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Abstract

We study the number of facets of the convex hull of n independent standard Gaussian
points in R?. In particular, we are interested in the expected number of facets when the
dimension is allowed to grow with the sample size. We establish an explicit asymptotic
formula that is valid whenever d/n — 0. We also obtain the asymptotic value when
d is close to n.
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1 Introduction

The convex hull [ X1, ..., X,;] of nindependent standard Gaussian samples X1, ..., X,
from R? is the Gaussian polytope Pn(d). For fixed dimension d, the face numbers
and intrinsic volumes of P,fd) as n tends to infinity are well understood by now. For
i =0...,dandpolytope Q,let f;(Q) denote the number of i-faces of Q andlet V; (Q)
denote the ith intrinsic volume of Q. The asymptotic behavior of the expected value
of the number of facets f;_; (Pn(d)) as n — oo was provided by Rényi and Sulanke
[22]if d = 2, and by Raynaud [21] if d > 3. Namely, they proved that, for any fixed d,

d—1

Efy-1(P@) = 2975 a2 ()T (1 + o(1)) M

asn — oo.Fori =0,...,d, expected value of V; (Pn(d)) as n — oo was computed
by Affentranger [1], and that of f; (P,gd) ) was determined Affentranger and Schneider
[2] and Baryshnikov and Vitale [3], see Hug et al. [15] and Fleury [12] for a different
approach. More recently, Kabluchko and Zaporozhets [18, 19] proved explicit expres-
sions for the expected value of V; (P,,(d)) and the number of k-faces fi (P,fd)). Yet these
formulas are complicated and it is not immediate how to deduce asymptotic results
for large n high dimensions d.

After various partial results, including the variance estimates of Calka and Yukich
[6] and Hug and Reitzner [16], central limit theorems were proved for f; (P,fd)) and
\ (P,fd)) by Barany and Vu [5], and for V; (P,fd)) by Barany and Thile [4]. These results
have been strengthened considerably by Grote and Thile [14]. The interesting question
whether E f;;_| (P”(d)) is an increasing function in n was answered in the positive by
Kabluchko and Thile [17]. It would be interesting to investigate the monotonicity
behavior of the facet number if n and d increases simultaneously.

The ‘“high-dimensional” regime, that is, when d is allowed to grow with n, is
of interest in numerous applications in statistics, signal processing, and information
theory. The combinatorial structure of Pn(d), when d tends to infinity and n grows
proportionally with d, was first investigated by Vershik and Sporyshev [23], and later
Donoho and Tanner [11] provided a satisfactory description. For any 7 > 1, Donoho
and Tanner [11] determined the optimal o(¢) € (0, 1) such that if n/d tends to ¢, then
P,fd) is essentially o(#)d-neighbourly (if 0 < n < o(f) and 0 < k < nd, then fk(P,fd))
is asymptotically (kil)). See Donoho [10], Candés et al. [7], Candés and Tao [8, 9],
Mendoza-Smith et al. [20].

In this note, we consider f;_i (P,fd)), the number of facets, when both d and n
tend to infinity. Our main result is the following estimate for the expected number of
facets of the Gaussian polytope. The implied constant in O(-) is always some absolute
constant. We write 1ln x for In(In x).

Theorem 1.1 Assume Pn(d) is a Gaussian polytope. Then for d > 78 and n > e°d, we
have

d=1p.n_d-1M7
d=1 1 Sy lng =S o +d—1)
2 d 2e d

gn +0<\/2371170d>
Efy1(PP) =25 ma
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with® = 0(n,d) € [—34,2].

When n/d tends to infinity as d — oo, Theorem 1.1 provides the asymptotic formula

Efa-1(P{") = (@47 +o(1))n %)

If n/(de?) — oo, then we have lniﬂ — 0 and hence
d
diqy n_d-1ng
d—1 1 5 ln 7= —f+o(l)
Efs1(P) =21n T d 22 7 T

as d — oo. In the case when n grows even faster such that (Inn)/(d Ind) — oo, the
asymptotic formula simplifies to the result (1) of Rényi and Sulanke [22] and Raynaud
[21] for fixed dimension.

Corollary 1.2 Assume Pn(d) is a Gaussian polytope. If (Inn)/(d Ind) — oo, we have
(d) 441 1 d—1
Efa—1(P,")=272d 2(Inn) 2 (1 +o0(1)).

There is a (simpler) counterpart of our main results stating the asymptotic behavior
of the expected number of facets of Pn(d), if n — d is small compared to d, that is, if
n/d tends to one.

Theorem 1.3 Assume P,gd) is a Gaussian polytope. Then for n — d = o(d), we have

n La-g? +0<—<”*§”3 >+0(l)
Efd—l (Pn(d)) — <d> 27(n7(1)+le d

as d — oo.

This complements a result of Affentranger and Schneider [2] stating the number of
k-dimensional faces fork <n — d and n — d fixed,

n

Efi(P\P) = (k o

>(1 +o(D)),
asd — oo.

In the next section we sketch the basic idea of our approach, leaving the technical
details to later sections. In Sect.3 we provide asymptotic approximations for the tail
of the normal distribution. In Sect.4 concentration inequalities are derived for the
B-distribution. Finally, in Sects. 5 and 6, Corollary 1.2 and Theorem 1.3 are proven.

2 Outline of the Argument

For z € R, let

~

1 2 1 2
= — =S = ! = — -y
D(y) = N e ds, and ¢(y) = () ﬁe

2
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Our proofis based on the approach of Hug, Munsonius, and Reitzner [15]. In particular,
[15, Theorem 3.2] states thatif n > d 4+ 1 and X1, ..., X, are independent standard
Gaussian points in R, then

n

]Efdfl([X],...,Xn]) = (d

)HD(Y ¢ [Y17 "'7Yn*d]) k]

where Y, Yy, ..., Y,_4 are independent real-valued random variables with Y <
N (0, ﬁ) and Y; 4 N (0, %) fori =1,...,n —d. This gives

n)ﬁ

e n—d ,—dy?
d ﬁfcb(y) e 0 dy 2

—00

=2(2)¢2nd2‘ f D (y)" o) dy . 3)

Efd_l([X], M) Xn]) = 2(

Note that similar integrals appear in the analysis of the expected number of k-faces
for values of k in the entire range k = 0, ...,d — 1. In our case, the analysis boils
down to understanding the integral of ®(y)"~¢¢ (y)¢ over the real line. By substituting
(1 —u) = ®(y), we obtain

ee 1
/ ()" p(y) dy = / (1 —u)" @' (1 —u)? " du .
s J

Clearly, n > d +2 is the nontrivial range. When n/d — 00, (1 —u)"~¢ is dominating,
and we need to investigate the asymptotic behavior of H(@ (1 —u))asu — 0. We
show that the essential term is precisely 2u. Hence, it makes sense to rewrite the
integral as

1
d—1

2d-1 f(l — )y ((2u)—1¢(c1>—1(1 —u))) du .

0

=184 (u)

For x,y > 0, the Beta-function is given by B(x, y) = fol(l —u)* Y ldu. Tt is

well known that for k, [ € N we have B(k,[) = (k(;g—(fl_)})' A random variable U is

B () distributed if its density is given by B(x, y)~'(1 — u)*~'u?~!. With this, we
have established the following identity:

Proposition 2.1
d—1 1
Efa1(X1, ..., X,]) = 2907 d 2Eg,(U) 4
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where

d—1
sa@ = (@0 ~'¢@ (1 —up)

and U isa B(n —d + 1, d) random variable.

In Lemma 3.3 below we show that

d—1 _d=1lnu=! . -~ oW
gd(u):(lnuil)iTe 4 ! « ])lnu_1

as u — 0. Because the Beta function is concentrated around f—il, see Lemma 4.1 and
Lemma 4.2, this yields

n
d=1 _g—1lng o
2 - n —(d-1) [
4 l“d lnd

Egq(U) ~ (1n g)

which implies our main result.

3 Asymptotics of the ®-Function

To estimate ®(z), we need a version of Gordon’s inequality [13] for the Mill’s ratio:

Lemma 3.1 Forany z > 1 there exists 6 € (0, 1), such that

e 0

Proof 1t follows by partial integration that

T T 1 e Ooe_’2 e ge?
2 2
/e"dt:the" —dt = —/—d[:———
2t 2z 212 2z 473
z z z
which yields the lemma. O

Lemma3.2 Foranyu € (0, e~ "] there isa § = 8(u) € (0, 16) such that

1 1lnu—! 3
&' —u) = /Inu-! — —lnu-! — In@y/7) 4 — —~ O 6)
2 4Inu~!  Inu!
Proof 1t is useful to prove (5) for the transformed variable u = ¢~'. We define
1 IInt &t
z(t)=\/t—§1nt—ln(2ﬁ)+zn7+% 6)
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which exists for # > 0. In a first step we prove that this is the asymptotic expansion of
z=® 1 (1—e")asz,t — oo with asuitable function § = §(r) = O(1). Ina second
step we show the bound on §. Observe thatz > 1 implies? > In ®(—1)) = —2,54....
By Lemma 3.1, forz > 1

e I T 6(z)
=1 d)(z)_zﬁze (1 zz) @)

as z — oo with some 6(z) € (0, 1), which immediately implies that z = z(t) — oo
as t — o0o. Equation (7) shows that e’ > 2\/ﬁzeZz and thus

t > InQRy7) +Inz(t) + 2(1)> > 2(1)?

for z > 1. The function z = z(¢) is the inverse function we are looking for, if it
satisfies

2
47TZ(I)2€_2t = e_ZZ(t)z (1 _ 92(_;2)> ] (8)

We plug (6) into this equation. This leads to

1Int  &8(2) Line_pd(0) (1

1
t——lnt—ln(2f)+——+7=t67777 —O(t’l))

1
=t - Elnt —28(1)—0Q)
and shows — In(2/7) + o(1) = —28(¢t) — O(1). Thus the function z(¢) given by (6)
in fact satisfies (7) and therefore it is the asymptotic expansion of the inverse function.

The desired estimate for 6 follows from some more elaborate but elementary cal-
culations. First we prove that § > 0. By (8) and because ¢* > 1 + x,

1 Ilnt B(t) 1lnt 3(t) 0\?
— Z1Int —In it 1——— 222 ) (1= =
! 2 nt—Invr) < 2t t )( 2t)

> (1 : Int —25()) (1 0
—_ n —_— R —
- 2 t

which is equivalent to

1n(2f) _1 291[1[
8(1) = 01 LZ) >0
t

for # > 1. On the other hand, again by (8),

tz( ——lnt—ln(2«/_)+lln—t+8(t—t)>e
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and using e* > 1 + x implies

50 < 1n(2f)+21n(2f) 1lnt +1 1(1nt)2 + 1(1m) iy
a (21n(2f)— 1)1 lnz = 10.

An asymptotic expansion for ¢ (! (1 — u)) follows immediately:

Lemma 3.3 Foranyu € (0, e thereisa s = 8(u) € (0, 16) such that

d—1 _d=11lnu"

ga(u) = ((2u)*1¢(<1>*1(1—u)))d 1—(lnu W e oy

4 Concentration of the B-Distribution

A basic integral for us is the Beta-integral

1p (@ = DB -D!
_ _ aa—1_p-1 _
B(a, p) —/(1 ) xP T dx = “@ip_ D )

~ . . ﬁ aﬂ
LetU ~ B(a, B) distributed. Then EU = P andvar(U) = @A @B D
establish concentration inequalities for a Beta-distributed random variable around its
mean. Observe thatif U ~ B(«, B),then 1 —U ~ B(, o). Hence we may concentrate

on the case o > f.

Next we

Lemma4.1 LetU ~ B(a+ 1, b+ 1) distributed witha > b and setn = a +b. Then

1.1
2h2 3
IP’(U < -s“2§”> el (b —et®) |
n 3 TS I

n2

Proof We have to estimate the integral

b—sAa/ %
1 n
- / (1— x)”xb dx
Ba+1,b+1)
0
For an estimate from above we substitute x = % — % “n—b

J_ = / (1 —x)*x" dx
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S

iy fH S (/Y
s "V an "\ bn Y
s

It is well known that

o L 1xk )
In(1 = D —<x—-—, 10
(I+x) =) (=D =x -~ (10)
k=1
for x € (—1, 1]. Since a > b, we have
b ¢ a b 12
Lty —) | 1=y/=) Se o,
an bn
which implies
nb
at+d b+l !
J_S—a Zbg i /eféyzdy
n"t3
S
3a“+%bb+% 1 1.2 1 nb
< - (e—as —e_67) .
- nn—t—% s
In the last step we use Stirling’s formula,
V27 n"+%e_" <nl < en"+%e_",
to see that
a+%bb+% 3
L <%Ba+1b+. (11)
nn+§ T
O

Lemma4.2 LetU ~ B(a+1, b+ 1) distributed with a > b and setn = a + b. Then
for A =2,

3
P <U . Aé) < Cobphbtiort
n T

Proof We assume that ¢ > b and thus a > % We have to estimate the probability

1
b 1
Pl(U > A= 5—/(1—x)“xbdx
n Ba+1,b+1)
o8
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We substitute x — %x + )»% and obtain

\ r 1 b\ 1
/(1 —x)%xPdx < /‘e_x_)‘%b (—x +A—) —dx
a n) a
0

A
o0
b
ab ab
< g~ btD =A% /efx <x +k—> dx.
n
0

The use of the binomial formula and the Gamma functions yields

r ab\? LN ab\ ¢

/e_" (x +A—> dx = Z( )/e_xxb_k <k—> dx
n k n

0 k=0 0

b b) ab\*
(b — k) (A—)
kX:(:) <k n
b
b (ﬂ)
n

because b < A"Fb fora > % >band A > 2, and% (A”’Fb)k is increasing for k < (A“n—b).
Using (11) this gives

3 a+3
IP’(U > Aé) << (1 + é) piabe—
n b a

and with (1 4+ x) < ¢* the lemma. O

IA

5 The Case n — d Large

In this section we combine Lemma 3.3 which gives the asymptotic behavior of g4 (u)
as u — 0, with the concentration properties of the Beta function just obtained. We
split our proof in two Lemmata.

Lemma 5.1 Ford > dy =78 and n > e°d we have

d=1 gy d=1"D) 2 1
Ega(U) <e * @)=y + 1)1"(%)e%ﬂeimd.

Lemma5.2 Ford > dy =78 and n > e°d we have

Aol qpeny_d=1 Mg gy 34
2 n(d) ( )13

Egqs(U) > e tong
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These two bounds prove Theorem 1.1. The idea is to split the expectation into the
main term close to % and two error terms,

d
Egd<U>=Egd(U>11(U —2)
d
FEga(U)1 ( [ -])
n
+Egd(U)]l< >

Proof of Lemma 5.2 Recall that U is B(n — d + 1, d)-distributed. Lemma 4.2 with
a=n—dandb =d — 1 shows that

P U>)£ <P d-1 e_kd l(d_l)Ze(d D43 -2 ==l
T on) - n—1 T

because fﬁ < j—’l. For A = 2 this gives

6
P(U > 2d) f (n2-1+20)d € /7,~ 10 (12)
TL’

for n > 10d. The probability that U is small is estimated by Lemma 4.1 with s =

a- —2) [ (d— 1)(n 1)

(U < 672d -1 31(1 2! n—d o b(1—eH2EbeD
- n—1 d-1mn-1)
6
< e—e_%d
T 27

for d > 6. Combining both estimates and using
In(l — x) > —2x (13)

for x € [0, %], we have

ld d B 6 S 5 —dd
IP(U [ an > 11— g—nﬁe—%d - j—e—%d > g~ Vde 0y

2n P

for d > dy = 78. (Observe that 2 \/_ doe” Todo <1 5-) In the last step we compute

. . d;]l]nufl_d;l]nlnu_l _
min  gg(u) = min e ? 4l
ue[e*zﬁll%] ue[e*zg,Zd]

n’<n
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t5tin(3)-42 1)

(A max &
ln(l (d—1)
>e 2

ln(% %)

U3

for n > e°d. Here, note that 7= “nx is decreasing for x > e. Now using

lIn (g) > lln <%3) =1In (d) +1n (1 %

ISV

and

1 _ 1 1 142 In2 <> 1
n(12) (5 -2 in(3) In(7)/ =~ In(3)
for n > e°d, we have

. Fhin g~ "T——u 1)15n
min - ga(u) > e

ue[e*zg 24

with 8’ = 3102 1“2 + 2max é € [0, 34]. Combining this estimate with (14) we obtain

Egs(U) > min g4(u)El (U € [e_zé,22}>
2

—2d ~d n
vee2d 24

IIn % ’
dl n_d—1 d 8 1
In -G ——d-1)—"¢ 2¢6 -104
> e 4 lnﬁ Ina e_Tﬁe 10

ford > dy and n > ed.

Proof of Lemma 5.1 As an upper bound we have

4+ max gg(u)P
ue[e*Z%,Z ]

Ega(U) < Ega(U)1 (U <o g)

oot

d
+ max gd(u)IP’(U 2—)
ue[24.1] n
—
Emaxue[%.l] 8a(u)

d
< Ega(U)1 (U < e—z—)
n

5 n(er )45

4 2
te ln(e a
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d=t pp(ny—dzt () 6 :
: d 4 (%) _\/Ee*md
2

since § > 0, and where the last term follows from (12). For the first term we use that

¢ (P~1(-)) is a symmetric and concave function and thus increasing on [0, e =2 d] and
that § > 0.

Egq(U)1 (U < e—23>

==

1lnx~!

1 d—
M =5 (1 —x)"" x4 ax

st |
“Bn—d+1,d)

d—1 2ny_d—11n(*%) -1 ¥
1 Tlll’l(@ E)_ 4 ln(eZ%) <€_2€) /e_(”_d)xdx

<— ¢
" Bn—d+1,d) n

Now the remaining integration is trivial. We use Stirling’s formula (11) to estimate
the Beta-function and obtain

Egqs(U)1 (U < e2il>
n

3 n+i det (2 _d—1 (2 ]) d—1
< e_ (Vl— 2) 2 ]e 5 lln(e d) 7 1n(e2”) <e2i)
T(n—d)" i - 172 n

2n
d—1 2n d— In(e ) 5
4= lIln(e~ % ——7 d-1 (3 11
<e? (3) -5 (1) € (d*1)+(n,d)(§)+l+m§72d
T
A=t (20 )_d=11(25) s
<e > ln(e? ) -5 In(e22 e_e_II,Od
T

d—1 2n
“—lIn(e”%)—“ e 1
Egq(U) < e > () =45 (28 €
T
d—1 2ny_d—1 (%)
lin(e” % )—“—
te 7+ lIn(e* )~ 43 (1)
a1 d=1 (%) ¢
1in e 1
pe 7OV £ o
T

In a similar way as above, we get rid of the involved constant e? by using

tin () <t (22) =tin (5) +1n (1 + mé)) =t (%)+ 1n(2§)’
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and

11 <1+2>—1> 1 (1_2>
() W)\ () Tm@G\ )

This yields

g1 11n(")——1“"< i

+
Egq(U) <e “ )1"( )(1+ £ Vde ) (15)

m}

6 The Case n — d Small

Finally, it remains to prove Theorem 1.3. The starting point here is again formula (2),

together with the substitution y — «/%7'

Vd

00
y= ® n—d ,—dy? d
N f ()" "e y

(1 r y \" ¢ _y?
o) e

The Taylor expansion of ® at y = 0 is given by

Efi_i([X1. ..., X)) = 2<Z>

1 1
f f< 1) 2 §+ﬁy(1—92y)

with some 61, 8> € R depending on y. Since ®(y) is above its tangent at 0 for y > 0
and below it for y < 0, we have 0 < 1 — 6,y < 1. Further,

d(y) =

|62] < max6 e 0 !
b| < 1 =—.
6 V2e

Hence an expression for In ® at y = 0 is given by

2
In®(y) =—In2+1In <1 + ﬁy(l - sz)) .

We need again estimates for the logarithm, namely In(1 4 x) = x — 63x> < x with
some #3 = 63(x) > 0. In addition, there exists ¢3 € R such that 835 < c¢3 if x is
bounded away from —1, for example, for x > 2®(—1) — 1. This gives

2 2
In®(y) < —In2+ —y — —6,y°
) =< +ﬁy ﬁzy
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and

2 4
In®(y) = —In2 4+ —=y(l — 62y) — 63—y* (1 — 62)>
JTT T ~————
<1
In2+ — o 0 4 y?
—In y—— 2y? — 3
«/_ «/_

with 63 < ¢3 for y > —1. Thus the Taylor expansion of In ® at y = 0 is given by
2 2
In®(y)=—In2+4+ —y — b1y

I

with some 64 = 04(y) > —%, and there exists acs € Rwith 04 < ¢4 fory > —1. We
plug this into (16) and obtain

e n—d e 5 d
/Cb(%) e dy = ¢~ (=) In2 / eﬁnid B
—0o0

Sinc ”;d d > 1 %";d > 0. As an estimate from
above we have
o0 o0
2 n-d,_ n—dy, 711 _ln=dy,2
feﬁﬁy (1+94d)) / f Zd)ydy
o0 —0o0
4 0= oo %"f’ :
4 T Jd ln—d
4(7:_131,—4) _<2 (lflnfd)_\/(l_2 a W)
=e 2 d e 2°d y
—0o0
1 (n—d)? —d
Lo (1+0(234)) JT
1 n—d
(1-3"7%)

g,

The estimate from below is slightly more complicated. For y > —+/d there is an upper
bound c4 for 64. Using this we have

o0 o0
2 n-d,_pn—d 2 2 | (n—d)2 _(Ln—d_)_ n—d 2
/eﬁﬁy(hdy ydy>e5d e \Vmva C4dydy
—00 1 n—d _
N/ Jd
2\/[7 2
1 (n—d) _v2_,n d(#n—d_)
> o7 %5 /ey“ ") dy
—0o0
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Now we use (a — b)? < 2a? + 2b* which shows that

[

Vv
) / (4227052 4

S
%L

n—d 2 2
4dy Y d
y

%

e

—00

) 5 ,/d(]+2£‘4
1a-a? +O((n—[£i)’> 1 -
=" R —  dy
) %

—d
(1 + 2es "5

Jd
1 (—d)? d>2 of o=a? 4)3 ofn=d
> vt )ro() T dy. (18)
Recall the estimate for ®(z) from Lemma 3.1,
Ja
/ e dy = ST d(Wd) > Jr(l —e ) = Szl (19)
—o0o
We combine Eqgs. (17), (18) and (19) and obtain
o0 2
2 n—d n—d N n—d n—d -
/67 —04170 2 =y? dy:ﬁeﬁi( Ao (=g ) 10(25) 40
—0o0

which yields Theorem 1.3.
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