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Abstract

In this article, we consider the length functional defined on the space of immersed
planar curves. The L?(ds”) Riemannian metric gives rise to the curve shortening flow
as the gradient flow of the length functional. Motivated by the vanishing of the L?(ds")
Riemannian distance, we consider the gradient flow of the length functional with
respect to the H L(ds?)-metric. Circles with radius rq shrink with r (1) = /W (e€—2")
under the flow, where W is the Lambert W function and ¢ = rg +log rg. We conduct a
thorough study of this flow, giving existence of eternal solutions and convergence for
general initial data, preservation of regularity in various spaces, qualitative properties
of the flow after an appropriate rescaling, and numerical simulations.
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1 Introduction

Consider the length functional:
£y = [ [/ M)

defined on Imm!, the space of (once) continuously differentiable curves y : S! — R?
with |p’| # 0. The definition of a gradient of £ requires a notion of direction on Imm!,
that is an inner product or more generally a Riemannian metric (-, -). The gradient is
then characterised by d £ = (grad L, -).

To calculate the (Gateaux) derivative d.£ take a variation y : (—¢, €) x S! — R2,
0:¥ l.—o = V and calculate

050, Y, 0
d,/;yV:/ (0eduy, Buy) ;.
Sl

c c
= —/ (T, V)ds” = —/ k(N,V)ds"
[0u | e=0 0 0

B @

Here the inner product is the Euclidean one, u is the given parameter along y =
(x,y), s is the Euclidean arc-length parameter with associated arc-length derivative
ds = |8, 19, and measure ds” = |3,y |du, T = (x5, ys) is the unit tangent vector,
k the curvature scalar, and N = (—ys, x;) is the normal vector.

As for the inner product or Riemannian metric in Imm!, there are many possibilities.
For instance, we might choose either of

(v, w);2 :=f (v, w)du, or
Sl

)iz = [ ow)ds” = [ o)yl

for v, w vector fields along y. The former is simpler, but from the point of view of
geometric analysis (and in particular geometric flows) the latter is preferable because
it is invariant under reparametrisation of y, and this invariance carries through to the
corresponding gradient flow (see Sect. 3). Both of the metrics above are Riemannian,
with the flat L2-metric being independent of the base point whereas the L2 (ds? ) metric
depends on the base point y through the measure ds?. We use the superscript y to
highlight this dependence.

1.1 The Gradient Flow for Length in (Imm’, L%(dsY))

The calculation (2) shows that the gradient flow of length in the L?(ds") metric is the
famous curve shortening flow proposed by Gage—Hamilton [13]:

X, = Xy = k = kN 3)
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where X : S x (0, T) — R? is a one-parameter family of immersed regular closed
curves, X (u,t) = (x(u,t), y(u,t)) and s, T, k, N are as above.

The curve shortening flow moves each point along a curve in the direction of the
curvature vector at that point. Concerning local and global behaviour of the flow, we
have:

Theorem 1.1 (Angenent [4], Grayson [15], Gage-Hamilton [13], Ecker-Huisken [10])
Consider a locally Lipschitz embedded curve X . There exists a curve shortening flow
X : S x(0,T) = R? such that X(-,t) \{ X in the C'/*-topology. The maximal
time of smooth existence for the flow is finite, and as t /' T, X (-, t) shrinks to a
point {p}. The normalised flow with length or area fixed exists for all time. It becomes
eventually convex, and converges exponentially fast to a standard round circle in the
smooth topology.

Remark 1.2 In the theorem above, we make the following attributions. Angenent [4]
showed that the curve shortening flow exists with locally Lipschitz data where con-
vergence as ¢ N\ 0 is in the continuous topology. Ecker-Huisken’s interior estimates
in [10] extend this to the C'/?-topology. Gage-Hamilton [13] showed that a convex
curve contracts to a round point, whereas Grayson [15] proved that any embedded
curve becomes eventually convex. There are a number of ways that this can be proved;
for instance we also mention Huisken’s distance comparison [17] and the novel optimal
curvature estimate method in [1].

The curve shortening flow has been extensively studied and found many applica-
tions. We refer the interested reader to the recent book [2].

1.2 Vanishing Riemannian Distance in (Imm’, L2(dsY))

Every Riemannian metric induces a distance function defined as the infimum of lengths
of paths joining two points. For finite dimensional manifolds the resulting path-metric
space has the same topology as the manifold, but for infinite-dimensional manifolds it
is possible that the path-metric space topology is weaker (so-called weak Riemannian
metrics) or even trivial. The first explicit example of this (the L>-Hofer-metric on the
symplectomorphism group) is given in [11].

This was also demonstrated by Michor-Mumford in [22]. The example given by
Michor-Mumford is the space (Q, L%(ds?)), where Q = Imm!/Diff(S!).! While
Imm' is an open subset of c'(S', R?) and so (Imm!, L2(ds?)) is a Riemannian
manifold, the action of Diff(Sl) is not free (see [22, Sections 2.4 and 2.5]), and so the
quotient Q is not a manifold (it is an orbifold).

Theorem 2.1 (Michor-Mumford [22]) The Riemannian distance in (Q, L*(ds?)) is
trivial.

This surprising fact is shown by an explicit construction in [22] of a path between
orbits with arbitrarily small L?(ds")-length, which for the benefit of the reader we

1 Diff(S') is the regular Lie group of all diffeomorphisms ¢ : st — s! with connected components
pifft(sh), Diff~ (S given by orientation preserving and orientation reversing diffeomorphisms respec-
tively.
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briefly recall in Sect.2.1. A natural question arising from Michor-Mumford’s work is
if the induced metric topology on the Riemannian manifold (Imm', L?(ds?)) is also
trivial. This was confirmed in [5] as a special case of a more general result.

Theorem 2.2 The Riemannian distance in (Imm', L*(ds?)) is trivial.

Here we give a different proof of Theorem 2.2 using a detour through small curves.
The setup and proof is given in detail in Sect.2.1.

We can see from (2) that the curve shortening flow (3) is indeed the L2(ds?)-
gradient flow of the length functional in Imm', not the quotient Q. Theorem 2.2 yields
that the underlying metric space that the curve shortening flow is defined upon is
trivial, and therefore this background metric space structure is useless in the analysis
of the flow.

While it could conceivably be true that the triviality of the Riemannian metric
topology on (Imm', L?(ds")) is important for the validity of Theorem 1.1 and the
other nice properties that the curve shortening flow enjoys, one naturally wonders if
this is in fact the case. What do gradient flows of length look like on Imm', with other
choices of Riemannian metric? For instance, we can ask whether these flows avoid
the finite-time singularities of the classical curve shortening flow, whether they have
unique asymptotic profiles for more general data, whether they reduce the isoperimetric
deficit, and so on.

1.3 The Gradient Flow for Length in (Imm’, H' (dsY))

We wish to choose a metric that yields a non-trivial Riemannian distance. One way of
doing this (similar to that described by Michor—-Mumford [22]) is to view the L2(ds?)
Riemannian metric as an element on the Sobolev scale of metrics (as the H%(ds?)
metric). The next most simple choice is therefore the H L(ds?) metric:

(U, W) g1 (gsry == (U, W) 2(g9ry + Vs, Ws) 23457) “4)

Note that we have set the parameter A from [22, Section 3.2, Equation (5)] to 1 and we
are considering the full space, not the quotient. In contrast to the (Q, L2 (ds?)) case, itis
shown in [22] that the Riemannian distance on (Q, H!(ds?)) is non-trivial. Therefore
the Riemannian distance also does not vanish on the larger space (Imm!, H'(ds?)).2
The H'(ds")-gradient flow for length is our primary object of study in this paper.

Remark 1.3 We remark that, as will be discussed in Sect. 3, the H!(ds?) metric is not
scale invariant or even homogeneous. Homogeneous metrics can be constructed by
introducing appropriate factors of £(y) into (4). At least at a first glance, the presence
of such factors appears to complicate things. Therefore, we defer investigation of the
gradient flows of length with respect to such metrics to a future paper.

2 Note that this does not guarantee that the metric is non-degenerate—there may still exist distinct immersions
with zero geodesic distance between them.
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Remark 1.4 There is an expanding literature on the multitude of alternative metrics
proposed for quantitative comparison of shapes in imaging applications (see for exam-
ple [6,7, 12, 18, 20, 22, 24, 28-33]). It might be interesting to compare the dynamical
properties of the gradient flows of length on Imm' with respect to other Rieman-
nian metrics. Although our paper is the first study of the analytical properties of the
H'(ds")-gradient flow on Imm!, the study of Sobolev type gradients is far from new.
We mention the comprehensive book on the topic by Neuberger [25], and the flow
studied in [29] for applications to active contours is closely related to the one we study
here. A recurring theme seems to be better numerical stability for the Sobolev gradient
compared to its L? counterpart.

The steepest descent H 1 (ds?)-gradient flow for length (called the H L(ds?) curve
shortening flow) on maps in Imm' is a one-parameter family of maps X : S' x I — R?
(I an interval containing zero) where for each ¢, X (-, 1) € Imm! and

X .0) = —(gradg ey L ) )

L(X)
= —X(s,t)—/ X@G,0)G(X; s, 5)ds% (3)
0

where d5X =18, X|(i, t)dii and G is given by

cosh (ls -5 - _£(2X))

G(X;s,5) =
2sinh(—£40)

for0 <s,5 < L(X).

Note that above X is often used to denote X (-, t). Our derivation of this is contained
in Sect.4.1.

An instructive example of the flow’s behavior is exhibited by taking any standard
round circle as initial data. The circle will shrink self-similarly to a point under the flow,
taking infinite time to do so. Circle solutions can be extended uniquely and indefinitely
in negative time as well, that is, they are eternal solutions (see also Sect.4.1).

The flow (5) makes sense on the larger space H'!(S!, R?) \ C where C is the space
of constant maps. It cannot be characterised as the gradient flow of length with respect
to the H'(ds?) metric on this larger space, because the metric is not well-defined on
curves that are not immersed. However, this does not cause an issue for the existence
and uniqueness of the flow: we are able to obtain eternal solutions for any initial data
Xo € H! (Sl, Rz) \ C. This is Theorem 4.14, which is the main result of Sect.4.2:

Theorem 4.14 For each Xo € H'(S', R?) \ C there exists a unique eternal H'(ds")
curve shortening flow X : S' xR — R2in CY(R; H'(S!, R®)\C) such that X (-, 0) =
Xo.

There is a similar statement for the flow on immersions (with X € Imm'), see
Corollary 4.15.

In Sect. 4.3 we study convergence for the flow, showing that the flow is asymptotic
to a constant map in C.
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Fig.1 Left: (a),(b),(c) initial side lengths 1,2,4 respectively, time step 0.2, every Sth out of 50 steps shown.
Right: evolution of the isoperimetric ratio

Theorem 4.21 Let X be an H'(ds?) curve shortening flow. Then X converges as
t — oo in H'(S!, R?) to a constant map X € H'(S', R?).

Numerical simulations of the flow show fascinating qualitative behavior for solu-
tions. Figures 1 and 2 exhibit three important properties: first, that there is no smoothing
effect - it appears to be possible for corners to persist throughout the flow. Second,
that the evolution of a given initial curve is highly dependent upon its size, to the
extent that a simple rescaling dramatically alters the amount of re-shaping along the
flow. Third, the numerical simulations in Figs. 1 and 2 indicate that the flow does not
uniformly move curves closer to circles. The scale-invariant isoperimetric ratio 7 is
plotted alongside the evolutions and for an embedded barbell it is not monotone.> We
have given some comments on our numerical scheme in Sect.5.2.

Despite the lack of a generic smoothing effect, what we might hope is that a generic
preservation effect holds. In Sect.5.4 we consider this question in the C* regularity
spaces (here k € N), and show that this regularity is indeed preserved by the flow.
We consider the question of embeddedness in Sect.5.7, with the main result there

3 This is also the case for the classical curve shortening flow, as explained in [14].
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Fig.2 Evolution for a barbell inital curve. 70 steps of size 0.1

showing that curves with small length relative to their chord-arc length ratio will
remain embedded.

We make three brief remarks. First, the initial condition (6) implies that the initial
curve is embedded. Second, the resultant estimate on the chord-arc length ratio is
uniform in time, and so does not deteriorate as ¢ increases. Finally, since the chord-arc
length ratio is scale-invariant but length is not, the initial condition (6) can always be
satisfied by rescaling the initial data.

The theorem is as follows.

Theorem 5.10 Let k € N. For each X € ImmF there exists a unique eternal H' (ds")
curve shortening flow X : S' x R — R? in CY(R; Imm*) such that X (-, 0) = Xo.
Furthermore, suppose X satisfies

Gy, u2,0)  L5y2+ X0l chviixoise

. 6
M]}BQES S(Ml, MZvO) 4 ( )

where

Ch(uy, uz, 1) :=|X(uy, 1) = X(uz, )|,

Sur, uz, 1) := |00 (uy) — sXCD (un)]

and sXCD ;) = [0719, X |(u, 1) du.
Then there exists a C = C(Xg) > 0 such that

Ch(uy, uz,t)
i LTt
up,uzeS S(uy, uy, t)

forallt.

In particular X (as well as its asymptotic profile and limit Y, see below) is a
family of embeddings.

Although the H'(ds?) curve shortening flow disappears in infinite time (that is,
as t — oo the flow converges to a constant map (a point) as guaranteed by Theorem
4.21) we are interested in identifying if it asymptotically approaches any particular
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shape. In order to do this, we define the asymptotic profile of a given H'(ds") curve
shortening flow ¥ : S x R — R? by

Yt u) = e (X(t,u) — X(t,0)).

Because of the exponential rescaling bounds for Y and its gradient become more
difficult than for X. On the other hand, scale invariant estimates for X such as the chord-
arc ratio and isoperimetric ratio carry through directly to estimates on Y. Furthermore,
for H'(ds") curve shortening flows on the C? space the curvature scalar k is well
defined, and we can ask meaningfully if curvature remains controlled along Y (on X,
it will always blow up).

By considering the asymptotic profile we hope to be able to identify limiting profiles
Yo for the flow. For the flow X, the limit is always a constant map. In stark contrast
to this, possible limits for Y are manifold. We are able to show that the asymptotic
profile Y does converge to a unique limit Y, depending on the initial data X, but it
seems difficult to classify precisely what these Y, look like. For the curvature, we
show in Sect.5.5 that it is uniformly bounded for C? initial data, and that the profile
limit Y, is immersed with well-defined curvature (Theorem 5.7). On embeddedness,
the same result as for X applies due to scale-invariance.

The isoperimetric deficit Dy := L(Y)? — 47 A(Y) on Y is studied in Sect.5.6. It
isn’t true that the deficit is monotone, or improving, but at least we can show that the
eventual deficit of the asymptotic profile limit Y, is bounded by a constant times the
deficit of the initial data X¢. This is sharp.

We summarise these results in the following theorem.

Theorem 5.8 Let k € Ny be a non-negative integer. Set Bto H'(S', R*)\ C fork =0
and otherwise set B to CK(S', R2) \ C. For each X € B there exists a non-trivial
Yoo € HY(S', R?) \ C such that the asymptotic profile Y (t) — Yoo in CO(S!, R?) as
t — oQ.

Furthermore:

e Y is embedded if at any t € (0, 00) the condition (6) was satisfied for X (t)

e Ifk > 2, and X(0) is immersed, then Y is immersed with bounded curvature

e There is a constant ¢ = c(||X(0)|lco) Such that the isoperimetric deficit of Yoo
satisfies

DYoo < CDX(()).

2 Metrics on Spaces of Immersed Curves

Let CX(S', R?) be the usual Banach space of maps with continuous derivatives up to
order k. Our convention is that [S'| = |[0, 1]| = 1. For | < k < oo we define

Imm* := {y € CKS' R?) : [y'w)| #0).
Note that Imm” is an open subset of ck(st, R?).
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The tangent space T, Imm* = Ck(S!, R?) consists of vector fields along y. We
define the following Riemannian metrics on Imm' for v,weT, Imm!:

1
(v, w)p2 ::f (v, w)du
0

(v, w) 1 = (v, w),2 + (v/, w/)Lz
L(y) 1
(0, W) 2y, = fo (v, w)ds” = /0 (0(), w(w)) |3y | du
<U, w>Hl(dSV) = (U, w>L2(dSV) + (Us, wS)LZ(dSV)
1 1
=f (0(), ww)) 13,7 du +/ (Buv (@), duw(@)) [y~ duc.
0 0
™

The length function (1) is of course well-defined on the larger Sobolev space
H'(S!, R?), as are the L%, H' and L?(ds?) products above. However, the H!(ds?)
product is not well-defined because of the arc-length derivatives, even if one restricts
to curves which are almost everywhere immersed.

We remark that each of the metrics above are examples of weak Riemannian metrics.
That is, the topology induced by the Riemannian metric is weaker than the manifold
topology. This is a purely infinite-dimensional phenomenon. In fact, even for a strong
Riemannian metric, geodesic and metric completeness are not equivalent (as guaran-
teed by the Hopf-Rinow theorem in finite dimensions) and it is not always the case that
points can be joined by minimising geodesics (for an overview of these and related
facts see [9]).

2.1 Vanishing Riemannian Distance in (Imm', L2(dsY))

Consider curves y1, y» € Imm' and a smooth patho : [0, 1] — Imm! with a(0) =y
and a(1) = y2. The L2(ds?)-length of this smooth path is well-defined and given by

1 1 L{a(1) 5 2
£L2(dsy)(a) :Z\/(; ||a/(t)||L2(dvy)d[=\/0 \/0 |(Xt(t,s)| dSy dt (8)

As usual, one defines a distance function associated with the Riemannian metric by
sz(dS)(m, V) = inf{LLz(dSy)(a) : o piecewise smooth path from y; to y»}.

Since the L2(ds?) metric is invariant under the action of Diff(S') it induces a Rie-
mannian metric on the quotient space Q (except at the singularities) as follows. Let
7 : Imm! — Q be the projection. Given v, w € Tj,;Q choose any V, W € T, Imm!
suchthat w(y) = [y], T, ® (V) = v, T, (W) = w. Then the quotient metric is given
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by

: :=V{Wﬂ
(v, Wiy < L2(ds?)

where V+ and W+ are projections onto the subspace of T, Imm' consisting of vectors
which are tangent to the orbits. This is just the space of vector fields along y in the
direction of the normal N to y, and so V- = (V, N)N. The length of a path 7 («) in
Q according to the quotient metric is then

1

o 1 L 12 2
QWM@@»:A A‘%‘wy di

and the distance is
dLQZ(dS)([yl], ) = inf{ﬁL%(dsy)(rr((x)) : (o) piecewise smooth path from [y1] to [y2]}.

This is the distance function that Michor and Mumford have shown to be identically
zero (Theorem 2.1). They also point out (cf. [22, Section 2.5]) that for any smooth path
a between curves y1, ¥, there exists a smooth #-dependent family of reparametrisa-
tions ¢ : [0, 1] — Diff(S!) such that the reparametrised path* & (z, u) := a(t, ¢ (1, u))
has path derivative &, () which is normal to @(t). Thus an equivalent definition is

dLQZ(ds)([Vl]’ [»]) = inf{ﬁLz(dSy)(a) .« p.w. smooth with «(0) € [y1], «(1) € [y11}.

Theorem 2.1 (Michor-Mumford [22]) For any ¢ > 0 and [y1], [y2] in the same path
component of Q there is apath « : [0, 1] — Imm! satisfying «(0) € [y1], a(1) € [y»]
and having length L2450\ (0t) < €.

Since it is quite a surprising result and an elegant construction, we include a descrip-
tion of the proof. The idea is to show that we may deform any path « in Imm! to a
new path «;, that remains smooth but has small normal projection, and whose endpoint
changes only by reparametrisation.

So, let us consider a smooth path « : [0, 1] — Imm' such that «(0) = y; and
a(l) = y2. We choose evenly-spaced points 6, ..., 6, in S! and move y1(6;), via
a(2t), to their eventual destination y»(6;) twice as fast. The in-between points ¥; =
(6;—1 + 6;)/2 should remain stationary while this occurs. Once half of the time has
passed, and all points 6; are at their destination, the points y; (¥;) may begin to move
via . They should also move twice as fast as before. A graphical representation of
this is given in Fig. 3.

The resultant path «,, has small normal projection (depending on n) but also longer
length (again depending on n). The key estimate in [22, Section 3.10] shows that the
length of the path «, increases proportional to n and the normal projection decreases

4 Note that as paths in the full space Imm!, & is different to e, but they project to the same path in Q.
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an (3) an (3)

Fig. 3 The distortion of a path « to one that is shorter, according to the L2 (ds)-metric. For the sake of
clarity, only the right sides of the curves on the shorter path «;, are pictured

proportional to L Since the normal projection is squared, this means that the length
n

of «;, is proportional to the length of « times %

In other words, for any ¢ > 0 we can connect y; to a reparametrisation of y» by a
path with L?(ds?)-length less than &, and so the distance between them is zero.”

Note that the corresponding result does not immediately follow for the full space
Imm! because in the full space the tangential component of the path derivative is
also measured. Indeed, we could apply the Michor-Mumford construction to obtain
a path o, whose derivative has small normal component, and then introduce a time-
dependent reparametrisation to set the tangential component to zero, but of course the
reparametrisation changes the endpoint to a reparametrisation of the original endpoint.
However, as we show in the following theorem, it is still possible to get the desired
result by diverting through a sufficiently small curve.

Theorem 2.2 The L?(ds" )-distance between any two curves in the same path compo-
nent of Imm" vanishes.

Proof Let yy, y1 € C*°(S!, R?) be smooth immersions in the same path component,

and let 79 be another curve in the same component with [7gllp= < (%)2/ 3 (for

example, 1o could be a sufficiently small scalar multiple of yp). By Theorem 2.1
there exists a path «g from yp to iy, where 5 is a reparametrization of 1o, with
L2457y (@0) < %. Now let @ € Diff(S") such that 5 («) = 19(0(x)) and define a
path o1 from 7ng to n; by

c(t,u) =0 —Hu +10(u)
o (t, u) == no(c(t, u))

5 We remark that this phenomenon of triviality of the metric topology induced by the Riemannian L%(ds?)
metric on the quotient space is also established in higher dimensions, see [21].
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Then

dra1 = ny(e)er = no(e)(O(u) — u)
oy = 776(C)Cu

and by (8) the Lz(dsy)-length of ay is

1 12
3 &
ﬁLZ(dmw]):fo (/S 1750)| |9(u>—u|2dc) ar < IR < 5.

Now we concatenate g with o1 (—¢) to form a path p from y to no with £ L2ds)(P) <
5. By the same method we construct a path g from y; to no with £ 12dsn) (@) < z
and then the concatenation of p with g(—7) is a path from yq to y; with arbitrarily
small Lz(dsV)-length. We assumed 3y, y; were smooth, but since the smooth curves
are dense in C! and laellp2asry < cllewlierllaullz2 for any path «, we can also join
any pair of curves in Imm' by a path with arbitrarily small L?(ds?)-length. O

Remark 2.3 As mentioned in the introduction, an alternative proof of a more general
result is outlined in [5]. The proof relies on another theorem of Michor and Mumford
[21] (extended in eg. [8]) showing that the right invariant L metric on diffeomorphism
groups gives vanishing distance.

3 Symmetries of Metrics and Gradient Flows

The standard curve shortening flow (3) enjoys several important symmetries:

e Isometry of the plane: if A : R*> — R? is an isometry and X : S! x [0, T) — R?
is a solution to curve shortening flow then A o X is also a solution.

e Reparametrisation: if ¢ € Diff(S!) and X (u, 1) is a solution to curve shortening
flow then X (¢ (u), t) is also a solution.

e Scaling spacetime: if X(u,t) is a solution to curve shortening flow then so is
AX (u, t/2%), with A > 0.

It is interesting to note that these symmetries can be observed directly from sym-
metries of the length functional £ and the H°(ds") Riemannian inner product without
actually calculating the gradient.

Lemma 3.1 Suppose there is a free group action of G on (M, g) which is an isometry

of the Riemannian metric g and which leaves E : M — R invariant. Then the gradient
flow of E with respect to g is invariant under the action.

Proof Since E(p) = E(Ap) forall A € G, p € M, we have
dE, =dE; dA,
then equating
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dE,V = (gradE,, V), = (dApgrad E,, dX,V )5,
dE)Lpd)»pV = (grad Ekpa d)\pVMp

shows that dA, grad £, = grad Ej, (dA, has full rank because the action is free).
Therefore if X is a solution to X; = — grad E'x then

(AX); = —dAixy grad Ex = —grad E) x
so AX is also a solution. O
To demonstrate we observe the following symmetries of the H ! (ds? ) gradient flow.

Isometry. Anisometry A : R — R? induces A : Imm!(S!, R?) — Imm!(S!, R?)
by Ay = A o y. Since an isometry is length preserving

L(Ay) = L(y) = dLa,dA, =dL, ©)

and similarly for the arc-length functions 54, =5, = dsA7 = ds? . Hence, in the
H(ds?) metric:

[dAy(€).dAy () 1 gyar, = / (A, (€), dA, (m)ds’

+ / (LdA, &), LdA,(m)ds?
=& Mu1ysr) -
Thatis, the induced map A : Imm' (S!, R?) — Imm!(S', R?)isan H'(ds") isometry.

Now by Lemma 3.1 if X is a solution of the H Lds?) gradient flow of £ then so is
AX.

Reparametrisation. Given ¢ € Diff(S') we have L(y) = L(y o ¢) and the map
®(y) = y o ¢ is linear on Imm*(S!, R?) so dL, = dL, P. Assuming w.l.o.g. that
¢’ > 0 we have

(P&, D) 1 ggory = /S‘ (@), n(@ @My (9)¢ (w)ldu

1 d 1 d ’
+ /Sl (s e E@ W), Gy de @)l @' wdu

— /S E@), n@N 1Y @)1do

1 d 1 d
* /Sl (g d55@)- Gt dgn @)1y @)1dg
= (§, U)Hl(dsy)

so ®isalsoan H'(ds")isometry and again by Lemma 3.1 the gradient flow is invariant
under reparametrisation.
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Scaling space-time. For a dilation of R? by A > 0 the length function scales like
L(Ax) = AL(x). To obtain a space-time scaling symmetry we need the metric to also
be homogeneous. However the H L(ds?) metric is not homogeneous:

1 1
(A&, An) g1 asiv =/(/\$,?»77)de” +/<X(k$)s, X(M)s>kdsy

=A3/<s, n)dsux/@s,mdsy.

Let us give an example of a homogeneous metric that allows us to maps trajectories
of the gradient flow of length in that metric to other trajectories via the space-time
scaling X (u, t) — AX(u, t/)). Consider the metric

E. ) sy = E 2wy + L2 n0s) 20as) (10)

where

1
& 2@y = Z(E’ M 12ds)-

This metric, used in [29], satisfies (£, n)H1(d§Ay) = (&, n)Hl(dEy) and therefore

(ME, )L?])Hl(dgly) = Az(é’ n)Hl(dS‘V)‘

With this metric, the Riemannian distance between Ay; and Ay, is A times the Rie-
mannian distance between y; and y», which seems natural. Then

d‘c)\]/é = <grad ‘C)»)/v é)Hl(dEM’) = <grad ‘c)\,)/’ S)H](dﬂ/)'

Since L(Ay) = LL(y) we have
AL A& = %[,(Ay +AE) = AdLE
that is, d£;, = dL, and so from
dLy& = (grad Ly, 5)111((150

we find grad £;, = grad £,. Now if X (u, t) is a solution to X; = — grad Ly then
defining X(u,t) = AX(u, t/\) we have

Xe(u, t) = A7 X (u, t/2) = grad Lyx(ue/n) = — grad L.
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4 The Gradient Flow for Length with Respect to the H' (dsY)
Riemannian Metric

4.1 Derivation, Stationary Solutions and Circles

The H'(ds") gradient of length is defined by

dLyV =(grad Ly, V)1 4er) = f(gradﬁy, V)ds” + / ((grad L,)s, Vy)ds”

= f(grad L, — (grad Ly)ss, V)ds”

Comparing with (2) the gradient of length with respect to the H'(ds?) metric must
satisfy distributionally

(grad £,)ss — grad £, = Ty, (11

where we have used the notation T = y;.
We solve this ODE in the arc-length parametrisation using the Green’s function
method. Considering

Gys(s,5) — G(s,5) =8(s —3) (12)

with C!-periodic boundary conditions and the required discontinuity we find the
Green’s function

cosh <|s -5 - %)

G(s,5) = 7 (13)
2sinh(—%)
(cf. [29] eqn. (12) for the metric (10) above.) Then the solution to (11) is
L
grad £, (s) = / T; G(s, 5)ds” . (14)
0

We can integrate by parts twice in (14) to obtain

L
grad £, (s) = y (s) —l—/ y ()G (s, 5)ds”
0

and we observe that it is not neccesary for y to have a second derivative. Indeed, using
integration by parts and (12) we find
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<grad£)”v>H'(dsV) =/<V+/)/Gd§’/,V>+<)/x+/)/Gsd§y,Vs>dSV

:/<V+/V(G_Gss)d§y7 V>+/<V57 VS)dSV

= / Vs, Vs) ds”
—dL, V.

Definition Consider a family of curves X : st x (a,b) — R? where for each ¢ €
(a,b) CR, X(-, 1) € Imm'. We term X an H'(ds?) curve shortening flow if

L
atX(s,t)=—X(s,t)—/ X@G,0G(X; s, 5)ds% (15)
0

where G is given by

cosh (|s -5 - %)

2sinh(—%)

G(X;s,5) = for0 <s,5 < L. (16)

Here we write G(X; s, §) to emphasize the dependence on the curve X (., ¢). Similarly,
we have written ds* and d5% to remind the reader that s and § are arc-length parameters
for X. Henceforth we will omit these unless it is needed to avoid ambiguity.

Remark 4.1 The H'(ds") curve shortening flow is an ODE. One way to see this is to
note that the convolution G * ¢ is equal to (1 — 852)_1¢ for maps ¢, then

dy=(1-3)"o2y =1 -H"'@y —y+y)=—r+1A-3"").

The above expression could additionally be helpful in obtaining the local well-
posedness of the flow. We thank the anonymous referee for pointing this out to us.

Remark 4.2 Note that (15) makes sense on the larger space H'(S', R?) \ C where
C:={XeH' SR> : X )2 =0}

is the space of constant maps, provided we do not use the arc-length parametrisation.
That is, we consider

0 X(u,t) = F(X(u,t); u) (17)
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where F is defined by

1
F(X;u):=—-X) —/ X@)G(X;u, )| X (i) dii, and
0
cosh (|sx(u) — sX(@)| - %) (18)

G = 251nh<— %)

The constant maps (for which length vanishes) are potentially problematic: viewing
G as a map from H'(S!,R?) x S! x S! — R we see that taking a sequence in
the first variable toward the space of constant maps results in —oo. Then in (18), the
integral involving G along such a sequence may not be well-defined. If we consider
the case of circles, say X" (1) = r(cosu, sinu), then X" converges to a constant map
asr \y 0, yet F(X"; u) — 0despite G(X"; u, u) — —oo (all limits are as r \ 0).
For general H' maps the limiting behavior may be more complicated, however, note
that a-posteriori our results here indicate that this behavior is generically valid.

Most of the results that follow will be proved for this larger space H'(S!, R?) \ C.
However, the interpretation of this flow as the H ! (ds?) gradient flow of length requires
that we use the space Imm'. This is so that H!(ds?) is a Riemannian metric: the
product (7) is not positive definite at curves which are not immersed, and in fact is
not necessarily well-defined because of the arc length derivatives. Moreover, £ is not
differentiable outside of Imm'. Nevertheless we proceed to study the flow mostly in the
space H'(S', R?)\C, but bear in mind that on this space it is at best a ‘pseudo-gradient’.

We begin our study of the flow by considering stationary solutions and observing
the evolution of circles.

Lemma 4.3 There are no stationary solutions to the H'(ds?) curve shortening flow.

Proof From (15),amap X € H'(S', R?) is stationary if

L
X(s) = —/ X($)G(s, 5)d5.
0

The arc-length function is in H'(S!, R) and so G (see (16)) is in turn in H'(S', R).
Differentiating, we find

L
Xs(s) = —/ X ($5)Gs(s, 5)ds,
0

and so the first derivative of X exists classically. Iterating this with integration by parts
shows that in fact all derivatives of X exist and it is a smooth map.
Furthermore, examining the case of the second derivative in detail, we find (applying

(12))

L L
X5 = —/ X(3)Gys (s, 5)d5 = —X(s) —/ X()G(s,5)d5s =0.  (19)
0 0
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Since X is periodic, this implies that X must be the constant map. As explained in
remark 4.2, G is singular at constant maps. O

Let us now consider the case of a circle. Here, we see a stark difference to the case
of the classical L2(ds?) curve shortening flow.

Lemma 4.4 Under the H! (dsY) curve shortening flow, an initial circle in H! (Sl, Rz)
with any radius and any center will

(i) exist for all time; and
(ii) shrink homothetically to a point as t — o0.

Proof We can immediately conclude from the symmetry of the length functional and
the symmetry of the circle that the flow must evolve homothetically (see Lemma 3.1).
We must calculate the evolution of the radius of the circle.

So, suppose that X is an H'(ds?) curve shortening flow of the form

X(u,t) =r(t)(cosu,sinu) (20)
with r(0) > 0. Here u is the arbitrary parameter and not the arc length variable. Then

X(s,t) =r(t)(cos(y), sin(3)) and X5 = —rizX. Therefore

&@n:-/&mjmmgﬁzéfxanm&mﬁ

Applying (12) and integrating by parts gives

1X 1X
p2 0! '

Xt=—
72

Differentiating (20) gives X, = fX and then substituting into the above leads to the
ODE for r(¢):

Using separation of variables yields e’ = g 2+e (here c = log(rz(O)e’Z(O))) which
has solutions

r(1) = £/ W(ee=2)

where W is the Lambert W function (the inverse(s) of xe*). Since t > /W (e=2) is
a monotonically decreasing function converging to zero as t — 00, this finishes the
proof. O

Remark 4.5 If we consider the steepest descent H ' (d57) gradient flow for length (this
is the 2-homogeneous metric, see equation (10)), the behavior of the flow on circles
changes from long-time existence to finite-time extinction. The length of the solution
in this case decreases linearly with time.
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4.2 Existence and Uniqueness

Now we turn to establishing existence and uniqueness for the H'!(ds") curve short-
ening flow.

For the initial data, we take it to be on the largest possible (Hilbert) space for which
(15) makes sense. As explained in Remark 4.2, this is the space of maps H'(S!, R?)\C
where

C:={XeH'S" R): X' W] =0}

is the space of constant maps. We note that C is generated by the action of translations
in R? applied to the orbit of the diffeomorphism group at any particular constant map
in H'(S', R?). Since the orbit of the diffeomorphism group applied to a constant map
is trivial, the space C turns out to be two-dimensional only.

The main result of this section is the following.

Theorem 4.14 For each Xo € H'(S!, R?) \ C there exists a unique eternal H'(ds")
curve shortening flow X : S' xR — R2in CY(R; H'(S!, R®)\C) such that X (-, 0) =
Xo.

This is proven in two parts.

4.2.1 Local Existence

We begin with a local existence theorem.

Theorem 4.6 Foreach Xo € H'(S', R*)\C there existsa Ty > 0and unique H' (ds")
curve shortening flow X : S! x [Ty, To] — R? in C'([—To, Tol; H'(S', R})\C)
such that X (-, 0) = Xj.

The flow (15) is essentially a first-order ODE and so we will be able to establish this
result by applying the Picard-Lindelof theorem in H'(S!, R?) \ C. (see [34, Theorem
3.A]). Note that this means we should not expect any kind of smoothing effect or
other phenomena associated with diffusion-type equations such as the L?(ds?) curve
shortening flow. Of course, we will need to show that the flow a-priori remains away
from the problematic set C.

Recalling (18), we observe the following regularity for F in our setting.

Lemma 4.7 Forany X € H'(S', R?) \ C consider F and G as defined in (18). Then
F(X) € H'(S', R?).

Proof The weak form of equation (12) implies continuity and symmetry of the Greens
function G, as well as

L
/ G(s,s)ds = —1.
0
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Note that there is a discontinuity in the first derivative of G with respect to either
variable. Since G is strictly negative we have foﬁ |G (s, $)|ds = 1. Now

L
F(X)=-X —/ X($)G(s,5)ds
0

L
2/ (X(s) — X(3)G(s, 5)d5
0

L ps
:/ f X, ds G(s,$s)ds
0 s

therefore
L
IF(X)IS/ ls =SNG (s, H)lds = LX) 1)
0
and we have
1F QO 200 < LX) (22)
For the derivative with respect to «, using Gy = —Gj and integration by parts we find

L
F(X; u)uz_Xu_|Xu|/ X(©$)Gy(s,5)ds
0

L
=-X, — |Xu|f X;(5)G(s, 5)ds . (23)
0
This implies
IFXull2 <201 Xull2 (24)
Since our convention is that |[S'| = 1, we have £(X) < || X |12, and so the inequalities
(22) and (24) together show that F(X) € H'(S!, R?). O

The H'! regularity of F from Lemma 4.7 is locally uniform (for given initial data),
with a Lipschitz estimate in H!, as the following lemma shows.

Lemma 4.8 Given Xo € H'(S',R?) \ C let
0y ={X € H'(S", R)\C |IX - Xolly1 <b < L(X0)}

where b > 0 is fixed. Then there exist constants L > 0 and K > 0 depending on
I Xoll g1 such that

IFX g < K, forall X € Qp
1F(X) = FM) g < LIX =Yg, forallX,Y € Qp.
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Proof To obtain the estimates and remain away from the problematic set C it is neces-
sary that the length of each X € Q) is bounded away from zero. This is the reason for
the upper bound on b. Indeed if X € Q,, then (note that |S!| = 1 in our convention)

Xl = X0l | < 1X" = Xl < 11X = Xgll2 < 11X — Xollgt <b
hence

L(Xo) —b = L(X) = L(Xo) +b (25)

and L(Xo) — b > 0 by assumption. It follows that G (X; u, u) exists on Qp and since
sX(u) < L(X) we deduce

|G (X5 u,u)| <

h(EXy
cosh(®3) _1 oth([’X)). (26)

2sinh(£X)) 2
We will also need the derivative

sinh <|SX(u) — X (@) — %)

0,G(X;u,u) = sgn(u — )| X' ()] 27

2sinh(—£40)

which obeys the estimate
- L,
10, G (X5 u, u)] < §|X (). (28)

Since G is well-defined on Qp, we may use (22) and (24) from the proof of Lemma
4.7 to obtain

IFXOlgt < clliXllg1 < cb+cllXollgr = K (29)

for a constant ¢ > O and all X € Q.
As for the Lipschitz estimate, we will begin by studying the Lipschitz property for
G. First note that the arc length function is Lipschitz as a function on H'(S!, R?):

5% (u) —sY(u>\ < / |1X (@) — 1Y '(a)| | da < f |X'(a) — Y'(a)| da
0 0
<X =Yg
and setting u = 1 we also have
LX) = L) < IX =Yg
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For the numerator of G, note that cosh is smooth and its domain here is bounded via
(25), and so there is a ¢; > 0 such that

cosh < s¥ ) — 5% (@) — —E(ZX)> — cosh ( s¥ () — s¥ (@)| - _E;Y))'
a1l — ¥ @] - T2 [ - @)+ —L(zn‘

<3cilX =Yg

A similar argument applies to the denominator sinh(—£(X)/2) and moreover inequal-
ity (25) ensures that sinh(—£(X)/2) is bounded away from zero. Since the quotient of
two Lipschitz functions is itself Lipschitz provided the denominator is bounded away
from zero, we have that G is Lipschitz, i.e. there is a constant ¢, > 0 such that

IG(X5u,u) —G(Ysu,w)] < 2l X =Ygt

Now we have

F(X)(u) — F(Y)(u)

1
—X(u) + Y (u) —/ X@GX;u, )| X' @) =Y @G5 u, )Y @) di
0

—(X () = Y(u))

- /Ol(x —YV)GX)IX' |+ YGX) (IX'| = Y']) + YIY'[(G(X) — G(Y)) dii .
By (25) and (26) there exists co such that |G(X; u, )| < co for all X € Q. Then
using the Lipschitz condition for G we find

|F(X) = F(Y)
S X =Y+ /OlcolX = YIIX'| + ol YIIX" = Y'| + el Y [IYIIX = Y dil

< IX = Y[ +coll X =YX 2 + coll Y 211X = YVl 2
+llYl2 1Y 21X = Yl g

Therefore, recalling that X, Y € Qy satisfy || X||, |Y | < || Xoll1 + b, integrating the
above gives

[F(X) = F(Y)llp2 < const||X — Y| 1. (30)

We need a similar result for
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F(X) (u) — F(Y) ()
1
=—X'(u) +Y'(w) —/0 (X =Y)9,GXONX'Il + Y3,GX) (I1X'I = 1Y'1)
+Y Y| (0,G(X) — 3,G(Y)) da. (31)
Comparing (27), define
sinh <|sX(u) — X ()| — %)

AX;u, i) =
2 sinh(—£452)

so that
0uG(u, i) = AX; u, 0)|| X ()| sgn(u — it).

Then as in (28) we have |A(X)(u, u)| < % and arguing as for G above we also have
that A is Lipschitz:

[A(X;u,u) — A(Y; u,u)| <const| X — Y| gt.
Now
1 1
/0 19,G(X) — 3,G(Y)|dii =f0 |[ACO|X )| — AW |Y (w)||dit
1
= [ laco = ao x|
+AQ) (| X' )| = Y w)|)di
1
< [X'(w)| /O AX) — AY)| di
1
+ X' (u) — Y/(u)|/0 |A(Y)|da
< const| X' W|I1X — Ylig + 5|X () — Y )] .
Using this estimate in (31), together with (28) gives

|F(X) (u) — F(Y) (w)|
< |X'@ —Y'@|+ 3| X@[IX =Y 20X 2+ 5| X @Y 20X =Y
+ (const| X" )|I1X = Ylig + 5| X () = Y @)|) 1Yl 2 11Y[l .2

and then

IF(X) = F(Y)|| 2
<X =Yl + XWX = Yz + SIX W20 121X = Yl 2
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+eonst| X | 2 1Y [ 2 1Y 1 221X = Yl g 4 31X = Y2 1Y 21112
< const| X — Y| y1. (32)

Combining (30) and (32) gives the required estimate, there exists L such that
[F(X) = F(Y)llgr < LIX = Y|

forall X, Y € Q. O

Proof of Theorem 4.6 According to the generalised (to Banach space) Picard-Lindel6f
theorem in [34] (Theorem 3.A), the estimates in Lemma 4.8 guarantee existence and
uniqueness of a solution on the interval provided K7y < b. O

4.2.2 Global Existence

We may extend the existence interval by repeated applications of the Picard-Lindelof
theorem from [34].

There are two issues to be resolved for this. First, the constants K and L from
Lemma 4.8 depend on the H '-norm of X. When we attempt to continue the solution,
we must show that in the forward and backward time directions this norm does not
explode in finite time to +o0.

Second, the flow must remain within Q; for some b; as the evolution continues
forward, length is decreasing, and so the amount of time that we can extend depends
not only on the H'-norm of the solution but also the length bound from below. In the
backward time direction length is in fact increasing, so this second issue does not arise
there.

First, we study the L°°-norm of the solution.

Lemma4.9 Let X be an H'(dsY) curve shortening flow defined on some interval
(=T,T). Then || X(t)||co is non-increasing on (—T,T). Furthermore, we have the
estimate

IX(Dlloo < e 2 1X(O0) oo, fort <O.

Proof In the forward time direction, we proceed as follows for the uniform bound. For
any to € (—T, T) there exists ug such that || X (#9)|lco = | X (f0, ug)| and then

d
TIXa u)l? = 2(X (10, uo), X, (to, uo))

(to,u0)

2| X (1o, M())|2 — 2<X(t(), ug), / X(tg, $)G (s, §)d §>

=21 X (10) I3 — 2<X(t0, uo), / X(to,f)G(So,f)d§>

IA

—2|IX (1) |2, + 21 X (1) 1% f G(so,5)d§

<0.
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Now let 1 = sup{t > to : | X(#)|lr~ = |X(¢,u0)|}. By the inequality above
IX(t)]lco is non-increasing for all ¢t € [z, 1), and by the continuity of X in ¢,
lim;—, | X(#) ||z = [|X(t1)||z~. Since #p was arbitrary, it follows that || X (f)|
cannot increase at any f.

In the backward time direction, we need an estimate from below. Let us calculate

%(etX(t, u)) = et<(—X(t, u)+ X(t,u)) — / X(t,5)G(s,S5) dE)

= —et/X(t,f)G(s,§)d§

so (uq as before)

d
E(e2’|X(z, w)|?)

- _2e2f0<X(to,u0),/X(to,g)c(so,g)d§>

(t0,u0)
> —2e20) X (t0) |12, = —2€*°|X (1o, uo)|* .

Hence

>0

(to,u0)

% (e4’|X(t, u)|2)

and integrating from ¢ to O (assuming ¢t < 0, and u( changing as necessary) this
translates to

IX(011% < e IX 012,

This is the claimed estimate in the statement of the lemma. O

Lemma4.10 Let X be an H'(dsY) curve shortening flow defined on some interval
(=T,T). Then || X, (t)|l ;2 is non-increasing on (=T, T). Furthermore, we have the
estimate

1Xu@ll 2 < e N1 Xu(0)ll 2, fort <O0.
Proof As in (23)

L
X =—Xy — |Xu(”)|/ X5Gds
0

and therefore, recalling that foﬁ |G (s, $)|ds =1,

d 1 1
—f |Xu|2du=2f (Xur, X du
dt 0 0

1 1 L
- - f (Xu,Xu)du—Z/ <XM,IXMI/ Xng§>du
0 0 0

1 L
s—2||xu||iz+2/ |Xu|2/ (G| d5 du
0 0
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<0.

This settles the forward time estimate. As before, for the backward time estimate we
need a lower bound. We calculate

d 1 1 L
—(e”f |Xu|2du> =2e2’/ Xu,|Xu|/ X:Gd5 ) du
dt 0 0 0

2 2
> —26¥ |1 X, 12, .

The same integration as in the backward time estimate for Lemma 4.9 yields the
claimed backward in time estimate. O

The estimates of Lemmata 4.9, 4.10 yield the following control on the H I_norm of
the solution.

Corollary 4.11 Let X be an H'(ds?) curve shortening flow defined on some interval
(—=T,T). Then

IXON3: < 1XO)7,0.  forallt €[0,T),
and

IXOI30 < IX O3 e, forallt € (=T, 0).

A similar technique allows us to show also that if the initial data for the flow is an
immersion, it remains an immersion.

Lemma4.12 Let X be an H'(dsY) curve shortening flow defined on some interval
(=T, T) with X(0) € Imm'. Then X(t) € Imm" forallt € (=T, T).
Proof Using (23) we have

d 2 2 £ <

X = 20X, X) = 2K = AN, [ KGR 33
Now since foﬁ Xy ds? =0 we have

L L L
/ X;(5)G ds” =/ XS(E)G(s,E)dE—G(s,s)/ X;(8)ds
0 0 0

L
:/ X,(G(s,5) — G(s,s))ds
0

L s
=/ Xsf G.(s,t)dtds
0 s
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so using |G| < % (cf. (28)) we find

L
‘ / X,(5)G ds”
0

1
§/§|s—§|d§§£2/2. (34)

Using this estimate with (33) yields

d
(=2 = LYIXul = —IXul? < (=2+ LI Xul. (35)
From % = —|lgrad Lx ”?—11 (asry V€ know that £ is non-increasing and so rearranging

the inequality on the left and multiplying by an exponential factor gives

d
0< - (e(2+z:<0)2>r| Xu|2) )

Now integrating from 0 to > 0 gives
X0 (0, 1) 2e™CHEO <X, (1, w) 2. (36)

Then since X, is initially an immersion, it remains so for # > 0. The estimate backward
in time is analogous but we instead use the second inequality in (35) and integrate
from ¢ < 0 to 0. The statement is

_ 2_
1X, (0, u)[2e=CO=20 < | x, (1, u)? (37)

fort < O. O

Corollary 4.13 Let X be an H'(ds?) curve shortening flow defined on some interval
(=T,T) with T < o0o. Then there exists ¢ > 0 such that L(X(t)) > ¢ for all
te(—T,T).

Proof Fort > 0, taking the square root in (36) and then integrating over u gives
L(0)e~ O /D1 < ).

Since L(t) is non-increasing the result follows. O

Theorem 4.14 Any H'(ds") curve shortening flow defined on some interval (=T, T)
with T < oo may be extended to all t € (—00, 00).

Proof Take_ T to be the maximal time such that the flow X | can be extended forward:
t € (=T, T).In view of Lemma 4.8 and Theorem 4.6, if T < oo, then one or more
of the following have occurred:

o L(X(1) \\Oast S T;
o |X()lly1 — ocoast /T.
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The first possibility is excluded by Corollary 4.13, and the second is excluded by
Corollary 4.11 (we use T < 00 here). This is a contradiction, so we must have that
T = oo.

The argument in the backward time direction is completely analogous: suppose 7'
is the maximal time such that the flow X can be extended backward: ¢ € (T, T). If
T > —00, then one or more of the following have occurred:

o L(X(1) — 0ast \ T;
o [ XDyt — ooast \(T.

The first possibility is excluded by the fact that the flow decreases length. The second
is excluded by Corollary 4.11 (we again use 7' > —oo here). This is a contradiction,
so we must have that T = —oo. O

Due to Lemma 4.12, Theorem 4.14 implies a similar statement for the H L(ds?)
curve shortening flow on Imm', on which space it is a legitimate gradient flow:

Corollary 4.15 For each Xo € Imm' there exists a unique eternal H'(ds?) curve

shortening flow X : S' x R — R? in CY(R; Imm") such that X (-, 0) = Xj.

4.3 Convergence

In this subsection, we examine the forward in time limit for the flow. The backward
limit is not expected to have nice properties. One way to see this is in the H'!(ds")
length of the tail of an H L(ds?) curve shortening flow. (We will see in Lemma 4.20
that the H'(ds?) length of any forward trajectory is finite.) For instance, a circle
evolving under the flow has radius r (1) = /W (e¢=2). The H'(ds") length is larger
than the L2(ds?) length, and this grows (as t — —o0) linear in W (e€~2"). This is not
bounded, and so in particular the H'(ds")-length of any negative tail is unbounded.
The H'(d5")-length of the negative time tail for the gradient flow of length with respect
to the 2-homogeneous metric (see Eq. (10) and Remark 4.5) is similarly unbounded.

Throughout we let X : (—oo, 00) — H!(S!, R?) be a solution to the H!(ds?)
curve shortening flow (15). We will prove lim,_, o, X (¢) exists and is equal to a constant
map. In order to use the H'(ds") gradient (see Remark 4.2) we present the proof
for the case where X (¢) is immersed, but the results can be extended to the flow in
H'(S', R?) \ C as described in Remark 4.23 below.

It will be convenient to define K by

__cosh(|s| — £/2)
K& = —Gmaen o S €OL

sothat G = —K(|s — 5]), K(s) > 0 and f0£ K(s)ds = 1. We take the periodic
extension of K to all of R, which we still denote by K, and then

L L—§
/ K(s —38)ds = / K(s)ds = 1. (38)
0 -5
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Define, for any y € H'(S!, R?),

(v * K)(s) = /Sl YK (s — 5)ds.

This is a so-called ‘nonlinear’ (in y) convolution. We have the following version of
Young’s convolution inequality.

Lemma4.16 Forany y € H! (S] , R2) and K ,* as above, we have

Iy * Kllz2@ery < 171257y - (39

Proof Write

. - - -1\ 2 1
Y@K =Dl = (1@ PIKG = 9I)" 1K =92
then by the Holder inequality and (38)
1

2

L
/0 Y@K -9 d§” < </|y(§>|2|K<s—s>|d§V)

Hence

2
1y * K172 g, s/</|y(§)||1<(s—§)|d§) ds”
S//Iy(§)|2|l((s—§)|d§”ds7’

S/l)/(f)lz/IK(S—E)IdsydEV

2
S ”)/ ”LZ(dSy) .

The convolution inequality implies the following a-priori estimate in L2.

Lemma 4.17 Let X be an H'(ds") curve shortening flow. Then || X (1) | L2 asv) is non-
increasing as a function of t.

Proof First note that since Gy = —Gj; we have
L L
X5 = — X, —/ XGydsX = =X, —/ Xs(5)G ds¥.
0 0

Then (using % dsX = (X, X;) ds*) we find

d L L
anmuizw):z /0 (X1, X)ds* + /0 X1 (Xo5, X)ds™
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L L L
= —2f 1X|? ds* —2/ X(s),/ X ()G ds* )ds*
0 0 0
L L L
—/ |X|2dsX—/ 1X)? XS,/ X(35)G ds* ) ds* .
0 0 0

Holder’s inequality and the convolution inequality (39) now yield

L

d L
E||X(t)||i2(dsy) < —3/0 |X|2dsX+2/(; IX||1X « K|dsX

L
+f|X|2/ |G| dsX ds*
0
<0.

]

Now we give a fundamental estimate for the H ' (ds? )-gradient of length along the

flow.

Lemma 4.18 Let X be an H'(ds") curve shortening flow. There exists a constant

C > 0 depending on X (0) such that

1
lgrad g1 g5y Lx o)l g1 asry = CLX(1))2

forallt € [0, c0).
Proof From (2) and (14), if X is a solution of (15) then

d
EE(X) = dﬁx(_ gradHl(a'Sy) ;CX)

c c
:/ (Xss(t,8), X(1,5) +/ X(t,5)G(s, 5)d5)ds™ .
0 0

Integration by parts with (12) gives

d L L
—L(X) = —/ (X, Xg)ds™ +/ (X, X)ds*
dt 0

0
L prL
+/ / (X(t,5), X(1,5)G (s, 5))ds*dsX
0 0
L
:—£(X)—/ (X, X,)dsX .
0

Since ‘% = —| grad 41 (4yr) CX”?{l(dsV)’ we have

L
||gradHl(dSy) KX ”%11(1151’) =L - /O <X, gradHl(ds;/) EX)dSX
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> L= IX2gsr)lgrad g1 gsry Lxlp2asry -

The inequality 2ab < ea® + %bz for all € > 0 implies
2 1 2
‘C < ||X||L2(dSV) + Z + 1 ”grad[-]l(dsy) LX ”Hl(dsV)

=

N ™ ™

1
2 2
I X1I5,L + (—28 + 1) lgrad g1 asry Lx g1 ggr -

Now Lemma 4.9 yields

& 2 1 2
c (1 - §||X(0)||oo) < (5 + 1) llgrad g1 (asry Lx 1 ggr)

and choosing ¢ sufficiently small gives (40). O
The gradient inequality immediately implies exponential decay of length.

Lemma 4.19 Let X be an H'(ds?) curve shortening flow. The length L(X (1)) con-
verges to zero exponentially fast ast — oo.

Proof Using the gradient inequality (40) we have

dr
_E = ||gradH|(d5y) Lx "%-Il(dsy) 2 CL.

Integrating gives
L(t) < L(0)e 42)

as required. O

Another consequence of the gradient inequality is boundedness of the H'(ds?)
length of the positive trajectory X.

Lemma4.20 Let X be an H'(ds?) curve shortening flow. The H'(ds?)-length of
(X(,1) : t € (0,00)} c H'(S', R?) is finite.

Proof From the gradient inequality (40)

IA

d
—L = —|lgradg1 4,r) EX”%.Il(dsy) —lligrad g1 asry Lx gt sy 1 Xell g1 asr)

dt
1
—-CL? ||Xt||H1(dsy)

IA

i.e.
d 1
E(Mz) < =ClXell g1 (asry
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and therefore

t
2L(1)? —2L(0)7 < —c/ X1l g1 asry 1, or
0

‘ 2L(0)2
/ 1 Xell g1 gsry dt < c (43)
0

Taking the limit # — oo in the above inequality, the left hand side is the length of the
trajectory X : [0, co) — H'(S', R?) measured in the H'(ds?) metric. ]

Now we conclude convergence to a point.

Theorem 4.21 Let X be an H'(ds?) curve shortening flow. Then X converges as
t — oo in H' to a constant map Xoo € H! (SI,RZ).

Proof Recalling (21) we have | X;| < L and therefore
1% = / X, Pdu + / X2
<[4+ / | X |?du . (44)
Using Gy = —Gj we have
L L
X5 = — X, —f XGydsX = =X, —/ X;(5)G ds*
0 0

and then from (34)

2
<1+ ﬁ(;() : (45)

L
[ X5l < 1+ f X,(5)G ds*
0

Hence |X,,| < |X,|(1 4 £?/2). Recalling (35) and then (42)
d
(=2 = LOPeX DX = IXul? < (224 LO?e DX (46)
Using the second inequality, multiply by the integrating factor e”") where
t
p(t) = / 2 — L2(0)e 2 7 dr,
0

and integrate with respect to ¢ to find

1X, ()% < 1X,(0)]2e™ PP < | X, (0)|?e e
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for some constant c¢3. For future reference, we note that the same procedure can be
applied to the lower bound in (46) and then

Xu ()73 < X, () < X, (0)Pe (47)
We therefore have
Xrul < 1Xu(O)]e™™ (1 + L£2/2)
and then referring back to (44):
IXell gt < £+ 1Xu (O] 2™ (1 + L2/2) .
Using the gradient inequality (40) and monotonicity of £ we obtain
X1 < et Xl gy + c267 7

2

By integrating % = _”Xf”Hl(dsV)

with respect to ¢ we have

o
/0 1X 151 gyt < £00).

Hence for all ¢ > 0 there exists 7, such that ftOO||X,|| gidt < g forallt > t,, and

since
%) n
/ X, di 5/ X, |
t H! 1

it follows that X; converges in H' to some X . By (42) the length of X is zero, i.e.
it is a constant map. O

HX(tz) - X(1)

H!

Remark 4.22 1f (Imm', H'(ds")) were a complete metric space then Lemma 4.20
would be enough to conclude convergence of the flow. However it is shown in [23]
section 6.1 that the H'(ds?) geodesic of concentric circles can shrink to a point in
finite time, so the space is not even geodesically complete. Indeed, Theorem 4.21
demonstrates convergence of the flow with finite path length to a point outside Imm!,
proving again that (Imm!, H'(ds?)) is not metrically complete.

Remark 4.23 To see that the convergence result above holds for initial data X (0) €
H'(S', R?)\ C, the main point is to establish equation (41). To do this we can approx-
imate by C? immersions, as it follows from eg. Theorem 2.12 in [16] that these are
dense in H'(S', R?). Given X (1) € H'(S', R?) \ C we let X, (fo) be an immersion
such that || X () — X¢(¢)|| g1 < e for ¢ in a neighborhood of fy. Then following (41)
we have

dL(X L
d(t ). lim (—ﬁ(xg)— fo <Xg,<xg>t>ds">.
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The limit exists because all the terms are bounded by || X, || ;1 (for (X,); this follows

from (29)). Similarly % =—||F(X) ||i,1 and we proceed with the rest of the proofs
by writing F(X) or X, in place of — grad 41 (45v) Lx.

5 Shape Evolution and Asymptotics
5.1 Generic Qualitative Behavior of the Flow

Computational experiments indicate that the flow tends to reshape the initial data,
gradually rounding out corners and improving regularity. However the scale depen-
dence of the flow introduces an interesting effect: when the length becomes small, the
‘reshaping power’ seems to run out and curves shrink approximately self-similarly,
preserving regions of low regularity. This means that corners of small polygons persist
whereas corners of large polygons round off under the flow (cf. Figure 1).
Heuristically, this is because of the behavior of G as £ — 0. If we Taylor expand

G(s,5) ~ _§|_/;/2)2+...)

1

o (14 =
2sinh(£/2) ( HETRS
since |s — §| < L, the constant term dominates when £ is small. Then

X X + / - X d X+ £ X
 — —_—ads = — _—
! o 2sinh(£/2) 2sinh(£/2)

and lim/_, m = 1 so each point on the curve moves toward its center.

5.2 Remarks on the Numerical Simulations

The numerical simulations were carried out in Julia using a basic forward Euler
method. Curves are approximated by polygons. For initial data we take an ordered list
of vertices X; in R? of a polygon and the length of X is of course just the perimeter of
the polygon. The arc length s; at X; is the sum of distances between vertices up to X;
and for the arc-length element ds; we use the average of the distance to the previous
vertex and the distance to the next vertex. The Green’s function is then calculated at
each pair of vertices:

cosh(|s; —sj| — L(X)/2)

Gij(X)=— 2sinh(L(X)/2)

and the flow velocity V; at X; is

Vi=—Xi — > X;Gij(X)ds,
j
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The new position X; of the vertex X; is calculated by forward-Euler with timestep
h: X i = X; + hV;. No efforts were made to quantify errors or test accuracy, but the
results appear reasonable and stable provided time steps are not too large and there are
sufficiently many vertices. A Jupyter notebook containing the code is available online
[27].

5.3 Evolution and Convergence of an Exponential Rescaling

Definition Let X : [0, 00) — H!(S!,R?)\ C be a solution to the H'(ds?) curve
shortening flow (15). We define the asymptotic profile Y of X as

Y(t,u):=e (X, u)— X(t,0)).

We anchor the asymptotic profile so that Y (z,0) = 0 for all z. This is not only
for convenience; if the final point that the flow converges to is not the origin, then an
unanchored profile Y = ¢'X would simply disappear at infinity and not converge to
anything.

The aim in this section is to prove that the asymptotic profile converges. Simulations
indicate that there are a variety of possible shapes for the limit (once we know it exists);
numerically, even a simple rescaling of the given initial data may alter the asymptotic
profile. As in the previous section we present the results under the assumption that
X is a flow of immersed curves, but they can be extended to H'(S!, R?) \ C by the
method described in Remark 4.23.

We will need the following refinement of the gradient inequality.

Lemma 5.1 Let X be an H'(ds") curve shortening flow. For any o € (0, 1) there
exists t, such that

”gradHl(dsV) 'CX ”%‘Il(dsV) Z a'C(X)

forallt > ty.

Proof We abbreviate the gradient to grad Ly in order to lighten the notation. Equation
(21) implies

lgrad Lx |11 457y < L£(X)? (48)

and therefore from (41) and 4 = —|| grad £(X)|%,, sy’

L
lerad £x By gy = £ = [ 06, grad L) ds”
0

> L — | Xllocligrad Lx I 1 (ggr)
> L — |1 X(0)]| o L£?
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where we have also used Lemma 4.9. Now using (42)

lgrad Lx 11400, = (1= 1X(O)loc L)) L)

If o > 1 — [ X(0)]|oo£(0) we can find the required 7, by solving & = 1 —
X (0) oo L£(0)e ™", otherwise z, = 0. .

We also need an upper bound for the gradient in terms of length.

Lemma5.2 For X € H'(S!, R?),

lgrad Lx 137145, < LX) +2L(X)° + E(TX)S. (49)
Proof From (21) we have
lgrad Lx 117545, < £
Then (45) implies
I (grad £x)s 135 g, < / (1 + %)2 ds < L+ L3+ %5
and the result follows. O

We now prove convergence of the asymptotic profile along a subsequence of times
— sometimes this is called subconvergence.

Theorem 5.3 Let X be an H' (ds?) curve shortening flow and Y its asymptotic profile.
There is a non-trivial Yoo € CO(S', R2) such that Y (t) has a convergent subsequence
Y() = Yo inC%asi — oo.

Proof We will show that Y (¢) is eventually uniformly bounded in H ! First we claim
that there exist constants cq, ¢; > 0 and #y < oo such that

co < LY (@) <cy forall t> 1. (50)
For the upper bound, from £(Y) = ¢’ £(X), (41) and (48)
d d £a0O
—LY) =€ LX)+ —L(X) = ef/ (X, grad L) ds*X
dt dt 0
< X0 llooe’ LX)* < [ X (0)[|oce’ LX) (51)
From Lemma 5.1, for any « € (0, 1) there exists #, such that

d
—L(X) < —al(X), t=>t,
7 (X) <= —aL(X)
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hence L(X (1)) < L(X(ty))e™* for > t,. Using this in (51) with eg. o = %,

d

t
LY)<ce 2, t>t
o (Y) <ce > 134

where c is a constant depending on X (0) and L£(X(#3/4)). Integrating from 13,4 to ¢
gives

LY (1) < LY (13/2)) + 2ce™ 34> — 2ce™!/? (52)

which gives an upper bound for L(Y (¢)) for ¢ > t3/4. For the lower bound the estimate
(49) gives

d 5 LX)
_EL(X) < L(X) +2L(X)” + —

Let tg be such that £L(X(¢)) < 1 for all t > tg. (From (42) we can find #g by solving
1 = L£(0)e )
Then also using the gradient inequality (40) there is a constant ¢ such that

d
S L00 = —L(X) = LX) |lgrad Lx3, t>tg.

(ds?)

Recalling (49), this implies (r > max{tg, 13/4})

d
L) = —ce' LX) grad Lxll}1 gy 2 —0¢'L2(X) =z G 2.

Integrating with respect to ¢, there is a constant ¢ such that
L(X)>coe™", t>max{tg, 34}

and therefore £(Y) > g for all ¥ > 5. Choosing #( to be the greater of 13,4, t5, we
have established the claim (50). We claim also that

1YLz =ct, 1>t (53)

To see this, note that by the Fundamental Theorem of Calculus followed by the Holder
inequality applied to each component of Y:

L(Y)
P < z:/ Y, 2ds” = £2(Y)
0

and so (50) gives [|Y]|;2 < c1.
Multiplying (47) by % gives

1X, (0, u)[?e™3 < ¥, (r, u)]* < | X, (0, u)|*e. (54)
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We therefore have a uniform bound on || Yy, || z» for 1 < p < oointerms of || X, (0)||zr.
In particular, if X(0) € H'! we have a uniform H' bound for ¥ and then by the Arzela-
Ascoli theorem there is a sequence (#;) and a Y, € WL such that Y (#;) — Yo in
CY (cf. [19] Theorems 7.28, 5.37 and the proof of 5.38). O

This result can be quickly upgraded to full convergence using a powerful decay
estimate.

Theorem 5.4 Let X be an H'(ds?) curve shortening flow and Y its asymptotic profile.
There is a non-trivial Yoo € H'(S', R?) such that Y (1) — Yuo in C% as t — oo.

Proof For the evolution of Y we calculate

Yi(t,u) = f Y (t, ) (G(X;0,s% @) — G(X; 5% (w), s* (@)))| Xz di.
The %—Lipschitz property for G (from (28)) implies that

[(G(X;0,s% @) — G(X; s ), s*(@)))| < %|sx(u>| < %E(Y(r))e—' <ce™,

by the estimate (52) in Theorem 5.3. The estimates in the proof of Theorem 5.3 include
[1Y]loo < c. Using these we find

Y (t, u)| = ‘fm,ﬁ)(c(x;o, sX (@) — G(X; sX (), s* (@)1 Xz di
< ce ™ ||Y || L(Y (1)) < ce™ .

Exponential decay of the velocity implies full convergence by a standard argument
(a straightforward modification to C° of the C> argument in [3, Appendix A] for
instance). O

The convergence result (Theorem 5.4) applies in great generality. If the initial data
X is better than a generic map in H'(S!, R?) \ C, for instance if it is an immersion,
has well-defined curvature, or further regularity, then this is preserved by the flow.
That claim is proved in the next section (see Theorem 5.6). In these cases, we expect
the asymptotic profile also enjoys these additional properties. This is established in
the C2 space in the section following that (see Theorem 5.7).

Remark 5.5 The asymptotic shape is very difficult to determine, in particular, it is not
clear if there is a closed-form equation that it must satisfy. As mentioned earlier, we
see this in the numerics. We can also see this in the decay of the flow velocity Y;.
It decays not because the shape has been optimised to a certain point, but simply
because sufficient time has passed so that the exponential decay terms take over. The
asymptotic profile of the flow is effectively constrained to a tubular neighborhood of
Y (0).
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5.4 The H' (ds¥)-Flow in Inm¥ Spaces

Observe from (21) and (23) thatif y € C! then grad £, is also C I we might therefore

consider the flow with Imm' initial data as an ODE on Imm! (instead of H!(S!, R?)\

C). In fact the same is true for Imm? ( and moreover ImmF ) as we now demonstrate.
Assume X € C? is an immersion, then

Guu = 04(1Xu|Gs) = | Xu*Gys — (Xuu, X5) G (55)

and using Gy; = Gy; as well as integrating by parts we obtain

(grad Lx)yy = Xuu + / XG,, ds
= qu + |Xu|2/X§§Gd§ - (qu, Xs) / XEGdS:X (56)
Now from

_ qu _< ) Xu
CUX R T T x4

(57)

we have that || X || o is bounded provided | X, | is bounded away from zero for all u.
Assuming this is the case we have furthermore from (56) that |(grad Lx),,,| is bounded
and grad Ly € C?. We may therefore consider the flow as an ODE in Imm?. Short time
existence requires a C2 Lipschitz estimate. One can estimate ||grad Lx — grad Ly || c1
much the same as in Lemma 4.8. From (56) and product expansions as in Lemma 4.8:

I(grad Lx)uu — (grad Ly )uel < 1 Xuw — Yuu| + 1] 1Xul? = 1Yul?| + 2| X 55 — Y5
+63|G(X) - G(Y)| +C4|qu - Yuu| +C5|Xs - Ys| .

The result now follows from the Lipschitz estimate for G, together with estimates
| Xy — Y| < c|Xy, —Y,| and | X5 — Y| < ¢|Xyu — Yuu| which also follow from
product expansions using eg (57).

It follows from (47) that if X (0) is C!, then X (¢) is C! forall ¢ < oo, and moreover
| X, (t)] is bounded away from zero for all # < 0o, so we have global existence for the
C! flow.

Suppose X () is C? for a short time, then from (56)
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d -
<Xl = 20Xl — 2|Xu|2<xm,, / X5:G dsx>
+2(X Xs><xuu,/xgc d§X> |
From (57) notice | Xss| < 2| Xuul| | Xy| 2 and therefore
d 2
Elxuﬂ < 2| Xyl €l Xuulloo + 1 Xuul)

where ¢ = || Xy loo SUp, | Xu |~!. Supposing that at time 19, || X,.u|loo is attained at g,
it follows that

d

E|XW|(MO’ t0) < c|Xyul(uo, to)

and therefore || X, (1o, 1)|| < €. By the short time existence || X, || iS continuous
in ¢, so in fact

1 Xuulloo < e!

and we have global C2.
For the Imm”* case there is little that is novel and much that is tedious. Claim:

k—1
G =X, 95 G — (05X, X)Gy + Y Pi(Xu,.... 04 ' X)0iG (58)

1

where each P; is polynomial in the derivatives of X up to order k — 1. From (55) this
is true for k = 2. Assuming it is true for k we have

G = X, [T G+ kX T X, Xu)O5G — (041X, X() G

k—1
— (0, X, X5)1XulGs — (05X, X;)|X,|Gos + B (Z Pia;'G>

1

k
= X, [Tk G — (O X)Gy + )| PdiG

1

where each P is polynomial in the derivatives of X up to order k. From (58) and
kG = —Bé‘G we can calculate 9% (grad Lx) and observe that if X is in Imm* then so
is grad Lx. We may therefore consider the gradient flow as an ODE in ImmF. Short
time existence requires a C* Lipschitz estimate. We claim that such an estimate can be
proved inductively using using 8,’; (grad Lx) by similar methods to those used above
for the C? case, except with longer product expansions. As it is the same technique
but only with a longer proof, we omit it.
In summary, we have:
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Theorem 5.6 Let k € N be a natural number. For each Xo € ImmF there exists a
unique eternal H'(ds") curve shortening flow X : S! x R — R? in C'(R; ImmF)
such that X (-, 0) = Xj.

5.5 Curvature Bound for the Rescaled Flow

In this subsection, we study the H'(ds?) curve shortening flow in the space of C?
immersions. This means that the flow has a well-defined notion of scalar curvature.
Note that while the arguments in the previous section show that the C?-norm of X is
bounded for all ¢, they do not show that this bound persists through to the limit of the
asymptotic profile Y. They need to be much stronger for that to happen: not only
uniform in ¢, but on X they must respect the rescaling factor.

The main result in this section (Theorem 5.7) states that this is possible, and that
the limit Y, of the asymptotic profile in the C>-space enjoys C? regularity, being an
immersion with bounded curvature.

We start with the commutator of d; and 9d; along the flow X (¢, u). Given a differ-
entiable function f(u, t):

Xt Xd g L= foy = (X X 59
X[ Ju |Xu|fut—fts (X5, Xs5) f- (59

fvt:_

From X3 = kN we have X5, = kN; + k; N and then using (N;, N) =0,
kt = (XSSl‘s N)
Applying (59) twice

Xsst = Xgrs — (Xlsv Xs)xss
= (th - (Xtm Xs>Xs)s - (XIS7 Xs)Xss
= X5 — (thm T>T - (XIS7 kN>T - 2<XfS7 T>kN

and then

kt = (XISS’ N) - 2k<th’ T>
= —((grad Lx)ss, N) + 2k((grad Lx);, T)
=—k—(gradLx,N)+2k{(T+T*xG,T)
=k — (grad Lx, N) +2k(T * G, T)

where (grad Lx)ss — grad Lx = kN (from (11)) and grad £L; = T + T * G have been
used. Therefore

d
EkZ =2k*> — 2(grad Lx, kN) + 4k*(T = G, T). (60)
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Now letting
o(t) = ki = e Hk?

using (21) and (34) to estimate (60), we find
5
@' (1) < 2e 2 (|k|L + kL) <2e7 2 + Ecz<p(z).

Note that in the second inequality we used a < 1+ a?/4, which holds for any a € R.
Integration gives

t
o) < 1 +/ cLlpldz
0

and so by the Bellman inequality ( [26] Thm. 1.2.2)

p(t) < celo £24.
Since L£(X) decays exponentially (42), we have that ¢ is uniformly bounded.

This gives stronger convergence for Y in the case of C? data, and we conclude the
following. (Note that the fact Y, is an immersion followed already from (54).)

Theorem 5.7 Let X be an H'(ds?) curve shortening flow with X (0) € Imm?, and Y
its asymptotic profile. There is a non-trivial Yoo € Imm? such that Y (t) — Yuo in C°
ast — oo. That is, the asymptotic profile converges to a unique limit that is immersed
with well-defined curvature.

5.6 Isoperimetric Deficit

The goal of the remaining sections of the paper is to prove the following.

Theorem 5.8 Let k € Ny be a non-negative integer. Set Bto H' (S, R*)\ C fork =0
and otherwise set B to CK(S', R?) \ C. For each Xy € B there exists a non-trivial
Yoo € H' (S, R?) \ C such that the asymptotic profile Y (t) — Yoo in C as t — oc.
Furthermore:
o Y is embedded if at any t € (0, 00) the condition (6) was satisfied for X (t)
o Ifk > 2, and X(0) is immersed, then Y~ is immersed with bounded curvature

e There is a constant ¢ = c(||X(0)|lco) Such that the isoperimetric deficit of Yoo
satisfies

Dy,, = cDx (-
In this section, we show that the isoperimetric deficit of the limit of the asymptotic

profile Y, is bounded in terms of the isoperimetric deficit of X¢. This is in a sense
optimal, because of the great variety of limits for the rescaled flow, it is not reasonable
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to expect that the deficit always improves. Indeed, numerical evidence suggests that
the deficit is not monotone under the flow. Nevertheless, it is reasonable to hope that
the flow does not move the isoperimetric deficit too far from that of the initial curve,
and that’s what the main result of this section confirms.

5.6.1 Area

We start by deriving the evolution of the signed enclosed area. Using (59) we find
Xst = Xos — (Xisy X5) Xs = Xos — (X4s, T)HT.

Differentiating (N, T) = 0 and (N, N) = 1 with respect to ¢ yields

(N;, T) = —(N, Xg), and

(N, N) =0.
Therefore
Nt = —(N, Xs)T = —(N, Xi5)T. (61)
Using the area formula A = —% Oﬁ(X, N)ds*,and ds*X = |X,|du implies %dsx =

(X1s, X;)ds™, we calculate the time evolution of area as

dA 1 (£ X
da _ __/ (X, N) + (X, Ni) + (X, NY(Xy5., Xo)ds
dt 2 0
L
z_%/ (X7, N) — (X, TYN, Xp5) + (X, N} (X5, Xy)ds™
0
1 L
_ _5/ (Xi, N) + (Xsy, (X, NT — (X, T)N)ds* .
0

Now since d; ((X, N)T — (X, T)N) = —N, integration by parts gives

dA £

- = —/ (X;, N)ds¥X . (62)
0

5.6.2 Estimate for the Deficit

Consider the isoperimetric deficit

D= L2 — 47 A.

From £ £ = [(kN, grad Lx)ds and (62) we find
d X
ED = | QLk —4m)(N, grad Lx)ds”.
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With the gradient in the form
grad Ly = /(X(§) — X(5))G(s, 5) ds¥
we use the second order Taylor approximation

e S ST R S
@ = 2dnnL/2) <1+ 5 (s =51 = L£/2)" +o(L ))_

Note that f X(5) — X(s)d5 = L(X — X(s)) and moreover
/(2£k —47)(N, L(X — X))dsX = —2LD

where the X term vanishes because kN and N are both derivatives and £X is inde-
pendent of 5. Hence

d 1 L2
—D=— | —rDl2+ =
ar?l 25inh(£/2)< £ ( + 8)

- /(2£k —47)(N, /(X(E) — X(s)) <%|s —5P2—Lls =5+ 0(£4)) dsX dsX> )

For the terms involving k we have, for example,

f <£kN, / (XG) = X()s —5)2d5X>dsX
T / <£T’/2(X(5> — X()(s = §) = T()(s =5 d§X> ds*

and therefore we estimate
Ip< ! LD 2+£2 +0(L)
— —_— | — — o
dt  ~ 2sinh(L/2) 8

Because m < 1and D > 0, we have

d L
—D<———" 2D+ o(LY.

dt —  2sinh(L/2) “5

For the isoperimetric deficit Dy of the asymptotic profile Y, we have

d d
Dy =e¥D, —Dy=e*—D+2D
y =e€ i y =e€ i + Y
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hence

d
EDY < 2'Dy<l — ) + 0(['4)62[-

2 sinh(L/2)
From Lemma 5.1 we can take r > 3,4 such that o(LY)e? decays like e™! for
t > t34. If % > 1 — [[X(0)]loo£(0) we can find the required 3,4 by solving
% =1- ||X(O)||oo£(0)e_c’3/4, otherwise 73,4 = 0. The constant C is from the gradi-
ent inequality and also depends on || X (0)||s. Therefore the estimate for the integral

of the extra terms depends only on X (0).
Integrating with respect to 7 gives

Lo L
Dy < Dy (X (O’ |~ O

The Taylor expansion for x +— x /(2 sinh(x/2)) yields

r L2 4
Dy < Dy O)c(X(O))else 7T,

Now using again the exponential decay of £ we find
Dy = ¢(X(0)Dx (0).

Summarising, we have:

Proposition 5.9 Let X be an H'(ds") curve shortening flow and Y its asymptotic
profile. There is a non-trivial Yoo € H'(S', R?) such that Y(t) — Yso in C° as
t — oo. Furthermore, there is a constant ¢ = ¢(|| X (0)||o0) such that the isoperimetric
deficit of Yoo satisfies

Dy,

o0

< CDx(o).

5.7 A Chord-Length Estimate and Embeddedness

The purpose of this section is to finish the proof of the following:

Theorem 5.10 Lerk € N. For each Xo € ImmF there exists a unique eternal Hl(ds?)
curve shortening flow X : S! x R = R? in CY(R; Imm¥) such that X (-, 0) = Xj.
Furthermore, suppose X satisfies

o Chun,u, 0) L2+ Xl Hv2iolk
mn > e
uruzeS S(uy, uz, 0) 4

where
Chuy, up, 1) = |X(uy, 1) — X(ua, )| and S(uy,ua, 1) := |s¥CDup) — sXCDuy)).
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Then there exists a C = C(Xg) > 0 such that

Ch(uy,uz,t)
—— > C
141»14258 S(“l,uLt)

forall t.
In particular X (as well as its asymptotic profile and limit Y~ ) is a family of
embeddings.

What remains is to prove that if the flow is sufficiently embedded (relative to total
length) at any time, it must remain embedded for all future times. Note that this holds
also for the asymptotic profile (the chord-arc ratio is scale-invariant).

We achieve this via a study of the squared chord-arc ratio:

Letus fix uy, up (with u; < uy) in the below, where we will often write simply Ch and
S. Note for later that S = fu”f 10, X|du = [ Y]Z ds*X . Recalling that

X, = —X—/xcdsx = —X+X—f(X—5()Gd§X

we find

d_» 2 o =X

E& = 200" = 2{ X (u1) — X(u2), | (X — X)(G(s1,5) — G(s2,5))ds
and define

Qo := <X(u1) — X(uz), /(X — X)(G(s1,5) — G(s2, S))d§X>
so that
Ch = —Ch — 0
= al 0'

Since we have S = fs‘? ds* and %dsx = (Xys, X;)ds* we obtain

. 52 52 52
SZ/ (—T — T %G, T)dsX:—/ dsX—/ (T %G, T)ds*.
51 s s

51 51

Now let
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and then
S=-8— 0.
Therefore the time evolution of the squared chord-arc ratio is given by

. 2hCh _C2S Ch S Qo Q1
=" S3 o~ 03 o T2

Using the estimates (that follow via Poincaré and (34))

£2
|Qol = 76718

£2
—S
1011 < >

and recalling the length decay estimate (42) we see that

“o=-2928 129

z—czf<1+f>.

Therefore
1 1
NI N
2 2
Lemma 4.19, and choosing the appropriate ¢ in the proof of Lemma 4.18, implies that
L(1) = LO)e P

where B(Xo) = 1//2 + [ Xoll%.

Now let us impose the following hypothesis on X:

2 L2

inf f (uy, us, 0) > L—ew&m. (63)
Uy, uz€S ’ 48(Xo)

We calculate

i(eéfo' Ez(r)dr\/a> > e%fé[?(r)dr( _ %£2>

dt

> L2 2B [y ce 0 ar
2 r?
_lﬁée—zﬂ()(o)w—w&o) _ _1£%e4—ﬁ(§0) o260
2 2

v
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Integration gives

2 2
Lo TR
4B(Xo)

e h E2OdT Jo > Jo0 —

By hypothesis (63) the RHS is positive, and so the function +/@ can never vanish. In
fact, as £ decays exponentially, ¢ is uniformly bounded from below by a constant
depending on Xj.

Since the chord-arc length ratio is scale-invariant, the same is true for the asymp-
totic profile Y. Moreover, the hypothesis (63) may be satisfied simply by scaling any
embedded initial data (again, ¢ is scale-invariant, but the RHS of (63) is not).

Thus (keeping in mind Theorem 5.6) we conclude Theorem 5.10. Moreover The-
orem 5.7, Proposition 5.9 and Theorem 5.10 complete the proof of Theorem 5.8.
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