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Abstract

In this article, we show the existence of closed embedded self-shrinkers in R” 1! that are
topologically of type S' x M, where M C S is any isoparametric hypersurface in S”
for which the multiplicities of the principle curvatures agree. This yields new examples
of closed self-shrinkers, for example self-shrinkers of topological type S! x S x §%
R+ for any k. If the number of distinct principle curvatures of M is one, the resulting
self-shrinker is topologically S' x $"~! and the construction recovers Angenent’s
shrinking doughnut (Angenent in Shrinking doughnuts, Birkhiuser, Boston, pp 21—
38).

Keywords Mean curvature flow - Self-shrinker - Isoparametric foliations

1 Introduction

Consider a compact n-dimensional manifold ¥ that is smoothly immersed in R**+!
viaamap Fy : & — R""!. A mean curvature flow of Fo(X) is a family of smooth
immersions F; : ¥ — R"*! where ¢ € R varies over some interval and for which

9 Fi(x) = H;(x)

holds for all . Here H,(x) is the mean curvature of F;(X) at F;(x). In other words,
F, (%) flows along its mean curvature vector in R”*!. Due to compactness of X, such
a flow necessarily becomes singular in finite time, see, e.g. [13].

By the work of Huisken [13], Ilmanen [14] and White [21], rescaling F;(M) near
the singular time in an appropriate way leads to weak limits that are so-called self-
shrinkers, that is immersed manifolds whose mean curvature flow is given by dilations.
These self-shrinkers then take a special role in the singularity theory of the mean
curvature flow.
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In this paper, we use the theory of isoparametric foliations of the sphere S” to
construct new examples of closed embedded self-shrinkers. Concretely we show:

Theorem A For any isoparametric hypersurface M in S", n > 2, for which the mul-
tiplicities my and my of the principal curvatures agree, there is a closed embedded
self-shrinker of topological type S' x M in R"*1. This hypersurface is a union of
homothetic copies of the leaves of the isoparametric foliation of S™ associated to M.

The theory of isoparametric hypersurfaces of the sphere S is very rich, so the above
theorem can be used to produce self-shrinkers of novel topology (for example S! x
Sk x sk c R**2 fork € Nor S' x SO3)/(Z> x Z) C R>). These hypersurfaces
have previously been applied to the problem of mean curvature self-shrinkers by Chang
and Spruck [6], who constructed for any isoparametric hypersurface M of the sphere
S" a self-shrinking end that is asymptotic to the cone C(M).

The terminology of isoparametric hypersurfaces will be recalled in Sect.2.1. The
proof of Theorem A works via a reduction of the shrinker condition to a geodesic
equation in a two-dimensional manifold. Simple periodic solutions of this ordinary
differential equation are then established by shooting methods very similar to [2],
although the equation itself is quite different.

Denoting with g the number of principal curvatures of a regular leaf of the isopara-
metric foliation, one has in the case g = 1 that the leaves become the latitudes of a
sphere. The hypersurfaces found by Theorem A are then rotationally invariant under
the O (n) action on R"*! and topologically of type S! x §"~!, the same topological
type as the “shrinking donut” found by Angenent [2]. It is currently an open question
whether there exist embedded rotationally invariant self-shrinkers of type S' x §"~!
in R"*! other than Angenent’s example, so we also remark:

Proposition B In the case g = 1, the construction of Theorem A gives Angenent’s
shrinking doughnut [2].

The structure of this article is as follows: In Sect. 2, we recall the necessary facts
about isoparametric foliations, explain the reduction of the self-shrinker problem to
an ordinary differential equation, and remark on some elementary properties of the
resulting equation. In Sect. 3, the shooting argument is presented and Theorem A is
shown with the exception of a technical proposition. Proposition 1 is also proved in
Sect. 3. The aforementioned technical proposition is shown in Sect. 4.

The author would like to thank Peter McGrath for interesting and helpful discus-
sions. The author gratefully acknowledges the support of Germany’s Excellence Strat-
egy EXC 2044 390685587, Mathematics Miinster: Dynamics-Geometry-Structure.

2 Reduction and Geodesic Equation

In SubSect. 2.1, we recall some basic definitions and facts about isoparametric folia-
tions. Subsection 2.2 explains the reduction procedure: a result due to Angenent [2]
gives that a hypersurface is a self-shrinker if and only if it is minimal in some metric
gang- The reduction theorem of Palais and Terng [17] is then applied in order to reduce
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the shrinker property to a geodesic equation on an open subset of R* equipped with
a special metric. In SubSect.2.3, we present this geodesic equation and simplify its
form.

2.1 Isoparametric Foliations on Spheres

Definition 2.1 Let M be a smooth Riemannian manifold. A smooth function f : M —
R is called isoparametric if there are smooth functions a, b : f(M) — IR so that

IVFI?=ao f, )
Af=bof. )

The geometric meaning of condition (1) is that the fibres of f form a (singular)
transnormal system,! in particular they are all equidistant to each other. Condition (2)
implies that the regular fibres of the foliation are of constant mean curvature in M
(cf. [7]). If M is a space-form, one even has that the individual principal curvatures
of such a fibre are constant along the fibre. Foliations that arise from the fibres of an
isoparametric function are called isoparametric foliations. A hypersurface is called an
isoparametric hypersurface if it is a regular leaf of an isoparametric foliation.

The classification of isoparametric foliations in spheres was initiated by Cartan in
[3-5]. This has proven to be a difficult problem and, despite a long and active history
of research, it is in part still open. A significant part of the structure theory of these
foliations was developed by Miinzner in two seminal papers [15, 16].

We review now some structural facts of isoparametric foliations of S”, cf. [7, 11,
15, 16, 20] for proofs and further information:

(i) The principal curvatures of any regular fibre are constant along the fibre.

(i) The number of distinct principal curvatures of a regular fibre is the same for any
two regular fibres. Denoting this number by g, one has that g € {1, 2, 3, 4, 6}.

(iii) There are precisely two singular fibres Vi and V;. One has dist(Vy, V) = %.
These singular fibres are closed and minimal submanifolds of S”.

(iv) Any regular fibre is of the form My,:={x € S" | dist(x, Vi) = ¢}, where ¢ €
(0, Z). These fibres are all diffeomorphic to one another.

(v) The principal curvatures of a regular fibre M, are of the form cot(¢), cot(¢ +
%), ..., cot(p+ w). Denoting with m1:=codim(V7) — 1, ms:=codim(V;) — 1
the multiplicities otg these principle curvatures are m1, mo, mi, . ... In particular
n—1=%(m; +my) and m; = my if g is odd.

(vi) For ¢* = % arctan(/m/m>) the hypersurface M+ is minimal in S".

(vii) The volume of a regular fibre is given by

Vol(M,) = csin(g(p)ml cos(gfp)mz 3)

1 Meaning if a geodesic is perpendicular to a leaf at any time that the geodesic then remains perpendicular
to all leaves it intersects, cf. [19] for more details.
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where ¢ a positive constant that does not vary in ¢ (but will be different for different
foliations).

(viii) There is a homogenous polynomial F : R"*! — R (called the Cartan-Miinzner
polynomial) of degree g so that F'|gn= cos(g¢) and for which one has:

2
_ 8 _
IVE@)|? = g*lIx|I*$™2,  AF(x) = = Omy = mo)lx|® 2,

Example The cases g € {1, 2, 3} were first classified by Cartan. The list of homoge-
nous examples was completed by Takagi and Takahashi [18] based on previous work
by Hsiang and Lawson [12], here an example is called homogenous if the fibres of the
foliation arise as the orbits of an isometric action on S”. The homogenous cases always
arise as the principal orbit of the isotropy representation of a Riemannian symmetric
space of rank 2, see [7] for more detailed remarks and references also for the other
cases.

(i) When g = 1, the isoparametric foliation is congruent (that is equal up to an isomet-
ric transformation) to the latitudes of the sphere S”. One has V| = {(1,0,...,0)},
Vo = {(—1,0,...,0)} and M, = {cos(¢)} x sin(@)S"~! for ¢ € (0, 7). These
examples are homogenous and my =my =n — 1.

(il) When g = 2, the isoparametric foliation is congruent to the foliation by Clifford
tori §” x 82, One has Vi = {(0,...,0)} x §™2, V, = §™ x (0,...,0) and
My, = sin(@)S™! x cos(p)S™? for ¢ € (0, %). The integers m1, mo are arbitrary
solong as m| +my = n — 1, in particular m| % my is possible. The fibres are the
orbits of an isometric O (m| 4+ 1) x O(m> + 1) action on S".

(iii) When g = 3, one has m; = my € {1, 2, 4, 8}. The fibres of the foliation arise
as the distance tubes of certain embeddings of the projective planes IFIP? (= V)
in $31+! where F € {R, C, H, O} is one of the real division algebras or the
octonions. These examples are homogenous and the fibres are diffeomorphic to
SOB3)/(Zy x Z), SUQ2)/T?, Sp(3)/Sp(1)3, F4/Spin(8), respectively.

(iv) For g = 4, there is an infinite family, introduced by Ferus, Karcher, and Miinzner
in [11], which contains both homogenous as well as inhomogenous examples. Two
additional homogenous cases beyond this family exist, else all examples belong
to this family. Here m| 7 my is possible.

(v) For g = 6, one has m; = my € {1, 2}, as was shown by Abresch [1]. For both
cases, there exist homogenous examples. If m; = my = 1, it was shown by
Dorfmeister and Neher [8] that the homogenous example is the only one.

2.2 Reduction for Self-shrinkers

Definition 2.2 Let F be the Cartan-Miinzner polynomial of an isoparametric foliation
of S". Define:

F
f:R" —Roo - (Vi UV2) — (0, 00) x (0, %), X > (||x||, arccos(F (x/lix1D)

@ Springer

).



Closed Embedded Self-shrinkers of Mean Curvature Flow Page50f27 172

A set X C R"! is called f-invariant if there is a set N C (0, 00) x (0, %) so that
X =fL(N). Compare with the notion of F-invariant in [20].

Note that the f-invariant sets are precisely those sets that are unions of homothetic
copies of the regular fibres of the isoparametric foliation - that is unions of sets of
the form r - M, for (r, ) € (0,00) x (0, %). (Recall that for ||x|| = 1, one has
F(x) = cos(gg), where ¢ is the distance to the singular fibre V;. So =1, p)={xe
R | lxll =7, iy € Mg))

Recall (cf. [2, 9]) that a closed submanifold X C R™**! is a self-shrinker under
mean curvature flow (short: self-shrinker) if and only if there is an T > 0 such that X
is a minimal hypersurface in R”*! equipped with the metric (which we refer to as the
shrinker metric):

2 N 2
_ zlixll 2 _zlxl
8sh =€ n dei =€ " ZEuc-

i=1

The parameter 7 is related to the extinction time of X. By rescaling X if necessary we
take T = 1 in what follows.

Proposition 2.3 Equipping R"*! — R>o - (V4 UV_) with the shrinker metric gg, (with
2
T =1)and (0, 0) x (0, %) with the metric gsypm:=e  n dr* + r2d<p2), one has:

(i) fis a surjective and proper Riemannian submersion.
(ii) The mean curvature vector of a fibre £~ (r, @) is given by

2 1 r H
ex ((— = =)y + @) v¢> ;
r n r

where H (p) is the mean curvature of My, C S", vy, is the unit normal of r My, in
rS" equipped with gg,, and v, is the unit normal of rS" in R+ equipped with

&sh-

The proof is a standard calculation and from (ii) one sees that the mean curvature of
the fibres of f form a basic field of the Riemannian submersion, meaning that it is the
horizontal lift of a vector field on the base manifold. Riemannian submersions with
this property are the key ingredient in the reduction theory developed by Palais and
Terng in [17], recall:

Theorem 2.4 (Palais-Terng, cf. Theorem 4 in [17]) Let 7 : (E, gg) — (B, gp) be a
Riemannian submersion for which the mean curvatures of the fibres form a basic field,
then for a k-dimensional submanifold X C B, one has that 7~ (X) is minimal in E
if and only if X is minimal in (B, V¥*gg). Here V*/*gp is the metric given by

(V¥*gp) (b) = Volg, (" (b))% g5 (b).
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Using (3) one gets (up to a constant factor):

_ 2 2=
Volgsh(f (r,p) - =e n

— p2n=1) ,=r?(1=1/n) G 2m1 (g(p) coszmz(gw).

Volgg, (r - My)? = r2 =D 0=1m ol (M)

8Euc

The problem of finding f-invariant hypersurfaces that are minimal with respect to
gsh 1s then reduced to finding geodesic segments in (0, oo) x (0, %) equipped with
the metric

r2n—26—r2 sin(§¢)2m1 COS(%QD)sz (dr2 + rzd(pz). 4)

We conclude:

Proposition 2.5 A f-invariant hypersurface X C R"*! is a closed self-shrinker in
R+ if and only if N:=f(X) is a closed geodesic in (0, o0) x (0, %) with respect to
the metric (4).

2.3 Geodesic Equation

For the metric (4) one gets the following geodesic equation, where o denotes the angle

dr do.
between I and T

dr . G o)
T =cosa G(r, @),

do G(r, )

- = o s

dt r

d G, 1

do _ ingra, 209 — cosa - 3, G(r, ).
r

Here

G(r.g) =r "l sin<§¢)‘”” cos<§w>—'"2.

Since we are not directly interested in the parametrisation of the geodesic but rather

dtﬂe

in its orbit we perform a substitution T‘ﬂ: = }G(r, @) to simplify the equation:

dr
— =rcosa,
dt

@ .
— =sina,
dt

o . (2
— = S1Ino (r
dt
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We simplify once more by letting 6(¢):= 2<p(t) substltutmg ST = 2 sm(29)’ letting
£(t):=5% ln(\fr(t)) and m: =—n =mi+my+ 5 2 to get:

d .

— = cosa sin(20),

dt

de

' = sin« sin(26), *

da . . ié—

I = sina sin(20)(es®> —m) + 2cosa l(0).

Here [(0) = m; cos2(0) — my sin?(0).
If 6'(t) # 0 then & may be (locally) given the form of a graph over 6. This graph
obeys the following ODE:

d*e E'(t)  E1) 0" dé | dé
2( ) = T T TOTar (1 + (E)2> <egf +2H(9)—). ok

Here

16) _mi ey — %tan(@).

H©) = sin(20) 2

The ODE (%) can be formulated for all initial conditions (£, 6, «) € R3. But in
coordinates (&, 6), the domain (0, co) x (0, %) has been transformed to R x (0, 5);
so we are only interested in solutions where the £ and 6 components remain in that
domain. We set D:=R x (0, 7) x R.

The ODE (%) admits two trivial families of solutions in D, namely for any k € Z:

(£,0,0) (1) = (£(0) +2(— 1)’< Vi t arctan( /anl>,7tk),
2

(¢.0.0) (1) = (S 1nm, arccot(< 2 chotwm))) Z k).

The first of these solutions lifts to the cone R~ - M+ over the minimal hypersurface
of the isoparametric foliation, which is a minimal submanifold of R"*!. The second
lifts to the round sphere, albeit with the singular fibres V1, V, removed.

2.4 Elementary Properties of () and Symmetry

We briefly note some elementary properties of solutions of (x), proofs are standard
and are thus omitted.

Proposition 2.6 (i) For any (£o, 6o, ag) € R3,there is a unique solution y of (x) with
initial condition y (0) = (&, 6o, ao). This solution is smooth and has domain of
definition all of R, i.e. solutions exist for all times.
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(i) Suppose (&, Os, as) converges in R3w0a point (Exo, Ooo, Aoo). Denote by yg the
solution of (x) with initial condition (&, 05, a5) and yso the solution of (x) with
initial condition ({xo, Oco, 0oo). Then ys converges uniformly on compacta to V.

(iii) Solutions of (x) with initial condition in D remain in D for all times.

For our investigation, we are interested in periodic solutions of (x). These will be
found with the help of a discrete symmetry of the ODE ().

Definition 2.7 Define 6*:= arctan(+/m/m;) and let
S:R*—> R’  (£.0,a)— (5,20 — 0,7 —a).

Remark 2.8 Note that 0* is the solution in (0, 5) of /(6) = 0. Additionally the map S is
an involution that reflects 6 at * while sending cosa — —cos« and sinoe — sina.
In the event that m|; = my, one has 6* = % and [(20* — ) = —I(9) as well as

sin(2(20* — 0)) = sin(260). For m|; = m», one has S(D) = D.

Proposition 2.9 If m| = my then for any x € D, one has S(y1(—t)) = y»(t) for
all t € R, where y1, y» are the solutions to (x) with initial conditions x and S(x),
respectively.

If x = S(x) then y; = y» in the above proposition and one gets S(y; (1)) = y1(—1).
Noting that (x) is further invariant under transformations of the form o — « + 27wk
for k € Z then immediately gives a criterium for finding periodic solutions:

Corollary 2.10 Let m; = my and x € D with S(x) = x, let y be solution of (x) with
initial condition x. If there are T # 0 and k € Z so that

0
SyT)=yM+1| 0
2k

then the & and 6 components of y are periodic and 2T is a period.

Note that one has S(&, 0, o) = (&, 0, o + 27k) for some k € Z if and only if 6 = 6*
and @ = 5 + 7 j for some j € Z.

3 Existence of Periodic Curves

In light of Corollary 2.10 we wish to find geodesic segments that begin and end on the
line & = 6*, with both intersections being orthogonal. We begin with the following
definition:

Definition 3.1 For &y € R let (0¢,(¢), &, (1), ag, (1)) denote the solution of (x) with
initial condition & (0) = &y, 8(0) = 0™ and «(0) = % Then:

(i) &ois said to be of type I if thereisa T > 0 so that 65, (T) = 6* and Séo (t) # 0 for
allt € (0, 7).
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Fig.1 Examples of curves of I3
different type. The blue curve is

type 1 but not type 2, the green

curve is both type 1 and type 2,

the orange curve is type 2 but not

type 1, the red curve is type 3

(ii) &pis said to be of type 2 if thereis a T > 0 so that Eéo (T) = 0and 0, (1) # 6" for
allt € (0, 7).
(iii) & is said to be of type 3 if SE/O (t) # 0 and 6, (1) # 0* forall t > 0.

Note that type 1 and type 2 are not exclusive, whereas a point is type 3 precisely if
it is not type 1 or type 2. In fact, a point that is both of type 1 and type 2 corresponds
to a curve segment that orthogonally meets the & = 6* line at its start and its end.
If m1 = mpy, this leads to a solution for which the £ and & components are periodic,
which corresponds to a closed embedded self-shrinker in R"*! of topological type
S' x M, here M is diffeomorphic to the leaves of the isoparametric foliation. The
following argument then finds a value &; that is both type 1 and type 2.

Remark 3.2 For m = m, one can see that & = £ Inm is the only type 3 point, as in

this case, type 3 points correspond to embedded mean curvature convex self-shrinkers

that are topologically a sphere. By [13], the only closed embedded mean curvature

convex self-shrinkers are round spheres, which in this setting are given by the line
=%Inm.

Define:
&y = inf{r € R | & is type 1 for all & > r}.

Proposition 3.3 We have:
(i) &) < oo.

(i) & > §Inm.

(iii) &7 is not type 3.

This proposition will be proven in Sect.4. For now, we make use of the following
elementary lemma:

Lemma 3.4 For (§,0) (t) € D, one has the following characterisation of extrema:

(i) If§'(t) = 0, then sign(£" (1)) = sign(§ Inm — &(1)).
(ii) If0'(t) = 0, then sign(0”(t)) = sign(6* — ).
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Proof &'(t) = 0 if and only if cos(a(r)) = 0, so

4
£/(t) = —sina sin(20)a’ () = — sin? & sin2(20) (e — m).
In the same way 6’(r) = 0 if and only if sin(«(r)) = 0, so
0" (1) = cos a sin(20)a’ (1) = 2 cos” a sin(20)1(0).

Now [(#) > O for6 < 6* and [(0) > 0 for 0 > 6*. O
This now gives:
Proposition 3.5 &7 is type I and type 2.

Proof Since & is not type 3 by Proposition 3.3 (iii), it must be at least one of type 1
or type 2. We first assume that &7 is type 1 but not type 2, then we have a 7 > 0 so
that for all € > 0 small enough, one gets:

Cos(agg(t)) #0 Vtele, T+e€l, GSJ(T +€) < 6%,

Since solutions of the ODE (%) vary continuously in the initial conditions (with
respect to the topology of uniform convergence on compacta), one finds a neighbour-
hood U (€) of &5 so that for all &) € U (¢), one has

cos(ag, (1)) #0 Vi e[e, T + €], O (T +€) < o*.

Additionally, one has |%§§0 ()| < 1, whence if one chooses € small enough, there is
a neighbourhood V of §; > § Inm with &, (1) > & Inm forallr € [0,e]and & € V.
By Lemma 3.4, £(¢) can only have maxima when &(¢) > % In m, which implies that
cos(ag,(t)) #Oforallt € (0,e]and &y € V.

The above shows that for & € V N U (¢€), one has that & is type 1, contradicting
the definition of £j.

The assumption that &; is type 2 but not type 1 leads to a contradiction via similar
argument, we carry this out:

Note first that & é% (0) < 0, so the next extremum must be a minimum (Lemma 3.4

implies that whenever £(¢) = 0, one has either a maximum, a minimum, or £ is the
trivial solution § = %m). This gives a T > 0 such that for all € > 0 small enough:

Og: (1) # 0* Vtele, T + €], cos(ag: (T +€)) >0

As before one gets a neighbourhood U (¢€) of &; so that this extends to all initial
conditions &y € U (¢), i.e. for all &y € U (¢):

O, (1) £ 60" Vit e[e, T + €], cos(ag (T +¢€)) >0
Since 6; , (1) = 1 one again gets for € small enough a neighbourhood V' of &y with

O, (t) # 6" forallt € (0, €] and & € V. This shows that all points &y € V N U (¢)
are of type 2 but not type 1, again contradicting the definition of &j. O
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Asdiscussed, this yields a periodic geodesic via Corollary 2.10 inthe case m| = m.

Lemma 3.6 When m| = my, one has that the periodic geodesic t +—> (553, 955) (1) is
simple.

Proof Let 2T > 0 denote the period of the geodesic, then 6(0) = 6(T) = 6*. For
t € (0,T) this gives éé*(t) < 0 and Ggg(t) > 0%, similarly if t € (T,2T) then
0

&l.(t) > 0and 0+ (1) < 0*. This immediately implies that the geodesic is simple. O
& 8o
0
Together with Proposition 2.5, this proves the main theorem of the paper:

Theorem A For any isoparametric hypersurface M in S", n > 2, for which the mul-
tiplicities my and my of the principal curvatures agree, there is a closed embedded
self-shrinker of topological type S' x M in R"*1. This hypersurface is a union of
homothetic copies of the leaves of the isoparametric foliation of S™ associated to M.

In the case m| # my, Proposition 3.5 remains true and yields a simple geodesic
segment that starts and ends on the 6 = 6*, meeting this line orthogonally in both
places. In between the two ends, one has 6 > 6* and the same arguments give another
geodesic arc with the same properties, except now 6 < 6*.

It may be useful to connect the end-points of these two arcs by line segments 6 = 6*
(which are geodesics). Doing so gives a simple closed curve consisting piecewise
geodesic segments and having external angle sum equal to 0. By the Theorem of
GauB3-Bonnet, this curve then encloses a total Gau3 curvature of 2. Such a curve
is an essential ingredient in [10], where an adapted curve shortening flow is used to
generate closed geodesics.

3.1 The Case Studied by Angenent

The case g = 1 yields an embedded self-shrinker in R"*! of topological type S! x
§"~1, which is invariant under an isometric O (n) action on R”*!. This is the case
investigated by Angenent in [2]. In this subsection, we relate Angenent’s construction
to ours and show that they give the same self-shrinker.

Let w:={(x0,...,xs) € R"™ | ¥ (x? = 1,x0 = 0}, ep:=(1,0,...,0) €
R™*!. Then the construction of [2] yields a self-shrinker of the form

{xMeo+r@)w|1 e (a,b), (%)
where x : (a,b) — R, 7 : (a,b) — R-( are smooth functions and a, b € RR. Note
that sets the form (5) are precisely the f-invariant sets from Definition 2.2, where f

arises from the isoparametric foliation of S” with V| = ¢p. To be more precise, if
r:(a,b) > R=o, ¢ : (a,b) — (0, ), one has:

f7 {0 (1), 9(0)) | 1 € (a,b)}) = {r(1) cos(p(t)) o + r (1) sin(p() @ | 1 € (a, b)}.
(6)
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In [2], the variational condition that a set of the form (5) is a self-shrinker is reduced
to {(x(¢),r(t)) | t € (a,b)} being a geodesic segment in

(R x R, 722770+ (4x2 4+ d72)). 7)

Here v > Ois related to the extinction time and in [2], one has T = }‘. For ease of com-
parison, we take T = 1 and then up to a constant conformal factor, the transformation
implicit in (6) gives an isometry to the metric (4) on R~ x (0, 7), as is easy to see
(recall g = 1). It follows that any geodesic of (7) is a reparametrisation of a geodesic
in (4). Carrying out the additional coordinate changes of SubSect.2.3, one sees that
the following map sends the orbits of solutions of (x) to the orbits of geodesics of (7):

W R x (0, %) S RxReg  (E.60) > (e5F cos(20), 5t sin(20)).

In particular, x(¢) = 0 if and only if 6 = 7 = 6*.
Denote with (7, xg) () the evolution of a geodesic in (7) with initial conditions
(7(0), x(0)) = (R, 0) and (¥'(0), x'(0)) = (0, 1). Define:

Ry:=inf{R > 0| VR > R : 31 > 0o that xg(r;) = 0 and 7 (r) < 0Vz € (0, 17)}.

Angenent then shows that the geodesic (g, , xg,) meets the line x = 0 orthogonally
after a finite time. A symmetry argument as in Corollary 2.10 then shows that this
yields a simple periodic geodesic.

In order to show Proposition 1, we start with the following lemma. It follows from
elementary arguments using continuity of solutions of the relevant ODEs in initial
conditions, similar to Proposition 3.5.

Lemma 3.7 For any neighbourhood U of Ry, there are R € U and t;(R) > 0 so that
xr(t1(R)) =0, Fr(11(R)) >0, andx(t) > 0forallt € (0, 11(R)).
Similarly for any neighbourhood V of &, there are &y € V and T (§y) > 0 so that

g, (T (o)) = 6™, SE’O(T(&))) >0, and 6 (1) > 0" forallt € (0, T (§)).

Proposition B In the case g = 1, the construction of Theorem A gives Angenent’s
shrinking doughnut [2].

Proof Let L : R — R bethereparametrisation of a geodesic sothat W ((&, 6) (L(¢))) =

(x,7) (r). We take L’(¢t) > O for all z. Then if x(#) = 0, one has by an elementary
calculation:

sign(§"(L(1))) = sign(7'(1)) ®)
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2ex
Assume first R, > 5% Then apply the first part of Lemma 3.7 to R, to get initial
conditions R arbitrarily close to R, and times #; (R) for which

xr(t1(R)) =0, 7Fr(t1) >0, and xg(¢t) > Oforallz € (0, 11 (R)).

This then transforms under W~! to values &y close to §1n(R*) (which is larger than
55‘), by (8) one then gets ééo (L(t1)) > 0, while 0, (L(z)) > 6* forall t € (0, 7).
These points are not type 1, contradicting the definition of &;. The contradiction

ek
for Ry < %0 is similar. O

4 Proof of Proposition 3.3

For the proof of Proposition 3.3, each of the points (i), (ii), and (iii) is considered
separately in Subsects. 4.2, 4.3, and 4.4, respectively. For the proof of these statements,
we also use two lemmas about the general dynamics of (%), which are proven in
Subsect.4.1.

For arough overview of the proof of points (i) and (ii), which are the more technical
parts, see the beginnings of Subsects.4.2 and 4.3 as well as Figs.2 and 3.

4.1 Crossings in Finite Time

In this subsection, we prove two useful lemmas that expand on the analysis of extrema
in Lemma 3.4. The lemmas state that if £’(z) points towards the % Inm line, then we
reach this line in finite time, the same holding true for @ if ’(¢) points towards 6*.
The proof of Proposition 3.3 (i) uses Lemma 4.2 below, and Proposition 3.3 (iii) and
Lemma 4.2 use Lemma 4.1.

Lemma 4.1 Iffor some 1y € Rone has§(to) > 5§ Inm (£(to) < §Inm)and§'(t9) < 0
(§'(tg) > 0), then there exists a time T € (0, 00) so that £E(tg +T) = ﬁln m.

Proof 1If this were not true then & (¢) > % Inm forall t > fy. By Lemma 3.4, we would
then have that any extremum of & is a maximum when ¢ > fy. Since &'(f9) < 0 it
follows that & has no extrema for times > 7o and then £(¢) is monotonically decreasing
in ¢ and bounded below by fT Inm by assumption, hence it must converge.

Since &(¢) is bounded we find that «’(¢) is bounded, whence &'(t) = cosa sin(20)
must converge to 0 (since 8’ (¢) is also automatically bounded). So either lim;_, o @ (¢) €
% +mZ orlim; . 6(t) € {0, T }. We briefly show that the first condition implies the
second and then continue working only with the second.

The condition a(¢) — 5 + km for some k € Z gives sina — (— D)K. For large
times, the dynamics of 6(¢) are then given by

0'(t) = (—l)k sin(260) + O(cos «).

This gives that 6(r) converges to either 0 or 5 as t — oo, depending on whether  is
even or odd.
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Assuming now 6(t) — 0 as ¢ — oo one gets from Lemma 3.4 that 6(¢) admits
no extrema for 7 large enough, so sinae < 0 for ¢ large enough. This gives «(t) €
277 + (7, 3Z) for t large enough. However, for such ¢

a'(t) = sina sin(26’)(egS —m) +2cosal(f)

is a sum of two strictly negative terms. « then decreases for large times, so there is
an € > 0 with |cosa| > ¢ for large enough 7. In particular o’(t) < —2¢€l(0) for
large ¢, where [(6) converges to m . This means that in finite time, « exits the interval
27k 4 (7r, 3%) from the bottom, contradicting that sin ¢ < 0O for all 7 large enough.
The case 6(t) — 7% can be treated in the same way. This contradiction then implies
the statement for & (79) > § Inm and &'(fy) < 0. The case & (fy) < % Inm and &'(1y) >
0 is also completely analogous. O

Lemma 4.2 If for some ty one has 0 (t9) < 6* (0(to) > 0*) and 6’ (1) > 0(0'(19) < 0)
then there exists a time T € (0, 00) so that 0(tg + T) = 0*.

Proof As before assuming that 8(¢r) < 0* for all t > 1y and 0'(f9) > 0 implies that
0(r) has only minima as extrema, hence 6’(t) > 0 for all # and 0(¢) converges (being
bounded from above by 6*).

4 . . .
We first assume that e¢*® remains bounded as ¢ — 00, this implies that o (¢)

remains bounded and then from convergence of & one gets that #’(r) = sina sin(20)
converges to 0. Since sin(20) remains bounded away from O one gets that o con-
verges to some element of 7w 7. Since £(¢) is not allowed to go to +o00, one gets that
lim;— o @ (t) € T + 27 7.

Performing a coordinate transform R = In &, the system of ODEs () becomes:

0'(t) = sina sin(20),
R'(t) = cosa sin(260)R,
4
a'(t) = sina sin(20)(R¢ —m) +2cosa [(6).
From «(t) — 7 + 2wk for some k € Z, one gets R(t) — 0and 6(¢t) — 6*. Note,

however, that the fixpoint (0, R, &) = (6%, 0, w 4+ 27k) is hyperbolic and at this point
the above ODE has as linearisation:

d 0 0 0 —sin(26*) 0 — 0*
I R |~ 0 —sin(20*) 0 R
"\« =20"(6%) 0 sin(20*)m o — (m + 27k)

The system then has a one-dimensional stable manifold - this is the line
O(1), R(1), a(r)) = (0%, R(0) exp(— sin(20™)1), w + 27k).

Since we are assuming 6(¢t) < 0* for all t > f( the solution cannot lie on the stable
manifold, yielding a contradiction.
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4

To complete the proof of the lemma, we must show that ¢ cannot be unbounded

under the hypothesis 0(r) < 6* for all t > 9 and 6'(f9) > 0. First recall the graph
form (xx):

d’ dg 5\ [ 4¢ d&
7 ®=- <1+(£) > (e —m+2H(e)@).

Whence if 6 < 0%, & > % Inm and % > (0, one has % < 0, even becoming
arbitrarily negative if £ becomes arbitrarily large. So if £() is unbounded from above,
it cannot eventually be monotonic in 6 (and hence in ¢ by 6'(¢) > 0) and must admit
maxima, in fact infinitely many such maxima. Between two maxima, there must be a
minimum, which can only happen for values of £(¢) less than % Inm.

However, at each minimum, one has 8’(r) = sin(26), which may be bounded from
below since 6 stays away from {0, 7 }. Since the system (x) admits a Lipschitz constant
on{(6,& a)| & < % In(m) + 1}, one finds that at each minimum of &, the parameter
0 increases by some positive number admitting a bound from below. This contradicts
the assumption that 6(¢) < 6* for all ¢ > 1.

The case 0(fy) > 0*, 0’(tp) < 0 can be treated analogously. O

4.2 Proof of Proposition 3.3 (i)

The proof of Proposition 3.3 (i) is divided into two parts. First we show that for &y large
enough, there is a 7> > 0 so that the solution to (x) with initial value (¢, 0, @) (t =
0) = (%0, 0", ) has the property:

1 1
0'(T)) =0, 0<0(Th) —0* < & £ — E(Th) < & while £(1) < 0 forall ¢ € (0, T»).

S0 6 has an extremum at 7>, which by Lemma 3.4 is a maximum and 6’ (7> +¢) < 0
for small € > 0. Then by Lemma 4.2, one has that 0 reaches 0* in finite time and so
&p cannot be of type 3. The proof then continues by contradiction, assuming that & is
not of type 1 means it must be of type 2. Being of type 2 means that £ must travel all
the way to some value < % In(m) where we have an extremum of & - all the while 6
is not allowed to cross the line 6*.

The proof by contradiction is carried out in Lemma 4.6, here one assumes that
conditions of this scenario have been set: there is some time 73 at which &(73) =
gln(m) all the while 6(r) > 6* and &'(r) < O for ¢ € (0, T3]. Using bounds for the
value of 6(T3) one is, however, able to show that even in this worst-case-scenario 6
crosses the value 6* before any extremum of € is possible, contradicting the assumption
that &g is type 2. Hence, since it cannot be type 3, it must have been type 1.

In what follows &, 6 and o will denote the components of the solution of (x)
with initial condition (&, 0, ) (0) = (&g, 6%, %). The proof begins by establishing an

auxilliary time 7', at which gigi; =—1.
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Fig.2 A sketch of the argument 3

for Proposition 3.3(i). The black

curve gives the evolution of

(&, 0) up until the extremum of

0. The dashed blue line (€,0) (T3)
describes the worst-case !

scenario for the evolution of

(&, 0) (1) after this extremum.

The red line, which crosses the

line & = 6* without any extrema ! 9
of &, is an estimate of actual L >
evolution starting on a certain £E= g Inm !
point of the worst-case scenario '

’l

1

1

/ (6.6) (T)
0=0"
!

Lemma 4.3 If& is large enough then there is a time T1 > 0 so that g,gi; = —1 while

0'(t) > 0,&'(t) < Oforallt € (0, T].

Proof Note that one initially has % cos a|;—p< 0 whence one gets £'(¢) < 0 for small
t. By Lemma 4.1 £(¢) then descends to §lnm and does not have any extrema until
after this value is reached, meaning cos «(¢) < O for all # € (0, #,,,] and some #,, € R
at which £(¢,,) = % Inm. For &y large enough there will then be some intermediate

time 71 < t,, for which d%g ) = g;—gg = —1 holds, since either 6’(t) = 0 for some
t € [0, t,,] or the graph £(6) must descend from &y at 6* to fi‘lnm at some value
6 < Z.In the second case, the mean value theorem implies that the graph achieves
slope —1 at some point. O

Lemma 4.4 There are constants c1, ca, c3 € Rwg so that if & is large enough, one
has

_ig _ég _is
cre 20 <O(T1) — 0" <cpe 20,  E(T1) =& +c3e ¢°

Proof Before beginning with the proper analysis, one notes that by well definedness,

one has 6(71) < 7, whence by the mean value theorem & — £(77) < 7 — 6, some

finite value bounded from above.
For the proof of this lemma, it is more convenient to work with the following system

of ODEs:

£'(t) = cosa,
0’ (t) = sina,

4
o/ (1) = sina (€35 —m) 4+ 2cosa H(H).
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dt,
which one can get from (x) by rescaling time by the law % = sin(260). To keep the
old
number of superfluous parameters at a minimum, we still use 77 to denote the time at

which gig}; = —1 in this new ODE. One then gets for all 7 € [0, T1]:

cosa(t) € [—%,O], sina(t) € [L, 1].

/2

Which implies:

1 1
—T11, o(Ty) — 6* —T1, T1].
ﬁl] (T1) G[ﬂl 1]

We then proceed by bounding 77 from above and below. Noting that for ¢ € [0, T1]:

o — &(T) €0,

%(eif‘f”” —m) <d/(0) < e — VIH@O(TY)).

Integrating the left inequality from O to 77 yields:

T; 4
Lt My < a(T)) — a(0) = Z.

V2

4
Recalling that &y —&(T7) < % —60*, onegets T < d, e_iéo for an appropriate constant
4 4
dy. This implies 6(T}) — 0* < cre ¢ and & — £(T}) < cze ¢ for appropriate
c2, C3.
4
Combining 6(T7) — 6* < cze_§éo with H (6*) = 0 gives for &y large enough that
4
—V2H O(T1)) < dpe” 750 for some other constant d». Integrating the other inequality
for &’(¢) from O to T} then gives:

4 4 4
TENE +de ) = Tz de
for another constant d3, provided & is large enough. This yields the final bound of the
4
lemma, namely: cre 8% < 9(Ty) — 6%, O

Lemma 4.5 For &y large enough, there is a time T>» > T so that 0'(T»>) = 0, £(T) >
& — % while 6(t) € 6* + (0, LO) and €' (1) < 0 forall t € (0, T»).

Proof Forallt € (0, io), one has from |£/(¢)| < 1 that&(1) > & — %, so for &y large

[3Z

enough &’(r) < 0 for such ¢. Further as long as > 0* and « € , ), one has for

such ¢ that
4
o' (t) =sina sin(29)(e§S —m)+2cosal(f)
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is a sum of two positive terms and so « is increasing. Recalling that by definition
a(h) = 37” and assuming that o (1) < 7 (i.e. 0'(¢) > 0) for all r € (77, élo) yields:

4g_ L
o (1) > Aes® 50)(71 — ).
Here A > 0 is some constant. For this estimate, we used that 6(¢) is bounded away

from {0, %} fort € (0, ;—0), which follows from |0'(z)| < 1. From the intermediate

value theorem, one then gets a Te (T, ﬁ) so that

~ 4g— 1y 1
oz(t):n—Aexp(—eg(SO 50)—).
280

4
For &g large enough, one then finds a(f) > 7 — ¢~5 . Now 0(Ty) > 0* + clefﬁo

4
from Lemma 4.4, so [(60(T1)) < cll/(e"‘)e_gg0 for &y large enough. By assumption
6(f) > 6(Ty), so another estimate yields for ¢ € (7, Eio):

4
o/ (t) > Be %

where B > 0 is some constant incorporating the 2 cos(«) term (which is close to —2)
and ¢’ (6*) (which is bounded away from 0). This then yields

_4
PR

280

e

T+ o) 4+ B
o —Q) > —é€
280

which is larger than 7, contradicting our assumption that «(¢) < = forallt € (T, %).
The lemma then follows. O

We will now prove that & is of type 1 by contradiction.
Lemma 4.6 If &g is large enough, then it is of type 1.

Proof If & is large enough by Lemma 4.5, there is a 7> > 0 for which 6'(T2) = 0,
which corresponds to a local maximum of 6. This means 6 reaches 6* in finite time
by Lemma 4.2 and so & is not type 3. We now assume it is not type 1, so it must be
type 2.

Hence &(¢) has an extremum before 0 () reaches 0*. We let T3 > T» denote the
time of this extremum and note first that 0 (¢) € (0*, 0* + Elo) forallt € [T», T3) (since
0(Tr) <0*+ Sio is a maximum and any further extremum of 6 must take place behind
the line 6 = 0%*).

Next one sees that £(73) < %’ In m, since the extremum must be a minimum. With
E(Th) = &+ éio and |§'(r)| < 1, one gets that T3 — T» will become arbitrarily large as

&g grows. And so, for &y large enough, one sees that £ (1) < § Inm+1,|0()—60% <1
for all t € [T3 — 1, T3]. Note that «’(¢) admits a bound if &, 8 are in this region.
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Fig.3 The figure sketches the 13
argument for Proposition 3.3(ii). 1
The dashed blue line denotes the

form that (&, 6) (1) must be if the {

initial condition were type 1. The £=2%nm \\ ﬁ
red line, which has an extremum \_._/'

of &, is an estimate of the actual .- (&2, 02)

evolution starting at (&7, 67) I

Now &'(T3) = 0 implies cosa(73) = 0 and so sina(73) = —1, which in turn
gives 0'(T3) = —sin(20) < —1 + O(glz). From (x), one sees directly that [0”(r)| <
0

|&’ ()| + 1, and so the bound on «’(¢) give a finite » > 0 (independent of &y) so that
0'(t) < —1 forallt € [T3 — b, T3].

But if & is large enough, one notes that 6 (r) € [6*, 6™ + %) and0'(¢) < —% cannot
both simultaneously hold for all ¢+ € [T3 — b, T3]. This contradiction shows that &
cannot be type 2, hence (since it is also not type 3) it is type 2. O

4.3 Proof of Proposition 3.3 (ii)

We consider the solution curve with initial condition & = % Inm + € and show that
this is not of type 1 for € sufficiently small. To do this, we assume that it is of type
1 - only to later arrive at a contradiction. If it were of type 1, then thereisa 7 > 0
with 0(T) = 6* and £'(r) < O forall r € (0, T). Since 0 can only have maxima when
6 > 6*, we find that the trajectory {(0, &) (z) | t € [0, T]} must be the union of two
graphs of & over 6. The maximum of 6 occurs at the point denoted by (&3, 8>) in Fig. 3.

In the upper graph, one has that the slope % starts at 0 and must go to —oo (which
occurs when 0’(r) = 0). Along the way &’ has been negative and one verifies that &)
has decreased to a value far enough below fT Inm (c.f. Lemma 4.10). When we then

~ i€ d’
switch to the lower graph the e s a0

to push Z—g over the value 0 before 0 reaches 6, contradicting the assumption that &
was type 1.

Note that this does not prove that %1nm + € is of type 2, because the proof by
contradiction assumes that 6 (¢) has a maximum.

In what follows &, 6 and « will denote the components of the solution of () with
initial condition (£, 6, &) (0) = (% Inm +¢, 6*, 7). The proof begins by investigating
an auxilliary value 01, which is defined to be the least (and for small € only) value of
6 for which one has Z—g (61) = —1 in the upper graph.

—m term in the ODE for == (0) will be large enough

Lemma4.7 If & = fi‘lnm + € is type 1, then there are Tr(€) > Ti(e) > 0 so that

0'(T») = 0 and gig;; = —1, while §'(t) < 0and 6'(t) > 0 forall t € (0, T»).

Proof Assuming that & is of type 1 means that there is a time 7" > 0 for which
O(T) =60*and §'(t) # 0,0(t) # 0* forallt € (0, T). Since 0’(0) = sin(20*) > 0,
one finds that #’(z) > 0 for small z, whence 6 () must go through an extremum before
it can go back to 0* and there is a T < T so that #’(T;) = 0. On the other hand,

@ Springer



172 Page 20 of 27 O. Riedler

4
one has £”(0) = —sin(20*)m (e — 1) < 0, whence &'(t) < O forall ¢ € (0, T], in
particular for all t € (0, 7).

This means that %’;; is 0 at r = 0 and diverges to —oo at t = T,. There must then

be a T} so that gig}; =—1. O

Lemma 4.8 For e small enough, there is only one pair (T, T») satisfying the conditions
of Lemma 4.7 and 6(Ty) — 5 as € — 0.

Proof The time 75 is obviously unique.

On the other hand, the initial condition € = 0 has as solution the line (0, &, @) =
(arctan(tan(6*)e?"), % Inm, %). So one finds that as € — 0 the solution and its deriva-
tives converge uniformly on compacta to the above curve, in particular for on any finite
interval [0, T'], one can make g:—g; arbitrarily small forall # € [0, T'] (by taking € small),
while 6(T) is arbitrarily close to 5 (by taking 7' large and then € small). This means
that as € — 0 one must have % —6(T1(e)) — 0, where T is any of the times satisfying
Lemma 4.7.

Looking, however, at the graph ODE ()

dé§
Tl

d*¢ dg 4
=0+ %)2)(@3 —m +2H®)

it follows if % < —1 and 0 is close enough to 7 while & is not too large that then
2
% < 0, since H(#) — —oc as § — 7. For € small enough one gets that for any
pair (T1, T») satisfying Lemma 4.7, there is no pair (7, T») satisfying the lemma with
Tl/ > Tj. |

This allows us to introduce the following notation:
01:=0(T1),  02:=0(T2), &2:=6(T2).
Lemma 4.9 For € small enough, one has that £(T) < % In m.
Proof We assume that £(7T7) > §lnm and get a contradiction. The first step is to

show that this assumption leads to constants ¢, ¢2 > 0 (independent of €) so that for
€ small enough one has:

cle < (% —01)™ < cpe. 9)

Since &’(r) < 0 for all # € (0, T») we may assume £(f) > i—'lnm for such ¢. Then
from the graph ODE

d’s dg 5 4
22 =~ (50 (es” —m +2H ()

dg
) a0’
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one gets that < 02 < Oforall 6 € (6%, 0y) (recall that H (9) < 0 for § > 6*) and then

Zg is strictly decreasing in this interval. Monotonicity of ¢ @ and mean value theorem

then imply

d%’ 91 —9* 91 —9* E 91 —0* 8 1 i € (10)
—_— > —€ s > —1nm —=.
do 2 2 2 4 2

Combining the second inequality with the graph ODE yields (recall that H(0) < 0
if 6 > 0%) additionally the bound 45 (252°) < (6 — 6%) + O(e?). Using that

61 — 7 as € — 0 then gives constants ¢y, ¢3 so that

-~ d¢ (6, —6* ~
Cle < %(12 ) < Cp€. (11
Rewriting the graph ODE as
d* de
F—
=T 2He), (12)
21+ (%)?) a0

one notes that the first term on the right-hand side is O (1) in the interval (01 ;9

de
by (11) and monotonicity of ﬁ, and further that the left-hand side has — In _wl
y (11) yol 75 ( m)

as an anti-derivative. Integrating (12) over (& 59* , 01) then gives

ds (0
ln(’£< !

(For the left-hand side: From —e 5% < 9% < _1 forg e (45 91) the 1+ (%)2

term in the anti-derivative is absorbed into the O (1), similarly from 45 bl (91 ) = —1only
the lower boundary of the integral has a contribution.)

The approximation cos(f) = % —-0+0 ((% —6)3) then gives the bounds (9) from
(11).

For the next step, note that H(6) — ( dg ©)~! becomes +oo as 6 — 6* and
H(91) + 1 as & — 61, which for € small enough will be negative. Hence for small
enough €, there is a 6y € (0%, 91) so that H(6p) = (%(90))_1. In the same way as
Lemma 4.8 one shows that ) — 5 as € — 0.

We let

i )‘) + O(1) = ma In(cos(01)) + O(1).

/26
/2 -6

and show next that there is a constant c3 so that g2 >
unboundedly as € — 0.

/2 i and hence that g grows
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To show this we again integrate (12), this time from 6y to & < 6;. The result is:

[
1n(|—é @) ) — 1n(|—§<9>|) +0(1) = myIn ( OS((HO))> +0(1).

(As before the 1 + (ZE )2 term on the left-hand side is absorbed into the O(1), while
4

£
the £ 2 term on the right is also O (1) by (11) and monotonicity of )

Notmg that 4 T (90) = H(Go) mz(” —6p) + 0(( —6p)?) and again using the
expansion of cosine close to Z % implies the existence of c3, ¢4 > 0 so that:

d 2 — 6\
%(@'z(u) (%—QO)ZC%

/2 -0 (13)

Taking 6 = 6; shows qm2 > /2 , in particular ¢ — oo as € — 0. On the other

hand, if one integrates d (9) over (90, 01) one finds by (13) that

(Z —60)*Ing my =1
(Z =00 @™ ' —1) my>1"

c4l§(61) — €(G0)| = {

mzl

Noting that (5 — 00)? = % "5 - 00)% > € cre3 (3 — 0)' =2 and using

unboundedness of g one sees that |£(01) — £(0p)| will be larger than €, contradicting
our assumption that £(6) > £ In(m). O

Lemma 4.10 For 0, sufficiently close to %, one has that
g e v g 2
§() = In(m) — | 272 — 1| (5 = 0) + O((5 = 02)7).

Proof By Lemma 4.9, one has that £(T}) < £ In(m). Additionally for € small enough
d02 (9) < Oforall 8 € (01, 62), whence £(T>) < &£(T1) — (62 — 0;) and the statement

e
reduces to checking 6, — 6y = [ 2272 — 1> (5 —60)+ 05— 67)2).

From the graph ODE (), one recovers:

o e —
TR R S
do 0

The absolute value of the first summand on the right-hand side is bounded by m over
the interval (61, 6>), so integrating the equation from 6; to 6 gives:

1 P cos(6r) sin(6,)
E 111(2) = 0(5 — 01) —my In <m> —mi In (M) .
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As 6 becomes arbitrarily close to 5, we use that cos() = 5 — 60 + O((5 — 0)3),
sin(0) = 14+ 0((5 — 0)?) to get:

1 T
—1nQ2) = —myIn( 2 O(= — 0).
5 In@) = m2n<2_91>+ (7 =6

Together with some arithmetic this implies the statement about 6, — 0. O
Lemma 4.11 [f € is small enough then &y = % Inm + € is not type 1.

Proof As noted before the assumption that £y = £ In(m) + € is type 1 leads to (£, )
being the union of two graphs of & over 6. In the previous lemmas we investigated the
upper graph and found that it ends at the turning point (&2, 6>).

The lower graph is then determined by the graph ODE and the initial conditions
£(0y) = &, lim9_>9{ %(9) = +-00. The assumption that &y is type 1 necessitates

that for all 6 € (6*, 6,), one has %(9) > 0 for the lower graph. In particular if we
integrate

ke e%f —m
dg> ——— —2H®) (14)
LA+ (% )2) a0
from 9*392 to 0, one gets
0*+6
4
—In # > —mzln(z —6) + 0(),
1+ (@)2
4
where we used egg(g) m < es —m < 0. Inverting the above inequality gives the

existence of a ¢; > 0 so that:

dg (9* + 92> c1(F — )™
do 2 \/1 _ cl T 92)2m2

< 2c1<% — 6y)m. (15)

For my > 1 this implies the lemma, since for all 6 € (6%, 6,), one has

2
X3 4(0)

T30 >~ —m) = x5 — )

with ¢ > 0 some constant by Lemma 4.10, and then

0* + 6
—Ew) <205 — 0" — 25— ) + 2

—0)

for 0 € (6*, o +02) and one gets d (9) = 0 for one such 6.
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For my = 1, one gets first from (15) that takes on all values in ( —6,), 00)

as 6 varies from & +92 to 5. In particular for 0> close enough to there exists a

63 < 6 so that (93) = H(93) .

By 1ntegratmg (14), one shows that 05 gets arbitrarily close to 7 if 7 — 65 is small
enough. We carry this out explicitly:

Integrate (14) from 63 to 65, the left-hand side evaluates to %1 In(1 + H(63)?),
which is negative and remains bounded as §; — 7 unless 63 also gets close to 7
(since otherwise H (63) is bounded). For the right-hand side, one first notes that the

4

£
integral over — <% Z— from 63 to 0, is positive. The other term on the right-hand side,

a
however, yields — ln(gﬁ:zi) + O(1) which is, crucially, negative and unbounded

unless 03 — 7 together with 6. So a situation where 6, — 7 but 63 /4 7 is
impossible.
In fact, this integral shows that if g: =2 g zz that g grows unboundedly as 6>

approaches 7. Finally if we integrate (14) from 6 > 65 to 6, one gets:

de
WY +0(1)=—1(”/22—0)+0(——9)
1+ ()2 7/

4

£
(Here the —“’g = term is bounded by —H (03)m == /2 7t O(1). Its contribution
dH

to the integral then an O(1) term, since — /2 <1)

Inverting this expression gives a constant c3 so that %(9) > c3 777{//227_992, and then

integrating this from 63 to 6, gives:

bid
£(62) —&(03) = 63(5 —6)1Ing
Plugging this into (xx) then implies for any 6 € (6%, 9*%92) that:

2
X3 05503

4 T
HOELE “faGeie,

>m(l —e

Together with (15), which states %(9*%02) < 2c (% — 6>), and unboundedness of g
as §y — 7, one recovers %(9) = 0 for some 6 € (6*, 9*+92), provided 7 — 65 is
small enough.

So also in the case m> = 1, we get a contradiction to the assumption that % Inm+e
was type 1 for € small enough. O

4.4 Proof of Proposition 3.3 (iii)

Lemma4.12 If&; is of type 3 then:

@ Springer



Closed Embedded Self-shrinkers of Mean Curvature Flow Page 250f27 172

(i) Thereisad > 0anda T > 0 so that égg(t) < %ln(m) —Sforallt > T.
(i1) Q’g (t) > Oforallt > 0.
(iii) limy— oo O (1) = 7.

Proof Since &5 > g Inm and &/, (O) — sin(20*)(egsg —m) < 0, Eég (0) = 0 one
has that & ég (1) becomes negative for small times ¢. Then by Lemma 4.1, it must reach
§ In(m) in finite time. Since Es’g (t) < O for all # > O this yields part (i).

One also has that Qég (t) # O for all ¢+ > 0, as otherwise Lemma 4.2 implies that
Ogr = 0* in finite time. This gives part (ii).

953 is then monotonous in # and bounded by 7, whence it converges. Since &; is

bounded above, one has that all derivatives of the parameters are bounded and hence
95’* (t) = sina sin(20) — 0. It is clear that sin o cannot converge to 0 as «'(r) would
0

then be asymptotically equal to —2/(6), which does not converge to 0. Hence 6 — 7,
giving part (iii).

Lemma4.13 &; is not of type 3.

Proof Let (&.(1), O< (1)) denote the solution to () with initial condition (&, 0, ) (t =
0) = (&5 +¢€,0%, 5) where € > 0. Note that &5 + € is type 1 by the definition of &,
in particular there is a T (¢) so that ¢ (¢) has a local maximum and &/ (77) < O for all
t € (0, T1].

Assuming that &5 is of type 3 and using that & and 6 converge uniformly on
compacta to &.—o and .o as € — 0 one finds that 6.(T;) — % as € — 0. This
also implies 77 (e) — oo for € — 0, giving for € small enough that one has & (77) <
£1In(m) — 4.

After the extremum at 6. (77), one has that & becomes a graph over 6 because no
more extrema of 6 are possible until after & = 6*. As in Lemma 4.9, the graph ODE
for & yields:

d*& dg
g%¢ —
462 _e m _ 2H(9)
G+ P @

0* +n/2

Integrating this for the lower graph from x:=-—5-= to 6. (71), one gets

déc/do T
—In —d(X) > —mzln(E — 0:(T1)) + O(1)
V1 + ()2
4
£
where — gdé—m > 0 and —(G(Tl)) = +4o00 were used.

do
As € — 0 this implies that (x) becomes arbitrarily small, in particular we may

assume it to be smaller than =% 4’” 1(x 6*)8. Remarking, however, thatif § < £ 7 In(m)—3
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4
then —(ezeg —m) > gmé, one gets:

d*&
26

4
0) > —mé
g

forall 6 € (6%, x). With % (x) < 2.5 (x —6%)3, one immediately gets 4= (£5%) <

0, contradicting that &, is type 1. O
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