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Abstract

In this paper, we study the Morse index for the d-energy of a non-holomorphic disk
in a strictly pseudoconvex domain in C" or in a Kdhler manifold with non-negative
bisectional curvature. We give a proof that a 3-energy minimizing disk is holomorphic;
in fact, more generally we show that a non-holomorphic critical disk for the 3-energy
has Morse index at least n — 1. We also extend the result to domains which satisfy the
weaker k-pseudoconvexity property for k > 2.

1 Introduction

In this paper, we study the Morse index of a free boundary surface in a pseudoconvex
domain in C". We consider those maps, which we call 9-harmonic that are critical
points of the d-energy on the space of maps from unit disk D to a pseudoconvex domain
N such that the boundary d D is mapped into the boundary d N. As an application, we
show that any minimizing 8-harmonic map from the disk to a strictly pseudoconvex
domain is holomorphic. Combined with existence theory, the study of the Morse index
can provide a powerful tool in studying the topology of pseudoconvex domain in C".
We also extend the result to any strictly pseudoconvex domain in a Kédhler manifold
with nonnegative bisectional curvature. In [10], Siu-Yau proves the Frankel conjec-
ture, which states any compact Kéhler manifold with positive bisectional curvature is
biholomorphic to complex projective space. Their holomorphicity theorem plays an
important role in the proof.

Theorem 1.1 ( [10]) Suppose M is compact Kédhler manifold with positive holomor-
phic bisectional curvature. Let f : P! — M be an energy-minimizing map. Then f
is either holomorphic or anti holomorphic.
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We remark that in the Kéhler case, there are three different energies, the g-energy,
the d-energy, and the full energy. For closed surfaces or surfaces with a fixed boundary
curve, these energies are equivalent and have the same critical points with the same
Morse indices. The situation for the free boundary condition is quite different. In this
case, the critical points, when the domain is the unit disk, are always minimal surfaces,
but the boundary conditions are different. For the full energy, the boundary condition
is the usual free boundary condition which says that the surface meets the boundary
orthogonally (the outer unit normal of the surface is normal to the boundary of the
domain). For the 9-energy, the boundary condition says that sum of the outer normal to
the surface plus the complex structure J applied to the tangent vector to the boundary
is parallel to the normal to the boundary of the domain (see Sect. 2.1). For the d-energy
the boundary condition would have the sum replaced by the difference.

We extend the holomorphicity theorem to a free boundary disk in a pseudoconvex
domain in terms of the Morse index of 9-harmonic map. The main result of this paper
is the following.

Theorem 1.2 Let D be a unit disk and N be a strictly pseudoconvex domain in C".
Let f : D — N be a smooth map, with f(dD) C dN. Suppose f is critical point of
the d-energy. If f is not holomorphic, then f has Morse index at least n — 1 for the
3-energy. In particular, if f is stable for the d-energy, then f is holomorphic.

The key point in our proof is the construction of holomorphic variations that give
negative values in index form. The holomorphic variations then gives a lower bound
on the index. In the second section, we derive the complex version of the second
variation formula of 3-energy and give the condition on being an admissible variation.
We then construct holomorphic variations and prove the main result in Sect. 3. In [3],
Fraser gave the index estimate and instability theorem for minimal disk in k-convex
hypersurface in Riemannian manifold. We generalize the concept of pseudoconvexity
and define k-pseudoconvexity that is analogous to k-convexity in real manifolds in
the last section. We then give index theorem for the weaker boundary condition k-
pseudoconvex and also in the case of pseudoconvex domain in Kihler manifold with
positive bisectional curvature since the construction of holomorphic variations can
also be adapted in such cases.

To illustrate the theorem and show that the hypotheses are necessary, we give several
examples. First we give an example of a non-holomorphic critical disk for the 3-energy
in a strictly pseudoconvex domain. We also give an example of a stable critical disk
for the full energy (free boundary disk) in a strictly pseudoconvex domain which is
not holomorphic. Further we give an example of a holomorphic free boundary disk
in a strictly pseudoconvex domain which is unstable for the full energy. Finally, we
give an example of a critical disk for the 9-energy in a weakly pseudoconvex domain
which is stable. This shows that the strict pseudoconvexity assumption is necessary in
Theorem 1.2.

We also define the notion of a strictly k-pseudoconvex domain for integer k >
1. This means that the trace of the second fundamental form on any k-dimensional
complex subspace tangent to the boundary is positive at each point of the boundary.
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Theorem 1.3 Let D be the unit disk and N be a strictly k-pseudoconvex domain in
C". Let f : D — N be a smooth map, with f(dD) C dN. Suppose f is a critical
point of the d-energy. If f is not holomorphic, then f has Morse index at least n — k
for the 3-energy.

For the case k = 1, the domain is strictly pseudoconvex and the above theorem
coincides with theorem 1.2.

2 Preliminaries

Definition 2.1 (Levi Pseudoconvex) Let 2 cC C” be a domain with C? boundary.
Let p : C" — R be defining function for €. The domain Q = {z € C" : p(z) < 0} is
strictly Levi pseudoconvex if for every point p € 0Q2

5 o
_(P)w,wk >0
et dz;dzx

for all w € C" that satisfy

It is equivalent to saying that (Vy/V,v) < 0O for any V in holomorphic tangent
bundle on d€2 that satisfies V (p) = 0, where v is outward unit normal to 92

Now suppose D is a unit disk in C and N is a strictly pseudoconvex domain in C”
and their metric are g and & respectively. Let f : D — N be a smooth map. We define
the partial energies as follows.

Definition 2.2 (d-energy and 9- -energy) Inlocal holomorphic coordinate { f, LM
on N and {w} on D, the pointwise d-energy of the map f, |3 f|?, is defined by

LA
do do  *P

and we define the d-energy E”(f) to be f D |8 f|>dA where dA is volume form of

3. It can be observed that f is holomorphic if and only if E”(f) = 0. Similarly, the
pointwise d-energy E’(f) of the map f, |3 f|?, is defined by

dfedrE
—— =Ry
do do

and the d-energy E’(f) is defined by fD 10 f1> dA.
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From the definition, the energy E (f) of the map f is, therefore, equal to E'( f) +
E"(f). The pullback of the Kihler form of N under f is

— dfredrp aqfp
\/—lhalgdf"‘/\dfﬁzx/—lha/g f L df f do A do
do dw do dw

and hence, the difference of the partial energies,
E'(f)-E"(f) = / V=Thapd f* A dfF = / frol
D D

A. Lichnerowicz proves that the difference of the partial energies is homotopy invariant
on compact manlfolds (without boundary). In fact If fi : D — N isafamily of smooth
maps, then < afio o™ = d(fi(v)w) where v = d[ Therefore, the E'(f) — E"(f) is
constant when f; have fixed boundary.

2.1 The First and Second Variation Formula

Let f; : D — N be a family of smooth map, with f(dD) C dN.LetV = %b:o €
I'(f*TN) be the variation vector field and z = x + iy be holomorphic coordinate on
D. The first variation of d-energy of f with real variation field V is given by

d "oy df f f
d—t|l=0E (f)—/<V Vdd—>dx/\dy+/ <V d—+Jd9>d9

We say that f is harmonic if V rl d = 0. Then for any harmonic map f, it is critical

point of d-energy if and only 1f df +J d—f = v for some function A, where v is
outward normal to dN.

The second variation of d-energy along the smooth variation f; with variation field
V gives a symmetric bilinear index form:

I(V,V) = |:/ [VV ]2 = (R(V), V)dx /\dy—i-/

+ /aD <JV% v, V> de]

The norm of VV is given by

daf o df
<Vvv d + ]@>

b @.1)

IVVIP =(Va V. VaV)+(VaV,VaV)

and the endomorphism R on vector bundle f*T N is defined by

R(V) =R (V —f> df | (v, ﬂ) df
d dx dy /) dy
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The index of d-energy of f is defined by the maximal dimension of subspace of
I'(f*TN) in which the index form in (2.1) is negative definite. Now consider the
complexified pull back tangent bundle f*7T N ® C. The metric extends to f*TN ® C
as acomplex billinear form (, ) or aHermitian inner product ({, )). Andthe connection
V extends to a complex linear connection on f*TN ® C. In complexified pull back
tangent bundle, the vector ﬁeld w111 be a useful indicator in determining whether

asection V e T(f*TTON) is a var1at1on vector field to a harmonic map f that is
critical to d-energy.

Proposition 2.1 Let V € I'(f*TN), f : D — N be a map which is critical to 9-
energy. Let W =V —i J V. Then 'V, JV are variation vector field along deformation

of f if and only zf<< s >> —0.

Proof On the boundary 9D, —; =« (d—f +1i %) for some complex valued function

«. Then
df df 1,0 df de 7 df de
(54_—) 2|:< + @)_l (54_ @)]

Lo —iaw
=—(Ww—iJv
2

In the last equality, we use the fact that df +J55 df = Av for some function A as f is
critical point to d-energy. Then

G- () )
=<<V_”V’%(v—i1v)>>

= AV, v) —i (JV, )]

Therefore, V, JV are variation vector fields if and only if << Z )> =0 O

The index form /(V, V) extends to a Hermitian symmetric bilinear form on
f*TN ®C,

1 d
1<v,v>=5[/2||VV||2—<<R(V>,V>>dA+/ vy, 3 4 1440

s ar a0
+ /32 (<JV% v, V>> de}.

Following the calculation in [7],

@ Springer



271 Page60of18 C.F.Chau

Lemma 2.2 IV is a variation vector field to f, then

I(V,V) =2/ ||V%V||2 —<<R (v, C;—f> ﬂ, V>>dx/\dy
D z z ) dz
1 —df df
*z/w«vvvﬂ”@»d@
i )
—E/BD(<V%V+ZJV,V>> 6

Proof By direct computation,

1
IV VIP+ IV VIP = S[IVa VIZ+ 190 V7]
az az 2 dx dy

and

df\df
(e () 5 )+ (e
=3 e (-5 S v () &)
2 dx / dx dy y
Then we have
_ 2 2 _ dfy) df
I, V)—_/DIIVd%VII +|IV%VII <<R<V, dz) dZ’V>>
df\ df 1 — df df
()L e noy 2 [ {57 4 s o

+ %/w <<JV% v, V>) d6

(2.2)

As we have

IVa V>
dz

Il
A~
<

Bl
=
<
Q—‘o_
<|
~—

<

&le

_ df df
VaV,V)—(R(—, —
z dA )= ( (dz dz

— d — ) df df —
V.,V ——(VaV,V])+|Va V|| =({R|—=,— | V,V)),
dz az az dz dz

W, V)

|
<
&=

N /z\ /N &
&=
=
<
—— N—— N——
|
—
<
:‘—‘;_

Sle Rle &l=
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using this in (2.2), we get

1vovy= [ 2avevir+ L (vav.v) - L (vev.v
(,)—/DH%IlJFd;(d%’) Fz(%’)
df df dfy) df
e 0y ) ) )
df\ df ! v.Y Y
(v @) ooy [ {vev G o5 o

+ % /w <<JV% v, v»de.

By Stoke’s theorem,
/ 4 (vd V,V) _ 4 (vd V,V) - —i/ <<vd v, V>> ds
Ddz dz dz daz 2 oD a8
and Bianchi identities
df d df\yd d d
— R _Jj,_f V7V — R V7_‘}j _f’V — R _f’V _‘]_C’V ,
dz ' dz dz ) dz dz dz
we finally have the equality
df\d
I1(V, V):Z/ IVa V> = ((R V,—f —J_C,V dx Ady
p @ dz ) dz
1 — df df 1/
— VyV,—+J—)) d0 + = JVaV, V) do
+2/3D<< ASrmag d9>> T3 3D<< @ )>

~5 [, (g vv)) e

1V, VI? - <<R <v, ﬂ) df V>>dx Ady

Il
o

dz ) dz’

O

From the formula and Proposition 2.1, index form would take negative values for any
section V of f*T(l’O)N satisfying <<V, %» = (0 and V% V = 0. For those sections,

the last term vanishes as it is in f*7 (%9 N. The curvature term also vanishes as the
metric is flat in C”. The remaining terms would be negative because of pseudocon-
vexity.
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3 Genus Zero with Single Boundary Component

In this section, we prove conformality theorem for the critical points of d-energy by
changing the metric on the disk D. As a consequence, it gives the direction of 3 +J i—g
in first and second variation formula. We then give the construction of holomorphic
variations and index theorem for 9-energy.

Proposition 3.1 If f : D — N is critical to 9-energy, then f is harmonic and weakly
conformal. Moreover, we have boundary condition that d{ +J57 f = Av for some
nonnegative function A on the boundary 0X.

Proof By the first variation formula, if f is a critical point of 9-energy, then

3 df df df
o_/D<v vdd—> dx/\dy—}-/ <v d—r+1d—9> do

where V is a variation vector field on X. If we choose V with compact support on
¥, then the boundary terms is zero and || D (V Vad —Z> dx Ady = 0 for any V with

compact support. This implies V ! — =0on D and hence f is harmonic.

Now suppose that we change the metrlc on the disk instead of varying the map f.
Let g = § 4+ ¢T be the metrics on the disk for small time ¢, where T is arbitrary
symmetric two tensor. For each ¢, by uniformization theorem, there exists a conformal
map h; : (D, 8) — (D, g;). Since the total energy is preserved by conformal mapping,
wehave E(foh;,8) = E(f, g).Onthe other hand, E(f oh;, §) = %E”(foh,, 8)—
%a)(N )[f(D)]. Since the pull-back Kihler form is diffeomorphic invariance under
fixed boundary, it gives

i | = (f ) - 1 | = ! " (f )
/ t=0 t P t=0 ) t
As f is a critical pOiIlt of 8-energy, we then have

d d
0= li=0E (f 0, 8) = T li=0E(f, &)

= —/ tr(AT) + ltr(A)tr(T) dx Ady
D 2

df df\[df df
where 77 (M) is trace of M and (A;;) = ;l;’ g; 3;7 g'; . Letting T = A into

dx’ dy dy’ dy
the formula, it give A = nl for some positive function 7. Therefore, f is weakly
conformal.
Next from the first variation formular, we have df +J i{; = v for some function
X on the boundary dX. We are going to show that A is nonnegative. Take the inner
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product w1th - on both sides, we get

Po[,4r df\_ (df
+ - V).
d9 dr dr
By the conformality of f, we have | T | =| df |. And hence

df
0 < )\.<5, U>

As the image of D is inside the region N, <%, v> is non-negative. Therefore, X is also

f
dr

non-negative. O

The index estimates is based on the construction of (1,0) holomorphic sections.
Any such sections would give negative values on the index form. The construction
is divided into two part. The first one is the existence of at least 2n holomorphic
sections which are real on the boundary. We use the technique in [2] to show the
existence considering a system of partial differential equations. The difference is that
we consider the pullback tangent bundle f*TN ® C instead of the normal bundle
so that 2n would be the lower bound. The second part is the construction of (1,0)
holomorphic section using those 2n holomorphic section.

3.1 Holomorphic Sections

The bundle f*(T N) over D is topologically trivial and, therefore, admit global basis
S1, ..., 82, Where n = dimcN. Any section of f*TN ® C can be written as W =
lei L f Is;, where f' are complex valued function. By Malgrange theorem, f*7T N ®C
admit a holomorphic structure and dW = VzWdz.

Let 3s; = a;jsj, where a;; is (0,1) form. We are looking for section W satisfies

W =0 onX
Im W =0o0ndx

The corresponding system of partial differential equations is

2n
afi _,_ijaji = 0 for allionD
j=1 .
Im f* =0 ondD

Consider the operator A : V — L? . 1)(E) defined by
2n
(Af)i=0f"+> ajif!
Jj=1
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where V = {f € H'(Z,C" | Im f =0 on d%} and L%O 1)(Z) is the space
of (0, 1)-form on ¥ in L? class. Any element in the kernel of A corresponds to
holomorphic section that is real on the boundary and we have the following lemma in
estimating the dimension of solutions space.

Lemma 3.2 (cf.[3]) The operator A is Fredholm operator and the index of A is 2n. It
follows that the dimension of (W € T'(f*(TN)® C) : aW =0 onX, Im(W) =
0 ondX} is at least 2n over R.

Proof It follows from the index estimation of the operator A in ( [2], [3]). In our case,
we consider the domain in H' (X, C") instead of H! (X, C"~2) O

3.2 Index Estimates

We now prove the index theorem using those holomorphic sections in Lemma 3.2. Let
Wi, ..., Wz, be linearly independent solution over R to lemma 3.2. Since (W;, W)
is holomorphic function on ¥ and real on the boundary, it is real constant over X.
Moreover, if W; is zero on the boundary, W; is zero over X as it is holomorphic.
Apply rescaling and rotation if necessary, we then select a subset {W;,, ..., W; } of
{Wy, ..., Wa,}suchthat {W;, JW;, ..., W; , JW; }isaorthonormal basis of f*T N
on the boundary

Lemma3.3 Let V,~j = W,']. — iJWij. Then we have the following:

(1) Vi, is non vanishing except finitely many points.

(2) Vi, ..., Vi, are linearly independent over C.

Proof By the construction, Vdi Vi, = Vdi Wi, — l'JVd% Wi, = 0, so it is holomorphic

section over X.

(1) Vi; # Oontheboundary since W;; is real and nonzero on the boundary. Therefore,
Vi; only has finitely many zero points over X since it is holomorphic by the
construction.

(2) Suppose 22:1 cViy, = 0, cx = ug + ivg are complex numbers. Then on the
boundary,

n
>k + ive) (Wi, —iTWi) =0
k=1
Considering the real part of the equation, we have

wWy +vJW;, =0.

We must have uy = vy = 0 for all k since {(W;,, JW;, ..., W; , JW; }is basis on
the boundary
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Now we are ready to prove the index theorem.

Proof of Theorem 1.2 By Lemma (3.3), we have a linearly independent set {V;,, ...,
Vi, } over C and each V;; is holomorphic section of the holomorphic tangent bundle.

By the assumption f is not holomorphic, then df 1s not vanishing over . We

have <<V,-k, %» not identically zero for some k since {W;,, JW;, ..., W; ,JW,; }

is a othornormal basis on the boundary. Then we define U; = <(V,-k, %» ‘/ij —

<<Vl/, d{» Vi, for each j # k. U; is orthogonal to d—f with respect to ({, )), so

Re(U;) and Im(U}) are variation vector fields by Proposition (2.1). And by lemma
2.2,

df d
I(Uj,Uj)ZZ/DIIVd%UjIIZ—<<R(U~,d—f)d—§,Uj>>dx/\dy

1 df f i )
- Vo, U5, <=+ 755 ao - £ <<V U; JU-,U->> o
+2/8D<< Py T d9>> 2/8D RO

AsV 4 U; = 0and U, is a section of the holomorphic tangent bundle, the only nonva-
nishing term is <<VU/.U_, af + de>> By proposition 3. 1, qr + J = Mv for some

nonnegative function A on the boundary and hence we have <<VU i U_, df + J >> <0

by the pseudoconvexity. Then 0 > I(U;,U;) =1 (Re(Uj), Re(Uj)) + I(Im(Uj),
Im(U j)). Hence either Re(U;) or Im(U;) would give negative value in index form
1(-, ). Moreover, {V;,, ..., V;,} is linearly independent over C, so is {U} j««. There-
fore, the index is at least n- 1 O

4 Extension to Kahler Manifold with Positive Bisectional Curvature,
k-pseudoconvex

4.1 k-pseudoconvex

A compact hypersurface M in Riemannian manifold is k-convex if for each point
p € M, the trace of the second fundamental form IT with respect to inward normal
restricted to any k plane of T), M is positive, i,e

Try(Il) >0

for any k-dimensional subspace U of T,M. We can define k-pseudoconvex in an
analogous way. Suppose now that 2 = {z € C" : p(z) < 0} is a compact domain
with C? boundary in C" or Kihler manifold with positive bisectional curvature. For
each point p on the boundary, we denote W), the subspace of holomorphic tangent
space such that V (p) = 0 for any V € W. The second fundamental form IT extended
linearly give a Hermitian form on each W,
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(X, Y)=—(VxY,v)
where v is unit outward normal to 9%2.

Definition 4.1 (k-pseudoconvexity) The domain Q is strictly k-pseudoconvex if for
every point p € 92,

Try(IT) >0

for any k-dimensional subspace U of W),

In the construction of holomorphic section, we obtain n — 1 holomorphic variations.
And that provides a general index theorem in k-pseudoconvex domain.

Theorem 4.1 Let D be unit disk and N be strictly k-pseudoconvex domain in C". Let
J i+ D — N be a smooth map, with f(dD) C dN. Suppose [ is critical point of
d-energy. If f is not holomorphic, then f has index at least n — k for the d-energy.

For the case k = 1, the domain is pseudoconvex and the above theorem coincide
with theorem 1.2.

Proof We define Uy, ..., U,_ as the holomorphic variations in the proof of theorem
1.2. As {Uy, ..., U,—1} is linearly independent over C, for any point p on 9€2, any
{Ui,, ..., Uy} with 1 <ij < ... < i < n would span a k-dimensional subspace of

Wp,. Then by k-pseudoconvex,

k k
jZ::l](Uij, Ui;) = ;/Z;D <<VUl.jU_,-j, v>> <0

Therefore, there is at least one j, 1 < j < k such that / (U,-j, U,-j) < 0 and the index
would be at least n — k. |

4.2 Positive Bisectional Curvature
In C", the metric is flat and the curvature vanishes in the formula of index form.
However, We can extend the theorem 1.2 to a Kédhler manifold M with nonnegative

holomorphic bisectional curvature,

Definition 4.2 (Holomorphic Bisectional Curvature) Let X, ¥ be two unit tangent
vector at a point in M. The holomorphic bisectional curvature is defined as

BHR(X,Y)=R(JX,X,Y,JY) =R 7. 1,8)
where & = Y2(X —iJX) and y = Y2(Y —iJY).
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From the formula in lemma 2.2, the curvature term is holomorphic bisectional
curvature when V is a section of f*7 (10 N'. And the construction of (1,0) holomorphic
variation can be done on any Kéhler manifold. Therefore, we have index theorem on
pseudoconvex domain in Kéhler manifold with nonnegative holomorphic bisectional
curvature.

Theorem 4.2 Let D be adisk and N be a strictly pseudoconvex domain in n-dimension
Kdihler manifold with nonnegative bisectional curvature. Let f : D — N be a smooth
map, with (D) C dN. Suppose f is critical point of d-energy. If f is not holomor-
phic, then f has index at least n-1 for the 3-energy.

Proof Let U; be the holomorphic variations constructed in the proof of theorem 1.2.
Then by lemma 2.2,

uy=2f - VAT
100 =2 [ (0. 2) 2.0 Jox s

1 —df  df
+§/BD<<VUjU-,E+J@>>d6

. 0,1 (1,0)
sinceU; € (@O, (R (v, ) 5, u)) =((R (v £77) £ 0y
which is holomorphic bisectional curvature and hence nonnegative. Therefore,
I(U;,Uj) <0. O

5 Minimal Disks in Pseudoconvex Domain in C2

In this section, we discuss examples of free boundary minimal disk for energy and
9-energy in pseudoconvex domains in C2. We identify C> = (z1,z2) as R* =
(x1, x2, ¥1, y2) with the usual almost complex structure J such that J % = diyi for

i = 1,2. The domain M = {(x1, x2, ¥1, ¥2) | x12 +)c22 < 1} is a strictly pseudoconvex
domain in C2. The first example is a stable disk for energy but not for d-energy. Let
f1: D — M be a map defined by

filx,y) =(x,y,0,0)

f1 does not minimize the 3-energy as there is a continuous deformation of f to a holo-
morphic disk f>(x, y) = (x, y, y, —x) which is given by F;(x, y) = (x, y, ty, —tx)
and the 3-energy is decreasing as ¢ increase. That deformation also shows that f] is not
even a critical point of -energy. To see that f is a stable free boundary minimal disk,
consider the projection 7 to the first two coordinate (x1, x3). Any surface homotopic
to f1 in M would be mapped to a unit disk in R? and the energy of f; is same as the
area of the unit disk. Since the image has smaller area under the projection and the
energy is always greater than or equal to the area, f] therefore minimizes the energy. A
holomorphic disk in pseudoconvex domain does not necessarily minimize the energy.
As mentioned above, f> is a holomorphic disk and hence minimizes d-energy, but f»
does not minimize the energy as it has larger area than fj.
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The next example is a critical point for d-energy that is not holomorphic. Let
M = {(x1,x2, y1, y2) | xf + x% + yl2 + y% < 1} be a unit ball in R*. It is a strictly
pseudoconvex domain since it is convex. Let f3 : D — M be defined by

f3(-x! y) = (.X,O, _yvo)

On the boundary of the disk, the outward unit normal to M at (x,0, —y,0) is
(x,0,—y,0). And

dfs dfs
— 4+ J— =2(x,0, ,0
& + 0 (x,0,-y,0)

which is parallel to the outward unit normal. Moreover, f3 is harmonic. By the first
variation formula of 3-energy, f3 is a critical point of d-energy. But f3 is not holomor-
phic and also not minimizing the d-energy. Moreover, f3 is unstable for both energy
and 9-energy.

Finally, we will give an example of a stable free boundary disk for d-energy in
a weakly pseudoconvex domain. It illustrates that strictly pseudoconvex condition
is essential to the instability of critical points of d-energy. Let M be the domain
{(x1, x2, y1, y2)|(x1 — y2)2 + (x2 + y1)2 < 1} which is weakly pseudoconvex and
f4 : D — M be a map defined by f4(x,y) = (x, —y,0,0). Since df“ + de“ =
(x, —y, —y, —x) that is parallel to the outward normal to dM and f4 1s harmomc
fu is a critical point of 3-energy. We will prove the stability of f4 in d-energy by
starting with construction of deformation of f4. Let o, ¢, ¥, n be smooth function on
D with 0 = 0 on dD. Using spherical coordinate x = r cosf, y = r sin 6, we define
a continuous deformation of f4 by

Fi(r.0) = ((1 + to)rcos(8 — ty) + rcosf ., —(1 +to)rsin(@ —te) —rsinf n,
2 2
—(1 +to)rsin(@ — tp) + rsin6 —(1 +to)rcos(@ —tp) +rcosd )
— 1, + 1y
2 2
Then $tli—o = § 0, =y, =y, =0 +§ (0, %, x, =) +¥/(1,0,0, ) +75(0, 1, ~1,0).

As {(y, x,x,—y), (1,0, O 1), (0, 1, —1, 0)} are orthogonal basis to tangent space of
dM at the boundary of the diskando = Oon 9D, F, ! is a valid variation of fa for small
t.The 3- energyothist|8F,|2 fD|dF’ dF’ 2. Using & =cosf& —Lsing L

and ddv = sm@ -+ cos@de,we then have
dFt—(l+A+t1ﬂ B+t B , I_A—i—ttﬂ)
dx = 3 X Nx» ) Nx, 3 X
and
dF; C D—1 D+ 1 -C
— ==+ 1Yy, —— + 10y, —— —tny, — +1
d (2+¢y y Tt Ty + 1)
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where

d d
A= (1+4to)cos(tg) + (1 + to)rtcosh sin(f — t(p)d—(p + rt cos 6 cos(f — tga)d—a
r r
(1 + o)t sin @ sin(® — 1)L — 1 5in 0 cos(@ — 1¢) 2
— sinf sin(0 — tp)— — ¢ sin6 cos(@ — rp) —
7 e Y ST
. de . do
B =(1+to)sin(tp) + (1 +to)rtcosb cos(d — t(p)d— —rtcosfsin(@ — tgo)d—
r r
(1 + 1)t 5in 0 cos(0 — 19) 2 + 1 5in 0 5in(0 — 1)
— o)t sinf cos(@ — rg)— sinf sin(0 — tp) —
740 ST
. . . do . do
C =(1+4to)sin(ty) + (1 4+ to)rtsinf sin(f — t<p)d— + rtsinf cos(60 — t(p)d—
r r
+ (1 + 10)r cos 0 sin(0 — 10) 2 + £ cos 0 cos(® — 19) 2
o)t cos B sin(@ — ro)— cos B cos(f — tg)—
T ST
. do . . do
D = —(1+4+to)cos(ty) 4+ (1 +to)rtsinf cos(d — t(p)d— — rtsin®sin(6 — t(p)d—
r r

4 (14 10)1 cos 8 cos® — 10) L — 1 cos 6 sin(@ — 10) 2
O )l COSU COS — — — [ COS U S1In — —_—
40 930

Therefore,
dF, dF, JE F F -
a +J@ = (E +[1//x +ll’]y7 E + 1y —l‘ll/y, 5 — Ny +[1//y, T +fl//x +“7y)

where

. de do de
E =21 +to)cos(tp) — (1 +to)rtsin(te)— + rtcos(to)— — (1 +to)t cos(tgp) —
dr dr do
¢ sin(r )do
— tsin —
T

. do . do . de
F =2(1 +to)sin(te) — (1 +to)rt Cos(t(p)d— +rt s1n(tg0)d— — (1 +to)t sm(tq))@
r r

¢ cos(r )do
+ £ cos 25
Then
2 2
Vo P (E iy vmy) + E v — ) + (Z im0y
dx dy =\2 x My ) Tx y ) Tx y
_E 2
+<T+ﬂﬂx+tr)y>
EN* [(F\? s 5
=2((5) +(3) + v +m)?+an —1v)h)

1
= E(E2 + F2) 4+ 202 (Y 4 ny)? 4+ 202 — ¥ry)?
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And
2 2 2 2 do 2. do
E“+ F-=4+48tc +4t°c -|-4(1+ta)rtd——4(1+tcr) t@
r
1+ 10yt 32 4,99 2+ 87 (1 4oy ’
O'}"— - rt— — o)l —
dr do dr do
Since

2 2 do ol 2 2 2 do
8to +4t°c” +4(1 + to)rt— = 8rto +4rt“o” +4(1 +to)r“t— drdé
D dr 0 0 dr

2 1 d
:/ —(4r2w +2r21202) drdé
0 o dr

= O7

we have

dF; dF,

g (4 41 +10)? t +z ((1+ta)r—+—)

dy D2
P20 g to)—>2) + 222+ 0y)? + 23010 — )
dr deo ’

and g f D |dF L dF =L |2 = 0 which agrees the fact that f4 is critical point of

5—energy. We then compute the second derivative of 9-energy at r = 0,

dF, dF, de dp do do do
_ 85— oy - _r
z()/| | /D d9+<d+d9) +(dr d9>

+ 4y +0y) 4y — y)?

dr?

The first term on the right hand side can be rewritten as follow

2
/ —80— / / —8r0—drd9

m d d do d d?
/ / —4r20—(p + 4r2—0—(p + 4r20—(p drde
do dr d6 drdo

2
do d do d
=ff 425050 4280 %% 449
0

dr d6 de dr
Therefore,
d2 dF, dF, dp do\? do  dp\?
— /I—’+J—’|2=f P2 20) (242
dt< =0 Jp dx dy p\ dr df dr  do
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+ 4y 4+ ny)? + 401x — ¥y)?
>0

Hence f is stable for any variation V = %(x, -y, —y, —Xx) + %(y, X, x,—y) +
¥(1,0,0,1) + n(0, 1, —1,0). Now we are going to show that f; is stable to any
arbitrary variation V. Suppose that f is unstable to a variation V. Let € > 0, p. be a
radical symmetric smooth function on the disk D such that p. = 0 on B.2(0), pc = 1
on D\ B.(0) and |d'05 | < Tine] lne\ Then f4 would be stable to the variation p. V. From

the second variation formula of 3-energy given by the index form,

1
0<I(peV.pV)= 5[/ (vi(pGV),vi(pev)>+<vi(pév),vi(pév)>dx/\dy
D dx dx dy dy
d d

+/ <v v, —f+J—f>+<JVAV,V> de]

oD a6

dpe
/ IV ol PIVIZ + 20 L (v, 9 4 V) +
d 2

+2pe—— & v, VdV + p2IVV]? dx A dy
+/ vy V, —f+J—f +IVaV, V)de]

aD dr do
1
5 [ IV e IPIV 12 + 40 IV pe IV IV V| dx/\dy]+I(V V)

<[ [ 190l + 4pe¥pel] + 10V, V)

where the constant C depends on ||V ||, |[VV . Then

2 1
/ IV pell? =/ / IV pel|?r drdo
D 0 0
2w € 1
5/ / drdé
0 Jerlnel?
C

“|Ine|

and

27 € C
f 401V pell < / / drdo
» o Jo Tinel

Ce

<
|Ine€|
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Therefore,

1
0<c + )1V
|[Ine|  |Ine|

Letting € to 0, we have 7(V, V) > 0 and contradiction arises. Therefore fy is a stable
critical point of 9-energy.
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