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Abstract
We solve the shifted wave equation

82
Sae D = (Ac+ p2)p(x, 1)

on a non-compact simply connected harmonic manifold with mean curvature of the
horospheres 2p > 0. We give an explicit representation of the solution as the inverse
dual Abel transform of the spherical means of their initial conditions using the local
injectivity of the Abel transform and symmetry properties of the spherical mean value
operator. Furthermore, we investigate the shifted wave equation using the Fourier
transform on harmonic manifolds of rank one. Additionally, we obtain a result analo-
gous to the classical Paley—Wiener theorem and use it to show an asymptotic Huygens
principle as well as asymptotic equidistribution of the energy of a solution of the
shifted wave equation under assumptions on the Harish—Chandra type c-function.
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1 Introduction

In their paper [1], the authors solved the shifted wave equation on Damek—Ricci spaces
explicitly. These spaces together with Euclidean and hyperbolic spaces provide all
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known examples of non-compact simply connected harmonic manifolds. A harmonic
manifold is a complete Riemannian manifold (X, g) such that for all p € X the vol-
ume density function in geodesic polar coordinates ,/g;;j(p) = 6,(p) only depends
on the geodesic distance. The Euclidean and non-flat symmetric spaces of rank one
are harmonic. It was a long-standing conjecture that all harmonic manifolds are of this
type, referred to as the Lichnerowicz conjecture [36]. The conjecture was proven for
compact simply connected spaces by Szabo[45] but shortly after this, in 1992, Damek
and Ricci [18] provided for dimension 7 and higher a class of homogeneous harmonic
spaces that are non-symmetric. These manifolds are called Damek—Ricci spaces. In
2006, Heber [24] showed that all homogeneous non-compact simply connected har-
monic spaces are of the type mentioned above. Since homogeneous spaces have a rich
algebraic structure one can use tools from harmonic analysis, see [29] and [42]. In
[10], the authors showed that certain analytic properties of harmonic spaces can be
obtained without the assumption of homogeneity only assuming purely exponential
volume growth or equivalently rank one condition. Furthermore, in [40], the authors
showed that important properties of the Abel transform and its dual are true for general
non-compact harmonic manifolds. We now use their methods to generalise the results
from [1]. The idea of the proof is identical: We use the symmetries of the mean value
operator to express the solution of the shifted wave equation via the inverse dual Abel
transform of spherical means of its initial conditions.

In Sect.2, we provide all the generalities on harmonic manifolds needed for this
discussion. In Sect. 3, we recall important properties of the Abel transform and its
dual from [40], and in Sect.4, we show Asgeirsson’s mean value theorem for har-
monic manifolds (Lemma 4.1) before solving the shifted wave equation with smooth
compactly supported initial conditions explicitly in Sect.5 (Theorem 5.1). Up until
this point, we assumed (X, g) to be a simply connected, non-compact and non-flat har-
monic manifold. Starting with Sect. 6 we investigate the shifted wave equation under
the additional assumption that X is of rank one and thereby obtain similar results to
[5]. To conduct this investigation, we will use the Fourier transform on X. For this
purpose, we give a brief overview of the Fourier transform on harmonic manifolds
of rank one and study the action of the Laplacian under Fourier transform. Then in
Sect. 7, we generalise the Paley—Wiener type theorem (Theorem 7.4) from [5] and use
it to obtain bounds on the energy of a solution of the shifted wave equation on X under
assumptions on the initial conditions. In Sect. 8, we improve the Paley—Wiener type
theorem from the previous section by showing an analogous result of the classical
Paley—Wiener theorem on harmonic manifolds of rank one (Theorem 8.1), general-
ising the results from [29] and [3] for symmetric and non-symmetric Damek—Ricci
spaces, respectively. The main idea of the proof of this theorem is to use the Radon
transform from [43] to translate the problem to the real line. We subsequently use
this to obtain an asymptotic Huygens principle (Sect. 9, Theorem 9.2) and asymptotic
equidistribution of energy (Sect. 10, Theorem 10.1). Under the assumption that the
c-function of X has a polynomial holomorphic extension into a strip on the upper
half plane in C with the first pole of multiplicity one. This generalises the results of
symmetric spaces ([13—15, 28, 39]), non-symmetric Damek—Ricci spaces ([5]) and
gives a non-radial version of the results in [21].
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2 Preliminaries

In this Section, we give a brief introduction to non-compact simply connected har-
monic manifolds. For more information, we refer the reader to the surveys [35] and
[33]. Let (X, g) be a non-compact simply connected Riemannian manifold without
conjugate points. Denote by CX(X) the space of k-times differentiable functions on
X and by Cf(X ) C CK(X) those with compact support. We use the usual conven-
tions for continuous, smooth and analytic functions. Furthermore, for x € X denote
by C*(X, x) resp. Cf(X,x) the functions in Ck(X) resp. Cé‘ radial around x i.e.
f e kX, x) (Ci‘(X, x)) if there exists a even function u € Cé‘ven(R) on R (with
compact support) such that f = u od(x,-) whered : X x X — Ry is the distance
induced by g. Furthermore, for p > 1, L? (X) refers to the L”-space of X with regard
to the measure induced by the metric and integration over a manifold is always inter-
preted as integration with respect to the canonical measure on this manifold unless
stated otherwise. For p € X and v € §,X denote by ¢, : R — X the unique unit
speed geodesic with ¢(0) = p and ¢(0) = v. Define A, to be the Jacobi tensor along
¢, with initial conditions A,(0) = 0 and A/, (0) = id. For details on Jacobi tensors,
see [31]. Then using the transformation formula and the Gauss lemma, the volume of
the sphere of radius r around p is given by

vol S(p,r) = / det Ay (r) dv. (D)
S,X

The second fundamental form of S(p, r) is given by A, (r)A; I(r) and the mean
curvature by

v,(r, v) = trace A, (r) A, ' (). 2)

Definition 2.1 Let (X, g) be a complete non-compact simply connected manifold
without conjugate points and SX its unit tangent bundle. For v € SX let A,(r)
be the Jacobi tensor with initial conditions A, (0) = 0 and A/,(0) = id. Then X is said
to be harmonic if and only if there exists a function A : [0, co) — [0, co) such that

A(r) =det(A,(r)) Yv e SX.

Hence the volume growth of a geodesic ball centred at 7 (v) only depends on its radius.

From (2) one easily concludes that the definition above is equivalent to the mean
curvature of geodesic spheres only depending on the radius. More precisely, the mean
curvature of a geodesic sphere S(x, r) of radius r around a point x € X is given by
-

Using A,, one can construct the Jacobi tensors S, - and U, , along ¢, with S, - (0) =
id, Sy,,(r) =0,and Uy = Sy, .
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Then the stable, respectively, unstable Jacobi tensor is obtained via the limiting
process:

= lim S, ,
r—0Q

Sy
U, = lim Uy,.
r—00
Note that these limits exist [31].

Let v € §,X and ¢, be the unit speed geodesic with initial direction v. Now
define for x € X the Busemann function b, (x) = lim;— o by ;(x), Where b; ,(x) =
d(cy(1), x) — 1. This limit exists and is a C!*! function on X, see for instance [30].
The level sets of the Busemann functions, H; := b, 1 (s), are called horospheres, and
in the case that b, € C2(X), their second fundamental form in 7 (v) = p is given by
U/ (0) =: U (v). Hence their mean curvature is given by the trace of U (v). In the case
of a harmonic manifold, v — trace U (v) is independent of v € SX, hence the mean
curvature of horospheres is constant. Using this notion of stable and unstable Jacobi
tensors, Knieper in [32] generalised the well-known notion of rank for general spaces
of non-positive curvature introduced by Ballmann, Brin and Eberlein [6] to manifolds
without conjugated points.

Define for v € SX, S(v) := S,(0) and D(v) = U(v) — S(v). Then

L) :=ker(D(v))
rank(v) := dim L(v) + 1
rank (X) := min{rank(v) | v € SM}.

Furthermore, Knieper showed that, for a non-compact harmonic manifold, rank (X) =
1 is equivalent to other important notions in geometry, which are stated in Sect. 6.
For f € C%(X), the Laplace—Beltrami operator is defined by
Af :=divgrad f

and in local coordinates {x;} is given by

2 p),

det gg'/
(vdetgg 7

1 ad
Af = —_—
! ; J/det g 0x;

where g = (&ij) is the matrix which defines the metrictensor g : TX x T X — [0, 00)
and (g") its inverse. A is by definition linear on C2°(X) and we have

/X—Af(x)-f(x)dx=/X||Vf(x)||§dx Ve CE),

where ||-|| ¢ is the norm induced by g. Hence, — A is a non-negative symmetric operator.
Furthermore, — A is formally self adjoint. Hence, by the density of C2°(X) in L%(X),
we can extend A to an unbounded self adjoint operator with dense domain in L?(X)
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which in abuse of notation we will again denote by A. The above also implies that
the spectrum of A is contained in the negative half line. From now on, assume that
(X, g) is a non-compact simply connected harmonic manifold with mean curvature
of the horosphere i = 2p. In this case, the authors showed in [41] that Ab, = h,
and hence, the Busemann functions as well as all eigenfunctions of A are analytic by
elliptic regularity since harmonic manifolds are Einstein, see for instance [50, Sec.
6.8], and therefore analytic by the Kazdan-De Turck theorem [20]. Furthermore, the
authors in [40, Corollary 5.2] showed that the top of the spectrum of A is given by
—p2.

Lemma 2.2 ([10], Lemma 3.1) Let f be a C? function on (X, g) and u a C™ function
on R. Then we have

A(wo f) = "o f)lgrad fII; + (' o /IAF.

where ||-I2 = g(-. .

With Lemma 2.2, we can calculate the spherical and horospherical part of the
Laplacian, by choosing f = d, for some x € X, where d, is the distance function to

x. We obtain with Ad, (r) = ‘2,((:)) o d, (r) using spherical coordinates around x

/

" / A
A(wody) =u" ody +u de'Xde- 3)

For the Busemann function f = b, with Ab, = h = 2p, we obtain using horospher-
ical coordinates

Awoby) =u"ob,+h-u ob,. 4

From this, we have that the radial part of the Laplacian only depends on the radius
and not on specific points. Therefore, we obtain

Lemma23 Let f : X — C be a C®(X) function and x € X. Then for the mean
value operators

1
BEARETTCENG I AR

and

Ry (f)(y) = My f(d(x, y))

we have

AR, f(y) = Re(A ().

@ Springer



33 Page6of54 0. Brammen

Especially we have for

> A d
Ly:=— —
dr? A(r) dr

that

LAM(f)(r) = Mx(Af)(r).

Proof We can decompose the Laplacian

AF(Y) = As,dx,y) f (V) + Aradial £ ().

Where Ag(x a(x,y)) denotes the Laplacian of S(x, d(x, y)) and Apygja is defined by

(Aragial f)(cu(r)) = La(f o cy)(r),

where for v € §X, ¢, is the geodesic corresponding to the initial conditions ¢, (0) =
7 (v) and ¢, (0) = v. Since S(x, d(x, y)) is closed Green’s first identity implies

/ As(x.dx,y) f(2)dz = 0.
S(x,d(x,y))

Now the radial part of the Laplacian only depends on radial derivatives and the mean
curvature of the geodesic sphere which since X is harmonic also only depends on the
radius. Therefore,

Ry(Af)() = Ry (Aragiat /) ()

X is harmonic

= Apadial Ry () ()
= AR (/).

The second part of the Lemma follows now from (3). O

Remark 2.4 Note that X is harmonic if and only if the Laplace operator commutes
with the mean value operator. See for instance [45, Lemma 1.1].

Lemma2.5 Letxg € X. Then Ry, : C°(X) — C2°(X, xo) is self adjoint with respect
to the Lz-product on X, ie.

/X(Rxof)(x)g(x)dx Z/Xf(X)(Rxog)(X)dx Vf.g€CTX).
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Proof Let f, g € C2°(X) and xo € X. We integrate in geodesic polar coordinates
using equation (1) and the fact that X is harmonic:

fX (Ray X)) dx = —— / / F(exp(rv)) dv

- f g(exp(rv))dv) A(r) dr

0

_ /Xf(x)(RxOg)(x)dx

where w,_; = vol $"~ 1. O

3 The Abel Transform and Its Dual

Peyerimhoff and Samion discussed the Abel transform and its dual for radial functions
as well as its connection to the radial Fourier transform in [40]. We will use these to
construct a solution to the shifted wave equation. Therefore, we recall the definition
and some imported facts that we will need in the proof of our main theorems. For this
purpose, we need the following version of the Co-area formula.

Theorem 3.1 ([17, p.160]) Let M be a connected Riemannian manifold. Given a cl-
Sunction f : M — R such the gradient grad f never vanishes on M, let S; denote the
hypersurface defined by S, = {x € M | f(x) =t}, t € R. Then, forany g € C?(M),

gy
d dydt.
/ g(x) dx = / /s lerad ronl, &Y

Letxo € Xandv € Sy, X. Then H} = b, 1(s) denote the horospheres and N (x) =
— grad by (x). Then the map

W, H) — H
X = exp(—=sN(x))

is a diffeomorphism and

v, R x Hl? - X
Wy(s, x) = Wy 5(x) ©)

is an orientation preserving diffeomorphism. Furthermore, the Jacobian of W, ; is given
by ehs (see [40, Proposition 3.1]). Hence, for a measurable function f : X — R, we
get

f()dz =™ / F(¥(2)) dz. (©6)
H; HY
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Definition 3.2 For v € S, X and define

jiC2 (R) — C®(X)

even

G (x) = e P2 £ (b, (x))
and

. oo
a. Ceven

(R) — C*(X, x0)
by
a(f)(y) = My, (j(f)) od(xo, y).

The dual with respect to the L>-inner product of R and X is called the Abel transform
and is denoted by A. This means that for every g € C°°(X, xo) and f € C3,(R),
we have

/RA(g)(S)f(S)dS =/Xg(X)a(f)(X)dX~

Furthermore, the authors in [40] showed in Proposition 3.5 that

Lemma3.3 For f € CX°(X, xo), we have
A(f)(s) =e " /H f()dz

=e” f Sy s(2)) dz.
H))

Furthermore, A(f) is smooth, has compact support and is even.

Proof Let f € C2°(X, xo) and define
g(s) == e_“/ f(2)dz.
Hj

The bottom equality in Lemma 3.3 follows immediately from (6). Therefore, we only
need to show that

/g(s)h(s)ds =[ Ff@ah)(x)dx Yh e CL. (R) )
R X
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and that g(s) is even since the smoothness follows after showing the equality from the
smoothness of ¥ , in 5. Now we prove (7)

/ g(s)h(s)ds Z/ h(s)e " | f(z)dzds
R R Hj
:// h(by(z))e " f(z)dzds
R JHS
Co—areg‘ormulaf f(x)e—pbv(x)h(bv(x)) dx
X
:/ f@)jh)(x)dx
X
- [X Rug ()00 () () dx
LemgaZ.S/;(f(x)Rxo(j(h))(x)dx

= /X fx)a(h)(x)dx.

Letfor 1 € C, ¢ x, be the eigenfunction of the Laplacian with eigenvalue — (A2 +p?)
radial around xq with ¢, y,(xo) = 1. Now evenness follows similar to (7) if we observe
that since the Laplacian commutes with Ry, and by (4) e =Pbv(¥) js forall A € C a
eigenfunction of A with eigenvalue — (A% + p?),

Reg (£P7070) () = 900 (). ®)

Using this and integration in horospherical coordinates yields

/g(s)e”“ ds —/ e emPs f(z) dzds

/ / zkbv(z)e psf(z) dzds

horospherical coordinates _
pherical /f(x)em Pbu(x) g

f radial +Lemma 2.5

f F )Ry (P20 () dx
X
@ fx £ (6) dx.

Now we have that @3 ,, = ¢— x,, hence

/g(s)ei“ ds:v/‘g(s)e_i“ ds.
R R
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This in turn implies that

/ e (g(s) — g(—s))ds =0 Vi e C.
R

By taking A € R, this implies that g is even. O

Furthermore, the authors showed in [40, Proposition 3.10] that the Euclidean Fourier
transform of the Abel transform is equal to the radial Fourier transform, given for a
function radial around x¢ with compact support by

fom = /X F)@n x (x) dx,

where ¢, y, is the radial eigenfunction of the Laplacian around xo with eigenvalue
—(A2 + p?) and ;. y,(x0) = 1. This means that

A

FO0) = FAUND), ©)

where F(u)(A) = flR €™ u(s)ds for u : R — R sufficiently regular and decaying is
the Euclidean Fourier transform.

Remark 3.4 Applying F~! to both sides in equation (9) yields that the Abel transform
and thereby its dual are independent of the choice of v € Sy, X. See also Lemma 8.5.

Theorem 3.5 ([40], Theorem 3.8) The dual Abel transform is a topological isomor-
phism between the spaces of smooth even functions on R and smooth radial functions
around xg, where both function spaces are equipped with suitable topologies, see [26,
Chap. II, Sect. 2] for instance.

This fact is going to be exploited to characterise solutions of the shifted wave
equation on X with smooth initial conditions with compact support.

4 Symmetry of the Mean Value Operator

From now onwards, we will consider complex-valued functions u : X — C, where
the Laplacian of u is given via the decomposition of u in real and imaginary part
u=uj+iuy by Au = Auj +iAuy. The proof of the following lemma follows the
lines of the proof of Theorem 17 in [27] which in turn follows the proof in [2, p.334].
The lemma below is a generalisation of Asgeirsson’s mean value theorem to harmonic
manifolds.

Lemma 4.1 Let (X, g) be a non-compact simply connected harmonic manifold, and
u: X x X — C atwice continuous differentiable function with

Aru(x,y) = Au(x,y) Vx,ye X,
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where A; denotes to Laplacian with respect to the i-th variable. Then for each
(x0, y0) € X x X, we have

1 1

u(z1,z2)dzadz;
vol(S(xo, 7)) vol(S(y0), 5) /S(xo,r) [9()70,.3‘)
1 1

= u(z1,z2)dzadzy
VOI(S()C(), S)) VO](S(y(), r)) */;(XOJ) [g(yo’,)

forallr,s > 0.
Proof Let (xq, yo) € X x X be arbitrary points define

1 1
Ux,y) = / / u(z1,22)dzpdzy
vol(S(xo, r)) vol(S (30, $)) Jsxo.r) /SGo.s)

with r = d(xg, x) and s = d(yo, y). Then U can both be viewed as a function on
X x X and RT x R, since by definition U (x, y) depends only on r = d(x¢, x) and

s =d(yo, y).
Since the Laplacian A commutes with the mean value operator (see Lemma 2.3)

and u is twice continuous differentiable, and therefore, so is U (see [45, p.5]), we have

AU (x,y) = AR ((z. y) = Ryy(u(z, )(y)
= Ry ((z,y) = ARy (u(z, )(Y)
= Ry ((z,y) = Ryy(Aru(z, )(»)
= Ry ((z. ) = Ryy(Azu(z, )(y)
= Ry ((z.y) = AaRy,(u(z, )(y)
= ARy ((z,y) = Ryy(u(z, )(y)
=AU (x,y).

(x)
()
(x)
(x)
(x)
(x)

~— — — — ~— ~—

Then with the representation of the Laplacian in radial coordinates (see(3)), we have

’U | A'(r)oUu  0*U | Al(s)oU
ar2  A(r) ar s> A(s) s

Ifweset F(r,s) =U(r,s) — U(s, r), we obtain

BZ_F A’(r)E)_F 82_F A/(S)B_F =0 (10)
o2 ¥ Aw or _(8s2 A(s) 8s>_ ’
F(r,s)=—F(s,r). (11)
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Our goal is now to show that F' = 0. Since F (r, r) = 0 it is sufficient to show that all
partial derivatives of F' vanish. We have

A O (g <)3—Fa—F)—A<r>82—Fa—F
ar ds  or 9%r ds

IF 0*F

— AN G

and

9 OF AF 3°F 9 3F .» 28F32F

o) "o asor as\as) ~Yas a2
Therefore, multiplying (10) by 2A(r) £ 55 » We obtain

aF 2 oF o0F OF

a5 (G + (500) + 250 (a0 550

KA -
_ZW(E) —0. (12)
Now set
IF ., OF
Li=A0((5)+(50))
and
IF OF
L, = 2(A(r)a—a—)

Let C > 0 be arbitrary and consider the line r + s = C. We want to integrate the
formula (12) over the triangle D with oriented boundary 0D = OMN (see Fig. 1),
where O = (0,0), M = (%, %) and N = (0, C), using Stokes theorem. With this,
we then show F vanishes on D. For this, we first need the check that the expressions
in (12) have no singularities in D. The critical term is 2%. To rule out such a
singularity, let < s. Since A is monotonously increasing, we have % < A'(s)
and A’(0) = 1 hence we have no singularity at O. Using Stokes theorem and equation
(12), we get

/f 2A(r)A(s) 2 _/ E_&d A ds
A(s) Bs D

= / d(Lidr + Lyds)
D

=/ Lidr + Lads. (13)
aD
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Fig. 1 The triangle D with S
oriented boundary 0D = OMN

We have to break the path along the boundary into the three lines. First consider
the line r = s parameterised by the curve y;(t) = (¢, t) ending at M denoted by O M.
Then we have y; = (1, 1), and therefore,

c/2
/ Lidr + Lads :/ A(t)((%—F(t, t))2 + (E(I, z))2
oM 0 r as

aF F
+ 2(¥(t, I)E(I, t))) dt. (14)

Since F(y1(t)) = F(t,t) = 0 for all r > 0, we have
. oF oF
0=DF(y1(@®) @)= —@ 1)+ ——(,1) V=0, (15)
ar as
hence
oF oF 2
—(t,t —(t,t =0.
<3r @0+ as ( ))

From this, we conclude that the integral (14) vanishes.
Next, we consider the line ON. We have that A(r) = 0. Therefore, L1 =0 = L,
on ON and

/ Lidr + Lods = 0.
ON
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Lastly we consider the curve jointing N and M given by y»(¢) = (¢, C —t). Then
we have > (t) = (1, —1) and obtain

0
/ ler+L2ds=/ (A(t) (tC—t) (tC—t))
MN

c/2

- A(t)((w(t, c-n)+ (g(t, c—n)’)ar

¢z oF oF 2
=/0 A(;)(E(t,c —1) - 5-.C —t)) d

Now we have using (13)

c/2
/ A(t)(a (t,C — t)——(tC t))zdt

// 2A(r)A'(s) aF) drds— 0.
A(s) ar B

Since A’(s) > 0 both integrals are non-negative. This implies that
oF oF .
0= 8—(t, C—1) - a—(t, C—1)=DF(n) - y(t) vVt =0. (16)
r s

Now since C > 0 is arbitrary (15) together with (16) implies that all partial derivatives
of F vanish and therefore that F is constant on the left side of the line (¢, t). Since
F(r,r) = 0, we conclude F(s,r) = 0 on the left side of the line (¢, 7). Since F is
antisymmetric, see equation (11), the same holds true for the rest of Rﬁ_ hence the
claim follows. O

Corollary 4.2 Under the conditions and with the notations of the proof of Lemma 4.1,
we have that U(r,0) = U (0, r) for all r > 0. Hence, we obtain

My, (u(xo, ) (r) = My, (u(-, y0))(r). a7)

With a classical Lemma by Willmore [50, p. 249], one can deduce a near equivalence
in Corollary 4.2.

Corollary 4.3 Letu : X x X — R be a smooth function such that equation (17) holds
for a small neighbourhood of (xg, yo) € X x X and all small r > 0. Then

Aru(xo, yo) = Azu(xo, yo).

Proof We have by [50, p. 249] for f € C*°(X),x € X and r > 0:

Mo (F)() = f(x) + %A Fa?+ 0% forr — 0,
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where n = dim X. Applying this to u yields

1
Mg (u(:, y0)) () = u(xo, y0) + 5 Aru(xo, yo)r* +0@*) forr — 0,

1
My, (u(x0, ) () = (x0, yo) + - Aou(xo, yo)r’ +0@*) forr — 0,

Since the terms on the left-hand side coincide, we obtain the claim. O

5 The Shifted Wave Equation

In this section, we solve the shifted wave equation:

. XxR—->C
32 5
m‘ﬁ(x,f) = (Ax + p)o(x, 1)

on X with initial conditions
@(x,0) = f(x) € C(X)

and

d
F” @x, 1) =g(x) € C(X),
=0

via the inverse Abel transform. This is analogous to Asgeirsson characterisation of
the solutions of the wave equation on R" [2] and generalises work on non-compact
symmetric spaces and Damek—Ricci spaces by [27, 38] and [1], respectively. The
methods used are to a large part identical and rely heavily on [40, Theorem 3.8] and
Corollary 4.2. Where our approach differs is in that we do not have an explicit formula
for the inverse dual Abel transform and hence need to rely on the local injectivity of the
dual Abel transform shown in [40, Theorem 3.8] to obtain the existence of solutions
and that they possess finite speed of propagation.

Theorem 5.1 ¢ : X x R — Cis a C*™ solution of the shifted wave equation

2

d
3P = (At p)e(x, 1)

on X with initial conditions ¢(x,0) = f(x) € C°(X) and

d
5 p(x, 1) =gx) € CZ(X)
t t=0
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if and only if

t
o(x, 1) = (@)~ (My f) o d(xo, -))(It]) +/0 (@)~ (M) o d(xo, )(s) ds,

where a is the dual Abel transform on X based at a point xo € X.
Proof The proof will be conducted via Theorems 5.3 and 5.7. O

The first step in proving Theorem 5.1 is to show the if part. Hence, we have to show
if a solution to the shifted wave equation with compactly supported initial conditions
exists it is explicitly given by the inverse dual Abel transform of its initial conditions
(Theorem 5.3). In the second step, we show in Theorem 5.7, the existence of solutions
by proving that the function given by the expression in Theorem 5.1 is a solution to
the shifted wave equation with the prescribed initial conditions.

Lemma5.2 Letxp € X,ve Sy, Xandu : X xR — Cbhea C3(X x R) function.
Then for the function U : X x X — C defined by U (x, y) = e PP*Ou(x, by (y)), the
Laplacian A, of U with respect to the second variable is given by

82
AU(x,y) = e*’”’vm(m — pHux, ) 0 by(y).

Proof Define h : X x R — C by h(x,t) = e P u(x, t). Then by the representation
of the Laplacian in horospherical coordinates (4), the Laplacian with respect to the
second variable can be expressed by

92 9
MU(x,y) = (mh(x, 3] +2p5h(x, D) o by(y). (18)

With

0 0
—h(x, 1) = —pe " u(x, 1) +e_pt§u(x, 1),

ot
8—2h(x 1) = pe P u(x, 1) —Zpe_miu(x 1) +e_p’8—2u(x 1)
o1z’ ’ a arz
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We get
a—2h( H+2 ih( 1) =p*e Plu(x, 1) -2 o9 (x,1)
atz x’ pat x’ _10 e x’ Ioe atu-xa
32
+ e_ptﬁu(x, 1) —2p%e Pu(x, 1)
a
+ Zpefptgu(x, 1)
a2 )
= e_pt(ﬁu(x, 1) — pu(x,1))
?
=€_‘”(m — pHu(x,1). (19)
Now plugging (19) into (18) yields the claim. O

Theorem 5.3 Let ¢ : X x R — C be a C* solution of the shifted wave equation

82
30D = (At p2)p(x, 1)

on X with initial conditions ¢(x,0) = f(x) € C°(X) and

at

p(x, 1) = g(x) € CZ(X).
t=0

Then
t
@, 1) = (@) (M, f) o d(xo, ) (It]) + /0 (@ ' (Myg) o d(xo, ))(s)ds,

where a is the dual Abel transform on X based at a point xo € X.
Proof Letxp € X andv € Sy, X. First consider a solutiqn to the shifted wave equation
¢1(x, t) with initial conditions ¢1(x,0) = f(x) and %(pl(x, 0) =0forall x € X.

Because of the reversibility and uniqueness of solutions of the shifted wave equation,
@1 is even in ¢. Define the function

P :Xx X—>C
by

D (x, y) 1= e PP (x, by(y)).
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Then since ¢ (x, t) is a solution of the shifted wave equation, we have
A1 (x,y) = e PP A g (x, by(y))

2
— e—pbm)(((a_

s = Ppi(x. ) 0 bu(2)).

Furthermore, by Lemma 5.2, we have that

82
Ar®dy(x,y) = e*ﬂbv(ﬁ((m — pHgi(x, ) o bv()’))'

Therefore,
AP = Ard;.
Now we can apply Corollary 4.2 above and obtain that for every pair x, y € X

at = 1(x, D)) = My (e "Dy (x, by () 0 d(x0, )
= My, (®1(x, ) 0 d(x0, y)
= M, (®1(-, x0)) 0 d(x0, ¥)
= My (e """ g (-, by(x0)) 0 d(x0, y)
= M.(f) od(xo, ),

where a : C,,(R) — C*°(X, xo) denotes the dual Abel transform with the choice

of v € Sy, X as above. Hence, by Theorem 3.8 in [40], we get for every ¢+ € R and
x € X:

@1(x, 1) =a " (My(f) od(x0, ) (I2]).

Now let > be a solution of the shifted wave equation on X with ¢ (x,0) = 0 and
%gog (x,0) = g(x) for all x € X. Then the initial conditions imply

2

S0 0) = (A + p)e2(x,0) = 0,

hence by the same arguments as above %(pz (x, ) is for all x € X a smooth and even
function in ¢. Define

B N0
Dr(x,y)i=e pb”(*‘)afpz(h by(y)).

Since ¢» is a solution of the wave equation

9 d
J1®2(x,y) = 0 (5 = P sea(x. ) 0 bu(y))
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and by Lemma 5.2,

N/, 02 B]
Ar®r(x,y) = e_p””(”((m - pz)ng(x, ))o bv(y)).

Hence,
A1DPy = Ay D).

Now we can again apply Corollary 4.2 and obtain that for every pair x, y € X

9 el
a(t — 5920 () = Mxo(e_pb”(‘)ng(x, by () o d(xo, y)

= My, (P2(x, ) od(xp, y)
= My (D2(:, x0)) o d(xp, y)

-~ d
= M, (e f’bvwa—tm(-, by (x0)) o d(x0, y)

= M,(g) od(xp,y).

Now by Theorem 3.8 in [40] and integrating with respect to time, we have forr € R

t
P(x, 1) = fo a~ (My(g) o d(x0, -))(s) ds.

Since the shifted wave equation is linear, we obtain a solution to the shifted wave
equation with ¢(x, 0) = f(x) and %gp(x, t) = g(x) by ¢ = ¢1 + ¢o. This yields the
claim. |

Corollary 5.4 From the characterisation in Theorem 5.3, it follows now that ¢ is a
unique solution to the initial data f, g as above.

Next, we are going to show that a solution of the shifted wave equation has finite
speed of propagation.

Corollary 5.5 Under the assumption of Theorem 5.3, assume that f, g have support
in a geodesic ball of radius R around xy € X. Then

suppe C {(x,1) € X x R | d(xp,x) < R+ |t]}.

Proof By Theorem 5.3, it is sufficient to prove that for 4 € CZ°(X) with support
B(xg, R) and d(xg, x) > R + ||

ve(t) i=a” (M (h) o d(xo, ) = 0. (20)
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R
Vi

Fig.2 A sketch for the proof of Corollary 5.5

By the local injectivity of the dual Abel transform [40, proof of Theorem 3.8], we
have that for # : R — R smooth and even

a()|B(xg,r) =0 = ul|—r,r) =0. 2N

Now let € > 0 arbitrary, d(xg, x) > R + |t] and R' = d(x¢, x) — R (Fig. 3). Then
(see Figure 2 for a visualisation)

a)(y) 2 M (h) od(xo,y) =0 ¥y e B(xo, R' — ). (22)

Furthermore, we have R* = d(xg, x) — R > |f] hence since € > 0 is arbitrary we
obtain from (21) and (22)

ve(t) = 0.

for all (x,7) € X x R with d(xg, x) > R + |t]. O

Remark 5.6 The finite speed of propagation also follows from the general theory in
[22, Chap. 5] or [46, Chap. 2, Proposition 8.1] by choosing the canonical space-time
structure on R x X. See also [15, Lemma 1.1].

Next, we provide an intrinsic proof of the existence of a solution to the shifted wave
equation without using general existence results mentioned in Remark 5.9 below.
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Fig.3 Finite propagation speed

of a solution of the shifted wave R
equation with initial conditions
supported in B(xq, R()

supp(2(- 1)) C Bleo. Bo + i)

supp(2(- £2)) C Blao. Fo + 1)

B(xo, Ro) X

supp(p(+, t2)) C B(zo, Ro + [t1])

supp((+, ta)) C B(zo, Ro + [t2])

Theorem 5.7 Let f, g € C°(X). Then the functions

o1(x, 1) = a” " (My(f) o d(x0, ) (It])
and

13
a0 = [ a0 0 do, 901 ds
are solutions of the shifted wave equation with the initial condition

01(x,0) = f(x)

%IZO%()CJ) =0
and
2(x,0)=0
Rl
3 tzofﬂz(x,t) =gx)

respectively. Consequently, ¢ = @1 + @2 is a solution of the shifted wave equation
with initial conditions ¢(x,0) = f(x) and % |t:0 o(x,t) = g(x).

Proof Let T € R. Because f and g have compact support there exists an Ry > 0
such that the support of f and of g is contained in the closed ball B(xg, Rp). Now
choose R > |T| + Rp. Then by Lemma 5.5, ¢; (x, t) is supported in B(xq, R) for all
[t] < |T|. We choose an orthonormal basis of eigenfunctions of the Dirichlet Laplacian
on B(xg, 2R), with respect to the L% normon B(xg, 2R), {¢x }ken With Agy = — iy,
O0<u;r <pur <---<ooand ug = (A% +p2) for some Ay € %i[0, p] U R. First we
observe that by Lemma 2.3 for x € B(xg, R)

My ¢i(r) = ¢r(x)@p (r) Vr <R (23)
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where @, is a eigenfunction of the operator L4 (see Lemma 2.3 for the definition)
with Lags, = —(A7 + pP e, 93, (0) = 1 and Ax € £i[0, p] UR. Now we can
represent f and g by a series in ¢:

) =) argr(y) and g(y) = Y bidi(y), Vy € B(x0,2R), ax, by € C.
k=0 k=0

Using (23), we obtain for all » < R and x € B(xg, R)

M f(r) = axdi ()@, (r) and Myg(r) = Y b (x)ga, (r).

k=0 k=0
Applying the inverse dual Abel transform a~! yields, using that

a (ga, 0d(xo, N1 = a (@i x0) I2])
= cos(Axt)

(see [40, Proposition 3.4]) and that a~! is linear, that

“H(Me(f) 0d(xo,))(1) = Y api(x) cos(ugt) (24)
k=0

(M (g) 0 d(x0.))(s) = Zbkqbk(x)cos(xks) (25)
k=0

Therefore, if we can show that (24) converges uniformly in x and ¢, we get
o0 o
A ardrx) cos(ut) = ) axAdi(x) cos(u)
k=0 k=0

==Y OF + p)axdi (x) cos(Axt)

k=0

and

Zawk(x) cos(het) = Zxkam(x) cos(Akt).

912
ot =

Hence, ¢; solves the shifted wave equation and satisfies the initial conditions
¢1(x,0) = f and %’t:o ¢1(x,t) = 0 as one sees by (24). Now suppose that (25)
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converges uniformly in x and s. Then by integration, we obtain

as 1
@ (x, 1) = ];bm () sin(uat) - 5

where we interpret sin(A ;1) - Ai = tif A; = 0. Now applying the Laplacian yields
. ; .

> 1
App(x. 1) ==Y (Af + p7)beghi (x) - sin(hit) =
k=0

and we also get

32 > 1
S0 0 == b - sin(ri) -~
k=0

Therefore, ¢, satisfies the shifted wave equation, with the required initial conditions,
as one can see by (25). Hence, the proof would be complete if we show that (24) and
(25) converge uniformly in both variables. This will follow from Lemma 5.8 below.
Under these assumptions, we have shown that ¢; and ¢, satisfy the theorem locally on
the ball B(xp, R). If we now take R’ > R and repeat the construction above, we have
by the local infectivity of the dual Abel transform [40, proof of Theorem 3.8] that the
series above coincides on B(xg, R). Therefore, using the finite speed of propagation
of the solution, we can repeat the argument for a series R, — oo (see Figur 3) to
obtain the theorem. O

The lemma that finishes the proof of the theorem above is already contained in the
proof of Theorem 3.8 in [40].

Lemma5.8 Let xo € X, R > O and f € CX(X) be such that the support of f is
contained in the closed ball B(xo, R) and {¢y }ren an orthonormal basis of eigenfunc-
tions of the Dirichlet Laplacian on B(xq, R), with respect to the L? norm on B(xq, 1)
with Agx = —pud, 0 < 11 < po < -+ < 00 and e = (A2 + p?) for some
Ak € £i[0, p] U R. Furthermore, let for ay € C the Fourier decomposition of f be
given by f =3"}2 axpi. Then the series

> ardr ()| al™
k=0

converges uniformly in x € B(xg, R). Consequently, all series in the proof of Theorem
5.7 converge uniformly.

Proof First, we observe that by the Sobolev embedding theorem (see for instance [25,
Chap. 3]) there exists a constant Cy > 0, such that for every function u in the Sobolev
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space szn(B(xo, R)), we have
lullsup < Co(llwll 2B x, rY) + 1A ]l 125 (3, R)))> (26)

where |[|-|[sup is the sup norm on C%B(xg, R)) and n = dim X. Now since ¢ is an
orthonormal basis with respect to the L? norm on B(xg, R), we have

26)
()] < llgkllsup = Co(l + pp), Vx € B(xo, R).

By Weyl’s law (see for instance [16, p.155]), we obtain that k ~ uzﬂ, meaning that
n/2
for k > O there is a constant C > 1 such that é < M"T < C. Therefore, there is a

ko € N such that for some C; > 0
Ci(1+p) < C1k?* Vi > ko.
This yields
|k ()] < lidellsup < C1A> VK > ko. 27)

Now observe that f € C2°(X) with support contained in B(xo, R). Hence, AJ f e
C2°(X) for every j € N and has support in B(xq, R). Therefore

o0
AN f =" aup

k=0

converges uniformly on B (xg, R) and A/ f € L2(B(xo, R)). This yields since {¢y }ren
is a orthonormal basis with respect to the L? norm

o0
. .
00> [ATFI5 = lal*ny’.
k=0
— 32 2
Now uj = Ay + p*, hence
o ) o0 )
00 > Y axPOg + o) = Y a0t VjeN. (28)

k=0 k=0
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With this we obtain for / € N arbitrarily and any x € B(xg, R):

o] @7 o]
D lallge () al™ < CrY larlkP ™

k=0 k=0
o0

2 l -

=C1 ) laxlk? 4™ 2]
k=0

Cauchy Schwarz i 1/2

272 2m+-21

= PR )
k=0

° 1/2
()
k=0

Now using Weyl’s law and pu; = )»,% + p2, we conclude

- 27214 12m+21 1/2 - =2l
Cr( Yl PRaP2) (S )
k=0 k=0

o0

12 &
= O Pl Pac P20 ) (3l )

k=0 k=0

1/2

172

Now with [ = n, we have

o
28
Z'ak|2|)‘4k|2(m+4n) (<) 00

k=0

and using Weyl’s law there is a constant C such that

00 ©

—2n
§|)\k| SCZ'E ﬁ<00-
k=0 k=0

This yields the claim. O

Remark 5.9 1t also follows from the abstract theory of PDE,s that the solution of the
shifted wave equation exists. See for instance [46, Chap. 2+6], [22, Chap. 5+6], [7,
Chap. 3] and [23]. In their context, one would consider the product manifold R x X
with the canonical space-time structure where the shifted wave equation corresponds
to a lower-order perturbation of the ordinary wave equation.

This closes our investigation of the shifted wave equation on general simply con-
nected, non-compact and non-flat harmonic manifolds. To obtain further results, we
need tools that require us to assume that (X, g) is of rank one or equivalently has
purely exponential volume growth. It should be noted by the reader that all results past
this point require this assumption on (X, g) unless stated otherwise.
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6 The Rank One Case

A non-compact simply connected harmonic manifold X is said to be of purely expo-
nential volume growth if there exists some constants C > 1 and p > 0 such that

l< A <
C — e?r —

This property is by [32] equivalent to

e The Geodesic Flow in SX is Anosov with respect to the Sasaki metric
e Gromov Hyperbolicity
e Rank one.

Note that the author in [32] showed that non-positive curvature implies purely expo-
nential volume growth.

From now on, let (X, g) be a non-compact simply connected harmonic manifold of
rank one. The geometric boundary 0 X is defined by equivalence classes of geodesic
rays. Where two rays are equivalent if their distance is bounded. The topology on
dX is the cone topology with the property that for X = X U dX and B (x) = {v €
T X| [v]| < 1} the map, pry : Bj(x) = X

pre(v) = Vv (00) if o] =1
* exp(%wu) if Jv] <1

is a homeomorphism. It turns out that since the geodesic flow is Anosov the Busemann
function only depends on the direction of the ray up to a constant (See [10, Lemma
2.1]). Hence, for x € X and £ € d X being the point at infinity of the geodesic y, we
can alternatively define the Busemann function Bt , : X — R by

B« (y) = lim (d(y, y (1)) —d(x, y(1).
Furthermore, we obtain a cocycle property for x,0 € X and § € 9X:
B: x = Bg,o — Be o (x). 29)

If v € S;X defines the unique geodesic ray such that ¢, (cc) = &. Then by the
considerations above, the two representations of the Busemann function are related as
follows:

by(x) = Bs o (x) Vx € X.

For a proof of this, see [10, Lemma 2.2]. We conclude that ABg , = 2p, where 2p is
the mean curvature of the horospheres. Hence, g(y) = e~ B6.+() s a eigenfunction
of the Laplacian with g(x) = 1 and Ag = —(A2 + p*)g for A € C. Furthermore, by
pushing forward the canonical probability measure 6, induced by the metric of the
Euclidean unit sphere S, X under pr,, we obtain a probability measure p, on 9X.

@ Springer



The Shifted Wave Equation on Non-flat Harmonic Manifolds Page 27 of 54 33

Hence, we have a family of probability measures {1t } ccx, that are pairwise absolutely
continuous with Radon—Nikodym derivative

;’iﬂx &) = —2pB§,x(}‘)' (30)

For a detailed proof, see [34, Theorem 1.4].

6.1 Fourier Transform and Plancherel Theorem on Rank One Harmonic Manifolds

The main tool in defining the Fourier transform on rank one harmonic manifolds is the
theory of hypergroups. This was first presented for harmonic manifolds with pinched
negative curvature in [9] and subsequently extended in [10] to rank one harmonic
manifold. Since we refrain from details, we refer the reader to [12] for a thorough
discussion of the topic of hypergroups and their definition. In [10, Sect. 4.2], the
authors showed that the density function A(r) of a harmonic manifold of rank one
satisfies the following conditions

(C1) A is increasing and A(r) — oo for r — oo.

(C2) is decreasing and p = 1 11m f; ((r)) > 0.

(C3) Forr > 0, A(r) = r2t! B(r) for some o > —3 and some even C™ function
B(r) on R with B(0) = 1.

()
6o =1 (Em) (A -

is bounded on [rq, oo) for all ro > 0 and

o
/ r|G(r)|dr < oo for some r; > 0.
Il

Therefore, A (r) defines a Chébli-Triméche hypergroup. The structure of the so-defined
hypergroup is related to the second-order differential operator given by the radial part
of the Laplacian:

>  A(r)d
Lpa=— —. 31
AT dr A(r) dr 3D
Let
Oy - RT > R, A e]0,00)U][O0, ip] (32)
be the eigenfunction of L4 with
_ 2 2
Lagy = ="+ p ) (33)
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and which admits a smooth extension to zero with ¢; (0) = 1. Under conditions (C1)-
(C4), it was shown in [11] that there is a complex function ¢ on C \ {0} such that for
the two linear independent solutions of

Lau=—02+ pHu
®; and ®_, which are asymptotic to exponential functions, i.e.
Dy (r) = eFP (1 +o(1) asr — oo (34)
we have
o =c(A)Py +c(—1)DP_, VA e C\ {0} (35)

Imposing the additional condition that || > %, the authors in [11] showed that the
c-function does not have zeros on the closed lower half plane. This at first excludes the
case that dim X = 3. This is due to the following consideration used by the authors
in [10] to obtain (C3): Let p € X,n = dim X and v € S, X. The Jacobi tensor A, (r)
along the geodesic ¢, : R — X with initial conditions A, (0) = 0 and A}(0) = id is
given by

Dexp,(rv)(tw) = Ay (r)w(r),

where w € T, X and w(r) € T (- X is the parallel transport of w along c¢,. Then
A(r) = det Ay (r) is the Jacobian of the map v — exp(rv) = exp o(v — rv). Hence,

A(r) =r"""det(Dexp,)ry Vv € S,X. (36)

Observe that since X is harmonic, B(rv) := det(D exp p)rv is independent of the
choice of v, and therefore, B(v) = B(—v). Hence, B can be seen as the restriction of
an even function on R. Therefore, « = (n — 2)/2. To satisfy the condition |o| > %,
we therefore need to assume that dim X # 3. But by [8, 36, 49] and [37], every
non-compact simply connected harmonic manifold with dim X < 6 is a symmetric
space of rank one, hence one can apply the theory by Helgason [29], using Harish—
Chandra’s c-function. We therefore do not need to exclude the case dim X = 3 since
we can default to the theory of Helgason. We can define the radial Fourier transform
by

Definition 6.1 Let f : X — C be radial, i.e. f = u o d, for some o € X. The radial
Fourier transform of f is given by

f) =a() = fo u(r)gu (N AQr) dr.

Note that in the following we will omit to mention the base point ¢ unless there is
the possibility of confusion. For f radial around o € X, we will use o as a base point
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for the radial Fourier transform unless stated otherwise. Now observe that we obtain
the radial eigenfunctions of the Laplace operator with eigenvalue — (A% + p?) by

¥ro(y) =@rod(o,y) Vx,yeX. (37)
Using the results from [11], the authors in [10] showed that there is a constant Cy such

that for f € L'(X) radial, i.e. f = u od, for some o € X and u : [0, o0) — R such
that w € L' ((0, 00), Cole(A)| =% dXr), we have

F) = CO/O FO@rs (e da. (38)

Moreover, the radial Fourier transform extends to an isometry between the space
L?(X, o) of L?-radial functions around o and

L2((0, 00). Cole()]| % d2).
For more details, see [10, Theorem 4.7]. In the same fashion as in the case of the
Helgason Fourier transform on symmetric spaces, we can extend the Fourier transform

to non-radial functions, by using the radial symmetry if the Poisson kernel. Again the
main reference for this is [10].

Definition 6.2 Let 0 € X. For f : X — C measurable, the Fourier transform of f
based at o is given by

fg()\-, S) = / f(y)e(_”‘_p)Bé,a(.V) dy
X

for A € C, & € 9X, provided the integral above converges.

We note that the cocycle property (29) of the Busemann function implies the fol-
lowing:

Lemma6.3 Let f € C°(X) and x, 0 € X. Then, we have
FXL8) = W HPIBeo fo gy, (39)

Proof Letx,o € X and f € C2°(X). Then, we have for A € C and & € 9X that
Frone) = f FO)eoBes) gy
X
(2:9)/ f(y)e(*i)»*p)BEer(y) .e(i)\+,0)35_,,(x) dy
X

_ P Be o () f F()eir=PBes) gy
X

— e(i}rf’,O)Bg'g(x)fO' ()\” g)
O
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Furthermore, the Fourier transform coincides with the radial Fourier transform
on radial functions. For details, see [10, Lemma 5.2]. The inversion formula for the
non-radial Fourier transform follows now from the representation of the radial eigen-
functions via a convex combination of non-radial eigenfunctions, [10, Theorem 5.6],:

Pro(y) = f WA= Beo g, (8) Vo e X. (40)
0X

This is analogous to the well-known formula on a rank one symmetric space G/K
and harmonic N A groups. See for the symmetric case [29, Chap. I1I, Sect. 11] and for
the harmonic N A group [19] and [42]. Using equation (40), the authors obtain

f(x) = Co f h f o0, £)e P =PBec™ gy (£)e(r)| 72 da, 41)
0 0X

where Cp is the same constant given in (38). Additionally, the authors obtain a
Plancherel theorem:

Theorem 6.4 ([10]) Leto € X and f, g € C°(X). Then, we have

f f)g)dx = Co / N / F7 0687 (. 5)le()| 72 dpo (§)d
X 0 X
and the Fourier transform extends to an isometry between
L*(X)

and

L2((0, 00) x X, Cole(M)| ? dpuo (§) di).
6.2 Wave Equation Under Fourier Transform and Conservation of Energy
Using the Fourier transform, we can obtain the conservation of energy for solutions

of the wave equation similar to the result in [5] for Damek—Ricci spaces. For this, we
first need to study the action of the Laplacian under the Fourier transform.

Lemma6.5 Let f € L*(X) such that A f € L*(X), where A f is meant in the sense
of distributions i.e. A f is defined by

/XAf(X)g(X)dx :=fxf(x)Ag(x)dx Vg € CX°(x),
and o € X. Then

A OLE) = =024 )0 8)

for almost every (A, &) € (0, 00) x 0X.
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Proof Let 0 € X. Since CZ°(X) is dense in L?(X) and by using the Plancherel
theorem, it is sufficient to prove the assertion for f € C2°(X). To be more precise,
If f, Af € L*(X) then there is a sequence f, € C°(X) such that f, — f and
Af, > Afin L2(X). For this, see [44, Corollary 2.5]. Let 0 € X. Then the above
implies by the Plancherel theorem that fna — f%and Xf;ﬁ — Zj‘ “in L2((0, 00) x
X, Cole(V)| "2 d gy () dr). Therefore, we find subsequences such that both converge
point-wise almost everywhere.
Then since the Laplacian is essentially self adjoint and

AeTA=PBeo () — _ (32 4 p2)e(-it=PBeo () gy e X

we have almost everywhere

Afy (. 8) = / A f(x)e P Bea () gy
X
— / fn(x)Ae(—i)n—ﬂ)Bs,a(x) dx
X
=—07+p) / Sa(x)e TP () gy
X
=02+ (1, 8).
Therefore, we have after passing to a subsequence, if necessary, that
—(+ o) 70,8 = lim —(7+pM) 70, )
n— oo
lim Af,” (., €)
n— o0

= AF7 (L, 8)

almost everywhere. O

Theorem 6.6 Suppose (X, g) is a harmonic manifold of rank one. Let o € X. Then
the Fourier transform of a C* solution to the shifted wave equation ¢ : X x R — C
with initial conditions

p(x,0) = f(x) € C(X),

a
3 p(x, 1) =gx) € CX(X)
t =0

is given by

sin(At)

GO, 8)it) = O, E)cos(At) + &7 (1, €) -
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Consequently,

s1n(kt)

o(x. 1) =C0/0 /ax (77 (h. ) cos(ht) + 37 (0, £) 24D
(e () du«a(é)lc(k)l_ d.

Proof Since by Remark 5.6 ¢(-, t) and all its derivatives in ¢ have compact support
for every ¢t € R, we obtain

CE 92 .
tzso (O 8) ) = /(p(x)e( iA=p)Bs.o (%) gy

2
_/ ;ﬂ‘p(x)e( i) () g

—~——0

2

0
=5 ((L6):1)
=Ag" ((h, £); 1) + p2F7 (1, £); 1)
Remma 63 _ (32 = 023 (0, £): 1) + 237 (A, £): 1)
257 ((n, £); 1),
Now the shifted wave equation becomes

2

5707, 8):0) = =227 (G, £); 1)

77 (1, £);0) = fO(r, &)
—°((1, 6);0) =37, &)

Hence analogous to solving the equation given by the Fourier transform of the wave
equation on R, see [46, Chap. 3, Sect. 5], we obtain

G0 6)i1) = F7 (. ) cos(hr) + 87 (A, s>sm(“)

therefore applying the inverse Fourier transform yields the claim. O

Remark 6.7 While the representation of the solutions of the shifted wave equation
from Theorem 5.3 corresponds to the classical representation of the solutions of the
wave equation on R” by Asgeirsson [2], the representation obtained in Theorem 6.6
corresponds to the operator expression for the operator A, := A + >

sin(,/—A,t)

o(x, 1) =cos(y/—Apt) f(x) + \/TAP

g(x).
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In turn, this again corresponds to the expression of the solution as a power series in
the proof Theorem 5.7.

Definition 6.8 Let ¢ : X x R — C be a solution of the shifted wave equation. We
define its kinetic energy K(¢) by

1 9 2
K(p) (1) = E/;( ‘Ew(x,t) dx

and its potential energy P(¢)(t) by

1
PWW%=§/¢WﬂGA—w5WLDW.
X
The total energy is defined by

E(p)(@) := K(@)(1) + P@) ().

Lemma 6.9 Suppose (X, g) is a harmonic manifold of rank one. Let 0 € X and
¢ : X x R — C be a solution to the shifted wave equation with initial conditions

p(x,0) = f(x) € C2(X)

ot

p(x, 1) = g(x) € C(X).
t=0

Then, we have

2mwm=@/ /r&ﬁa&mmm
0 X

+ 270, ) cos(n) P dpag (§)le(1)| 7 dA (42)

and

2P(p) (1) =Co/ / ILF7 (h, €) cos(r)
o Jox

+ 37 (h, £) sin(A)* d g (£)[e(M) T2 dA. (43)
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Proof Using the Plancherel theorem for the Fourier transform and Theorem 6.6, we
obtain for the kinetic energy

2

0
2K(0) (1) = / S| dx
X t

Plancherel th * ?
B / / 587G E D] dpe €))7 da
0 X

o0
Theor;mtmc()/ / |—Af% (A, &) sin(Arr)
0 Jox

+ 87 (h, &) cos(AD) P d g (8) ()| 2 d.

For the potential energy, we use the Plancherel theorem for the Fourier transform,
Theorem 6.6 and Lemma 6.5:

2P(p)(t) = / P, (A — pHP(x, 1) dx

Plancherel theorem / / ~o
(. &:1)

— 2T (8D — 2 Ok D) dpe €)le()| > di

Lemma65 / / NU(X s )

(02 + PFTC50) = p26 G850) dita @) i
Theorém6.6C0/OO/ |)\f”(k,§)COS()»t)
0 X

+ 89 (1, &) sin(A) > d o (8) (M) 72 d.

Theorem 6.10 Suppose (X, g) is a harmonic manifold of rank one. Let ¢ € X and
¢ : X xR — C a solution to the shifted wave equation with initial conditions
f. 8 € CX(X). Then, the total energy E()(t) is independent of t. In particular,

_ ro2
2E@/O =1L 720,000 x0X. Cole(h) |2 dite ) dh)

~0 2
+18 ”Lz((O»OO)XBX»COIC()»)I_zdua(é)d?»)'
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Proof If we look at the terms under the integrals in Lemma 6.9 separately. For the
integrand in (42), we obtain

|=Af7 (h, &) sin(At) + &7 (&, &) cos(rr)|?
=22 fO(, )P sin? (A1) + |27 (A, £)1% cos? (ar)
— AfO (A, E) sin(At) - 27 (A, £) cos(At)
— 3 FO (A, ) sin(hr) - 37 (A, £) cos(Ar)
and for the integrand in (43):
12 F (A, £) cos(Ar) + 87 (%, £) sin(ar) |
=22 F7(n, )P cos?(Ar) + 13 (A, &) sin®(Ar)
+ Af7(h, E) cos(Ar) - 39 (A, €) sin(Ar)
L Af7 (A, &) cos(Ar) - 37 (A, &) sin(M).

Therefore, we obtain for the sum of the integrands in (42) and (43):

A2 £ (3, €)1% sin® (k1) + 37 (&, £)|% cos® (A1)
+ 22 F7 (h, €)% cos® () + 137 (1, €)% sin’ (A1)
=217 EP 4137 (L )12

Therefore, the total energy is given by

_ Fo 2
2E(p) (1) =l f ”142((0,00)><3X,COIC()»)I*2 dpo (§)dr)
~0 |12
+lg ||L2((0,<>0>XaX,Co\C(?»)I‘2 dpe (§)dn)
and is independent of the time. O

Note that using a different method one can prove the conservation of energy of
solutions of the shifted wave equation on an arbitrarily oriented Riemannian manifold
(see [29, Lemma V.5.12]). However, via this proof, one does not obtain the explicit
expression for the total energy above. Using Theorem 6.10, Green’s identity and the
fact that f has compact support, we obtain that

260) = 181172y + IV F 172030y = P21 F 172 )

Hence comparing the above with the expression for the energy from Theorem 6.10,
we obtain using the Plancherel theorem and Lemma 6.5

IV £ 17200 = PP 17 x)

_ Fo 2
= llaf ||L2((0,OO)><3X,C0\C(?»)I’2dﬂo(é)dk)' (44)
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In the next section, we are going to investigate the term on the right-hand side to obtain
bounds on the energy just using the L norms of the initial conditions.

7 A Paley-Wiener Type Theorem on Harmonic Manifolds of Rank One

The classical Paley—Wiener theorem (see for instance [51, p.161]) gives sharp bounds
on the decay of the Fourier transform of a compactly supported function on R”:

Theorem 7.1 A holomorphic function F : C" — C is the Fourier transform of a
smooth function with support in the ball {x € R" | || x|| < R} if and only if for every
N € N. there exists a constant Cp > 0 such that

IF(A)] < Cy(1 + A" NeRImA vy e C.

In this section, we want to show a weaker statement (Theorem 7.4) namely that a
sufficient decay of the derivatives of a function forces their Fourier transform to have
support within a bounded set. Using mainly Lemma 6.5 and the Plancherel theorem,
this is an extension of a Paley—Wiener type theorem from [5] to harmonic manifolds of
rank one. The proof follows the lines in [5] closely with the addition of some details,
but the statement of the Paley—Wiener type theorem is weaker than the one in [5]
since it is still not known if the Fourier transform on harmonic manifolds is surjective.
Furthermore, we use this result to show that the total energy of a solution to the shifted
wave equation with specific initial conditions is bounded by bounds only depending
on the L? norm of the initial conditions and bounds on the support of the Fourier
transform of the initial conditions. Let g : RT x 9X — C be a measurable function
with respect to the measure Co|c(A)| -2 dits () dA. Then, we define

Ry = sup  |A].
(A,&)esupp g

Note that this might be infinite.

Lemma?7.2 Let g be a function on RY x 39X such that (A, €) — A g(x, &) belongs
to LX(RT x X, Cole(W)| "2 d g (£) dA) for all integers j. Then,

o , 1/2))
Re=Jim (co [ [ 31g Pl dno @ an)

j—o00

Proof First, we assume R, < 0o.Let0 < € < R, and we get for some § > 0 that

Rg—e . .
Co f / 22 1g 0 ) R1e0) 2 dit (£) dA = (Ry — €215
0 0X
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Hence, on one hand,

lim inf (cofooo /BX A g0 &) le(M) 2 d o (8) dA

j—o0
Rg—e .
(co [~ [ 31g0 0PIt duto @)
0 X

)1/(2j)

o 1/(2))
> lim inf )
J—>00

> Ry, — €.

On the other hand,

lim sup (Co /Ooo /ax A2 1g G, )P0 dito (£) do

j—o0

)1/(2j)

= Rglim jsjgo”g”L2<R+xax,cmc<x>|-2 djio &) d2)

= R,.

Since € > 0 is arbitrary this completes the case R, < co. Now suppose R, = o0.

Then, for every M > 0, we have,

Co / / 32 1g 0, ) P1e() 2 dito (£) d > 0
M 0X

and

lim inf (Co fo h /a . 221800, )P le() 2 d g (8) dr

j—o0
(o[~ [ 3150 e Colew]? dua @) d
M X

)1/(21')
)1/(2j)

> lim inf
j—o00

> M.

Definition 7.3 Let R > 0. We define
LR(RT x X, Cole(M)| % dpio (€) dA)
={g € L*(R" x 0X, Cole(V)|*duo(§)dM) | Ry = R}

and

PWR(X):={f € C¥(X) |/ f € L’(X)¥j €N
and lim [|(A + pz)jf”é/@j) _ R
j=o00
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Theorem 7.4 Let R > 0. Then, ifit exists, the inverse Fourier transform of a function in
L%e (Rt x9X, Cole(M)| ™2 duy (&) d1) belongs to P lee (X) and the Fourier transform
maps P W12e (X)to

LR x 30X, Cole()| 7 dpuo (§) d1).

Proof Let g € L%Q(RJr x 39X, Cole(V)|~2duy (£) d)) and denote its inverse Fourier
transform with respect to o € X by f. f is smooth by the Lebesgue’s dominant
convergence theorem and A/ f € L?(X) for all j € N since by Lemma 6.5, we have

Aff=(—1)fco/ /(A2+p2>ff"(x,5)
0 X
PP D1e() 7 dpio (€) dn

and g = f7 € L3R x 30X, Cole(V)| 2 dpg (§) dr) with R = sup(; ¢)cqupp ¢ |-
Using the Plancherel theorem, Lemma 6.5 and Lemma 7.2, we have

. i 1/(2j
Tim [[(A + %)/ £/
Jj—00

o N 1/@2j)
= tim (o [ [ 3Pl P @)
J—00 0 X
00 . 1/2j)
= lim (Co f / W90 P 1eG) 2 dptg ©)dr)
J—> 0 0 X
= R.

Nowif f € PWI% (X), then by the Plancherel theorem and Lemma 6.5, we have A% f o
isin L%(RT x 9X, Cole(r)| "2 dp, () d2), and by Lemma 7.2, we have R, = R. O

Corollary 7.5 Let 0 € X and R > 0. Then, for a smooth solution of the shifted wave
equation ¢ : X x R — C with initial conditions

9(x,0) = f(x) € PWa(X)

d
5 px, 1) = gx) € CZ(X)
=0

we have

26(0)(1) < RN fI72 0y + gl 7 x)-

Furthermore, we obtain
IV £ 17200 < R+ 091 F 172y
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Proof We have by Theorem 6.10 that

_ 7o 2
2E(p)(®) =lrf ||L2((0,00)><3X,C0|C()»)|72dﬂa(f)d)»)

~0 2
+18 ”142((0,00)><3X,Co\c()»)|’2 dpg(§)dir)
and since [ € PW,% (X), we obtain

7o 2
12717 L2((0.00) %0 X. Cole()|2 dprer (6) d2)

2 fop2
= RIf ||L2((0,00)><3X,C0\C()»)|‘2dﬂa(é)d)»)’ (45)

Therefore, applying the Plancherel theorem yields
20 112 2

Now using equation (44), equation (45) and the Plancherel theorem, we conclude

2 @4, 7o 2 20 £12
”Vf”LZ(X) - ”)Vf ||L2((O,OO)X3X,CQ|C()»)|’2dug(é)d)») +IO ||f||L2(X)

LR 771 + 021 f 12
= J o L2(0,00)x8 X, Cole() |2 dpg (8) dry T P L2(X)
Plancherel theorem ., 2 2 2 2

= R ||f||L2(X) + 1Y ”f”LZ(X)

=(R* + o)1 f 17 2x):

8 The Paley-Wiener Theorem for Harmonic Manifolds of Rank One

Theorem 8.1 Let f : X — C be a smooth function with compact support in the ball
B(o, R) for some 0 € X and R > 0. Then, the Fourier transform of f based at o

o 8) :/ f(x)e(—ik—p)Bg,g(x) dx
X

is a holomorphic function in A, and we have

sup e RIMMI 4 apN |7, &) < 00 VN € Na.
reC,Ee€dX

The above is a generalisation of Theorem 4.5 in [3] but our method differs from theirs
which relies on the homogeneity of Damek—Ricci spaces. Furthermore, the boundary
structure of the Damek—Ricci space N A used consists of the non-compact group N
where we use the geometric boundary which is equivalent to using the one-point
compactification of N, for an explanation of this correspondence see for example [4,
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Sect. 3]. The idea of the proof: We first show that for f € C2°(X) the Radon transform
Ro (f)(s, &), amodification of the one introduced in [43], is smooth in s. Then, we
argue that it vanishes for |s| > R and all £ € 90X, if supp f C B(o, R). Using
the connection of the Radon transform and the Fourier transform via the Euclidean
Fourier transform, we apply the classical Paley—Wiener theorem to show the claim.
This approach is also used by Helgason to show the Paley—Wiener theorem for non-
compact symmetric space (see [29, p. 278]). We begin by introducing the Radon
transform, a generalisation of the Abel transform to non-radial functions.

8.1 The Radon Transform

We define the Radon transform R, (f) : R x 0X — Cato € X for f € C2°(X) by

Ro (f)(s,8) := 67”/ f(@)dz

H 5 (s)

forall s € Rand & € 9 X. Note that this definition differs from the one given in [43] by
the factor e ~#*. Furthermore, all signs are swapped compared to Rouviere’s work since
he chooses the Busemann function to be defined with the opposite sign to ours. We
choose this factor deliberately to have a direct correspondence to the Fourier transform
via the Euclidean Fourier transform in Lemma 8.5 and obtain the Abel transform on
radial functions.

Lemma8.2 Let f € C°(X). Then Ry (f)(s, &) is smooth in s.

Proof In coordinates given by the diffeomorphism (5) and by (6), the regularity of
Ro(f)(s,&) in s is given by the minimum of the regularity of f and W;. But since
the Busemann functions and the metric are analytic, W, is analytic in s. Hence,
Ro (f)(s, &) is smooth in s. m]

The lemma is a version of the projection slice theorem for harmonic manifolds.

Lemma8.3 Ler f € C°(X) have support in the ball B(o, R) for some o € X and
R > 0. Then, Ry (f)(s,&) =0 for|s| > Rand all & € 0X.

Proof Let |s| > R. Since the Busemann function is Lipschitz with Lipschitz constant
1, we have that | B¢ , (x)| is a lower bound of d (o, x). Hence, forall x € HSV(7 we have
that d(o, x) > R hence f = 0on Hg’ » and therefore,

Ro(N6 )= [ f@dz=0
He 5 (s)
forall§ € 0X. O

Remark 8.4 Since the gradient of the Busemann function B¢ , in o € X coincides up
to a sign with the initial condition of the unique geodesic emitting from o and ending
in &, the distance from H _ is given by [s].
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In the next lemma, the choice of the factor e~”* will become apparent. A version
without the factor can be found in [43, Proposition 9].

Lemma 8.5 Let F be the Euclidean Fourier transform given for a smooth complex-
valued function u on R with compact support by

Fu)(h) = /oo e Mu@)ydt »eC.

—00

Then, for f € CX°(X), we have

70, 8) = F(Re (), 6)) ().

Proof We have for f € C°(X) using the Co-area formula:

f(f ()\" %-) — / f(x)e—(i)n'i‘[?)BEﬂ(x) dx
X
o0 .
B / f@e” P dzds
—00 J Hy g

oo .
— f e—t)\se—ps f(Z) dZ, ds

—o0 HY,E

_ / ISR (f)(s, 8) ds

—00

=FRo(f)(s,8))R).

Where we get the existence of the Euclidean Fourier transform above from Lemma
8.3. O

Remark 8.6 In [43, Theorem 11], Rouviere uses Lemma 8.5 to prove an inversion
formula for the Radon transform. The idea is to apply the inverse Fourier transform
on X to the result of the lemma.

Proof of Theorem 8.1 First we note that e(~"*~?)B&.c ™) is for all x € X holomorphic
in A € C and since

o8 = / fx)e T PBea () gy
X
it is sufficient to show that

/ ‘f(x)e(_”‘_p)Bf"’(x) dx <oo Vi eC.
X

But this is given by the fact that f has compact support. Hence, f 7(X, &) is holomor-
phicin A € C for all £ € X by Morera’s theorem. Now by Lemma 8.2, R, (f)(s, &)
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is smooth in s and, by Lemma 8.3, R, (f) (s, £) has support in [— R, R]. Furthermore,
by Lemma 8.5,

708 = F(Ra ()5, 6)(R).

Hence, by the classical Paley—Wiener theorem (see Theorem 7.1), we have that for
every £ € 0X and N € N there exists a constant Cy ¢ > 0 such that

1F7(, 8) < Cne(1+ A NeRmA vy e C.

Now 90X is compact and f7(x, &) is continuous in £, since the Busemann boundary
and the geometric boundary coincide, hence there exists a Cy > 0 such that for all
EedX:

1fo0, &) < Cy(1+ x)NefImA vy e C.

This yields the claim. O

Proposition 8.7 Let f € C2°(X). Then, we have

Fo(=n, )PP B gy (£) = f o, £)e =P Bec@ gy (&),
0X 0X

The proof follows from the following lemma with the relation

P10 = Pro-

Lemma8.8 Let f € C°(X). Then, we have
X 7R AR =/ F) - orx(y)dy
X
= / Fon ) THIB O dpg ).
ax
Proof Recall the relations (30), (39) and (40). Then, we obtain for x, o0 € X:
Jf*¢u0(x) =/Xf(y)~<0x,x(y) dy
L[ o [ P dy @ dy
X aX
= [ [ £t d @ ay
x Jax
= / / Fe PR dy dpi (&)
ax Jx

= / FE(=A, &) duy (8)
0X
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39) x i

= f o=, &) - eTHPBec @ gy (£)
90X

(30) Zo (—ir+p)Be o (x) ,—2pBg 5 (x)

= fO(=18) e e < dpg (&)
X

TR TR dps &),

The interchange of integrals is justified by the Fubini-Tonelli theorem and the facts that
f has compact support and 9 X has finite measure (d s (§) is a probability measure).
(]

Corollary 8.9 Let R > 0 and denote by PWg all functions F : C x X — C
holomorphic on C which satisfy

sup e Rl 4 ApN|F(1, £)] < 00 VN € Noy.
reC,Ee€0X

and foro € X:
/ F(=h, &) - PBo™ gy (&) = / F(1, &) - e PBeo® gy (&),
0X X

Then, the image of C>°(X) under the Fourier transform based at o is contained in

L pwp.

R=0

9 Huygens’ Principle

In this section, we want to prove an asymptotic Huygens’ principle along the lines of
the proof of [13]. For this we need to make assumptions on the c-function, namely
we need that the function n defined by r;()»)_l = c(k)m on the lower half plane of
C has a holomorphic extension up to Im(A) = €4, > 0 where it has a singular pole
and is a polynomial with real coefficients up to this point such that (1) = A"~ 5o (%)
where all poles of 7 are also poles of 1y with the same multiplicity. We will call this as
the C-condition. The C-condition is satisfied in the case of symmetric spaces of rank
one and Damek—Ricci spaces whose nilpotent part has a centre of even dimension as
well as on the hyperbolic spaces of odd dimension. For this, see [21]. For more detail on
the c-function of Damek—Ricci space, see [48], especially Proposition 4.7.13—4.7.15
and Theorem 6.3.4.

Remark 9.1 Note that n(A) = |c()»)|_2 and that by [11, Lemma 3.4 and Proposition
3.17] (alternatively one can observe this from (33) combined with (34) and (35)), we
have

c(A) =c(=X1) VreR.
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From this, we get that for all A € R

n(=3) = (e(=2)e(=1) " = (@)e@) ™" =n()
hence 7 is even in A.
Theorem 9.2 Let (X, g) be a non-compact simply connected harmonic manifold of
rank one of dimension bigger than one, such that the c-function satisfies the C-
condition. Let ¢ be a solution of the shifted wave equation with initial conditions

f, g supported in a ball of radius R around o € X. Let €, be as above and
0 < € < €uax < 00. Then, there is a constant C > 0 such that

lo(x, )] < C(emax — €)1 - e €UI=dE@I=R vy 1) e X x R,
If €ax = 00, we get
lp(x, )] < C - e <UN=d@D=R) ye - 0, V(x,1) € X x R.
In particular, we have in this case,
o(x,t) =0 for|t| —d(x,0) > R.

The proof of this statement will be conducted via a series of lemma occupying the
remainder of the section. We will always require the assumptions of the theorem.

Lemma 9.3 Leth : C — C be a function holomorphic on the strip P = {z € C| 0 <

Im z < €} such that there is a C > 0 with |h(z)| < C(1 + |z|)~N for some N > 0 on
P. Then

/OO h(z)dz = /oo h(a+ie)da.

—0o0 —0o0

Proof Consider the contour in Fig.4. Let y; : [0, 1] — Cbe given by y(s) = r +ise
and y : [0, 1] — C be given by y2(s) = —r 4+ i(1 — s)e. Then, by the bounds on &
on the strip P, there are constants Cy, C> > 0 such that

‘/y hds‘:‘/olh(r—i-ise)-i@ds) <+ )7V,

1

‘/ hds)=)/01h(—r+(1—is)e)-—i9ds‘ <G +rhN.
Y2

Therefore, since both integrals tend to zero for r — +o00 and we get the assertion. O
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AIm(z)

. e .
—r +ie 4 1€

Y2 !

—r R r

Fig.4 Contour of Lemma 9.3, for r — oo the integral along | and y, vanishes because of the bounds on
h

Lemma9.4 Let f, g € C°(X). Then the functions

F(h,x) = / O, &) P Bec®p iy dp, (6)
90X
and

GO, x) = /3 ) 370, &) PP () dp, (8)

are even in A and
sin(At)
A

1 [ GO, x)\ i,
= — F(A, — )M .
3| (o + ZEE)

dx

/OOF(A, x)cos(At) + G(\, &)
0

Proof Note that 7 is even in A by Remark 9.1, and F (X, x) and G (%, x) are also even
in A by Proposition 8.7. Now using this and

2cos(At) = €M 4 M

we get

/ F O, x) cos(At) dh = 1(/ F(L, x)e™ d,\+/
0 0 0

.
1 s . 0 .

- _(/ F(, x)et™ d,\+/ F(, x)e' d,\)
2\ Jo

—00

o0

F(h, x)e— ™ d/\)

OO .
= -/ F(h, x)e™ do.
2/
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Since 2i sin(Af) = e — ¢~ and G (A, x) is even in A, we obtain

00 in(ht 1 00 iAt 00 —IiAt
/ G(h, xS0 )dxz—,(/ G(,\,x)e—d,\—/ GO x)E dx)
0 )\. 21 0 )\ 0 )\,
1 o0 eikt 0 ez‘xt
- GO x)— GQn, —dA)
21'(/0 0= +/_OO (.0
1 00 €iM
:_/ GO x)—dn.
2 ) ir

m}

By [47, Prop. 6.1.1 and Prop. 6.1.4] and (37), we have the following bounds for the
radial eigenfunctions of the Laplacian:

Lemma9.5 Forall x,o € X and A € C, we have

(D) 1@r.0 ()| < @itmy.0 (X) < 0.6 (x) - mPId@0)
() Im)| < p = IMDI=P)dEX) < 60 (x) < 1,
B) ImA)| > p = 1 < im0 (x) < eMPI=p)@.0),

Furthermore, we have
@i m(n.0 (X) < k(1 +d (0, x))elmPI=PdeD)

for some positive constant k > 0.

Lemma 9.6 Assume the assumptions of the Theorem 9.2. Let f,g € C°(X) with
support in the ball of radius R > 0 around o € X. Then F and G admit holomorphic
extensions in A up to €max and for every N € N we can find a constant Cy such that
forall € Cwith0) <ImA <€ < €qnaxandx € X

|F (A, x)| < Cn(€max — €)1 (1 4 [a) "N ecdwo)tRe
and
IG (A, %) < Cn(€max — €)1+ Ay Necdxo)FRe,

Furthermore, if dim X > 1, we have that for every N € N, there is a constant Dy
such that

12 7LG(h, x)| < Dy (€max — €) 11 + Ay "N ecdro)tRe,

Proof That F, G are holomorphic up to €,,,, in A follows from the fact that all functions
making up those are holomorphic up to this point. Let us begin with the estimate on
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F. The one on G follows in the same manner.

FG0l = | [ 7605 ) dig 6

= s A Gonl| [P0 dug )|
X

T Im h<émay, £€0X

By Lemma 9.5 (1) and the integral representation of the radial eigenfunctions (40),

[ PP g )] =
X

< @i tm(x)]
< 90,0 (x)]emHd.o)
< lImAld(x.0)

Now using Theorem 8.1, the assumption that n has a singular pole at €,,,x and is a
polynomial, and since d X is compact, we can conclude that for every N € N there is
a constant Cy such that forall 0 < Im A < € < €nyax

[F (. x)] < Cn(emax =€) (1 [a]) Ve /ot RiimA

< CN(Emax — O (L4 [a)) " Nesdrothe,

For the last estimate on |A~'G (X, x)|, one only needs to consider that n(1) =
A" ~10(1) where all poles of 7 are also poles of 179 with the same multiplicity. Hence,
one only needs to exclude the case where dim X = 1. Then, we get using the same
lines as above:

1 1G(, x)|

IA

| f 271G, )P () dpg 6)
X

IA

sup g s [ e g ¢)
Tm A <€max, £€3X 9X

= sp (02700 M0
ImA<emax, £E€0X

/ e(ik—p)Bg,amdug(E)D
X

A

and unsing again the estimate

)/ e(ik—P)Bg,a(x) dﬂa(f)‘ < e\Imkld(x,cr).
X
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Hence, we obtain using the same arguments as above that for every N € N there is a
constant Dy such that for0 < Im A < € < €nqax

IATIG (A, X)| < Dy (€max — €)7 (1 4 |a]) TN ecd o) Re,
O

Proof Theorem 9.2 First we note that u(x, —t) solves the shifted wave equation with
initial conditions f, —g. Hence, we only need to consider the case t > 0. Let0 < € <
€max- Then, using Lemma 9.3, we can move the integral defining u from R to R 4 ie,
hence,

*® GO x\
2|p(x, )| = ‘Co/ (F(r, x) + %)e’“ dk‘

—0o0

e [ Ga+ie), ;
— C 6[/ F : , IR PN 2724 dxr
‘ 0e _OO( (a+ie, x)+ @t in )e

’

now using Lemma 9.6, we obtain for N € N a constant Cy > 0 such that

o0
209(x, )| < Cn(Emay — €) Le €A Re / (1+ap~Ndn.
o0

Since the last integral is bounded we obtain the claim. For the case that the e-function
is an entire function and a polynomial, one notices that we can ignore the them (€, —
€)~!in all the estimates which yield the assertion in this case. O

10 Equidistribution of Energy

Under the same assumptions on the c-function as in the last section, we now want to
prove an asymptotic equidistribution of the energy between the kinetic and potential
energy of a wave on X.

Theorem 10.1 Let (X, g) be a non-compact simply connected harmonic manifold of
rank one, such that the c-function satisfies the C-condition. Let ¢ be a solution of the
shifted wave equation with smooth initial conditions f, g compactly supported within
a ball of radius R around o € X. Let €45 be as before and 0 < € < €4y < 00.
Then, there is a constant C > 0 such that we have for the potential and kinetic energy

P and
IK(@)(1) = P@) ()] < Clemax —€) (e *U=R)y vr e R
and if €pax = 00, we have

K(@)(@) =P(p) (1) Vit| = R.
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The proof is similar to the proof of Theorem 9.2. Let us begin with calculating the
difference between the kinetic and potential energy.

Lemma 10.2 Let ¢ be a solution of the shifted wave equation with initial conditions
/.8 € CX(X). Then

(IC(w)(t) ~P)(1)) =
/ / —22FO (L) (A, E) + 87 (A, £)8° (A, £)) cos(2A1)

F7 04 )7 0 ) + 87 04 6) 7 0, ) - Asin@in) )i e[ 2dA
Proof Subtracting the integrant in (43) from the integrand in (42) yields

227 (0, £) O (1, &) sin® (h)
+ 37 (1. £)Z° (1, §) cos* (A1)
— 217X, £)g° (A, &) sin(At) cos(Ar)
—228% (A, é)f‘7 (A, &) sin(At) cos(At)
— 3277 (0, ) 7 (1, £) cos> (1)
— (A, £)8° (1, £) sin® (A1).

Now using sin(x) cos(x) = % sin(2x), we obtain that the above equates to

—22F7 (0, €) Fo (0, £) (cos? (At) — sin* (A1)
+ 87 (A, £)8° (1, £)(cos?(ar) — sin®(r1))
—(f L EET 0 E) + §7 (1, §) 7 (1, 6)) sin(2).

Finally the claim follows from cos?(x) — sin? (x) = cos(2x). O

For us to be able to use the same arguments as in Sect. 9, the following lemma is
essential.

Lemma10.3 Let hy,hy € C°(X) and o € X. Then forall » € Rand & € 0X

(1) R (h. &) = by (—h. &).
(2) We have

Jox B G R 0 §) ditg (§) = [y B (=1, 5 (=1, €) dpto (§).
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Proof For the first assertion, we only need to look at the definition of the Fourier
transform:

EO" &) / hi(x)e"ir=P)Beo (%) g
X
B / Ry (x)e =P Peo () g
X

=i (=2 ).

The second assertion follows now from the first together with Proposition 8.7:

/3 T GO ) i )
PLO [ ([ et )0, 6) s €)
X X
- / f I (R (O, £)e 0B ™) dx dpy (8)
X JX
- / / I (R (0, £)e 0B ™) (&) dx
X JoX
- / () / 730, £)e = PBea ) gy (6 dx
X 90X
(Lemma 1036) / hy(x) / hy (=, £)e# P Beo ) qp (£) dx
X X
e 8'7/ hi(x) f y (0, )6 PBer®) gy () dx
X X
B / / 71 0y (1, )P 0Be0®) dp &) dx
X JoX
- / / By ()i (1, £)e PP Ber ) g d ()
X JX
=/ Zg(x,g)/ hy(x)e P Bee () gy dp g (£)
0X X
Det62 /a R D 0,60.6) dio©)

10%0)/ S (=, g)%(—)\, &) dus(§).
ax

Here the interchange of integrals is justified by the Fubini-Tonelli theorem and the

facts that &1 and hy have compact support and 9 X has finite measure (du, (§) is a

probability measure). O
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Lemma 10.4 Under the conditions of Theorem 10.1, define

AN = /BX (= 22F7 0 &) F7 O &) + 8% 0 )37 (0, ) (V) d i (8)

and

B(}) := /3 ) (F7 O )37 (0, £) + 8% (0 £) F7 (0, ) (V) d i (£).

Then, for € < €max, we have

(1) A(A) and B()) admit a holomorphic extension up to Im A = €.

(2) A(X) and B()\) are even.

(3) Forevery N € N there are constants Ay and By such that for every A € C with
ImA| < € < €max, we have

) [AQ)| < AN (€maxr — €7 (1 + [A) N e?Re,
(ii) INB(A)| < By (€max — €)' (1 + 1)) Ne?Re,

(4) We have for |[Im A| < e€:

o0

a(kn -Peo) = |

(A()\) + iAB(A))e“’ .
—0oQ
Proof (1) is a direct consequence of the first assertion from Lemma 10.3 and Corollary
8.9. (3) also follows form Corollary 8.9 since the c-function satisfies the C-condition.
If we have that A and B are even, then also (4) follows with the same arguments as
in Lemma 9.4. Therefore, all that remains to show is (2) but this follows immediately
from Lemma 10.3. O

Proof Theorem 10.1 With the same argument as in Theorem 9.2, we can restrict our-
selves to the case r > 0. Let 0 < € < €4y. Then, we have by using Lemma 9.3 and
shifting the integral to R + ie:

’Cio(lc(w)(t) —P(w)(ﬂ)’ = (fc: (A(A) +iAB(A))62iAt dk’
= | /_OO (A +io) +ia+ioBa+ie)e " da| o)

Now, by the bounds from Lemma 10.4, for every N € N there is a constant C, such
that for all A € C with [Im A| < € < €4, (46) is bounded by

o
CnN (€max —6)_162R€e_2“/ A+ |A)"Ndr vi>0. (47)
—0Q
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Since the integral in (47) is bounded there is a constant C > 0 such that (46) bounded
by

Clemax — 6)_16_2€(|t|_R) vt > 0.

For the case that the c-function is an entire function and a polynomial, one notices
that we can ignore the term (€,,4x — €)1 in all the estimates. Taking the limite — oo
yields the assertion. O

Remark 10.5 Note that the assumption on the pole of 7 to be of multiplicity one only
affects the term (€,,qr — €)~!, so one could restate Theorems 9.2 and 10.1 for 5 to
have a pole of multiplicity n € N by raising the power to —n. But there are no known
examples for this case, even for c-functions on hypergroups. Hence, we state our
theorems in the realistic setting.
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