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Abstract

In this paper, we introduce some new weighted maximal operators of the Fejér means
of the Walsh—Fourier series. We prove that for some “optimal” weights, these new
operators indeed are bounded from the martingale Hardy space H),(G) to the Lebesgue
space L,(G), for 0 < p < 1/2. Moreover, we also prove sharpness of this result. As
a consequence, we obtain some new and well-known results.
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1 Introduction

All symbols used in this introduction can be found in Sect. 2.
In the one-dimensional case, the weak (1,1)-type inequality for the maximal
operator o * of Fejér means o, with respect to the Walsh system

o* f :=suplo, f|
neN

can be found in Schipp [21] and Pal, Simon [16] (see also [2]). Fujii [7] and Simon
[23] proved that o* is bounded from H; to L. Weisz [29] generalized this result and
proved the boundedness of o * from the martingale space H), to the Lebesgue space L,
for p > 1/2. Simon [22] gave a counterexample, which shows that boundedness does
not hold for 0 < p < 1/2. A counterexample for p = 1/2 was given by Goginava
[10]. Moreover, in [11] (see also [19]) he proved that there exists a martingale F € H),
(0 < p <1/2), such that

sup [l F |, = +00.
neN

Weisz [32] proved that the maximal operator o * of the Fejér means is bounded from
the Hardy space Hj > to the space weak — L 5.

~ %k,
For 0 < p < 1/2 in [26] the weighted maximal operator o p, defined by
~*p lon F|

o F:=sup—m——, 1)
i (

was investigated, and it was proved that the following estimate holds:

~%, D
o7 F| < eplFI,. @)

Moreover, it was proved that the rate of sequence (nx 4+ 1)'/7~2 given in the denom-
inator of (1) cannot be improved. In the case p = 1/2 analogical results for the

~k
maximal operator o defined by

~* low F|
o Fi=sup —F——
neN log” (n + 1)

were proved in [25].
To study the convergence of subsequences of Fejér means and their restricted max-

imal operators on the martingale Hardy spaces H,(G) for 0 < p < 1/2, the central
role is played by the fact that any natural number n € N can be uniquely expressed as

9]
n=Y nj2l, njez,(jeN),
k=0
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where only a finite number of 7 ; differs from zero and their important characters [n],
[n|, p (n), and V (n) are defined by

[n] :=min{j € N,n; #0}, |n|:=max{j € N,n; #0}, p®) = In|—[n]

and
o0
Vn):=no+ Y Ink—m1|, for alln € N
k=1

Weisz [31] (see also [30]) also proved thatforany F € H,(G) (p > 0), the maximal
operator sup |02 F'| is bounded from the Hardy space H), to the Lebesgue space L .

neN
Persson and Tephnadze [18] generalized this result and proved thatif 0 < p < 1/2
and {ny : k > 0} is a sequence of positive integers, such that

sup p (ng) < ¢ < 00, 3)
keN

then the maximal operator & * %, defined by

, “

GYAF := sup |0y F
keN

is bounded from the Hardy space H,(G) to the space L ,(G). Moreover, if 0 < p <
1/2 and {ny : k > 0} is a sequence of positive numbers, such that

sup p (ng) = 0o, Q)
keN

then there exists a martingale ' € H), such that

sup ||o,,kF||p = 00.
keN

From these facts, it follows thatif 0 < p < 1/2, f € Hp, and {ny : k > 0} is any
sequence of positive numbers, then the maximal operator defined by (4) is bounded
from the Hardy space H), to the Lebesgue space L, if and only if the condition (3) is
fulfilled.

In [27], it was proved that if ' € Hj 2, then there exists an absolute constant c,
such that

2
||UHF||H1/2 = cV (n) ||F||H|/2 .
Moreover, the rate of sequence V2 (n) cannot be improved.
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In [27], it was also proved that if 0 < p < 1/2 and F € H,, then there exists an
absolute constant cj,, depending only on p, such that

lowFlly, < cp2?®Y P2 F||y .

Moreover, if 0 < p < 1/2 and {®,} is any nondecreasing sequence, such that

2P () (1/p=2)
sup p (ng) = oo, lim —— = oo,
keN k—o00 q)nk

then there exists a martingale F' € H,, such that

on F
sup
keN

= Q.

Mk llweak—L

Convergence and summability of Fejér means of Walsh—Fourier series can be found
in [1], [3], [4], [5], [6], [8], [9], [14], [15], [17], [28], and [29].

One main aim of this paper is to generalize the estimate (2) for f € H,(G),
0 < p < 1/2. Our main idea is to investigate much more general maximal opera-
tors by replacing the weights (n + 1)!/772 in (1) by more general “optimal” weights
2pMA/P=2) (9(p (n))), where ¢ : N — R, is any nonnegative and nondecreasing
function satisfying the condition

o0

D 1/pPn) < ¢ < oo

n=1

and prove that it is bounded from the martingale Hardy space H,,(G) to the Lebesgue
space L,(G), for 0 < p < 1/2. As a consequence, we obtain some new and well-
known results. In particular, we prove that the maximal operator *V, defined by

F
5*VEF == sup |on F| ’
nen2PMA/p=1) ((p (n)))I+e)/p

where 0 < p < 1/2, ¢ >0,

is bounded from the Hardy space H,(G) to the Lebesgue space L ,(G) forany ¢ > 0
but is not bounded from the Hardy space H),(G) to the Lebesgue space L, (G) when
e=0.

This paper is organized as follows: In order not to disturb our discussions later on
some definitions and notations are presented in Sect. 2. The main results and some of
their consequences can be found in Sect. 3. For the proofs of the main results, we need
some auxiliary lemmas, which are presented in Sect. 4. Detailed proofs are given in
Sect. 5.
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2 Definitions and Notations
Let N denote the set of positive integers, N := Ny U {0}. Denote by Z; the discrete
cyclic group of order 2, that is, Z, := {0, 1}, where the group operation is the modulo
2 addition and every subset is open. The Haar measure on Z; is given so that the
measure of a singleton is 1/2.

Define the group G as the complete direct product of the group Z,, with the product
of the discrete topologies of Z;. The elements of G are represented by sequences

x = (x0,X1,...,%j,...), where x; =0V1.
It is easy to give a base for the neighborhood of x € G:
Ip (x) == G, I(x) :=={y € G:yo = X0, ..., Y¥n—1 = Xp—1}(n € N).
Denote I, := I, (0), 1, = G\I, and
e, =(0,...,0,x,=1,0,..) € G, for neN.

Then it is easy to show that

M-1 M-2 M—1 M-1
In = J I\l = (U U 1 (e + 61)) U (U In (ek)> . ©
i=0 k=0 l=k+1 k=0

The norms (or quasi-norms) of the spaces L,(G) and weak — L,(G), (0 <p

< oo) are, respectively, defined by

1715 = [ 1717 au
G
and
“f'lgeak—Lp(G) = sup AP (f > 1) < +o0.
A>0
The k-th Rademacher function ry (x) is defined by
re (x) = (=1 (xeG, keN).

Now, define the Walsh system w := (w, : n € N) on G as follows:

In]
kXk

oo >n
wy (x) = kl;lorkk (x) = (=1)k=0 (neN).
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The Walsh system is orthonormal and complete in L; (G) (see [13] and [20]).
If f € L1 (G), we can define the Fourier coefficients, partial sums of Fourier series,
Fejér means, and Dirichlet and Fejér kernels in the usual manner:

oy = fG Fundit, (n €N,
n—1

Suf = F k) wi, (n € Ny, Sof :=0),

k=0
l n
O, = -
nf ==Y St
k=1

n—1

D, = Z Wy,
k=0

1 n
K, = ;ZDk, (neNy).
k=1

Recall that (see [13] and [20]) for any 7, n € N,

2" if x e I,
D (x)_{o if x ¢ 1. M
and
2-Vifx eI, (e;),n > t,x € [[\I41,
Ky (x) = Q2"+1)/2,ifx € I, 8)
0, otherwise.
Let
r .
n:ZZ”l, nl>n?s>..o>n >0
i=1
and

r

O 2nk+l + 2nk+2 g
Then (see [13] and [20]), for any n € N,
r A—1 N
nKy ="\ [Twy (2" Ko +n<A>DZ,,A) : ©)

A=1 \ j=1
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The o-algebra, generated by the intervals {I, (x) : x € G} will be denoted by ¢,
(n € N). Denote by F = (Fy,n € N) a martingale with respect to ¢, (n € N) (see
e.g., [30]).

The maximal function F* of a martingale F is defined by

F* :=sup |F,|.
neN

In the case f € L1 (G) the maximal function f* is given by

f*(x) == sup

1
(L d
neN <M (I, (x)) Jf)dp (u)

For 0 < p < oo, the Hardy martingale spaces H), (G) consist of all martingales
for which

I (x)

IFlly, = ||F*Hp < 00.

A bounded measurable function a is called a p-atom if there exists a dyadic interval
I such that

supp (@) C T, /adu =0, llalloo < (D)7
I
It is easy to check that for every martingale F' = (F,, n € N) and every k € N the
limit

F k) := lim | F, () w (x)du(x)
G

n— 00

exists, and it is called the k-th Walsh—Fourier coefficients of F'.
If F := (S f : n € N)is aregular martingale, generated by f € L (G), then (see
e.g., [19], [24], and [30])

F(k)=fk), keN.

3 The Main Results

Our first main result reads:

Theorem1 Let0 < p < 1/2, f € Hy, (G), and ¢ : Ny — R be any nonnegative
and nondecreasing function satisfying the condition

(e9]

1
> e <€ < (10)

n=1
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Then the weighted maximal operator %, defined by

~ low F|
*VF :=sup ,
nen 201/ P=2p(p (n))

is bounded from the Hardy space Hy,(G) to the Lebesgue space L ,(G).
We also state and prove the sharpness of Theorem 1:

Theorem2 Let 0 < p < 1/2, {ny : k > 0} be a sequence of positive numbers and
¢ : Ni — R is any nonnegative and nondecreasing function satisfying the condition

o0

1
Z(pp(n) = 0. (11)

n=1

Then there exist p-atoms fy,, such that

lon fe|
SUPyeN 200 U7P=D p(p(n))
sup £ = oo,
keN | fo HH,,

As we will point out (see Remark 1) Theorem 1 can be of special interest even if we
restrict it to subsequences.

Corollary1 Let 0 < p < 1/2, f € H, (G), ¢ : Ni — R be any nonnegative and
nondecreasing function satisfying the condition (10), and {ny : k > 0} be any sequence
of positive numbers. Then the weighted maximal operator &* , defined by

5V = sup |GnkF|

’ 12
ren 2P0/ (p (ny)) "

is bounded from the Hardy space Hy,(G) to the Lebesgue space L ,(G).

If we take p(n) = n+9/P for any ¢ > 0, we get that the condition (10) is
fulfilled. On the other hand, if we take ¢(n) = n'/?, then the condition (11) holds.
Hence, Theorem 1 and Theorem 2 imply the following sharp result:

Corollary2 a) Let 0 < p < 1/2 and f € H,(G). Then the weighted maximal
operator 5* V¢, defined by

~ loy F|
gEVeER = sup ,
neN2PMU/P=2) (p (n))1+a)/p

is bounded from the Hardy space Hy,(G) to the Lebesgue space L ,(G).
b) The weighted maximal operator 5*V-0, defined by

~%.V.0 lon F|
N F =5 ,
? nek 20 170=2) (5 (n)) P
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is not bounded from the Hardy space H,(G) to the Lebesgue space L,(G).

Remark 1 Suppose that {n; : k > 0} is a sequence of positive numbers, such that

sup [nx] < ¢ < oo.
keN

Then

sup p([ng]) < ¢(c) < oo,
keN

20 /p=2) Qi (/p=2) o 2L (g )12
and the maximal operator & *V  defined by (12), can be estimated by
F
g*,VF < SUPLJ_z.
ken (ng + D/P
Let

sup [ng] = oo.
keN

Then we have the following estimation:

on, F
su | ng 1| — Sa:*,VF.
keN (ng + D1/P

In particular, we find that from Theorem 1, Remark 1, and the theorem proved in
[26] follows immediately the following result:

Corollary3 Let0 < p < 1/2, f € H, (G), and ¢ : Ny — R, be any nonnegative
and nondecreasing function satisfying the condition (10). Then the weighted maximal
operator 5*V, defined by

5:*’VF 1= sup |U"F|
 aenmin{20@WAP g (p (n), (n + DYP72)

is bounded from the Hardy space Hy(G) to the Lebesgue space L, (G).

From Theorem 1 and Theorem 2 follows immediately the following result given in
[18]:

Corollary4 a)Let0 < p < 1/2and (ng, k € N) be a subsequence of positive numbers
such that condition (3) is fulfilled. Then the maximal operator G**, defined by (4), is
bounded from the Hardy space Hy(G) to the Lebesgue space L ,(G).

b)Let0 < p < 1 and (ni, k € N) be a subsequence of positive numbers satisfying
the condition (5). Then the maximal operator G**, defined by (4), is not bounded
from the Hardy space H,(G) to the Lebesgue space L ,(G).
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4 Auxiliary Results

The dyadic Hardy martingale spaces H, for 0 < p < 1 have an atomic
characterization. Namely, the following holds (see [19], [24], [30], and [31]):

Lemma 1 A martingale F = (F,,n € N) belongs to H, (0 < p < 1) if and only if
there exists a sequence (ai, k € N) of p-atoms and a sequence (i, k € N) of real
numbers, such that, for everyn € N,

o0 o0
Zuksznak = Fy, Z |[ukl? < oo. (13)
k=0 k=0

Moreover,

00 1/p
IF Iy, - inf (Zmul’) :

k=0
where the infimum is taken over all decompositions of F of the form (13).

From this result follows the following important lemma proved by Weisz [30]:
Lemma 2 Suppose that an operator T is o -sublinear and
f|Ta|pd,u§c,,<oo,(0<p§1)
T

for every p-atom a, where I denotes the support of the atom. If T is bounded from
Loo to Lo, then, for0 < p <1,

ITFll, <cpllFlm, -

The proof of the next lemma can be found in Persson and Tephnadze [18]:

Lemma3 Letn € N, [n] # |n|, and x € Ij+1 (e[n]_l + e[n]). Then

22[11]
K (x)| = ‘(n - 2‘"') Kn,zw(x)‘ >
We note that if [n] = 0, we have the set 1> (eg).

We also need the following lemma (see [12]):

Lemma4 Letn >2M andx € Iyj(ep +¢)), k=0,.... M =1, l=k+1,..., M.
Then

ek
[ ke nldio = S
Iy

@ Springer



Fejér Means Page110f17 3

5 Proofs of the Theorems

Proof of Theorem 1 Since o, is bounded from Lo, to Lo by Lemma 2, the proof will
be complete, if we prove that

/ sup lona(x)| pdu < ¢, < oo, (14)
nen 2°PWA/P=Dg(p (n)) -

1

for every p-atom a. We may assume that a be an arbitrary p-atom with support 7,
w(l) = 27M and I = Iy Itis easy to see that

opa (x) =0, when n < oM,
Therefore, we can suppose that n > 2M Since ||a loo < 2M/P we find that

lona (x)|
20MA/P=2p(p (n))

1

1
= 200 Dg(p ()

2M“’/ Ko G+ 0 e (1) (15)
In

Letx e I111(ex+e),0<k<l<[n]<M.Thenx +1t € I;4] (ex + ¢;) and if
we apply (7), (8), and (9), then we get that

K,(x+1t)=0, for tely

and from (15) it follows that

1
20 A/P=2p(p (n))

lopa (x)| = 0. (16)

Let
xeliyi(ex+e), [nl<k<l<Mor k<[n]<l<M.

Since |n| > M by using (15) and Lemma 4 we can conclude that

1 CzM(l/p—2)+k+l
20 1A/P=2)(p (n)) lona (X)] = 20 1A/P=2(p (n))
21/ p=29M(1/p=2)+k-+1

20A/P=2g(p (m))
M (1/p=2) plnl(1/p=2)+k+

<
M= (M — 1)
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2M1/p=2) pk+i(1/p=1)

211A/p=2) (M —1)
c2k+I/p=1)

oM —1)

a7)

By applying (16) and (17) for any x € ;41 (ex +¢), 0 < k <1 < M we find
that

lowa (x)] c2k+/p=1)

< . 18
hen 200077 Dy (p () = (M — 1) (1)

Letx € Iy (ex), 0 <k < M. By using again (15) and Lemma 4 for k = [ we can
conclude that

lona (x)| M/p
200D g (p (n)) =c2 fIM |Kp (x + )| dp (1)

k
< CZM/pzz_M — pktM/p=1)
and

sup loywa (x)| < kM /p=1) (19)

nett 220077 D (p (n)

By combining (6), (18), and (19), we obtain that

/ < lona (x)| ”d
T aen 20007255 (n)) o

M2M1

/ ( |lona (x)] )pdu @)
k 0 1=k+1 Y li+1(ex+er) \neN 2p(n)(1/p Do(p (n)

lona (x)] P
Z /M(Ek) (neN 2pm{/p= 2)90(/0 (n))) A

+

M-2 M—1 1 2Pk+(1=p) k+M(1-p)
—_— b g
scpZZzz¢p(M pzzMz
k=0Il=k+1
Hence,
M-2  M-1 1
BT I P (2”
k=0 I=k+1 2P M =1)
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M-2  [(k+M)/2] | M-2 M-1 1

B0 DS DR sy D SEANND DR vy g

I=k+1 k=0 I=[(k+M)/2]+1
=11 + L.

By using (10) for I; we get that

M=2 S0k kM2
heoy -2y L
P — pl
erUM=b/2) o= 2
M-2 1
<c —_— < () < 0.
g ,; oP (M — k2 7
For I, we find that
M=2 M-1 1 M=-2 |
rk _ pk_____~
h<ep) 2 > ol =€p 2.2 2L /2]
k=0 I=[(k+M)/2]+1 k=0
M-2 2pk/2
=c¢p SPM]2 < cp < 00.
k=0
For I we can conclude that
M-=2 2pk
Ilfcpkzozp—M < cp < 00. (22)

By combining (20)-(22) we conclude that (14) holds so the proof is complete. O

Proof of Theorem 2 In view of (11) we have that

ni—1 1 1/p
<Z o (S)> — o0, as k— oo. (23)

s=1
Set
Jux (X) = Do+t (x) — Do (x), ng = 3.
It is evident that

1, ifi =2m, ... 2mtl
0, otherwise.

fAnk (l) 2{
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Then we easily can derive that

D; (x) — Dow (x), ifi = 2™, ... 2m+l 1,

Sifux () = q fop (), if i > 2mF (24)
0, otherwise.
Since
Djyom (x) — Dynie (x) = wyne Dj(x), J=12,.2"%, (25)

from (7) it follows that

| £y, = = | Dy = Do
p

= Dy |, = 21 =1/P), (26)

Sup 21 f ,
neN

Let g3, € Nbe such that 2" < g5 < 21+l and lg5,] = s, where 0 < s < ni. By
applying (24) we can conclude that

Iy
1
s, I 0] = - 28 )
j=
| Iy,
=— 1 Y Sifu®
an ]:2”k+1
| Iy
=—1 2 (Dj@)— Dy )
an ]:2nk+1
| Gy, —2"%
= — | D (Djyau ) = Dy )|

According to (25) we obtain that

| dny — 2"
logs, fuw @) = —| 3 D@
B | =
qs — Dk
= nkqs Kq;;k_znk (_x)‘
ng

Let x € Iy41 (es—1 + e5). By using Lemma 3 we have that

2s

c2
‘Gq,ﬁk fnk (x)‘ > ik
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and

’Gq;k T (x)’ CPQS/P

>
_ s — oni(1/p=1) —q)
2(1/17 2)P(an)(p (,0 (qzk)) @ (ng —s)

Hence,

p

‘Uqék o (x))
/ - du (x)
G | keN 2(1/p—2)p(qék)(p (,0 (qs ))
ng

ng—1

p
1 ‘O—qni fnk (x)‘
> — du (x)
s=0 Y Ls+1(es—1+es) 2( /p— )p(an)w (,0 (qzk))

v

(| 28

= p 2(:) Eznk(l_P)q)P (nk — S)
§=

Cp I |
= 2nk(1=p) ;gol’ (s)"

Finally, by using this estimate combined with (23) and (26) we find that

1/p
f quk fnk (x)
SUPkeN SUPp<; s dp (x)
G € <s<ny 2(””’2)”("”k)<p(p(q;;k )
| e 1,
c ng 1 l/p
<2nk(lpp) Z ¢P(S)>
- s=1
= 2m(1=1/p)
ny 1 1/p
>c — 00, as k — oo.
g gw’ ()
The proof is complete. O
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