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Abstract

We prove an upper bound for the volume of maximal analytic sets on which the generic
Lelong number of a closed positive current is positive. As a particular case, we give a
uniform upper bound on the volume of the singular locus of an analytic set in terms
of its volume on a compact Kihler manifold.
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1 Introduction

Let T be a closed positive current on a compact Kédhler manifold X of dimension
n. For every irreducible analytic subset V in X, we denote by v(T, V) the generic
Lelong number of T along V. For basics of Lelong numbers, we refer to [8]. Let W be
an irreducible analytic subset of dimension m on X. Let #7_w be the set of (proper)
irreducible analytic subsets V of W such that v(T', V) > 0, and V is maximal with
respect to the inclusion of sets, i.e, if V' is another proper irreducible analytic set in
W so that v(T,V’) > 0and V C V’,then V' = V. Such a V is called a component
of Lelong upper-level set of T on W.

Let w be a fixed Kéhler form on X. We denote by ||T|| the mass norm on T
given by |T| := fX T A" P, where T is of bi-degree (p, p). Similarly we define
vol(V) := [ v %™V for every irreducible analytic subset V in X. Usually the volume
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of an analytic set involves a positive multiplicative dimensional constant. Since the
dimensions of analytic sets in consideration are bounded by n = dim X, we opt to
define vol(V) as above so that the volume of V is simply equal to the mass norm of the
current of integration along V. This is only for a practical purpose and is not essential.

Theorem 1.1 There exists a constant ¢ > 0 independent of T and W such that

ST @ vy =@ w))" ™ ol (V) < evol(W)ITII(L+ T "L (1.1)
VE/VT,W

The constant ¢ in Theorem 1.1 depends only on X and w but it is non-explicit: it
comes from upper bounds for density currents (see Theorem 2.1 below).

In Theorem 1.1, it is necessary to consider the “relative” generic Lelong number
v(T,V)—v(T,W)of T along V in W in place of v(T, V), see Example 2.8 in the
end of the paper.

The irreducibility of W is not absolutely necessary. Nevertheless if W is not irre-
ducible, the inequality (1.1) must be modified a bit to take into account the generic
Lelong number of T along irreducible components of W. Theorem 1.1 gives in par-
ticular an upper bound for the volume of a maximal irreducible analytic subset of W
on which T has a strictly positive “relative” generic Lelong number.

Let T be of bi-degree (p, p). If p = 0, then T is a constant function, and in this
case, Theorem 1.1 is clear because ¥7 w is empty. If p = n, then T is a measure
on X and the only maximal Lelong level sets for 7' are points where 7' has positive
mass. In this case, the desired inequality (1.1) follows from the fact that vol(W) is
bounded below by a constant ¢y > 0 independent of W (see Lemma 2.5 below) and
the elementary inequality

Sar < () + 3 a)"

j=1 j=1 j=1

for positive numbers a;. Thus the non-trivial case is when 1 < p < n — 1. Since a
current of bi-degree (p, p) with p > 1 on X has zero generic Lelong number along
X, by taking W := X in Theorem 1.1, one obtains

Corollary 1.2 Let T be a closed positive current of bi-degree (p, p) with p > 1 on
X. Let V7 be the set of maximal irreducible analytic subsets V in X along which the
generic Lelong number of T is strictly positive. Then we have

3 (@ ) T vol(v) < e TIA + 1T
vetr

for some constant ¢ > 0 independent of T.

By [22], for every closed positive current 7 of bi-degree (p, p) with1 < p <n—1,
there exists a closed positive current of bi-degree (1, 1) whose Lelong numbers are
equal to those of T everywhere. Hence it makes no difference in the above results if
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we assume that 7 is of bi-degree (1, 1). Thus Corollary 1.2 follows indeed from [25,
Theorem 4.1], see Remark 2.6 below.

Corollary 1.2 is related to Demailly’s self-intersection inequality ([9, Theorem 1.7])
and other higher bi-degree versions of it in [18, 19, 22]. If one applies directly [9,
Theorem 1.7] orresultsin[18, 19, 22], then one only gets an upper bound for the volume
of maximal Lelong sets of maximal dimension. Precisely, let k := maxycy; dim V
and let 77 be the subset of /7 containing V of dimension k. By these last references,
there holds

ST (@ V)" vol(v) < el T E,

vey]

for some constant ¢ > 0 independent of 7. However [9, Theorem 1.7] is not sufficient
to treat maximal Lelong level sets which are not of maximal dimension k because
these sets are not read in the process of considering jumping values of Lelong level
sets if their Lelong numbers are less than or equal to maxy, eV v(T, V), see Remark
2.7 at the end of the paper for an example illustrating this issue. Hence the novelty in
Corollary 1.2 (and Theorem 1.1) is that it bounds the volume of every maximal Lelong
level set, see also Corollary 1.3 below.

Let W be analytic set in X. We don’t require W to be irreducible. We define a
sequence of analytic subsets as follows. Let Wy := W and W; to be the singular locus
of W;_y for j > 1. The process ends at a finite time when W; is smooth because of a
dimension reason. Hence we obtain a finite sequence (W) 1< <k, . Note ky < dim W.
We call (W;)1<j<ky the singularity filtration of W.

Let T := [W] be the current of integration along W. Recall that v(T, x) is the
multiplicity of W at x forevery x € X,andv(T, x) = lifx € Wo\Wiandv(T, x) > 2
if x € Wy (see [2, Page 120]). The analytic set W; might not be irreducible and hence
can contain several irreducible components of different dimensions. Write W; =
UL_, Wi which is the decomposition of W; into irreducible components. We define

! !
VO](Wj) = ZVOI(ij) = Z/ dim Wik
k=1 k=17 Wik

As an application of Theorem 1.1, we obtain

Corollary 1.3 There exists a constant ¢ > 0 independent of W such that

vol(W}) < ¢ vol(W)(1 + vol(W))"~! (1.2)
and
kw
D " vol(W)) < cvol(W)(1 + vol (W) "+, (1.3)
j=I

where m := dim W.

@ Springer



303 Page4ofl14 D.T.Do, D.-V.Vu

If one uses [9, Theorem 1.7], then one only obtains a similar upper bound for the
sum of volumes of irreducible components of W; of maximal dimension. The reason
as explained above is that some maximal Lelong level sets are not taken into account
in the sequence of jumping numbers for the Lelong level sets E.. in [9, Theorem 1.7].

We can refine Corollary 1.2 a bit more as follows. A Lelong filtration associated to
T is a finite sequence of (non-empty) irreducible analytic subsets V := (V;)o<< in
Xsuchthat Vo C Vi € --- C Vj,andforl < j <[+1, V;_yis amaximal irreducible
analytic subset of 7 on V; such that v(T', V;_1) > v(T, V;), where V;11 := X. The
number [ is called the length of the filtration V. For each Lelong filtration V, we put

dim V1 —dim Vj

!
vol(V) := vol(Vo) [ ] (v(T. Vi) = v(T, Viy1))
s=0

A Lelong filtration V. = (Vj)1<j<m is maximal if v(T, Vo) = v(T, x) for every
x € V, in other words, one can not add one more analytic subset to V to make it
longer. Let Z7 be the set of Lelong filtrations of 7.

Theorem 1.4 Let T be a closed positive current of bi-degree (p, p) with p > 1 on X.
Then we have

3 vol(V) < el TIA + 1T,
VE._QT

for some constant ¢ > O independent of T.

Since the self-intersection of Demailly mentioned above has found applications in
the study of equidistribution of pre-images of subvarieties in complex dynamics (see
[13, 21]), we expect that Theorem 1.1 could be also useful for this question. Corollary
1.3 is by the way of independent interest in its own right.

The difficulty in proving Theorem 1.1 is that the intersection of copies of 7" with the
current of integration along W is not well-defined in the classical sense. To solve this
problem, we need to use both the analytic regularisation of psh functions by Demailly
([9]) and the theory of density currents by Dinh—Sibony ([14]). The fact that the notion
of density currents generalizes the classical intersection of currents of bi-degree (1, 1)
(see [16]) is also crucial in our proof.

We suspect that the inequality in Corollary 1.2 is more or less the best possible
relation between v (7', V') for maximal V if we don’t take into account the cohomology
class of T. More precisely we would like to pose the following question.

Problem 1.5 Let (V;) jen be a countable family of irreducible analytic subsets in X
together with a sequence of strictly positive real numbers (4 ;) jen such that V; & Vi
for every j # j/, and

> dim V
Z/\’;‘ Y vol(V)) < oo,
j=1
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Does there exist a closed positive current T" of bi-degree (1, 1) such that v(T', V) > A;
and V; is a maximal analytic subset along which T has strictly positive generic Lelong
number for every j? Furthermore, if « is a pseudoeffective (1, 1)-class, under which
additional assumptions on (V;, A ;) there exists a closed positive current 7" in « so that
T satisfies the above property?

The problem was solved in [ 10, Corollary 6.8] in the case where « is big and nef, and
(V})jen is a countable family of points in X. The necessary and sufficient condition
in this case is

o0
TN
j=1 X

Problem 1.5 can be put in a broader context as follows. Consider a big cohomology
(1, 1)-class & and an analytic subset V in X. One wants to study the space of currents in
« having controlled singularities along V (in some reasonable ways). Such a question
is relevant in the theory of complex Monge-Ampere equations big cohomology classes
where this equation was solved with given prescribed singularities (see [4-6, 15]). We
refer also to [3, 7] for some results around this topic in the case where the class is
integral.

2 Proofs of Theorem 1.1 and Its Consequences

We first recall some basic properties of density currents. The last notion was introduced
in [14].

Let X be a complex Kéahler manifold of dimension n and V a smooth complex
submanifold of X of dimension /. Let T be a closed positive (p, p)-current on X,
where 0 < p < n. Denote by 7 : E — V the normal bundle of V in X and
E := P(E @ C) the projective compactification of E. By abuse of notation, we also
use 7 to denote the natural projection from E to V.

Let U be an open subset of X with U NV # &. Let t be a smooth diffeomorphism
from U to an open neighborhood of V N U in E which is identity on V N U such
that the restriction of its differential dt to E|yny is identity. Such a map is called an
almost-admissible map. When U is a small enough tubular neighborhood of V, there
always exists an almost-admissible map t by [14, Lemma 4.2]. In general, t is not
holomorphic. When U is a small enough local chart, we can choose a holomorphic
almost-admissible map by using suitable holomorphic coordinates on U. For A € C*,
let A, : E — E be the multiplication by A on fibers of E.

Theorem 2.1 ( [14, Theorem 4.6]) Let T be an almost-admissible map defined on a
tubular neighborhood of V. Then, the family (A,)«T.T is of mass bounded uniformly
in A on compact sets, and if S is a limit current of the last family as A — 0o, then S
is a current on E which can be extended trivially through E\E to a closed positive
current on E such that the cohomology class {S} of S in E is independent of the choice
of S, and {S}|y = {T}|y, and ||S|| < C||T| for some constant C independent of S
and T.
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We call S a tangent current to T along V. By [14, Theorem 4.6] again, if

S = lim (A, )7 T
k— 00

for some sequence (Ag); converging to oo, then for every open subset U of X and
every almost-admissible map ¢’ : U’ — E, we also have

S = lim (A3 )7, T.
k—o00

This is equivalent to saying that tangent currents are independent of the choice of
almost-admissible maps. By this reason, the sequence (Ay); is called a defining
sequence of Tx,. In practice, to study tangent currents, we usually choose 7’ to be
a holomorphic change of coordinates.

Let m > 2 be an integer. Let T be a closed positive current of bi-degree (p;, p;)
forl <j<monXandletT| ®---® T, be the tensor current of 77, ..., T,,, which
is a current on X™. A density current associated to T4, .. ., T, is a tangent current to
®;f':1 T; along the diagonal A, of X™. Let 7, : E; — A be the normal bundle of
Ay in X™. Whenm = 2 and T, = [V], the density currents of 77 and 75 are naturally
identified with the tangent currents to 77 along V (see [14] or [23, Lemma 2.3]).

We say that the Dinh—Sibony product Ty A --- A T, of T, ..., T, is well-defined
if Z’}’: | Pj < n and there is only one density current associated to 71, ..., T, and
this current is the pull-back by 7, of a current S on A,,. We define 71 A --- A T, to
be S.

We note that one can still define density currents on general complex manifolds;
see [16, 17, 24] for details. We recall the following from [16].

Let R be a positive closed current and v be a psh function on an open subset €2 in
C". If v is locally integrable with respect to (the trace measure) of R, we define

ddv AR :=dd(vR), 2.1

see [1].
For a collection vy, ..., vy of psh functions, we can apply the above definition
recursively, as long as the integrability conditions are satisfied.

Definition 2.2 We say that the intersection of dd€vy, .. ., ddvy, R is classically well-
defined if for every non-empty subset J = {ji, ..., jx} of {1, ..., s}, we have that
vj, is locally integrable with respect to the trace measure of R and inductively, v;, is
locally integrable with respect to the trace measure of dd“v;, ., A--- Addvj, AR
forr =k —1,...,1, and the product dd“vj, A--- Addvj, A R is continuous under
decreasing sequences of psh functions.

The above definition is generalized in an obvious way to the case where €2 is replaced
by a complex manifold. If X is a complex manifold and 71, . .., T, are closed positive
currents of bi-degree (1, 1) on X and R is closed positive current on X, then we say
that the intersection 71 A --- T,y A R of T1, ..., Ty, R is classically well-defined if
they are so locally on X.
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The reason for Definition 2.2 is that in all of well-known standard situations warrant-
ing the well-definedness of the intersection of currents (see, e.g, [8]), the intersection
satisfies the continuity under decreasing sequences. In particular if 7; has locally
bounded potentials outside some analytic subset V; in X and R := [W] the current of
integration along an analytic set W, and

dim(Vj, N---NV;, N W) < dim W —s,

forevery 1 < j; <--- < js <m,thenT) A--- AT, AR is classically well-defined.

Theorem 2.3 ([16, Corollary 3.11]) Let X be a complex manifold. Let Ty, ..., T,, be
closed positive currents of bi-degree (1, 1) on X and let R be a closed positive current
on X such that Ty N --- N T, A R is classically well-defined. Then the Dinh-Sibony
product of T1, . .., Ty, R is well-defined and equal to Ty A --- N T,, A R.

Note that the last result was proved in [14] when local potentials of 7;’s are con-
tinuous. We recall the following.

Lemma 2.4 The set of Lelong numbers of an arbitrary closed positive current on an
open subset in C" is countable.

Proof For readers’ convenience, we present below a proof communicated to us by
Tien—Cuong Dinh. It is more or less a direct consequence of Siu’s analyticity of
Lelong upper level sets ([20]). Let T be a closed positive current on X. We show that
for every analytic set V in X, the set {x € V : v(T, x) > 0} is at most countable. The
desired assertion is the case where V = X. We prove this claim by induction on the
dimension of V. If dim V = 0, there is nothing to prove. Assume that the claim holds
for every analytic set of dimension < m. Let V be now of dimension m. For k > 0
integer, consider

Eijp={xeV v, x)>v(T,V)+1/k}

which is a proper analytic subset of V by Siu’s analyticity theorem [20]. Applying the
induction hypothesis to £ /¢, one obtains that the set of Lelong numbers of 7" on E
is at most countable. Since there is a countable number of E1 /¢, we infer the claim for
V. This finishes the proof. O

The following result is also standard.

Lemma 2.5 Let X be a compact complex manifold of dimension n and w be a Hermitian
form on X. Then there exists a constant C > 0 such that for every 0 < p < n and
every closed positive (p, p)-current T and every x € X, we have

/ T AN"7P > Cu(T, x). 2.2)
X

In particular there exists a constant C > 0 such that if W is an irreducible analytic
subset of dimension m on X, then the vol(W) := fW o™ > C.
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Proof Cover X be a finitely many local charts Uy, . . ., U,,. We can assume furthermore
thatﬁj is contained in a bigger local chart Uj’. forl < j <m.Letx € X.Thenx € U;
for some j. We work locally on U; C C". Let wy be the standard Kihler form on C".
Note that there is a constant § > 0 independent of x such that B(x, 26) C U ; By the
definition of Lelong numbers, we have

/ T Awy 7= Cud® " P u(T, x),
B(x,8)

where C, is an explicit dimensional constant. Since @ is Hermitian, we obtain a
constant C; > 0 such that Ciw > wg. Thus

f Trwy ” < Cffp/ TAw"P < Cf*p/ T AP,
B(x.5) B(x.5) X

Hence (2.2) follows. As for the second desired assertion, we recall that v([W], x) is
equal to the multiplicity of x in W which is a positive integer. Hence v([W], x) > 1
for every x € W. The uniform lower bound for the volume of W thus follows. O

Proof of Theorem 1.1 By [22, Theorem 3.1], we can assume that 7 is of bi-degree
1, 1.

Step 1. We assume first that 7" has analytic singularities in X (i.e., potentials of 7" are
locally the sum of a bounded function and the logarithmic of a sum of holomorphic
functions) and v(7T', W) = 0. We will explain how to remove this assumption at the
end of the proof.

For an irreducible analytic set V, we denote by [V] the current of integration along
V. Denote by L(T) the unbounded locus of T (for a definition, see [8, Page 150]). In
our present setting, the last set is an analytic subset of X. Since v(7', W) = 0, we have
W ¢ L(T).Let0 <! <m — 1 be an integer. Let “I/TI’W be the set of V € #7 w such
that dim V = /. The last set is finite because 7" has analytic singularities. Note that

oy ym—1ayl
qf/T,W = Ul:O qf/T,W.

LetV € ”1/7{ w- By the maximality of V, we see that V is an irreducible component

of L(T) N W. Thus, since dim V = [, we deduce that the intersection 7"~/ A [W]
is classically well-defined on some open neighborhood Uy of V\Sing(L(T) N W),
where Sing(L(T) N W) denotes the singular locus of the analytic set L(T) N W.

Let Q := T"~! A[W]on Uy. Now, using a comparison result on Lelong numbers
([8, Page 169]) gives that

0> (v, V)" [v]
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on U. Letting V run over every element of V/TI’W, we infer that Q is well-defined on
some open neighborhood U of

L v\Sing(L()nw),
veriy

and

0= Y (. v)" v 2.3)

VE"VTI,W

on U. We now estimate the mass of Q. Let A,,,_;+1 be the diagonal of xm—1+1 and
7 : E — A,_;41 the normal bundle of A,_;; 1 in X"+ Let O bea density
current associated to T, ..., T (m — [ times), and [W]. Recall that Q is a closed
positive current on E := P(E @ C). By Theorem 2.1, we have

1OI ST 1™~ vol(W). 2.4

Since Q is well-defined on U, using Theorem 2.3, we obtain that 0 = 7*Q on
771(U), where we have identified A,,_;+; with X. This combined with (2.4) yields
that

1ol S ITI™ " vol(W).
Using this and (2.3) gives

ST (@ V)" vol(v) S ITI" vol(W)
VE”VTI.W

for every /. Summing the last inequality over / gives the desired inequality.
Step 2. We now get rid of the assumption that 7" has analytic singularities (but we still
require v(T, W) = 0).

By Lemma 2.4 there are at most countably many maximal Lelong level sets of T
on W. Hence we can write

Yrw={Vi,..., Vi, ...}.

Let r > 0 be a small constant, and let A, be the finite subset of #7  consisting of V
such that v(T, V) > r. Therefore A, increases to 7 w asr — 0.

Let (T¢). be the sequence of closed positive (1, 1)-current regularising 7' given by
Demailly’s analytic approximation of psh functions ( [12, Corollary 14.13]). These
currents satisfy the following properties. One has T, — T weakly as ¢ — 0, and
v(Te, ) < v(T,-) for every €, and v(T¢, -) — v(T, -) uniformly on X as ¢ — 0. It
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follows that for every r > 0 there exists an € > 0 small enough such that A, C 77, w.
Applying the first part of the proof to 7¢ yields that

S (T )" vol(V) < evol W) Tl (1 + 1 Te )",
VeA,

for some constant ¢ > 0 independent of 7', W. Letting € — 0, and then r — 0 gives
the desired inequality.

Step 3. Finally we treat the general case where v(7', W) > 0. We use [9, Theorem 1.1]
which is a regularisation result of (1, 1)-currents (see also [11, Theorem 6.1]). The
last theorem allows one to cut down the Lelong level set E. := {x € X : v(T, x) > ¢}
from 7', where ¢ > 0 is a constant. Choose ¢ := v(T, W) which is bounded by
a uniform constant times ||7'||. By [9, Theorem 1.1], we obtain a closed positive
(1, 1)-current T’ such that |T’|| < M||T| (M is a constant independent of T'), and
v(T’, x) = max{v(T, x) — ¢, 0}, and additionally T’ is smooth outside E. (but we
don’t need this property at this point). Hence

Yrow="YVr.w, v(T',W)=0,

and for every V € ¥7 w one gets v(T, V) — v(T, W) = v(T’, V). Thus the desired
inequality follows from Step 2 applied to 7’ and W. This finishes the proof. O

Proof of Theorem 1.4 Observe that the length of a Lelong filtration is at most n — 1, so

it is bounded uniformly. Let .7 ; be the set of Lelong filtrations of T of length / for
0 <! <n — 1. We prove by induction on [/ that

3 volV) < el T+ 1T, 2.5)

VE,@[[

for some constant ¢ > 0 independent of 7. If I = 0, the desired estimate is Corollary
1.2. We assume that (2.5) holds for / — 1. For every irreducible analytic subset W
in X, define #7 ; w to be the subset of .%7 ; consisting of V = (V;)o<j< such that
Vi = W. We have

Fri=UwFr i w.

For every V = (V;)o<j<i € Z1,,w, We associate to it a Lelong filtration Cy (V)
of length / — 1 by putting

Cw(V) == (Vii<j<-

Hence Cy is a map from .7 ; w to .%r ;_;. The image .7 ; w under Cy is the subset
of %7 ;1 consisting of Lelong filtrations starting from W. The fiber of Cy is naturally
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identified with ¥7 w. Applying now Theorem 1.1 to 7 and W yields

D (T, V) =T, IR ol (V) S vol (W) T (1 + 1T )™
Vetr.w

Thus

dYoovaM S Y vol(VITI 4 T

VeZrw VieCw(ZFriw)

< > vol(Va + (T

VieCw (Fraw)

Summing again over W, one get

Yo > v S Y vol(Vd T

W VeZr,w Vleﬁ\r,[q

Since the left-hand side of the last inequality is equal to

Z vol(V),

Vefr,l

the induction hypothesis now implies the desired assertion for /. This finishes the
proof. O

Remark 2.6 We explain now how to deduce Theorem 1.1 in the case where W = X
from [25, Theorem 4.1]. Firstly by considering 7 /|| T || instead of 7', we can assume
that T of mass 1. Observe now that there is a constant ¢ > 0 independent of T such
that T + cw lies in a fixed compact subset of Kéhler cone in X. Thus Theorem 1.1 for
W = X follows directly from [25, Theorem 4.1].

Proof of Corollary 1.3 We prove first (1.2). Assume for the moment that W is irre-
ducible.

Let T := [W]. Note that elements of #7 w are irreducible components of Wj.
Moreover v(T, V) — v(T, W) > 1 for V € Y7 w because it is a strictly positive
integer. This combined with Theorem 1.1 applied to 7 := [W] and W yields (1.2).
The case where W is not necessarily irreducible follows by applying the previous case
to each irreducible component of W.

It remains to prove (1.3). Let (W;)1<;< be the singularity filtration of W. Note
that m < n. Note that dim Ws_; < dim W — (s — 1). Applying (1.2) to W,_; in place
of W for 1 <s < m, we obtain

vol(W;) < cvol(W,_1)(1 + Vol(vvs_l))m—(s—l)’
for some constant ¢ > 0 independent of W. An induction argument thus gives

vol(Wy) < vol(Wy) (1 + vol(Wy)) 1+
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forevery 0 </ < s < m. Applying the last inequality to / = 0 gives
vol(Wy) < vol(W)(1 + vol(W))+2’

for every 1 < s < m. This finishes the proof. O
We end the paper with some examples.

Remark2.7 Let X := P" withn > 3 and x = [x9 : --- : x,] homogeneous
coordinates. Let Vi, V;, V3 be linear subspaces in P" such that dimV; = n — 1,
dmV, = n—2,and dimVz = 1, and V3 ¢ V, U V|, and Vo ¢ V). Let
T1, T», T3 be closed positive currents of bi-degree (1, 1) such that the set of points
with positive Lelong number for 7 is equal exactly to V;, and v(T;, x) = v(T}, V;)
for every x € Vj, and for j = 1,2,3 (e.g., V2 = {xo = x1 = 0}, choose
Ty = dd°(|xo|? + |x11%)). Choosing positive constants A; suitably, one see that the
current

T =0T+ 212 + 23713
satisfies
v(T,Vy) =1/100, vu(T,V,)=1/100, v(T,V3) =1.

Hence Vi, V5, V3 are all maximal Lelong upper level sets for 7. On the other hand,
if E. .= {x € P",v(T,x) > ¢}, then E. = ViUV, U V3ifc € (0,1/100], and
E. =V3ifc € (1/100, 1], and E, = & if ¢ > 1. One sees that the maximal set V> is
not taken into account in the self-intersection inequality in [9, Theorem 1.7] as well
as its generalizations in [18, 22] (because V> is of codimension 2, but only appears in
E1/100 which is of codimension 1).

Example 2.8 Let X = P3, W ~ PP a hyperplane in P? and D a hypersurface of degree
d in P? so that D intersects W at a smooth curve V (of degreed). Let T := €[D]+[W]
for some small constant € > 0. We see that 7w = {V} and vol(V) = d and

v(T,V)vol(V) =1 +e)d, cvolWI|T|A+|T|) <c+ Ed)2 < (1 +eyd
if d is big enough and € := 1/d (recall c is independent of 7', W). Thus the inequality
(1.1) fails to be true in general if v(T', V) — v(T, W) is replaced by v(T', V).
Acknowledgements We thank Tien-Cuong Dinh and Gabriel Vigny for fruitful discussions. The research of
D.-V. Vu is partly funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)-
Projektnummer 500055552. The research of Duc Thai Do is supported by the ministry-level project B2022
- SPH - 03.
Funding Open Access funding enabled and organized by Projekt DEAL.

Data Availability There is no data associated to this paper.

@ Springer



Volume of Components of Lelong Upper-Level Sets Page 130f 14 303

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bedford, E., Taylor, B.A.: A new capacity for plurisubharmonic functions. Acta Math. 149, 1-40
(1982)

2. E. M. Chirka, Complex analytic sets, vol. 46 of Mathematics and its Applications (Soviet Series),
Kluwer Academic Publishers Group, Dordrecht: Translated from the Russian by R. A. M, Hoksbergen
(1989)

3. Coman, D., Marinescu, G., Nguyén, V.-A.: Holomorphic sections of line bundles vanishing along
subvarieties. arXiv:1909.00328, (2019). to appear in Indiana Univ. Math. J

4. Darvas, T., Di Nezza, E., Lu, C.H.: Monotonicity of nonpluripolar products and complex Monge-
Ampere equations with prescribed singularity. Anal. PDE 11, 2049-2087 (2018)

5. Darvas, T., Di Nezza, E., Lu, C.H.: Log-concavity of volume and complex Monge-Ampére equations
with prescribed singularity. Math. Ann. 379, 95-132 (2021)

6. Darvas, T., Di Nezza, E., Lu, H.-C.: The metric geometry of singularity types. J. Reine Angew. Math.
771, 137-170 (2021)

7. Darvas, T.D., Xia, M.: The volume of pseudoeffective line bundles and partial equilibrium.
arXiv:2112.03827, (2021)

8. Demailly, J.-P.: Complex analytic and differential geometry. http://www.fourier.ujf-grenoble.fr/
~demailly

9. Demailly, J.-P.: Regularization of closed positive currents and intersection theory. J. Algebraic Geom.
1, 361409 (1992)

10. Demailly, J.-P.: A numerical criterion for very ample line bundles. J. Differential Geom. 37, 323-374
(1993)

11. Demailly, J.-P.: Regularization of closed positive currents of type (1, 1) by the flow of a Chern con-
nection. Contributions to Complex Analysis and Analytic Geometry (1994). https://doi.org/10.1007/
978-3-663-14196-9_4

12. Demailly,J.-P.: Analytic methods in algebraic geometry. Surveys of Modern Mathematics. International
Press, Somerville (2012)

13. Dinh, T.-C., Sibony, N.: Equidistribution towards the Green current for holomorphic maps. Ann. Sci.
Ec. Norm. Supér. 41(2), 307-336 (2008)

14. Dinh, T.-C., Sibony, N.: Density of positive closed currents, a theory of non-generic intersections. J.
Algebraic Geom. 27, 497-551 (2018)

15. Do, D.T., Vu, D.-V., Monge-Ampere, Complex, equations with solutions in finite energy classes.
arXiv:2010.08619,: to appear in Math. Res. Lett. (2020)

16. Huynh, D. T., Kaufmann, L., Vu, D.-V.: Intersection of (1,1) -currents and the domain of definition of
the Monge-Ampere operatorHuynh, Dinh Tuan; Kaufmann, Lucas; Vu, Duc-Viet Indiana Univ. Math.
J.72(1), 239-261 (2023)

17. Kaufmann, L., Vu, D.-V.: Density and intersection of (1, 1)-currents. J. Funct. Anal. 277, 392-417
(2019)

18. Meo, M.: Inégalités d’auto-intersection pour les courants positifs fermés définis dans les variétés
projectives. Ann. Scuola. Norm. Sup. Pisa. CI. Sci. 26(1), 161-184 (1998)

19. Parra, R.: Lelong numbers on projective varieties. Ann. Fac. Sci. Toulouse Math. 6(20), 781-800
(2011)

20. Siu, Y.T.: Analyticity of sets associated to Lelong numbers and the extension of closed positive currents.
Invent. Math. 27, 53-156 (1974)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1909.00328
http://arxiv.org/abs/2112.03827
http://www.fourier.ujf-grenoble.fr/~demailly
http://www.fourier.ujf-grenoble.fr/~demailly
https://doi.org/10.1007/978-3-663-14196-9_4
https://doi.org/10.1007/978-3-663-14196-9_4
http://arxiv.org/abs/2010.08619

303 Page 140f 14 D.T.Do, D.-V.Vu

21.

22.

23.

24.

25.

Taflin, J.: Equidistribution speed towards the Green current for endomorphisms of PK. Adv. Math. 227,
2059-2081 (2011)

Vigny, G.: Lelong—Skoda transform for compact Kihler manifolds and self-intersection inequalities.
J. Geom. Anal. 19, 433451 (2009)

D.-V. Vu, Densities of currents on non-Kéhler manifolds. doi:10.1093/imrn/rnz270. Int. Math. Res.
Not. IMRN

Vu, D.-V.: Density currents and relative non-pluripolar products. Bull. Lond. Math. Soc. 53, 548-559
(2021)

D.-V. Vu, Loss of mass of non-pluripolar products. arXiv:2101.05483, 2021

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2101.05483

	Volume of Components of Lelong Upper-Level Sets
	Abstract
	1 Introduction
	2 Proofs of Theorem 1.1 and Its Consequences
	Acknowledgements
	References




