C X.
Let f € JN,(X). Letus assume first that f is nonnegative and f € L”*°(X). Let

lim ~ sup |Q|1/P][f A. (3.10)
a—0 QCX
1(0)<a

The limit exists as the sequence is decreasing and bounded from below by 0.
Assume that A > 0. Let 0 < € < €p(n, p) as in Proposition 3.1. Then there is a
number § > 0 such that (3.2) holds for any cube Q where /(Q) < §. Also because of
(3.10), we know that for every a > 0, there exists a cube Q € X such that/(Q) < a
and (3.1) holds for Q. Therefore, we can find a sequence of cubes (Q;){°, such that

1(Q1) < 28,1(Qi+1) < 1(Q), lim; 0 1(Q;) = 0 and
|Ql-|”f’f f= Al —e).
Qi

for every i > 1.

Case 1: There are infinitely many cubes Q; in the sequence such that 3Q; € X.

By taking a subsequence, we may assume that 3Q; € X for every i. Let Q; be one
of these cubes. Then according to Proposition 3.1, there exist two cubes Q; 1 C 3Q;
and Q;> C 3Q; that satisfy (3.3), (3.4) and (3.5). The cubes (Q;1)7°, may not be
pairwise disjoint. However, for every cube Q;, we have two cubes to choose from.

Let us construct a new sequence of cubes (Q )°o | iteratively. We start with Q;, :=
Q1. Then there exist infinitely many cubes Q; 1n the sequence such that Q1 1 N3Q;
@ forevery i or Q12 N3Q; = & for every i. This is true because dist(Q1,1, 01,2) >
1(Q1)/3 and lim;_, o, [(Q;) = 0. Without loss of generality, we may assume that

V||

@ Springer



Equality of VN, and CINp Page170f19 67

Q1,1 N3Q; = o for infinitely many i > 1. We set Q’ = Q1,1. Let Q;,, 0> > 1, be
the first cube in the sequence (Q;)?°, such that Q N 3 Qi, = . Then the cubes Q
Qi,.1 and Q;, » are all pairwise disjoint. Thus, We can continue by choosing one of
the cubes Q;, 1 and Qj, 2 such that there are still infinitely many cubes 3Q;, i > i,
that are pairwise disjoint with both the chosen cube and Q;l .

By repeating this process and taking a subsequence of (Q;)°,, if necessary, we
get infinitely many pairwise disjoint cubes (Q; )°° | in X that all satisfy (3.5).

Case 2: There are only finitely many cubes Q, in the sequence such that 3Q; C X.
This can only happen if X is a bounded cube. In this case, we shall also construct a
new sequence of pairwise disjoint cubes (Q’ )°O | iteratively. By taking a subsequence

of(Q,-)j’il, we may assume that /(Q1) < l(X) and [(Qj41) < §I(Q,-). Assume that
30Q; ¢ X.Thenweknow thatforanyk € {1, 2, ..., n}, the projection Py (3Q;) can only
intersect one of the endpoints of Px(X). Let m be the number of base vectors vy such
that Pr(30Q;) C Py(X).Then0 < m < n and there exist 2" cubes Q; C XN3 Qi\% Qi
as they are defined in Lemma 3.4.

Every such cube Q; is located in some direction from the cube % Q;,in asimilar way
as in the proof of Proposition 3.1. Without loss of generality, we may assume that the
possible directions for these cubes are 11, |1, 42, |2,.., 7, ™, L mt2 L,
but for each Q,' there is naturally only one possible direction for each k € {1, 2, ..., n}.
If one of the cubes is located in direction Tk and another is in direction ¢k Lk <m,
then the distance between these two cubes is at least %l (Q;). Thus, we can choose one
of these cubes into the sequence (Q;.j);?oz1 the same way as in the first case and there

are still infinitely many cubes Q;, [ > i, such that 3Q; N Q; = @.

Let us assume that there are no two cubes Q; that are located in opposite directions
from %Q ;- Then by similar reasoning as in the proof of Proposition 3.1, we know that
at least one of the cubes Q; must be located in direction |* for some k > m. Let us
denote such a cube by Q; ;. If there are infinitely many cubes Qy, [ > i, such that
30; N Q;.1 = &, then we may choose Q; | into the sequence (Q;i)?":1

Assume that there are only finitely many cubes Q;, > i, suchthat3Q;N Qi1 =0.
Then there are infinitely many cubes Q;, [ > i, suchthat 3Q; N Q; 1 # <. Let Q; be
one of these cubes. Because [(Q;) < %I(Q,-), we know that P (3Q;) C Px(X). This
is because the distance from Py (Q; 1) to d P (X) is at least %I(Qi).

In addition for every 1 < s < m, we have P;(3Q;) C P;(X). This is because
of how the cube Q was chosen in Lemma 3.4. Because the cube Qi1 is located in
direction ¥ from the cube %Qi, we have either Q; | C Q,- (where Q,- is as in Lemma

3.4) or the projection of Q; and the projection of Qi1 coincide for every base vector
except vg. Thus P (Q;.1) C Ps (Q ) Because Py(3Q;) C P (X) forevery 1 <s <m,
we get that the distance from P (Q ) to 0 Py(X) is at least £ l(Q ). See Fig.2 to get a
better understanding of the situation.

In conclusion, if 3Q; ¢ X and there are m base vectors vy such that P;(3Q;) C
Py (X), then we can find a cube Q; 1 C X N 3Q; such that (3.5) holds and there are
infinitely many cubes Q;, [ > i, such that Q; | N 3Q; = &, or, if the first option is
not possible, there exist infinitely many cubes Qy, [ > i, such that P;(3Q;) C Ps(X)
for at least m + 1 base vectors vs. Because there are only n base vectors in total, this
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Fig.2 An example of how the k
cubes X, Q;, Q;, Q.1 and Q;
may be situated with respect to
each other. In the picture, we X 3Qi
have the projections of these
cubes to the mk-plane. The cube Qz Qi
Qi1 is located in direction ik I:I
from % Q;. Therefore, we have
either Q; 1 as shown in the

picture or Q; 1 C Q,' 3Ql
Qin

latter option can only happen at most n times. Thus we can always find infinitely many
pairwise disjoint cubes (Q;,)?il in X that all satisfy (3.5).
In both cases, we get

oo oo
> 105 f V—&% > ) cln, p)A? = o0
— [ ' —
j=1 i j=1

This contradicts with the fact that f € JN,(X). Therefore, we conclude that A = 0.

Now assume only that f € JN,(X). Then there is a constant b such that f — b €
LP>°(X). Also from (2.1), we get that | f — b| € JN,(X) N LP°°(X). Then using
the same argument as earlier, we get

MWW%W%WW%UM

a—0 ocx
1(Q)=a 1(Q)=<a
+ lim sup |Q|1/”][ |b| = 0.
a—0 0cx 0
[(Q)=a
This completes the proof. O
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