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Abstract

We generalize the notion of calibrated submanifolds to smooth maps and show that
several kinds of smooth maps appearing in the differential geometry are applicable
to our situation. Moreover, we apply this notion to give the lower bound to some
energy functionals of smooth maps in the given homotopy class between Riemannian
manifolds and consider the energy functional which is minimized by the identity maps
on the Riemannian manifolds with special holonomy groups.
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1 Introduction

In this article, we introduce the notion of calibrated geometry for smooth maps between
Riemannian manifolds and consider the lower bound or the minimizers of several
energy of smooth maps. Let (X, g) and (Y, /) be compact Riemannian manifolds and
f: X — Y be a smooth map. Then the p-energy of f is defined by

Ep(f) = /X ldf1Pdug

for p > 1, where 1, is the volume measure of g. A harmonic map is a critical point
of & and it is studied well by many researchers in differential geometry. In 1964,
Eells and Sampson [4] have shown that there is a harmonic map f’ homotopic to f if
the sectional curvature of /4 is nonpositive. Moreover, Hartman [5] showed that such
harmonic maps minimize &;| s}, where [ f] is the homotopy class represented by f.

In general, harmonic maps need not minimize the energy. For example, although
the identity maps on any Riemannian manifolds are always harmonic, it is known
that there is a family of smooth maps { f;}.~0 homotopic to the identity map of the
n-sphere S” with the standard metric such that lim,;_,¢ & (fe) = 0, if n > 3. By the
result shown by White [10], if 77;(X) is trivial for all 1 </ < k, then inf & |14, = O,
where 1y is the identity map of X.

One of the motivations of this article is to give the lower bound to the energy
restricting to a given homotopy class [ f] and the minimizer of them. Such a lower
bound was first obtained by Lichnerowicz [8] in the case of (X, g) and (Y, h) are
Kihler manifolds, then it was shown that any holomorphic maps between Kihler
manifolds minimize & in their homotopy classes. Moreover, Croke [3] showed that
the identity map on the real projective space with the standard metric minimize & in
its homotopy class, then Croke and Fathi [2] introduced the new homotopy invariant
called the intersection, which gives the lower bound to & |z} for a given homotopy
class [ f]. Recently, Hoisington [7] give the lower bound to &, for an appropriate p
in the case of X is real, complex, or quaternionic projective spaces with the standard
metrics.

In this article, we generalize the notion of calibrated geometry to smooth maps
between smooth manifolds, which give the lower bound to several energies. The
origin of calibrated geometry is the Wirtinger’s inequality for the even-dimensional
subspaces in Hermitian inner product spaces [11], then it refined or generalized by
many researchers. In [6], Harvey and Lawson defined calibrated submanifolds in the
Calabi—Yau, G or Spin(7) manifolds which minimize the volume in their homology
classes. Similarly, we define the new class of smooth maps, called calibrated maps,
and show that they minimize the appropriate energy for the given situation. Moreover,
we obtain the next results as applications.

The first application is to obtain the lower bound to p-energy restricting to the given
homotopy class. We assume X is oriented. The pullback of f induces a linear map
[f*1F: H*(Y,R) — H¥(X,R). By fixing basis of H¥(X,R), H*(Y, R), we obtain
the matrix P([f*1) of [/*]* and put |P(Lf*1)] := v/t P(LF*1) - P(LF*TF)).
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Smooth Maps Minimizing the Energy Page3of22 9

Theorem 1.1 Let (X, g) and (Y, h) be as above. For any 1 < k < dim X, there is a
positive constant C depending only on k, (X, g), (Y, h) and the basis of H*(X, R),
H*(Y,R) such that for any f € C*°(X,Y), we have

E(f) = CIPAf*1I.

In particular, if [ f*1¥ is nonzero, then inf (&1 ) is positive.

In the above theorem, the compactness of Y is not essential. See Theorem 4.2.

The second application is to show that the identity maps of some Riemannian
manifolds with special holonomy groups minimize the appropriate energy. As we have
already mentioned, the identity map on the real or complex projective space minimizes
&> in its homotopy class by [3] and [8], respectively. It was shown by Wei [9] that the
identity map on the quaternionic projective space HIP" with the standard metric is an
unstable critical point of £, for 1 < p < 2+44n/(n 4+ 1). Moreover, Hoisington gave
the nontrivial lower bound of &, (1,41 for p > 4. Here, the quaternionic projective
space is a typical example of quaternionic Kéhler manifolds, which are Riemannian
manifolds of dimension 4n whose holonomy group is contained in Sp(n)-Sp(1). Now,
let A be an n x m real-valued matrix and denote by ay, ..., a, € R the nonnegative
eigenvalues of ' AA, then put |A|, := Qi aip / 2) 1/ Moreover, we define an energy
Ep.q bY

gp,q(f) = /X |df|?7d/1«g’

then we have £, = & ).

Theorem 1.2 Let (X, g) be a compact quaternionic Kdihler manifold of dimension
4n > 8. Then the identity map of X minimizes E4 4 in its homotopy class.

We can also show the similar theorem in the case of other holonomy groups. If
(X, g) is a compact G, manifold, then 1x minimizes &3 3|[1,] and if (X, g) is a
compact Spin(7) manifold, then 1x minimizes & 4|1 ] (see Theorem 5.6). Moreover,
it is easy to see that if the identity map minimizes £, 4, then it also minimizes &, 4/
forall p’ > p and ¢’ > ¢ by the Holder’s inequality. Of course, we can also consider
the case of Kihler, Calabi—Yau, and hyper-Kéhler manifolds, respectively; however,
the results in these cases also follow from [8].

This paper is organized as follows. In Sect.2, we define the notion of calibrated
maps, which is the analogy of the calibrated submanifolds. In Sect. 3, we explain some
examples of calibrated maps. We show that holomorphic maps between Kéhler mani-
folds and the inclusion maps of calibrated submanifolds can be regarded as calibrated
maps. Moreover, we can also show that the fibration whose regular fibers are calibrated
submanifolds are calibrated maps. We prove Theorem 1.1 in Sect.4, and Theorem 1.2
in Sect. 5. In Sect. 6, we compare the homotopy invariant introduced in [2] with the
invariants defined in this paper.

@ Springer



9 Page4of22 K. Hattori

2 Calibrated Maps

Let X, Y be smooth manifold of dim X = m and dim Y = n. Throughout of this
paper, we suppose X is compact and oriented. We fix a volume form vol € Q" (X)
on X, namely, a nowhere vanishing m-form which determines an orientation and a
measure of X. For m-forms vy, vo € Q" (X), there are ¢; C C°°(X) with v; = ¢;vol.
Then we write v; < v if p1(x) < ¢2(x) forall x € X.

If amap o: C®°(X,Y) — L'(X) is given, then we can define an energy
E:C>®(X,Y) > Rby

ECf) :=/ o (f)vol.
X

Now, fo, f1 € C*(X,Y) are said to be homotopic if there is a smooth map
F:[0,1] x X — Y such that F(0,-) = fp and F(1,-) = f1. By Whitney approxi-
mation theorem, it is equivalent to the existence of the continuous homotopy joining
foand fi.For f € C*®°(X,Y), denote by [ f] C C*°(X, Y) the homotopy equivalent
class represented by f. In this paper, we consider the lower bound to £J s or the
minimum of &|js}.

Denote by 1x: X — X, the identity map on X. We define a smooth map
(Ix, f): X - X xY by

(Ix, Hx) = (x, f(x)).

The next definition is the analogy of [6].
Definition 2.1 ® € Q" (X x Y) is a o-calibration if d® = 0 and

(Ix, )*® < o(f)vol

for any smooth map f: X — Y. Moreover, f is a (o, ®)-calibrated map if

(Ix, f)*® = o (f)vol.

Theorem 2.2 Let o be an energy density and © be a o -calibration.

(1) The constant fx(lx, )@ is determined by the homotopy class [f]. In other
words, [y(1x, fo)*® = [y(1x, f)*® if [fol = [f1].
(ii) We have inf [ > fX(lx, f)*® forany f € C®°(X,Y).
(iii) We have E(f) = fX(lx, *O iff f is (o, ®)-calibrated map. In particular, any
(0, ®)-calibrated map minimizes £ in its homotopy class.

Proof (i) If fy, f1 are homotopic, then (1x, fo) and (1x, f1) are homotopic, accord-
ingly (1x, fo)*® and (ly, f1)*® represent the same cohomology class by [1,
Corollary 4.1.2].

(i1) follows from the definition of o -calibration.

(iii) By the point-wise inequality (1x, f)*® < o(f)vol, we have E(f) =
fX(lx,f)*CDiff(lx,f)*CD=a(f)vol. O
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3 Examples

One of the typical example of the energy of maps is p-energy defined for the smooth
maps between Riemannian manifolds. Let (X, g) and (Y, &) be Riemannian manifolds
and f: X — Y be a smooth map. Then the pullback f*h is a section of T*X  T*X,
and we can take the trace tr,(f*h). For p > 1, put o,(f) = {trg(f*h)}l’/z. We

assume that X is oriented and denoted by vol, the volume form of g. The p-energy
Ep(f) is defined by

Ep(f) ::/XUp(f)volg.

Now, the differential d f; is an element of 7} X ® T ()Y for every x € X. Since
gx and A ¢(y) induce the natural inner product and the norm on 7*X ® Ty ()Y, then
we may also write o, (f)(x) = [d fx|?.

By the Holder’s inequality, we have

Ep(f) = volg (X) =PI, (f)P1

for I < p < ¢q. Thus, we have the following proposition.

Proposition 3.1 Let ® € Q" (X x Y) be a op-calibration. Then

ol (07 [ (L 70 < 807
X
foranyq > pand f € C®°(X,Y).

3.1 Holomorphic Maps

Here, assume that X, Y are complex manifolds and g, & are Kéhler metrics. Let m =
dim¢ X and n = dimc Y. Then we have the decomposition

T*X ®C = A"T*X @ A*IT*X,
TYRC=T"y 1%y,

accordingly the derivative df € I'(T*X ® f*TY) is decomposed into

df =@N"0+@N* +@NH+@N*!
e AT X T vy (AT X @ TO1Y)
&AM T*XRT"v)® (A*'T*X @ TOY).

Since d f is real, we have

@HO=@H", @HOT=@H'P.
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Denote by wyg, wj, the Kihler form of g, &, respectively, then the volume form is given
by volg = %wg' The following observation was given by Lichnerowicz.

Theorem 3.2 [8] For any smoothmap f: X — Y, we have

o A fron = (m = DO NP = 1@ H"OP)voly,
ldf1> =210 +21@ NP

In particular, we have

2
&) = m/xwghl A frop

and the equality holds iff f is holomorphic.

Now, we consider a)g”l Awy € Q™"(X x Y). The first two equalities in Theorem

3.2 implies that ﬁa)g’_l A wy, is a op-calibration. Moreover, the second statement
implies that f isa (o2, ﬁa)g’_l Awy)-calibrated map iff f is holomorphic. One can

also see that f is (o2, —ﬁa)g_l A wp)-calibrated map iff f is anti-holomorphic.

3.2 Calibrated Submanifolds

In this subsection, we see the relation between the calibrated submanifolds in the sense
of [6] and the calibrated maps. We assume (Y", &) is a Riemannian manifold.

Definition 3.3 [6] For an integer 0 < m < n, ¥ € Q"™(Y) is a calibration if dyr = 0
and

Yly < volp,

for any y € Y and m-dimensional oriented subspace V C T,Y. Here, h|y is the
induced metric on V and voly, isits volume form whose orientation is compatible with
the one equipped with V. Moreover, an oriented submanifold X C Y is a calibrated
submanifold if

Vlr.x = vollny, x
forany x € X.

Now, if X is an oriented manifold with a volume form vol € Q™ (X), then for
every linear map, A: T, X — T,Y can be regarded as an n x m-matrix by taking a
basis ey, ..., ey of T, X and an orthonormal basis of 7, Y with voly (e, ..., e,) = 1.
Then /det("A - A) does not depend on the choice of these basis. Therefore, for f €
C*°(X,Y), we can define the energy density t,,(f)(x) := /det(*d fy - d f;) and the
energy &, (f) := [y tm(f)vol.
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Proposition 3.4 Let (X, vol) be an oriented manifold equipped with a volume form and
Y € Q™(Y) be closed. Assume that dimg X = m < n and denotebyny: X XY — Y
the natural projection. Then v is a calibration iff iy € Q"(X x Y) is a Ty-
calibration. Moreover, for any embedding f: X — Y, the following conditions are
equivalent.

(1) f(X) is a calibrated submanifold, where the orientation of f(X) is determined
such that f preserves the orientation.
(i) fisa (tm, wyy)-calibrated map.

Proof Note that (1x, f)*(my¥) = f*¥ and 7, (f)vol, = vols+;. Hence ¥ is a
calibration iff 7jy € Q™ (X x Y) is a 7,,-calibration. Moreover, suppose that f
is an embedding. Then f is a (t, wy)-calibrated map iff f(X) is a calibrated
submanifold. O

3.3 Fibrations

Let (X, g) be an oriented Riemannian manifold and Y” be a smooth manifold
equipped with a volume form voly € "(Y). Here, we suppose n < m and let
@ € Q7" be a calibration in the sense of Definition 3.3. Fix an orthonormal basis
of T, X and a basis ¢/, ..., e, € T,Y with voly(e],...,e,) = 1, we can regard a
linear map A: 7y X — T,Y as an m x n-matrix. Then the value of \/det(A -"A)
does not depend on the choice of above basis. For a smooth map f: X — Y, put

T ()]x = /det(dfy -1d fx) and @ := voly A ¢.

Put
Xreg := {x € X|x is aregular point of f}.

Note that Xe is open in X. If x € Xieg, we have the orthogonal decomposition
T, X = Ker(dfy) ® H anddfy|p: H — Ty(Y is a linear isomorphism. Put y =
£ (x) and suppose that £~ (y) is a calibrated submanifold with respect to the suitable
orientation. We say that d fy is orientation preserving if there is a basis vy, ..., vy, of
T, X such that

vl"*-avn eH’ VOIY(dfx(v])v--"dfx(vn))>0a
Untly -+ U € Ker(dfy), ox(Untt, ..., 0m) >0,
volg (v, ..., vm) > 0.

Proposition 3.5 ® is a Ty, ,-calibration. Moreover, a smooth map f: X — Y isa
(Tm.n, ®)-calibrated map iff

@ f~'on Xreg is a calibrated submanifold with respect to ¢ and the suitable
orientation for any y € Y,
(ii) df is orientation preserving for any x € Xyeg.
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Proof If x € X is a critical point of f, then we can see
f*VO]Y A ‘p|x = fm,n(f)V01g|x =0.

Fix a regular point x and an oriented orthonormal basis ey, ..., e;; € Ty X such that
em—n+1, - --»em € Ker(dfy). Then we have

frvoly Agler, ..., en) = voly(dfi(er), ..., dfi(en)olentt, -, em),
T (f)|x = [voly(d fi(er), ..., dfx(en))l.

Since ¢ is acalibration, we have ¢ (e, 41, €42, - .., en) < 1,hence |p(en+1, ..., em)| <
1. Therefore,

f*VOIY ANoler,....ep) < |V01Y(dfx(el)v cee dfx(em—n))| = fm,n(f)|)m

which implies that & is a 7, ,-calibration.
Next we consider the condition

frvoly Agly = Tun(fIvolgly,

where x is a regular value of f. In this case, we have the orthogonal decomposition
T, X = Ker(df,) & H, where H is an n-dimensional subspace. We can take an
orthonormal basis ey, ..., ¢,; € Ty X such that

el,...,ep € H,
€ptl, .- €y € Ker(dfx)s
a :=voly(dfy(e1),...,dfx(em—n)) >0,

volg(ey, ..., en) > 0.
Then we have
f*V()lY ANopler,....en) =ap(epyt, ..., en),
Tman(f)volg(er, ..., en) = la] = a.

Therefore, we have
Frvoly Al = T n(f)volgly
iff (ent1,...,em) = 1. Now we have taken x € Xy arbitrarily, hence we have
frvoly A @ = Ty n(f)volg

iff f~'(y)N Xyeg i a calibrated submanifold for any y € Y and d f, is orientation
preserving for all x € Xyeg. O
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3.4 Totally Geodesic Maps Between Tori

Let T" = R"/Z" be the n-dimensional torus and we consider smooth maps from
T" to T". Let G = (gi;) € M,,(R) and H = (h;;) € M,(R) be positive symmetric
matrices. Denote by x = (xl, o, x™andy = ( yl, ..., y") the Cartesian coordinate
on R™ and R”", respectively, then we have closed 1-forms dx’ € Q!(T™) and dy’ €
Q' (T"). We define the flat Riemannian metrics g = Zi’ ; 8ij dx’ ® dx/ on T™ and

h=3 hijdy ®dy/ onT".
For a smooth map f: T — T", we have the pullback f*: H'(T",R) —
H! (T™, R). Here, since

HY(T™, 7Z) = spany{[dx'], ..., [dx™]},
H'(T", Z) = spany{[dy'], ..., [dy"]},

there is P = (Pij) € My, n(Z) such that f*[dyj] =Y, Pl.j[dx"]. The matrix P is
determined by the homotopy class of f. Now, let %, be the Hodge star operator of g
and put

©:= Y hjP kg dx' AdyF e QT x TV )
i,j.k

Then we can check that

(pm, [ =Y hjkpl.fP/‘/ sgdx’ A dx!
Tm = Tm
i,j.k,l
= Y hj P Pfgivol,(T™)
i,j.k,1

tr( PG~ P H)voly(T™) =: || P||*voly (T™) > 0.

Consequently, by the positivity of G~ and H, me (Ipm, fH*® =0iff P =0.

Proposition 3.6 Assume that f*: H'(T",R) — H'(T™, R) is not the zero map. Then
Q) |IP|~'® is a oy-calibration,

(i) fisa (o1, | P~ ®)-calibrated map if f(x) = Px + a for some a € T™,
(iii) f minimizes & in its homotopy class iff f (x) = Px + a for some a € T™.
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9 Page100f22 K. Hattori

Proof We fixx € T" andputdf, := A = (Alj) € M, »(R), and show (In, f)*® <
o1(f)volg at x. Since

(Ipm, £ @[ = Z hjkPi]Agc *g dx’ A dx'|,
i,j,k,l

J Ak il
> hj P! Afg!" | volgl,
i,j.k,1

(tr(’PG_lAH)) volg .

Here, by the Cauchy—Schwarz inequality, we have

(PG~ AH) < /IPIIAl,

and the equality holds iff A = A P for a constant A > (. Therefore, we have
(Ipm, f)*® < || Plloj(f)volg,

which implies that ||P||~'® is a oj-calibration. Moreover, the equality holds iff
dfy = Ay - 'P for some A, > 0. Therefore, f(x) = 'Px + a for some a € T"
is a (o1, | P||~ ' ®)-calibrated map.

For any f € C*(T™, T"), we have

fx(lﬂrm, Ne <Pl /Xffl(f)volg = 1P/ volg (T™)E(f)

by the Cauchy—Schwartz inequality. Moreover, we have the following equality

/X (lpn, £)*® = | Pl /ol (T™Ex(f)

iff dfy = Ay - 'P for some A, > 0 and o(f) is a constant function on T™. Since
o1(f)(x) = || P|l, if o1 (f) is constant, then A, = A is independent of x. Hence we
may write f(x) = A-! Px +4a forsome a € T". Moreover, since f* = P on H'(T"),
we have A = 1. O

In the above proposition, we cannot show that every (o1, || P||~! ®)-calibrated map
is given by f(x) =’ Px + a for some a. We can give a counterexample as follows.

Suppose m = n = 1l and let P = 1. If we put f(x) = x + % sin(2mx), then it
gives a smooth map T' — T! homotopic to the identity map. Then one can check
that f is a (o1, || P|| ' ®)-calibrated map since f’(x) > 0.
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4 The Lower Bound of p-Energy

In this section, we give the lower bound of p-energy in the general situation. Let (X, g)
and (Y, k) be Riemannian manifolds and assume X is compact and oriented. Now we
have the decomposition

k
k ~ 1 k—l1
ATE (X xY) = @A T)X @ AMTY,
=0
then denote by Q!+~ (X xY) € QF(X x Y) the set consisting of smooth sections of
y g

AlTX*X ® Ak_lT;‘Y. For ® € Q¥(X x Y), let |®(x,y)| be the norm with respect to the
metric g ®@hon X x Y.

Lemma4.1 Let ® € Q" kKX x Y) be closed and supy y [P (x,y)| < 00. Then there
is a constant C > 0 depending only on ®, m, n, k such that C® is a oy-calibration.

Proof Fix x € X and let {e,..., ey} and {e], ..., e} be an orthonormal basis of
Ty X and Ty ()Y, respectively. Put

I,;":={1=(i1,...,ik)ezk|0§i1<---<ik§m}.
For I = (iy,....ip) € ", J = (j1, ..., ji) € I}, we write
— . ro_ ’
ef=ej N Aej, € =¢; N Ne;
Then we have

Qe fx) = Z Dy (xger) A€
1€}, J €T}

for some ®;; € R and

{Ax, @} = ®rs(xeger) Adfe).

1,J

If we denote by (dfy);s the k x k matrix whose (p, g)-component is given by
g(d fx(ei,), e/j,,)’ then we have

(rger) Adfre) = det((dfi)r)volgly < K!ldfil*volgly,

therefore, we can see

{(x. o}, < | D 1@y | klld felFvolg ..
1,J
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Since |<I>x,f(x)|2 =21 |®; 7], we have
(Ix, )@ < k\H#L")HI}) sup | P(x, y)low (f)volg,
X,y

which implies the assertion. O

For f € C®(X,Y), denote by [ f*]F the pullback H*(Y,R) — H*(X,R) of f.
For a closed form « € Q%(Y), denote by [¢] € H kiy,R) its cohomology class. Put

Hl (Y, R) := {[a] € HY (Y, R)|a € QX(Y), da = 0, sup h(ay, ay) < oo} )
yeY

This is a subspace of H¥(Y, R), and we have Hg‘dd(Y, R) = HK(Y,R)if Y is compact.
Denote by [ f*]f 44 the restriction of [ £*]* to Hf%,, (Y, R). Fixing a basis of H*(X, R)
and HY,, (Y, R), we obtain the matrix P = P([f*1{4,) € My a(R) of [ f*1f 44, Where
d = dim Hé‘dd(Y,R) and N = dim H*(X, R). Put |P| := /tr(' P P), which may
depends on the choice of basis. Here, since d may become infinity, we may have
|P| = oo.

Theorem 4.2 Let (X™, g) and (Y™, h) be Riemannian manifolds and X be compact
and oriented. For any 1 < k < m, there is a constant C > 0 depending only on
k, (X, g), and (Y, h) and the basis of H*(X,R), Hé‘dd(Y, R) such that for any f €
C®(X,Y), we have

E(f) = CIPAf* IR

In particular, if [ f *]]l;dd is a nonzero map, then the infimum of E|| sy is positive.

Proof Take bounded closed k-forms 81, ..., B4 € Qk(Y) such that {[5;]}; is a basis
of HE, (Y, R).

By the Hodge Theory, H*(X) is isomorphic to the space of harmonic k-forms as
vector spaces. Therefore, for any basis of H k(X , R), there is a corresponding basis
o1, ...,y € Qk(X) of the space of harmonic k-forms. Let G;; := fx a; N kel j,
which is symmetric positive definite.

Define P = (P;j) € My a(R) by [/*Jgq([B;]) = ¥, Pijles]. If we put

O = Z PijBj N Gegati),

i,j

then every B; A (x4a;) is closed and satisfies the assumption of Lemma 4.1, since X
is compact and B; is bounded. Take the constant C;; > 0 as in Lemma 4.1. Here, C;;
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is depending only on m, n, k, and «;, B;. Then for any f € C*°(X, Y), we have

(Ix, /)*{Bj A (xgei)} < Cijor(f)volg,
(Ix, f)*® < Y CijlPijlox(f)voly

i,j

< [Y_C2IPlox(f)voly,
i,j

—1/2

& =|>.¢c} |P|—1/X(1x,f)*d>.

i,J

hence

Moreover, we have
/ (Ix, )*® = E / Pij f*Bj A (i)
X i X

= Z/;( P;j Z Prjog A Gkgat;)
i X

=Y PjPiGui.
i,j.k

If we denote by A > 0 the minimum eigenvalue of (G;;); j, then we have
ik PijPiiGui = A|P|%. Hence we obtain

—12

aH=r> ¢ |P].

i,J
O
Remark 4.3 Combining the above theorem with Proposition 3.1, we also have the
lower bound of &, for any p > k.
5 Energy of the Identity Maps
In this section, we consider when the identity map on compact oriented Riemannian
manifold X minimizes the energy. Here, we consider the family of energies. For

Riemannian manifolds (X, g), (Y", h) and points x € X, y € Y, take a linear map
A: T:X — T,Y. Fixing orthonormal basis of T X and 7yY, we can regard A as an
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n x m-matirx. Denote by ay, ..., a, € R>q the eigenvalues of "A - A, then put
m 1/p
|A|, == (Zal_p/z)
i=1

for p > 0. Then |A|, is independent of the choice of the orthonormal basis of 7 X.
For a smoothmap f: X — Y, let

0p.q (Ol = ldfelh,
Epq(f) = /Xﬁp,q(f)volg.

Note that 03 , =0, and & , = &,.
From now onward, we consider (Y, h) = (X, g)andamap f: X — X.Let lx be
the identity map of X.

Proposition 5.1 If 1x minimizes Ep 4|[1y), then it also minimizes &, 4'1(1y) for any
p'>pandq > q.

Proof First of all, for any smooth map f, we have

dfel, <m P~V g,

/ , , q/q
Epg(f) < md/p—a/p volg(X)l—q/q (/x |df|z,volg> ,

by the Holder’s inequality, which gives £,/ o/(f) = CEp 4 (f )4'/4 for some constant
C > 0. Moreover, we have the equality for f = 1x. Therefore, we can see

inf 5p’,q’|[1x] > inf Cglq,’é/]qu] = Cgp’q(lx)q//q = 5p,’q,(1X) > infgp/,q/mx].

O

Proposition 5.2 (cf. [7, Lemma 2.2]) Let (X, g) be a compact oriented Riemannian
manifold of dimension m. Then 1x minimizes £\, in its homotopy class.

Proof The proof is essentially given by [7, Lemma 2.2]. For any map f: X — X, we
can see

frvolg = det(df)vol, <m™" o1, (f)volg.

Here, the second inequality follows from the inequality
7 1/m
>y di ( - )
Lt (T
" i=1
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for any a; > 0. Therefore, we can see

Eim(f) = mm/ f*vol,.
X

Moreover, the equality holds if f = 1x. O

Next we consider the analogy of the above proposition. We assume that X has a
nontrivial parallel k-form.

Denote by g the standard metric on R”, which also induces the metric on AR (RM)*,
Let 9o € AK(R™)* and fix an orientation of R™. For a k-form ¢ and a Riemannian
metric g on an oriented manifold X, we say that (go, ¢o) is a local model of (g, ¢)
if for any x € X there is an orientation preserving isometry / : R™ — T, X such that
I*(¢plx) = ¢o.

Denote by g, : AF@R™)* — A™~K(R™)* the Hodge star operator induced by the
standard metric and let volg, € A™(R™)* be the volume form. First of all, we show
the following proposition for the local model (go, ¢o).

Proposition 5.3 Let (g0, o) be as above. Assume that |u,¢ol,, is independent of u €
R™ if lulg, = 1. We have

2
leolg,

k
|A|;vol
kYOlgo

A%@o A #go00 <

for any A € M,,(R). Moreover, if A = AT for . € R, T € O(m) and A*¢y = X ¢o
for some 1/ > 0, then we have the equality.

Proof For any A, we can take oriented orthonormal basis {e, ..., ¢, } and e/l, e,
of (R™)* such that A*e; = a;e; for some a; € R. We put
w= Y Frei= ¥ Fié
1€} 1€}
for some Fy, FI’ € R. Now, puta; :=a;, ---a;, for I = (i1, ...,ix) € I}. The we

have A*gg = ), Fjajes and

A*Q0 A go00 = 80(A* 0, po)volg, = Y FyFjasvolg,
1

< > IFiFillarlvolg.
1

If we put {1} := {i1, ..., ik}, then

Ik 1
larl = (laa [+ la ) = 2 Y Jaglty

Jetl}
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therefore, we obtain

1
’ / 1k
;mF,Han < ziljmm > lajl

Jetl}

m
- %Zwk > IFiFy
j=1

1€}, jell}

Denote by g¢o: (R™)* — R™ the isomorphism induced by the metric gy. Put

o1:= Y |Filer, @2:= Y |Fjles

1T} 1T}

and define an orthogonal matrix U : R” — R” by U o go(e;) = g’o(e/j). Now we can
see

-
g()(ej) 20

Y. IFFjl =g (tgo<ej><ﬂ17 Lgo<ej)<ﬂ2) =< ‘L§0(ej)(pl‘go ' ‘

1€}, jell}

— |y~ ya *
= "go(e_;)‘/’o)go ‘Lgo(ej)(U wo)‘go

and

A * —_— * A —_— A
Lgoep) (U wo)‘go = ‘U (LUogo(ej)¢O)’g0 = ’LUogo(ej)(pO‘go~

Then by the assumption, we can see that C = ‘Lgo(ej)wo‘ = ’LUog,O(ej)(p()‘ is
80 80
independent of j, therefore, we have ZleI,g",je{l} |F1Fy| < C? and

2 m 2
C
A*QD() A *¢0 90 < 7 E |Clj|kV01g0 = 7|A|£V01g0.
J=1

In the above inequalities, we have the equality if A = 1,,, then we can determine the
constant C. Moreover, we can also check that the equality holds if A = AT, where
AeR, T € O@m) and A*pg = A ¢g for some " > 0. O

Proposition 5.4 Let (X™, g) be a compact oriented Riemannian manifold and ¢ €
Qk (X) be a harmonic form. Assume that there is a local model (go, ¢o) of (g, ¢) and
[tuolgy is independent of u € R™ if |ulg, = 1. Denote by pr;: X x X — X the
projection to i-th component for i = 1,2. Then ® = m|<po|gf()2pr§(p A pri(xg@) is
an oy k-calibration. Moreover, any isometry f: X — X with f*¢ = @ is (oxx, P)-
calibrated.
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Proof @ is an oy ;-calibration iff

2
lpolg,

Fro Axgp = — E21d flvol.

By putting A = d fy and identifying R" = T, X, this is equivalent to the inequality
in Proposition 5. Moreover, the equality holds if (d fy)*¢|x = ¢|, forall x € X and
d f, is isometry. O

Next we have to consider when the assumption for (go, ¢o) is satisfied. If G C
SO(m) is a closed subgroup, then the linear action of SO (m) on R™ induces the
action of G on R™. Similarly, since SO (m) acts on A*(R™)* for all k, G also acts on
them. Here, R™ is irreducible as a G-representation if any subspace W C R™ which
is closed under the G-action is equal to R™ or {0}. For ¢y € AFR™)*, denote by
Stab(¢p) C SO (m) the stabilizer of ¢g.

Lemma5.5 Let G be a closed subgroup of S O (m) and assume that R™ is irreducible
as a G-representation. Moreover, assume that G C Stab(go). Then 1,0, is inde-
pendent of u € R™ if lulq) = 1.

Proof Define a linear map W: R” — AF~1(R™)* by W (u) := 1,90, then we can see
W is G-equivariant map since the G-action preserves ¢g. Since the SO (m)-action on
AF=I(R™)* preserves the inner product, we can see

go(AW (u), AW (v)) = go(V¥(u), ¥ (v))

for any A € G and u,v € R™. Moreover, the left-hand side is equal to
go(W(Au), W(Av)) since ¥ is G-equivariant.

Now, letey, ..., e, be the standard orthonormal basis of R”* and define the symmet-
ric matrix H = (H;j); j by H;; := go(¥(e;), ¥(e;)). Then by the above argument,
wehave’ AHA = H.Let) € Rbeany eigenvalue of H and denote by V(1) C R™ the
eigenspace associated with 1. Then we can see that V (1) is closed under the G-action,
hence we have V(1) = R by the irreducibility, which implies

W (Au)[3, = Auly,

forallu € R™ and A € G. O

Let (X™, g) be an oriented Riemannian manifold and denote by Hol, C SO (m)
the holonomy group. We consider (X, g, ¢, G, go, o), Where ¢ € QK (X) is closed,
(g0, @o) is a local model of (g, ¢), and G is a closed subgroup of SO (m) such that
Hol, C G C Stab(gop). The followings are examples.

We can apply Proposition 5.4 and Lemma 5.5 to the above cases and obtain the
following result.

Theorem 5.6 Let (X, g, ¢) be an oriented compact Riemannian manifold whose geo-
metric structure is one of Table 1 and let ® be as in Proposition 5.4. Then the identity
map 1y is a (o k, ©)-calibrated map. In particular, 1 x minimizes & i in its homotopy
class.
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Table 1 Examples of (X, g, ¢, G, go, o)

(X, 8,9 m G k
Kéhler manifold 2q U(q) 2
quaternionic Kéhler manifold 49 > 8 Sp(g) - Sp(1) 4
G, manifold 7 G 3
Spin(7) manifold 8 Spin(7) 4

6 Intersection of Smooth Maps

In [2], Croke and Fathi introduced the homotopy invariant of a smoothmap f: X — Y
which gives the lower bound to the 2-energy &. In this section, we compare our
invariant with the invariant in [2].

First of all, we review the intersection of smooth map introduced in [2]. Let (X, g)
and (Y, h) be Riemannian manifolds and suppose X is compact. Here, we do not
assume X is oriented, and we use the volume measure 11, of g instead of the volume
form.

Croke and Fathi defined the following quantity

. .1 .
ir(g, h)= t1_1)r£1o - oo ¢ (v)dLioug (v)

for a smooth map f: X — Y and called it the intersection of f. Here, Liou, is

the Liouville measure on the unit tangent bundle S, (X) and ¢>tf (v) = ¢¢(v) is the
minimum length of all paths in ¥ homotopic with the fixed endpoints to

s fn(s), 0=s=t,

where y, is the geodesic from p € X with y,(0) = v € S,(X).

Theorem 6.1 [2] For a smoothmap f: X — Y, the intersectionif(g, h) is homotopy
invariant, that is, iy (g, h) =i p/(g, h) if [f'] = [ f]. Moreover, for any f, we have

fx P = it 8

where V (S™~1) is the volume of the unit sphere S™~ in R™.

First of all, we introduce the variant of i 7 (g, &) and improve the above theorem.
We put

— 00 t2

: .1 .
jr(g,h) == lim —f ¢:(v)*dLioug (v).
! S¢(X)
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Theorem 6.2 For a smoothmap f: X — Y, jr(g, h) is homotopy invariant. More-
over, for any f, we have

m
/;oz(f)dug = o e,

where the equality holds iff the image of the geodesic in X by f minimizes the length
in its homotopy class with the fixed endpoints.

Proof The proof is parallel to that of Theorem 6.1. The homotopy invariance of
Jr(g, h) is same as the case of i (g, h). See the proof of [2, Lemma 1.3].
Next we show the inequality. Here we can see

__m 20
/Xaz(f)dug = Vs /Sg(X) |d f (v)];dLioug (v).

For s > 0, let gs: Sg(X) — S,(X) be the geodesic flow. Since gy preserves the
Liouville measure, we can see

f |df(v)|hdL10ug(v) / </ |df(g3v)|hds> dLioug (v)
Sg(X) Sg(X)

1 )
= —/ E(f o yulo.)dLioug (v),
L Js,(X)

where & is the 2-energy of the curves in (Y, k). If L(c) is the length of ¢, then we

have
(/ lc (S)IhdS>

mln L(c)?,

b
mo:/wm%m>

—a

therefore

/ |d £ (v)|7dLioug (v) > 12 / ¢:(v)*dLioug (v)
Sg(X) t

Se(X)

for any r > 0. Consequently, we have the second assertion by considering t — oo.
Finally, we consider the condition when

/ |df(v)|hdL10ug(v) = hm 12/ ¢,(v)2dLioug(v)
Se (X) S,

LT S, (X)

holds. To consider it, we show

1 2. 1 2
tgrgoﬁ[gg(x> ¢ (v)“dLioug (v) = 1n£t—2 .ox )d)t(v) dLioug (v). 2)
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By [2, Lemma 1.2], we have
Gi41r (V) < P (grv) + P (v)

for any ¢, ¢’ > 0. Then by combining the Cauchy—Schwarz inequality, we have

f i+ (v)*dLioug (v) < f ¢v(g1v)*dLioug (v)
Sg(X) Sg(X)

+2\// ¢,/(g,v)2dLi0ug(v)/ ¢ (v)>dLioug (v)
S¢(X) So(X)

+ / ¢+ (v)*dLioug (v).
S¢(X)

Since the Liouville measure is invariant under the geodesic flow, we can see f S, (X) o
(g,v)zdLioug v) = ng(X) q),/(v)zdLioug(v), hence

2
f ¢1-4r (v)*dLioug (v) < <\/ / ¢ (v)2dLioug (v) + \/ / @(v)zdLioug(v)) :
Sg(X) Sg(X) Sg(X)

If we put

P = \// ¢ (v)>dLiou, (v),
S¢(X)

then we have P, < P; 4+ Py, hence

.. P@) . P@®
inf = lim —.
>0 t =00t
Thus, we obtain (2).
Now, suppose
| o2 = s
XGZ :U«g— V(Sm_l).]f g5 .

By the above argument, we can see that f o ,[0,,] is geodesic for any v € S, (X) and
t > 0,and L(f o yyl[0,r]) gives the minimum of

{L(c)| ¢ is homotopic with the fixed endpoints to f o y ][0, t]} .
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Remark 6.3 By the Cauchy—Schwarz inequality, we have

ir(g, h)?

S 1)
Jrieh = Vs

therefore, the inequality in Theorem 6.2 implies the inequality in Theorem 6.1.

Next we compute j 7 (g, /) in the case of flat tori and compare with the lower bound
obtained by Proposition 3.6. Let (T", g) and (T", k) be as in Sect. 3.4 and take a
coordinate x on T and y on T" as in Sect. 3.4.

Proposition 6.4 Ler f: T"™ — T" be a smooth map such that fr1dy’) =
> Pl.] [dx'] for P = (Pl.]) € My 4 (Z). If we define ® by (1) in Sect. 3.4, then
we have

74 Smfl
jrtem =22 [ (o e,
m Tm

Proof First of all, we can see that f is homotopic to the map given by x — Px for
x € T™, hence it suffices to show the equality by putting f(x) =’ Px.

Since the image of the geodesic by f minimizes the length in its homotopy class
with the fixed endpoints, then by Theorem 6.2, we have & (f) = % Jr(g, h).

we can compute & ( f) directly as
&(f) = / ldf[>voly = Z hij PP/ g¥voly (T™) = || P vol (T™).
Tm o
i,j.k,l

Moreover, by the computation in Sect. 3.4, we have shown that

f (I, £)*® = [|P]volg (T™).
’]I‘Ill
Therefore,

/Tm(le’ F)*@ = |[P|*volg(T™) Jr(g. ).

_ m
- V(Sm_l)

m}
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