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Abstract
Let y : [0,1] — S? be a non-degenerate curve in R3, that is to say,

det (¥ (), y'(0),y"(0)) # 0. For each 6 € [0,1], let [y = span(y(6)) and
Po - R3 — Ig be the orthogonal projections. We prove an exceptional set estimate. For
any Borelset A C R¥and 0 < s < 1,define E;(A) := {6 € [0, 1] : dim(ps(A)) < s}.
We have dim(Es(A)) < max{0, 1 + _X—dlén(A)}_
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1 Introduction

If y : [0, 1] — S? is a smooth map that satisfies the non-degenerate condition

det (y(0), y'(0),y"(©)) #0,

then we call the image of y a non-degenerate curve, or simply call y a non- degenemte
curve. A model example for the non-degenerate curve is y, : 0 — (Ci’/sﬁ Sme f)
@ €10, 1]).

In this paper, we study the projections in R? whose directions are determined by y.
For each 6 € [0, 1], let Vy C R3 be the 2-dimensional subspace that is orthogonal to
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y(0) and let [y C R3 be the 1-dimensional subspace spanned by y (6). We also define
79 : R3 = Vj to be the orthogonal projection onto Vp, and define py : R3 = Iy tobe
the orthogonal projection onto /g. We use dim X to denote the Hausdorff dimension
of set X. Let us state our main results.

Theorem 1 Suppose A C R3 is a Borel set of Hausdorff dimension .. For0 < s < 1,
define the exceptional set

E; = {0 €10, 1] : dim(ps (A)) < s}. ey

Then we have
s —a

dim(E,) < max{0, 1 + }. )

As a corollary, we have

Corollary 1 Suppose A C R is a Borel set of Hausdorff dimension a. Then we have
dim(pp(A)) = min{l, e}, fora.e. 0 € [0, 1].

Remark 1 The proof of Theorem 1 relies on the small cap decoupling for the general
cone. We also remark that, for the set of directions determined by the model curve
Yo, Kdenmiki, Orponen and Venieri can prove the exceptional set estimate with upper
bound dim(Ey) < “2—? when o < 1 (see [1] Theorem 1.3). The novelty of our paper
is that we prove a Falconer-type exceptional set estimate for general non-degenerate
curve, hence Corollary 1.

Remark 2 Pramanik et al. [2] have also recently proved Corollary 1 with an exceptional
set estimate of the form dim(E;) < s, compared to (2). Their proof is based on
some incidence estimates for curves in the spirit of Wolff’s circular maximal function
estimate. The estimates in [2] hold for curves that are only C2, which requires a very
different proof from earlier work of Wolff and others on these problems.

Remark 3 1t is also an interesting question to ask for the estimate of the set
E ={6 €0, 11: "' (ps(A)) = 0)

which consists of directions to which the projection of A has zero measure. We notice
that recently Harris [3] proved that

4 —dim A

dim({6 € [0, 1] : H' (ps(A)) = O}) < (€)

Intuitively, one may think of E as E| (E| is defined in (1)). The main result of this
paper (2) yields dim(E;) < 3414 which is better than the bound =44 This
shows that (3) cannot imply (2).
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Now we briefly discuss the history of projection theory. Projection theory dates back
to Marstrand [4], who showed that if A is a Borel setin R2, then the projection of A onto
almost every line through the origin has Hausdorff dimension min{1, dim A}. This was
generalized to higher dimensions by Mattila [5], who showed that if A is a Borel set in
R", then the projection of A onto almost every k-plane through the origin has Hausdorff
dimension min{k, dim A}. More recently, Fissler and Orponen [6] started to consider
the projection problems when the direction set is restricted to some submanifold of
Grassmannian. Such problems are known as the restricted projection problem. Fissler
and Orponen made conjectures about restricted projections to lines and planes in R3
(see Conjecture 1.6 in [6]). In this paper, we give an answer to the conjecture about
the projections to lines.

2 Projection to One Dimensional Family of Lines

In this section, we prove Theorem 1. Theorem 1 will be a result of an incidence estimate
that we are going to state later. Recall that y : [0, 1] — S? a non-degenerate curve.

Definition 1 For a number § > 0 and any set X, we use |X|s to denote the maximal
number of §-separated points in X.

Definition 2 ((§, s)-set) Let P C R” be a bounded set. Let § > 0 be a dyadic number,
0<s<dandC > 1. We say that P isa (6, s, C)-set if

|P N Bls < C(r/s),

for any B, being a ball of radius r withé <r < 1.
For the purpose of this paper, C is always a fixed large number, say 10'°. For
simplicity, we omit C and write the spacing condition as

|P N Bls S (r/8),
and call such P a (8, s)-set.

Let H., denote the r-dimensional Hausdorff content which is defined as
H. (B) := inf{Zr(Bi)’ : B C U;B;}.
i
We recall the following result (see [6] Lemma 3.13).

Lemmal Let §,s > 0, and B C R" with H} (B) := « > 0. Then there exists a
(8, 5)-set P C B with cardinality #P 2 k§~°.

Next, we state a useful lemma whose proof can be found in [7, Lemma 2]. We remark
that this type of argument was previously used by Katz and Tao (see [8, Lemma 7.5]).
The lemma roughly says that given a set X of Hausdorff dimension less than s, then
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we can find a covering of X by squares of dyadic lengths which satisfy a certain s-
dimensional condition. Let us use D,—« to denote the lattice squares of length 2% in
[0, 11%.

Lemma 2 Suppose X C [0, 117 with dim X < s. Then for any ¢ > 0, there exist
dyadic squares Cy—x C Dy« (k > 0) so that

lL.XC Uk>0 UDeCz_k D,

2. 2=02pec, , "(D) <&
3. C,-« satisfies the s-dimensional condition: For | < k and any D € D,-i, we have

#{(D' € C,—« : D' c D} <2k Ds,

Remark 4 Besides [0, 1]2, this lemma holds for other compact metric spaces, for
example [0, 117 or S2. The proof is exactly the same.

Our main effort will be devoted to the proof of the following theorem.

Theorem?2 Fix 0 < s < 1, and let C; > 1 be a constant. For each ¢ > 0, there
exists Cy ¢ c, depending on s, & and Cy, so that the following holds. Let § > 0. Let
H C B3(0,1) be a union of disjoint 8-balls and we use #H to denote the number
of 8-balls in H. Let ©® be a §-separated subset of [0, 1] such that ® is a (6,1t)-
set and #O > Cl_l(log 8_1)_26_t for some t > 0. Assume for each 6 € ©®, we
have a collection of 8§ x 1 x 1-slabs Sg with normal direction y (0). Sg satisfies the
s-dimensional condition:

1. #Sg < C167%,
2. #{§e€Sp:SNB} < C](g)s,for any B, being a ball of radius r (§ <r < 1).

We also assume that each §-ball contained in H intersects > Cl_1 | log 81| ~2#® many
slabs from UySy. Then

HOYMH < Cy o 872757275,

2.1 8-Discretization of the Projection Problem

We show Theorem 2 implies Theorem 1 in this subsection.

Proof of Theorem 1 assuming Theorem 2 Suppose A C R3 is a Borel set of Hausdorff
dimension «. We may assume A C B3(0, 1). Recall the definition of the exceptional
set

Es, = {0 € [0, 1] : dim pp(A) < 5.

If dim(E) = 0, then there is nothing to prove. Therefore, we assume dim(Ey) > O.
Recall the definition of the 7-dimensional Hausdorff content is given by

M. (B) :=inf(> r(B)' : B CU;B).

1
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A property for the Hausdorff dimension is that
dim(B) = sup{t : H. o (B) > 0}.

We choose a < dim(A), t < dim(E;). Then H. (E;) > 0, and by Frostman’s lemma
there exists a probability measure v4 supported on A satisfying v (B,) < r¢ for any
B, being a ball of radius . We only need to prove

a<2+s-—72t,

since then we can send a — dim(A) and t — dim(Ey). As a and ¢ are fixed, we may
assume H._(Es) ~ 1 is a constant.

Fix a 60 € E;. By definition we have dim py(A) < s. We also fix a small number
€, which we will later send to 0. By Lemma 2, we can find a covering of py(A) by
intervals Iy = {I}, each of which has length 27/ for some integer j > | log, €,|. We
definelp j :={I € Ip : r(I) = 277} (Here r(I) denotes the length of 7). Lemma 2
yields the following properties:

doray <1 )

I1€ly

For each j and r-interval I, C Iy, we have
r
#I ey ; :ICI,},S(F)S. (®)]

For each 0 € E;, we can find such a Iy. We also define the slab sets Sy ; :=
{0y (I) I €ly;}n B3(0,1), Sy := Uj S, j. Each slab in Sy ; has dimensions
27/ x 1 x 1 and normal direction y (). One easily sees that A C Uses, S- By
pigeonholing, there exists j(6) such that

1
VA (A N (USGSQ_J'(Q) S)) >

1
=0 T oj@r ©

For each j > |log, €|, define E5 j := {# € E; : j(0) = j}. Then we obtain a
partition of Ej:

E = | Ey;.
j

By pigeonholing again, there exists j such that

t t
ENCMEST L H (B ~ o7 ™)

In the rest of the poof, we fix this j. We also set § = 27/. By Lemma 1, there exists a
(8, 1)-set ® C E,; with cardinality #0 > (logs~!)~257".
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Next, we consider the set U := {(x,0) € A x © : x € Uges, ;S}. We also use p
to denote the counting measure on ® (note that ® is a finite set). Define the section of
U:

Uy,={0:(x,0)eU}, Up:={x:(x,0)eU}.

By (6) and Fubini, we have

1
(wa x w)(U) = Wﬂ@) ®

This implies

1 1
(va x m({(x, 0) e U: uU,) > Wu(@))}) = 5077H®) ©)

since
1 1
(va x m({(x,e) eU: uUy) < wu(@)}) < 5H®- (10

By (9), we have
1 1
vA({x eA:pUy) > WM@)]) > 507 (11)

We are ready to apply Theorem 2. Recall § = 27/ and #0© > (log$~!)"26~". By
(11) and noting that v4 (Bs) < 8%, we can find a §-separated subset of {x € A : #U, >
ﬁ#@} with cardinality > (log8~1)725~%. We denote the §-neighborhood of this
set by H, which is a union of §-balls. For each §-ball Bs contained in H, we see that
there are 2> (log§ —H240 many slabs from UpceSy, ; that intersect Bs. We can now

apply Theorem 2 to obtain
(logs™) ™86~ < (HOYMH < Cy 8777,

Letting €, — 0 (and hence § — 0) and then ¢ — 0, we obtaina < 2 + s — 2f. 0O

2.2 Proof of Theorem 2

For convenience, we will prove the following version of Theorem 2 after rescaling
x> 87 1x.

Theorem3 Fix 0 < s < 1, and let C; > 1 be a constant. For each ¢ > 0, there
exists Cy ¢ c, depending on s, e and Cy, so that the following holds. Let § > 0. Let
H C B3(0,87") be a union of 8= many disjoint unit balls. Let © be a 8-separated
subset of [0, 1] so that © is a (5, t)-set and #O > Cl_l(log 8*1)728”. Assume for
each 0 € ®, we have a collection of 1 x 81 x § L slabs S¢ with normal direction
y(0). Sy satisfies the s-dimensional condition:
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1. #Sp < C1675,
2. #{S € S¢ : SN B,} < Cir*, for any B, being a ball of radius r (1 <r < 8§71,

We also assume that each unit ball contained in H intersects > C 1_1 | log s~ 240
many slabs from UgTy. Then

HO)YMH < Cy o 874757275,
We define the cone
F:={ry® :1/2<r<1,0€l0,1]}. (12)

For any large scale R, there is a standard partition of Np—1I" into planks op-1/2 of
dimensions R~! x R™1/2 x 1:

Np-1I' = UO’R—l/z.

Here, the subscript of oz-1/2 denotes its angular size. For any function f and plank
0 = Yp-12, we define f; := (1, f)" asusual. The main tool we need is the following
fractal small cap decoupling for the cone T'.

Theorem 4 (fractal small cap decoupling) Suppose Ns(I') = |y, where each y is a
8 x 8 x 1-cap. Given a function g, we say g is t-spacing if suppg C Uyer, ¥, where
[g is a set of § x § x 1-caps from the partition of Ns(I') and satisfies:

#{y eTy:y Cor} S (/) forany rrxrx 1—plank 0, C N,oT V2 <r <.
(13)
If g is t-spacing, then we have

J

Small cap decoupling for the cone was studied by the second and third authors in
[9], where they proved amplitude-dependent versions of the wave envelope estimates
(Theorem 1.3) of [10]. Wave envelope estimates are a more refined version of square
function estimates, and sharp small cap decoupling is a straightforward corollary. For
certain choices of conical small caps, the critical L?< exponent is p. = 4 (as is the
case in our Theorem 4). When p, = 4, the sharp small cap decoupling inequalities
follow already from the wave envelope estimates of [10]. A version of this was first
observed in Theorem 3.6 of [11] and was later thoroughly explained in §10 of [9]. To
prove Theorem 4 above, we repeat the derivation of small cap decoupling from the
wave envelope estimates of [10] but incorporate the extra ingredient of ¢-spacing.

ST andY / lgyI*. (14)
Y

s—1

Remark 5 We will actually apply Theorem 4 to a slightly different cone
Cg-1={ry@ : K~ ' <r<1,0€l0,1]). (15)
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Compared with I', we see that I'g—1 is at distance K ~1 from the origin, but we still
have a similar fractal small cap decoupling for I'x—1. Instead of (14), we have

f lgl* Se KOWs™71 /lgy|4- (16)
B
Y

The idea is to partition I -1 into ~ K many parts, each of which is roughly a cone that
we can apply Theorem 4 to. By triangle inequality, it gives (16) with an additional factor
KOO Tt turns out that this factor is not harmful, since we will set K ~ (log =10
which can be absorbed into § ~°.

5—1

We postpone the proof of Theorem 4 to the next subsection, and first show how it
implies Theorem 3.

Proof of Theorem 3 assuming Theorem 4 Since the C; in Theorem 3 is a constant, we
just absorb it to the notation ~ or < for simplicity. We consider the dual of each
Sy € Sy in the frequency space. For each 6 € ©®, we define 74 to be a tube centered
at the origin that has dimensions 6 x § x 1, and its direction is y (6). We see that 1y
is the dual of each Sy € Sy. Now, for each Sp € Sy, we choose a bump function g,
satisfying the following properties: 5, > 1 on Sp, Vs, decays rapidly outside Sy,
and suppyrs, C 14.

Define functions

fo= ) ¥s, and =) fo

Sp€Sp 0e®

From our definitions, we see that for any x € H, we have f(x) 2 (log s~ H2#0.
Therefore, we obtain

|H|(#0)" 5 / 1, (17)
H
where “<" means “< (log 1),
Next, we will do a high-low decomposition for each tp.

Definition 3 Let K be a large number which we will choose later. Define the high part
of 1y as

Tonigh =16 €t K <5 7@ < 1.
Define the low part of 7y as
T0.00w = T0 \ To,nigh = (£ €79 1 1€ - y(O) < K1},

We choose a smooth partition of unity adapted to the covering t9 = 79 hign U 70,100
which we denote by 1g nign, 16,10w» SO that

N9, high + N6,low = 1
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on tg. The key observation is that {suppig nien}e are at most O (K)-overlapping and
form a canonic’zjl covering of Ns(I'x-1). (See the definition of I'x-1 in (15)).
Since supp fy C t9, we also obtain a decomposition of fy

fo = Jfo,high + fo.10w, (18)

where f;,h,‘gh = ne,h,-ghﬁ, ﬁ,law = ng,[,,w]";. Similarly, we have a decomposition of
f
f= fhigh + frows (19)

where fhigh = Zg f@,high’ flow = ZG f@,low-
Recall that for x € H, we have

(log8™H)™HO < f(x) < | fhigh ()| + | frow ()]
We will show that by properly choosing K, we have
| fiow(@)] < C™'(log s~ ~*#6. (20)

Recall that fi,y, = Ze fo * ’79v Tow- SINCE g jow 1S @ bump function at g jow, WE see
that ,/, ., is an L'-normalized bump function essentially supported in the dual of

7910w~ Denote the dual of 7g 0, by Sp k whichis a 51 x 8~ ! x K-slab whose normal
direction is y (6). One actually has

1
\
79,100 S m‘/f&,x .

Here, Y5, « is bump function = 1 on Sy x and decays rapidly outside Sy g . Ignoring
the rapidly decaying tails, we have

1
[ frow )| S Y 2#(S0 €S : S9N Buook (x) # 0},
6

Recalling the condition (2) in Theorem 3, we have
#{Sp € Sg : Sp N Biook (x) # ¥} < (100K)°.
This implies
| frow(@)| S K*7'#0.

Since s < 1, by choosing K ~ (log S_I)ﬁ, we obtain (20). This shows that for
s € H, we have

(logs™H72#0 S| F ()| S | fnighl-
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We define g = fhign. By remark (5), we actually see that {7y pjen} form a K-
overlapping covering of Ns(I'x), and we have the decoupling inequality (16). By
(17), we have

|H|6*‘“§f |f|4§/ | fiigh!*.
H B(S*l
By (16), it is further bounded by
Se 8Ty f|fehlgh| ST EZf > sl
Sp €Sy
Since the slabs in Sy are essentially disjoint, the above expression is bounded by
<6t82/z|ws|NleZZ|S9|N5l€8stl

59 ES() 0 S(.) ES()

This implies (#@)*#H <, §2—5~1-¢, q

2.3 Proof of Theorem 4

The proof of Theorem 4 is based on an inequality of Guth, Wang and Zhang. Let us
first introduce some notation from their paper [10]. Let [', denote the standard cone
in R:

[o:={(rcosh,rsinf,r):1/2<r <1,0 €[0,2x]}.

We can partition the 8-neighborhood of T, into § x 8!/2 x 1-planks & = {o}:

N3(To) =|_|o.
More generally, for any dyadic s in the range §!/2 < s < 1, we can partition the
sz-neighborhood of T, into s2 x s x 1-planks 7y = {z,}:

N (o) =] ]z

For each s and frequency plank 7, € 7;, we define the box Uy, in the physical space
to be a rectangle centered at the origin of dimensions § 7! x § s x 87152 whose edge
of length §~! (respectively §~'s, §~1s?) is parallel to the edge of 7, with length s>
(respectively s, 1). Note that for any o € X, Uy is just the dual rectangle of o. Also,
U, is the convex hull of Uy ¢, Uy .

If U is a translated copy of U, then we define Sy f by

Suf=(Y 1) "1y 1)

o CrTs
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We can think of Sy f as the wave envelope of f localized in U in the physical space
and localized in 7, in the frequency space. We have the following inequality of Guth,
Wang and Zhang (see [10] Theorem 1.5):

Theorem 5 (Wave envelope estimate) Suppose suppfc Ns(T'). Then

IFIZ=Ces™ >0 > > WU ISuflls. (22)

81/2<s5<1 1,€75 U||Usy

Although the theorem above is stated for the standard cone I, it is also true for
general cone I" (see (12)). The Appendix of [9] shows how to adapt the inductive proof
of Guth-Wang-Zhang for I',, to the case of a general cone I".

As we did for 'y, we can also define the § x 8!/ x I-planks & = {0} and
s2 x s x 1-planks 7y = {ty}, which form a partition of certain neighborhood of I".
We can similarly define the wave envelope Sy f for suppf C Ns(I'). We have the

following estimate for general cone.

Theorem 6 (Wave envelope estimate for general cone) Suppose suppf C Ns(I').

Then
A <Ces™ >0 >0 Y WwiIsufls- (23)

51/2§S§1 TSGZ U“Urs
We are ready to prove Theorem 4.

Proof of Theorem 4 By pigeonholing, we can assume all the wave packet of g, have

amplitude ~ 1, so we have
/|gy|4~f|gy|2. (24)

Apply Theorem 6 to g, we have

lgllf < Ces™ > > > Ul ISusls-

§12<5<1 1,67 U|| Uy

For fixed s, 75, U || Uy,, let us analyze the quantity ||Sy g ||% on the right hand side. By
definition,

I1Sugll3 =/ > gl
U

oCTs

Note that U has dimensions 81 x §~1s x § 152, so its dual U* has dimensions
8 x 85~ x 8572, We will apply local orthogonality to each f, on U. Let {8} be a set
of (5571)% x 857! x 1-planks that form a finitely overlapping covering of Ns,—1 (I").
We see that U* and each 8 have the same angular size 8s~1. For reader’s convenience,
we recall that we have defined three families of planks: {y : y € I',} of dimensions
8 x & x 1; {B} of dimensions (8s 2 x 857 x 13 {o} of dimensions § x 8172 % 1.
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Since 8!/ < s < 1, we have the nested property for these planks: each y (€ T o) 18

contained in 100-dilation of some 8 and each 8 is contained in 100-dilation of some
o. We simply denote this relationship by y C B, 8 C o. We can write

B = 8 8= 8-
BCo yCB

Choose a smooth bump function yy at U satisfying: [y | 2 1y, Yy decays rapidly
outside U, and Yy is supported in U*. We have

f |gg|2§/|wu2gﬂ|2.
4 BCo

Since (Yygp)" C U* + B and by a geometric observation that {U* + B}gc, are
finitely overlapping, we have

/U|gg|2szWUgmz:/ZwUZgﬂ%fZ#{y CBYY  Ivugyl*

BCo BCo yCp BCo yB

Summing over o C t5, we get

||Sug||%=/u > |ga|2§f DD #Hy cBY Y Ipuey (25)

oCTty oCts BCo yCpB
SO Yy s X 16, P [ 1wl
oCts BCo p yCB
(26)
(Since [gyllc = 1) S#{y C ity C BHU| (27)
(By the ¢-spacing condition) < (s/8)' (8s~'/8)'|U| (28)
— 51U (29)

Therefore, we have

Z|U|*1||syg||;‘§8*’2||Sug||%=8*f/Z |ga|256*’/ > gy
U U

oCTys Y Cts

(30)
The last inequality is by the L? orthogonality.
Noting (24), we have
lgld < Ces™7" > > / gy P~ Ces™ Y / gy I*
§12<s<1 vV §12<s<1 vV
S N I G1)
Y
O
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