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Abstract

We study singular integral operators with kernels that are more singular than standard
Calderén—Zygmund kernels, but less singular than bi-parameter product Calderén—
Zygmund kernels. These kernels arise as restrictions to two dimensions of certain
three-dimensional kernels adapted to so-called Zygmund dilations, which is part of
our motivation for studying these objects. We make the case that such kernels can,
in many ways, be seen as part of the extended realm of standard kernels by proving
that they satisfy both a 7'1 theorem and commutator estimates in a form reminiscent
of the corresponding results for standard Calderén—Zygmund kernels. However, we
show that one-parameter weighted estimates, in general, fail.
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1 Introduction

Working on the Euclidean product space R? = R x R, we define for x = (x!, x?) and
y = (y!, y?) the decay factor

1 1 2 2
lx' =y [x* =y

-y
Dy(x,y) = ( ) <1, 6 € (0, 1], (1.1)

Ix2— 2| xl =yl

whenever x! # y! and x?2 # y2. Notice that this decay factor becomes larger and
larger as 6 shrinks. The point is that when 6 = 1 it is at its smallest, and then

1 1 Dy (x. v) 1 1
X,y) = = .
PRI R =P T P

Ix! — yl [x2 — 2

That is, in this case, the bi-parameter size estimate multiplied with this decay factor
yields the usual one-parameter size estimate. When 6 < 1, the decay factoris larger and
the corresponding product is something between the bi-parameter and one-parameter
size estimate.

We say that kernels that decay like

1
et =yl |x2 =y

lee(Xy y)

for some 6 and satisfy some similar continuity estimates are C Z X kernels—one can
pronounce the “X” in “CZX” as “exotic”. Such kernels are more singular than the
standard Calder6n—Zygmund kernels, but less singular than the product Calder6n—
Zygmund(—Journé) kernels [5, 13, 18]. Even with 6 = 1, they are different from
the standard Calderén—Zygmund kernels—in this case, the difference is only in the
Holder estimates (see Sect.2). The CZ X kernels can, for example, be motivated by
looking at Zygmund dilations [4, 19-21]. Zygmund dilations are a group of dilations
lying in between the standard product theory and the one-parameter setting—in R? =
R x R? they are the dilations (x1, x2, x3) +— (81X, 82x2, §152x3). Recently, in [8]
and subsequently in [3, 9] general convolution form singular integrals invariant under
Zygmund dilations were studied. In these papers the decay factor

1\—0
re(1+7)

controls the additional, compared to the product setting, decay with respect to the
Zygmund ratio

[x1x2]
|3

See also our recent paper [12] which attacks the Zygmund setting from the point of
view of new multiresolution methods. Essentially, in the current paper, we isolate the
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conditions on the lower-dimensional kernels obtained by fixing the variables x!, y!
in the Zygmund setting [8, 12] and ignoring the dependence on these variables. A
class of CZX operators is also induced by the Fefferman—Pipher multipliers [4]—
importantly, they satisfy & = 1 but with an additional logarithmic growth factor. This
subtle detail has a key relevance for the weighted estimates as we explain below.

There is a useful operator-valued viewpoint to multi-parameter analysis—Journé
[13] views, e.g. bi-parameter operators as “operator-valued one-parameter operators”.
For recent work using this viewpoint see e.g. [11]. Developing such an approach to
Zygmund SIOs is interesting. The operator-valued viewpoint is useful for example
when proving the necessity of 7'1 type assumptions in the product setting, see e.g. [6],
and the full product BMO type 7’1 theory of Zygmund SIOs is still to be developed.
The operator-valued approach will necessarily be complicated in the Zygmund setting,
since the parameters are tied and it is not as simple as fixing a single variable. Our
new exotic operators are pertinent to the operator-valued viewpoint, where Zygmund
SIOs could partly be seen as operator-valued one-parameter operators the values being
exotic operators.

It has been known for a long time that Calder6n—Zygmund operators act boundedly
in the weighted spaces L”(w) whenever w belongs to the Muckenhoupt class A,
defined by the finiteness of the weight constant

— — —1
[wla, := sup(w)(w Y=y,

where the supremum is over all cubes J. On the other hand, the more singular multi-
parameter Calderén—Zygmund(—Journé) operators in general satisfy such bounds only
for the smaller class of strong A, weights, defined by [w] A% where the supremum is
over all axes-parallel rectangles. While on a general level, the C ZX operators behave
quite well with any 6, even with 6 < 1, for one-parameter weighted estimates it is
critical that & = 1, the aforementioned logarithmic extra growth being allowed.

1.2 Theorem Let T € L(L*(R2)) be an operator with a CZX kernel.

1. If6 < 1in (1.1), one-parameter weighted estimates may fail.
2. If 0 = 1in (1.1), possibly with a logarithmic growth factor, then for every p €
(1, 00) and every w € AP(Rz) the operator T extends boundedly to LP (w).

In the paper [12], we also develop the corresponding counterexamples in the full
Zygmund case. There the interest is whether Zygmund singular integrals are weighted
bounded with respect to the Zygmund weights—a larger class than the strong A, with
the supremum running only over the so-called Zygmund rectangles satisfying the
natural scaling. For 6 < 1, the situation parallels the one from the C ZX world—they
need not be weighted bounded with respect to the Zygmund weights.

Apart from the weighted estimates, we want to make the case that, in many ways,
the CZX kernels with an arbitrary € can be seen as part of the extended realm of
standard kernels, rather than the more complicated product theory. In particular, the
T 1 theorem for C Z X kernels takes the following form reminiscent of the standard 71
theorem [1].
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1.3 Theorem Let B(f, g) be a bilinear form defined on finite linear combinations of
indicators of cubes of R?, and such that

B(f,8) = // K, y)f(y)gx)dxdy

when {f # 0} N{g # 0} = &, where K € CZX(R?). Then the following are
equivalent:

(1) There is a bounded linear T € L(L*(R?)) such that (Tf,g)=B(f,9).
(2) B satisfies

o the weak boundedness property |B(1y, 11)| < |I| for all cubes I C R?, and
e the T (1) conditions

B(Lg)=/b1g, B(f, 1)=/b2f

for some by, by € BMO(R?) and all f,gwith [ f =0= [g.

Moreover, under these conditions,
(3) T defines a bounded operator from L*®(R?) to BMO(R?), from L'(R?) to
L1°(R?), and on L?(R?) for every p € (1, 00).

In fact, our proof also gives a representation of B( f, g), Theorem 4.9, which includes
both one-parameter [10] and bi-parameter [18] elements. The following commutator
bounds follow from the representation; however, the argument is not entirely standard
due to the hybrid nature of the model operators.

1.4Theorem Let T € L(L*(R?)) be an operator associated with a CZX kernel K.
Then

16, T1f e < lbliBmoll fllzr

whenever p € (1,00). Here [b, T]f := bTf — T (bf).

Thus, the commutator estimate holds with the one-parameter BMO space. This is
another purely one-parameter feature of these exotic operators. As the weighted esti-
mates do not, in general, hold, the commutator estimate cannot be derived from the
well-known Cauchy integral trick.

Over the past several years, a standard approach to weighted norm inequalities has
been via the methods of sparse domination pioneered by Lerner. For & = 1, we can
derive our weighted estimates directly from our representation theorem. However, we
also provide some additional sparse estimates that give a solid quantitative dependence
on the A, constant and yield two-weight commutator estimates for free.

1.5 Theorem Let T € L(L*(R?)) be an operator with a CZX kernel with = 1. Then
for every p € (1,00) and every w € A p(Rz) the operator T extends boundedly to
L? (w) with norm

TN zeLrawy Sp [w]ﬁp-
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o1
Moreover, if v =wrA 7 withw, L € Ay and

1
IbllBMmO, = sup —— / b — (b)] < o0,
r v Jg

where the supremum is over cubes I C R2, then

N0, T Lr(wy—Lroy S I10IBMO, -

The quantitative bound (in particular quadratic in [w]4, when p = 2) is worse than
the linear A, theorem valid for classical Calderén—Zygmund operators [10].

We conclude the introduction with an outline of how the paper is organized. In
Sect.2, we define the CZX kernels and prove part of Theorem 1.3 in Proposition
2.4. Section 3 begins with the definition of CZX forms. Lemma 3.3 proves estimates
for CZX forms acting on Haar functions, which will be used in the representation
theorem, Theorem 4.9. In Proposition 4.4, we prove certain weighted maximal function
estimates, which are at the heart of proving that CZX forms with decay parameter
6> = 1 satisfy weighted estimates. The dyadic operators used to represent C Z X forms
are defined in Definition 4.5, and estimates for them are proved in Lemma 4.6. The
representation identity and the 7'1 theorem, and the weighted estimates when 6, = 1,
for CZX forms are recorded in Theorem 4.9. Theorem 1.4 is proved in Sect.5. In
the beginning of Sect. 6, we construct the counterexamples required to prove (1) of
Theorem 1.2. The sparse domination of CZX operators with 8, = 1 is recorded in
Corollary 6.7. Theorem 1.5 is proved in Corollary 6.8 and in the discussion after
Proposition 6.10.

2 CZX Kernels

We work in R? = R x R. Let 01, 6> € (0, 1]. For x! # y' and x? # y? define

—0,
Ix! =yl |x2—y2|> 2<1
Ix2—y2  Jxl =yl

Dy, (x, y) := (

We assume that the kernel K : R?\{x! = y' orx> = y?} — C satisfies the size
estimate

IK(x, »I S 2|Daz(x,y)

Ix! =yl |x2 -y
and the mixed Holder and size estimate

|X1 _ wl|01
|x1 _ y1|1+9| |x2 _y2|

1K (x, y) — K((w', x%), »)| £ D, (x, y)
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whenever |x! — w!| < |x! — y1|/2, together with the other three symmetric mixed
Holder and size estimates. If this is the case, we say that K € CZX (R?). Again, such
kernels are more singular than standard Calderén—Zygmund kernels, but less singular
than the product Calderén—-Zygmund(—Journé) kernels. See Remark 4.10 for some
additional logarithmic factors when 6, = 1 and why they are relevant from the point
of view of Fefferman—Pipher multipliers [4].

2.1Lemma Let K € CZX(R?) and x', x*, y* € R. Then

1
K (x, )] dy' $ ——-.
/R IxZ — y2|

Also, for L > 0 there holds that

L%
K@ pldy!' § 55—\
/{y':pc'yllsL}' CINDTS

which is a useful estimate if L < |x* — y?|.

Proof By elementary calculus

1 1 u [x% — y2|\ 6
Ky S s [ + )
/]R Ix2—y2 Jo u\|x?—y2| u
< 1 ( =2 du n o du )
~ |x2 _ y2| 0 u1792|x2 _ y2|92 I2—y?| u1+92|x2 _ y2|762

1
~ox =y

and the logic for the second estimate is also clear from this. O

The first sharper estimate in the next lemma is only needed to derive the weighted
estimates in the case 6, = 1.

22Llemma Let K € CZX(R?) and J = J' x J?> C R? be a square with centre
c;=(cp,cp)Ifx e Jandy e (3JN) x (3J2)C, then

K(x.y) - Kerl S]] E(J)el (min;—  dist(y?, J))%2=%
x,y)— K(cy, - —
Y A Pl d1st(y Jb) (max;— o dist(y’, Ji))?2
2 6
£(J) |
< , 0:= < 01, 62).
~ Hdlst(y Jz)l+9 zmm( 1,02)

=1
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Proof There holds that

IK(x,y) — K(cs, | < IK(x', %%, y) — K(c 1,52, )]
+|K(le,x2, y) — K(cyi,cp2,¥)|.

Since 2|x' — ¢;i| < €(J) < dist(y', J') < min(]y’ — x|, |y’ — ¢;i|), we conclude

Ix! —cp|? 1

1 .2 _ 2 <
|K(X , X »}’) K(Cllax vy)| ~ |.X] _y1|]+9] |x2_y2|D92(x7 )’),

2 —C‘]2|01

|x
2|1+91 D@z(CJ, ,Y)~

lejr =y ez —y

K (1, x%,y) — K(cy,cpo, 0| <

Suppose for instance that dist(y!, J!) > dist(y%, J?). Then the sum simplifies to

ek (dist(yl, 11))—92

Kx,y)— Ky, )| S = . .
K (x,y) M S dlst(yl,Jl)dlst(yz,J2)1+9' dlst(yz’ J2)

where further

LN (dist(yl, Jl))—ez LD dist(y?, TP
dist(y2, J2)01 \dist(y2, J2) B dist(y!, J 1)

2
<(morm) o)

i=1

with 6 = m1n(01,02) O

A combination of the previous two lemmas shows that CZ X-kernels satisfy the
Hormander integral condition:

23Lemma Let K € CZX(R?), and x € J for some cube J = JV x J?2 c R? with
centre cj. Then

/ |K(x,y) — K(cy,y)dy S 1.
3J)e
Proof Notice that

GBI = (BIH x3JHUBI x BIHHU(BIH x 3IHO),

where the first two components on the right-hand side are symmetric. For these, we
simply estimate

/ ety = [ ([ kewia?)a!
(3J1)ex3J2 (3¢ 3J2

0
5/ &@,1517
(

3une Jxl — yl|1+0
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where the first < was an application of Lemma 2.1. The estimate for K(cy, y) is of
course a special case of this with x = ¢;.
For the remaining component of the integration domain, there holds that

2 ey
Kx,y)—K(cy,y)|dy < d
/(3,1)CX(312)C| (x,y) (cr, I y”/yl)cx(yz)c.lj[dlst(y g+ <Y

= l_[/ Ldyi <1
il 3Ji)e diSt(yi,Ji)l+0 ~

where the first < was an application of Lemma 2.2. O

At this point, we can already provide a proof of part (1.3) of Theorem 1.3, which
we restate as

2.4 Proposition Let T € L(L*(R?)) be an operator associated with a CZX kernel K.
Then T extends boundedly from L™ (R?) into BMO(R?), from L' (R?) into L'-*°(R?),
and from LP(R?) into itself for all p € (1, 00).

Proof ByLemma?2.3,thekernel K satisfies the Hormander integral condition; the sym-
metry of the assumption on K ensures that it also satisfies the version with the roles of
the first and second variable interchanged. It is well known that any L?(R?)-bounded
operator with a Hormander kernel satisfies the mapping properties stated in the propo-
sition. (See e.g. [22, §1.5] for the boundedness from L!(R?) into L!°°(R?), and from
LP(R?) into itself for p € (1, 2), and [22, §1V.4.1] for the boundedness from L (R?)
into BMO(R?). The latter is formulated for convolution kernels K (x, y)=K(x-—y),
but an inspection of the proof shows that it extends to the general case with trivial
modifications. The case of p € (2, 00) can be inferred either by duality (observing that
the adjoint 7* satisfies the same assumption) or by interpolation between the L>(R?)
and the L*®(R?)-to-BMO(R?) estimates.) O

3 Haar Coefficients of CZX Forms

We recall the weak boundedness property and the 7'1 assumptions, which are just the
same as in the classical theory for usual Calder6n—Zygmund forms.

3.1 Definition Let B(f, g) be a bilinear form defined on finite linear combinations of
indicators of cubes of Rz, and such that

B(f.) = // K(x y)f(5)g(x) dx dy

when {f # 0} N {g # 0} = @, where K € CZX(R?). We say that B is a C ZX (R?)-
form.
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3.2 Definition A CZX(R?)-form satisfies the weak boundedness property if
[B(17,17)| < || for all cubes I C R?. It satisfies the 7'1 conditions if

B(l,g)=/blg, B(f, 1)=/b2f

for some by, b, € BMO(R?) and all f, g with [ f =0 = [ g. Here
1
lblBmMo = lIbllBmocr2) = sup — [ [b — (b)1l,
r Uy

where the supremum is over all cubes / ¢ R? and (b); = ﬁ f ;b

For an interval I C R, we denote by [; and I, the left and right halves of the interval
1, respectively. We define h(,) = |I|"'21; and h} = |I|_1/2(111 — 1;,). Let now
I = I' x I? be a cube, and define the Haar function h;’, n= (171, 772) € {0, 1}2, via

h) = h” ® h
3.3Lemma Let B be a CZX(R?)-form satisfying the weak boundedness property.
There holds that
2

5y 1400 (D (1) + min;— p dist(17, J))2~%
By, hPIS 1_[ (Z(I) + dist(I, Ji)) x (L(1) + max;=1 o dist(I1, Ji))?2

i=1

2
100 146 1
< T - . 9 == 0 79 )
~ H (E(I) dist(1', J’)) 5 i1, 62)

whenever 1, J are dyadic cubes with equal side lengths €(I) = €(J) and at least
B#0ory #0.

Proof We consider several cases. Adjacent cubes:
By this, we mean that dist(/, J) = 0, but I # J. Here, we simply put absolute
values inside. We are thus led to estimate

1
// K (x. A ()R ()| dy dx < —// |K (x, y)|dydx. 34
1y 1 Jrts
By symmetry, we may assume for instance that /> # J2. Lemma 2.1 gives that
[ Kt €
J! ~x? =y
The assumption /% # J? implies that

dx2dy? dx2dy?
ol L e e
2 X2 =y T Japge S k2 =y
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157 Page 10 0f 30 T. Hytonen et al.

The dependence on x ! has already disappeared, and integration with respecttox! € '
results in another £(). Then we are only left with observing that £(1)2/|1| = 1.
Equal cubes: Now

B n)y= > () pBp 1),
I, J"ech(I)

where |(h€>,/<h§>,/| = |I|7!. For J' = I’, the WBP implies that [B(1;/, 1;/)| <
|[I'| < |I|. For J' # I, we can estimate the term as in the case of adjacent I # J,
recalling that only the size and no cancellation of the Haar functions was used there.

Cubes separated in one direction:

By this, we mean that, say, dist(Il, Jl) =0< dist(Iz, Jz), or the same with 1 and
2 interchanged. We still apply only the non-cancellative estimate (3.4) (in contrast to
what one would do with standard Calderén—Zygmund operators). From Lemma 2.1,
we deduce that

o’ - o
Ix2 = y2|T40 ~ (¢(I) + dist(12, J2)) 10"

/. K ldy! <
J

There is no more dependence on the remaining variables x', x2, y2, so integrating
over these gives the factor £(7 )3. After dividing by |I| = £(1 )2 in (3.4), we arrive at
the bound

L) 1+6,
(E(I) + dist(12, J2))

Cubes separated in both directions:
By this, we mean that dist(/*, J*) > O for both i = 1, 2. It is only here that we

make use of the assumed cancellation of at least one of the Haar functions, say hf .
Thus,

BUE, 1) = /I /J (K (x. ) — K(er. IR () dy dx,

where c; = (cj1, ¢j2) is the centre of /. Now x € Tandy' € J' c 3I') fori = 1,2,
so Lemma 2.2 applies to give

2
B vy < 1
|B(h ,hJ)lN/I_/JE(Z(I)+dist(1i,Ji))

(DO (e(I) + minj—q o dist(Z;, J;))?2= 1
PN x —dydx,
(€(1) + max;— p dist(1?, J©))e2 ]

which readily simplifies to the claimed bound after |1|2/|1| = £(1)>. O

@ Springer



Exotic Calderén-Zygmund Operators Page 110f30 157

4 Dyadic Representation and T1 Theorem

Let Dy be the standard dyadic grid in R. For w € {0, I}Z, w = (w;)ie7, we define the
shifted lattice

D(w)::{L+w:=L+ 3 2—fwi:LeDO}.
i 2-i<(L)

Let P,, be the product probability measure on {0, 1}%. We recall the notion of k-good
cubes from [7]. We say that G € D(w, k), k > 2,if G € D(w) and

(k)
d(G,aG%) > MZ—) =2k"20(G). 4.1

Notice that
P,({w: L + » € D(w, k)}) = % 4.2)

forall L € Dy and k > 2.
Foro = (0!, 0%) € {0, 1}% x {0, 1}% and dyadic A > 0 define

D(o) := D(c") x D(c?),
Di(o):={I =I1'x 1> € D(o): ¢(I") = M7},
D.(0) := Di(0).

LetPy := P i x P 2. Fork = (k!, k%), k!, k* > 2, we define D(o, k) = D(c'!, k') x

D(o2, k?).
We will need an estimate for the maximal operator

Mp; o) f(x) :== sup 17(x)([f])1-
1€D;.(0)

Before bounding it, we recall the following interpolation result due to Stein and Weiss,
see [23, Theorem 2.11].

4.3 Proposition Suppose that 1 < pg, p1 < oo and let wy and w1 be positive weights.
Suppose that T is a sublinear operator that satisfies the estimates

T fllzeiwy < Mill flleriwy, ©=1,2.

Lett € (0,1) and define 1/p = (1 — 1)/ po +1/p1 and w = wl" =P wl" /P! Then
T satisfies the estimate

ITF Loy < My~ MU FllLew)-
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157 Page 120f30 T. Hyténen et al.

4.4 Proposition For all p € (1,00) and all w € A, there are constants C =
C(p,w),n =n(p,w) > 0 such that

IMp, () fllLrawy < C - DO fllLp ()
where D(A) := max(1, A~ 1).

Proof The parameter o plays no role in this argument, so we drop it from the notation.
Since D, has the same nestedness structure as the usual D, the unweighted bound

IMp, fllLs < 5"l fllLs, Vs € (1, 00),

holds. On the other hand, for any I € D;, there is some J € Dy such that I C J and
|J] < D(A)|I]|. Therefore, we conclude that

Mp, f(x) = sup (|fD)11l1(x) < D) sup {|f])s1;(x) = DA)Mp, f(x),
1D, JeDg

and so
Mp, fllLsw) < C(s, w) D) fllLsw)y, Vs € (1,00), VYw € Aj.

Let us now consider s € (1,00) and w € Ay fixed. It is well known that we can
findaé = §(s, w) > 0 such that wltd ¢ Ay, and thus

IMp, fllsi+sy < Cls, w YD £ s 149y
Now w = (w!+%)1/(1+8) . 18/(49) and Proposition 4.3 shows that
IMp, flls @y < (Cls, w' T)DONYTFI (Y TH £l s ).
Set n :=§/(1 + 8). We have found n = n(8) = n(s, w) > 0 such that
IMp, fllLsq) < Cls, w)DO' ™| £l s ).

O

In addition to the usual Haar functions, we will need the functions Hy ;, where 1
and J are cubes with equal side length. The functions H; ; satisfy

(1) Hp,;issupported on I U J and constant on the children of / and J,

(2) |Hpgl < 11]7"* and

(3) [Hiy=0.

We denote (by slightly abusing notation) a general cancellative Haar function A",
n # (0, 0), simply by A;.
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4.5 Definition For k = (kl, k2), k' > 0, we define that the operator QO » has either
the form

(Okof 8 = E E argk(f, Hr.j)(g hy)
KeD ol 2 (o) 1,J€D5(0)
2 J0—jh_g

or the symmetric form, and here /®) = [ D % I1*® and the constants a; j x satisfy

I
K|

larskx| <
4.6 Lemma For p € (1, 00) there holds that
1Ok fllLr < (1 +max(k', &%) 2| fllo.

Moreover, for w € Ap, there is n > 0 such that

172101
1 Qko fllLrawy S (1+max(k!, k%) /22l =K1A=m ) £ 0.

Proof We consider o fixed here and drop it from the notation. Suppose, e.g. k' > k2.
We write

(f Hig) = (B f — Eqgen - Hia). Exf = ) Euf ELf=(f)ilL.

LEDD
(L)=
Therefore, (f, Hy,j) = (Yx st f» Hi,), where
v f =l > ALf, ALf= > Epf—ELf.
LEDH L/EDD
2=k (k) <e(Ly<e(K ) LcL, eL)="E
Notice now that for w € Aj, there holds that
Lo 2
2\2 _
H( Z Vi s /1 ) HL2(w) - Z H Z yKvklme(w)
K€D2k1—k2 GeDy K€D2k17k2

K 0.k -,2)=G
2

= aLf|
Z H Z Lf LZ(w)
GeDy LeDy, LcG
«L)=2* 0(G)

~ 2 AL SAFEDIFIT )
GeDy LeDy, LCG
«L)=2"* ¢(G)
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where we used the standard weighted square function estimate

DAL a0 ~ 1 1720

LeDn

twice in the end.
To bound Qf f we need to estimate

1
Yo o= Y Avkw S+ 1Ak el 1),

IK|
KeD ,1_,2 1,J€Dn
2 1= gh =g
Ak k8 = Z Ajg.
JeDy
JEID g

We split this into two pieces according to 1; 4 1;. The first piece is bounded by

Z /(lVK,klfDKIAK,kgI =< Z /MD2k|_k2 Ykx [ 1Ak kgl

KEDZklsz KGDZkl—kZ
1/2 1/2
2 2
= H( Z [MDzk‘—kz Vit f] ) ‘Lz(u»H( Z Ak k8l ) ‘Lz(w")
K€D2k17k2 K€D2k17k2
2@ S )] g
< YK k! L2(w) llL2w-1)
KEDZk]—kZ

1_72 _
S 20D @ kYY) 2 I8 L2001

while the second piece is bounded by

> X twfhlsldkasl) s Y /MDDyK,klf-mK,kgL

KeD JeDy KeD

Kl —x2
’ TR _g

21‘] —k2

which is estimated similarly except that the bound for Mp 2 is replaced by the
il =

standard result for Mp_. This proves the claimed bounds in L?(w), and the results
for L?(w) follow by Rubio de Francia’s extrapolation theorem (the correct 1 — n
dependence is maintained by the extrapolation, see Remark 4.7).

For the unweighted estimate in L” (with better complexity dependence), simply
run the above argument using the Fefferman—Stein L?(¢?) estimate for the strong
maximal function instead of the L%(w) estimate of MDZkL/ﬂ’ and use the analogous

LP(¢£?) estimate for the square function involving Yk k! that follows via Rubio de
Francia extrapolation from the proved L?(w) estimate of the same square function. 0
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4.7 Remark 1t is clear that when p = 2, n depends only on the A; constant of w. In
fact, in the proof of Proposition 4.4 we get n ~ 1/[w]a,. Thus,

1_12
1 Q.o fllz20y < (14 max(k', k2) 25 FIN ((wl ) | f1l 20w
with
N([wla,) = K ([w]a,)2 W K 1/wlay

where K is an increasing function. Hence N is also an increasing function. Then
standard extrapolation (see e.g. [2, Theorem 3.1]) gives that the L? (w) bound of Qy
is

(14 max(k', k)28 N e, w15 P).

Then we get the desired estimate with n = c(cp[w]i(pp -1
4.8 Definition We say that 7, is a (one-parameter) paraproduct if it has the form

(o f.8) =Y (b.hi)(f)ilg. hr)

IEDD

or the symmetric form.

It is well known (and follows readily from H !'-BMO duality) that paraproducts are L?
bounded for p € (1, 0o) (and L” (w) bounded for w € A ) precisely when b € BMO.

4.9 Theorem Let B be a CZX(R?)-form satisfying the weak boundedness property
and the T'1 conditions. Then

B(f.9)=Eo[Cr Y 2 Wmatnin)y=Okuin(y o 1. g) 4 (mp,.0 /. 8) + (oo f8)]:
k' k2>0

where kmax = max;=12 k') kmin = min; =12 k. In particular, for p € (1, 00) there
holds that

IBU I S I flleellglyy -
If 6, = 1, there also holds for all w € A, that
BOF 1 S 1 ey 181 Lt uirr-

Proof Write (by expanding f = ) ; A;f, g = > ; Ayg and collapsing the off-
diagonal)

B(f,g) =Es Z [BE1f,As8)+B(Af, Ejg)+ B(Af,A19)],
oDH=(J)
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where I, J € D(0). We begin by writing

1:=E;, Y  B(E/f.Asg)
L(I)=L(J)

=E; Y BB h)(f. Hii)g. hy)
oH=e(J)

+ By Y BULAN(slghy) = Zii+ i,
JeD (o)

where Hy j := h(I) — h(}. As the term X 7 is readily a paraproduct, we only continue
with 2 ;. This was a standard one-parameter start. Write

211 =E, Z Z Pr,14m>»

m=(m!,m2)eZ2\{0} I€Dy(0)

O1.14im = BOY, by 1) (Fy Hy 1 im) (& B im)s

where I4+m = I +mt(I) € Du(o). Next, write

) D DD DR AP R D D
m=(m!,m2)eZ?\{0} mleZ\(0} m2€Z\{0}  m2eZ\{0} m'eZ\{0}
m=0,m?) m=(m',0)

Focusing, for now, on the part m' # 0 and m? # 0, write
o o
m!eZ\{0} m2eZ\ {0} kl=2k2=2 |m! \E(Zkl —3’2k1—2] |m2\6(2k2_3,2k2_2]

Independence and (4.2) imply that

Es i i Z Z Z @r,14+m

k=2 k2=2 |m! |e(2k1—3,2k1—2] ‘m2|€(2k2—3,2k2—2] 1€Dy(0)

=4E, i i Z Z Z P1.14m>

kK'=2k2=2 [m! |E(2k173,2k172] |m2‘e(2k2—3’2k272] 1€Dy(0,k)

where k = (k',k2), and the gist is that for |m!| e (2'=3,2K'=2] |m?| e
(2°=3 221 and I € D, (o, k) there holds that

' EmH® — (HE — gl and (12 £ m®H)® = (1H®) = k2.
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Notice that K = I® = (1 + m)® = K x K% ¢ D12 (o), since
ek = 2K erty = 2K 01?2y = 2K Kok g 12y = oK' K gk 2).

Finally, notice that Lemma 3.3 implies that

kmin (62—01)
7](2 2 e — 2*92(kmax*kmin)2*91kmin |I|

1
|B(hY. hygm)l S 2752 T K|
The sums, where m' = 0 or m? = 0 are completely similar (just do the above in one
of the parameters). We are done with X.

Of course, Xy := E, Zzu):tzu) B(A; f, Ejg)iscompletely symmetric. The term
Y3 = K4 ZE(I):Z(J) B(A;f, Ajg) does not produce a paraproduct and produces
shifts with the simpler form H; ; = hy.

The unweighted boundedness follows immediately from the L?” bounds of the
paraproducts and the bound || Q. fllr < (1 + kmax)'/?Il fIl L», since the exponen-
tially decaying factor 202 (kmax—kmin) 2 =01kmin clearly make the series summable for any
01,6, > 0.

Letus finally consider the weighted case with6, = 1. Thenforsomen = n(p, w) >
0, there holds that

2*02(kmax*kmin)2*81kmin | (Qk,a f’ g) |
< 2_(kmax_kmin)2_‘91kminz(kmax_kmin)(l_n)(1 + kmax)1/2||f||Lﬂ(w) ”g”LP’(wlfﬂ/)

— Z_U(kmax—kmin)z—elkmin(l + kmax)l/2l|f”Lp(w) ||g||Lp/(w]_,,/),

and again we have exponential decay that makes the series over k!, k? summable. O

4.10 Remark 1f 6, = 1, we may redefine D1 (x, y) to be the slightly larger quantity

-1 1 1 2 2
A B Lt et B Lt

Di(x,y) = lo ,

) <|x2—y2| =] W=y T =]

and still prove the weighted estimates essentially like above. This is pertinent in the

sense that if we take a Fefferman—Pipher multiplier [4]—a singular integral of Zyg-

mund type—and use it to induce a CZX operator, a logarithmic term appears. In this

threshold a weighted estimate still holds. See also [12].

5 Commutator Estimates

We show that our exotic Calder6n—Zygmund operators also satisfy the usual one-
parameter commutator estimates. Since weighted estimates with one-parameter
weights do not in general hold (see Sect. 6), this does not follow from the well-known
Cauchy integral trick.
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5.1 Theorem Let T € L(L*(R?)) be an operator associated with a CZX kernel K.
Then

1D, T1fliee < NBlBMOILf Nl P
whenever p € (1,00). Here [b, T]f := bTf — T (bf).

Proof By Theorem 4.9 and the well-known commutator estimates for the paraproducts
7, we only need to prove that

(Qko (b)), 8) = (Qro [, b8)| S e lIblIBMmOll flILrligl s

where ¢ is some polynomial. We consider o fixed and drop it from the notation. Recall
the usual paraproduct decomposition of bf:

bf =ai(b, )+ ax(b, )+ a3 (b, ),

where

aib, )=y AbALf, axb, )= Y Ab(f)r, a3(b, )= Y (b)iALf.

1€Dn 1€Dy 1€Dn

Invoking the above decomposition, the well-known boundedness of paraproducts

lai(®, Hlier < I0lemoll fllzr, i =1,2,

and Lemma 4.6, it suffices to control

|(Qitas(b. )). 8) — (Qkf. as(b. 9))]
= XX auk[l@® ) Hie b = ) HL e b |

KeD 1,JeDy

142
2R Wl jo_g

5.2)
We may assume k' > k2. There holds that

(a3(b, f). Hr y)(g. hy) — (b)s(f. H1.1)(g. hr)
= > ((bYo — (B)s)(Aof, Hi y)(g hy).

0eDy, 0K OK =)
«n=eo)<2 o1

Observe that [(b)g — (b)s] S k' b]lBmo. On the other hand, since we only need to
consider those Q such that (Ag f, Hy j) # 0,1.e.either I C Q or J C Q, there holds
that
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> [((b)o — (b)) (Ao f, Hi ), hi)l

0eDy, QKO+ =)
en=<eo)<2*' e(r

Kl
Sk blevo Y- (14 o, £ Hr) g k)| + (A o, £ Hro) (g, B )
01=0
kl
< 2" blleyo Y (414 F1 A1, )+ 1A o £ K Ge. h)l),
'=0

where we have used the simple observation
<|A1(11)f|’ h(}) = <|Aj(z1)f|,h9>y <|A1(zl)f|, h?) = (|Al(zl)f|yh(1)>-

Now, returning to (5.2), for a fixed 2L we get

1
> > %(IA,(gl)fl,h‘}H(g,hJ)l

KeD tl_x2 1,JeDn
2 gl _g

< ¥ (X o, laxus)

KeD 1 ,» ' 1€Dy
okt —k I(k)zK

Using extrapolation we only need to show that

>l e

KeD 1 » 1€Dy
2kt —k O_g

2

< 2
L2(w) ~ ||f||L2(w)

However, this is clear because

2
)N DIV WD DI DEND Dl [ WYy

KeD 1 » I1€Dy GeDy KeD_ 1 _,» 1€Dy
ok? =k okl —k
W=k (0K _g g
- 1A 2
= Z Z || 1 1<z‘>f||L2(w)
GEDD IEDD
1« h =g
2
= Z HIIAI(@l)f”LZ(w)
1€Dy
2
= Z ”AQfHB(w)'
0eDy
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To conclude the proof of the proposition, we are left to deal with

1
> > %<|A,@1)f|,h3>|<g,hj>|

KeD o [I,JeDy
P w0 g

< > <Z |A,(el)f|1J,MDD|AK,kg|>.

KeD | .2 JeDy
2k —k j(k)=K

After the estimate above, this is clearly similar as the other term. We are done. O

6 Counterexample to Weighted Estimates and Sparse Bounds

We begin by showing that bounded CZX (R?) operators need not be bounded with
respect to the one-parameter weights if 6, < 1.

6.1 Lemma For scalars 6 € (0, 1], t1, to > 0 and a bump function ¢ we define

f t —b6h 1 Xi
(x) 11.12,6,(X) f + f H 1 ¢ (ti )

i=1

Then, uniformly on t,th, K € CZX(R?) with 0; = 1 and 6, appearing in the very
definition of K, and

1K s fllz2 S 1 g2-

Proof Suppose by symmetry that 7; < f;. Then, using the rapid decay of all the
derivatives of ¢, we conclude for all N that

2
1\ 0 N\ 1oy IN—N
|x11+a1x21+a2||8aK(x)| < <t1> 2 (Ile) (1 n Ile)
2 -

t; t;
i=1 1 l

1\ 6 g |1 NI

B (t2) E (|x;] + ti)N 6.2)
|xl|1+a1—92t11\’*0t1*1+92 |x2|1+a2+62té‘1*012*1*92 1]\ 62

B (i + )N (Ix2| + )V (@)
1\ 202 |x1|1+ot1+02t1N—011—1—92 |x2|1+a1_92t21\’—a1—1+02 |x2]\ 62

- (5) (x| + )N (Ix2| + 22)N (W) ‘
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In the last two lines of (6.2), if N is large enough, each factor in front of the last one
can be bounded by one. Thus, we get that

|xl+a1x1+az||aaK(x)| < min{(lml)@z (Ile)ez] ~ <|x1| " Ile)—az
b ~ %2 jx1] 2l lxl

From « € {(0,0), (0, 1), (1, 0)}, we get the desired kernel estimates.
For the boundedness, notice that

. 0 2 CHN
Re)1=(3+2) @ = [Tihws < 1.
i=1 i=1

1

]

We fix t, t2, 6 momentarily and denote K = Kj, 1, 9,. For any rectangle R of
sidelengths 1, f;, it is clear that

K * f 2 ecc(R)™"1r(f)r
whenever f > 0 and

nn
ecc(R) := max {—, —}
h N

is the eccentricity of R. Suppose now that for p € (1, co) there holds that || K *
flzraw < C(wla,)NI fllLrw) forallw € A, and f € LP(w). Then

ecc(R) ™2 w(R) /P (f)g = llecc(R) > 1R(f)rllLray S CAwla,)NIS Lo w)-
If f =1go,whereo = w1/ P=D then fPw = 1ro, and hence
ecc(R) " 2w(R)/7 (o) S C(lwla,)No (R)/? = C([wla,)N (o) {"IRI"?,
or
(W) ()M S Cwla, )N ecc(R)™.
If all L? bounded CZX operators would satisfy the L”(w) boundedness for all

w € Ap withabound C([w]a,)N, where N depends only on the kernel constants and
boundedness constants of the operator, then for all rectangles R C R2, the estimate

(W) (0) g S C[wla,) ecc(R)*? 6.3)

holds. This is because for the kernels K = Kj, 1, 9, the constant N is uniformly
bounded on ¢;, 1.
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Now consider w(x) = |x|%, which belongs to AP(RZ) if -2 < <2(p—1).Fix
some o € (p—1,2(p—1)) for now. We let our implicit constants depend on « as it is
not important for our argument. We consider a rectangle R of the form (0, €) x (e, 1)
with eccentricity ~ 1/e. On R there holds that |x| ~ x2, and then

€ 1 €
(w)R~e—1/ (/ xgdxz)dx1~e—1/ ldx, =1
0 € 0

and

a

€ U 3% € oo . o
()R ““671/ </ xy 77 dxz) dxy ~ e’l/ TP T Ay =TT ~ece(R) T
0 € 0

If (6.3) holds, then
ecc(R)ﬁMfl_1 < ecc(R)P.

Since we can let ecc(R) — o0, it means that we must have @« — (p — 1) — p6 < 0.
Letting « — 2(p — 1) in this inequality gives 6, > 1/p’. Then 6, > 1 follows by
letting p — oo.

Thus, weighted boundedness cannot hold in general for CZ X operators if 6, < 1.
Next, we prove some complementary sparse estimates, which refine the weighted
estimates in the case 6, = 1.

6.4 Definition We say that an operator 7 satisfies pointwise L”-sparse domination

with constants C and e, if for every compactly supported f € LP?(R%), there exists an
e-sparse collection . of cubes such that

ITFI<C > (flspls.
Se.

where (f)s , = (|flp)§/p, and a collection .% of cubes is called e-sparse, if there
are pairwise disjoint sets E(S) C S for every S € . with |E(S)| > €|S].

There are by now several approaches to proving sparse domination. We will use
one by Lerner and Ombrosi [14], which depends on bounds on the following maximal
function related to the operator 7 under investigation

M S f(x) = supesssup | T (1ae ) — T(1ane @),

Jax y,zeJ
where the supremum, once again, is over all cubes J.
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6.5Lemma Let T be an operator with a CZX kernel satisfying 6 = 1. Then
M5 f (1) S Mo f (x) = supf |F I dy,

where the right-hand side is the strong maximal function, with supremum over all
(axes-parallel) rectangles R C R? containing x.

Proof Let us fix a cube J C R? with centre ¢, and some x, v, z € J. Note that

T(ane ) = TAane (z)
=[TAan HO) =T G HeNI=ITAGre )@ = TAanef)es)]

and
T(ane H) —=TAagye fHler) = /(31)_[1((% u) — K(cy, w)lfw)du.

As usual, we split
BN =[BIH x 321U BRI x BIHTUIBRIH x BIHE].

For the integral over the last component, Lemma 2.2 implies that

/ K (v, 1) = K (e, w)]f ()] du
BINHEx(BI2)

2

o(J)?
- /(311)"><(3J2)C U dist(ut, Ji)1+0 |/ ()| du

e(J)?
Z [l du
BRI 15 3k241 72\ 382 52y @Bk ()t

kl k2 1 i=1
— (k' +k%)6
§ e L Ifldu
O el 3k +1 g1 3k2+1 g2

o0

1 2
S D 3EHIM () S Muf(x).
kL k2=1

For the other components, using that 6, = 1 we get directly from the size estimate
that
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/ [K(y,u) f(u)|du
(3JHex3J2

</ L fld
~ Jaiyexasr Iyt —ut? e

/(3k1+111\3k111)x312 Bk e())?

3=k d
]£k1+ljlx312 | f(u)|du

37K M, f(x) < Mo f ().

A
M2

|f ()| du

1

=~

1

A
K

1

=~
I
N

<

WK

~
I
<

Altogether, we have checked that
1T (13 G = TAEnH NI S M f (),
and taking the supremum over y, z € J and then over J > x we see that
M3 f (@) S Mof ().
O

We now quote a slight variant of a result of Lerner and Ombrosi [14, Theorem 1.1]:

6.6 Theorem (Lerner and Ombrosi [14]) Let T be a sublinear operator that is bounded

from L4(R?) to L9°°(R?), and such that M*} 3 is bounded from L" (R?) 1o L™ (R%)
for some 1 < g,r < o0o. Let s = max(q, r). Then T satisfies pointwise L*-sparse
domination with constants

#
C=ci(ITllLs>rao + M7 3llLr>rre), € =¢q.

Proof This is essentially [14, Theorem 1.1], except for some details mainly related to
the constant C. Since this constant will be relevant to us below, we will explain the
necessary changes. On a more trivial side, the statement in [14] involves an additional
parameter « in the maximal operator M? o> we simply take o = 3. Also, in [14] the
L7 (R%)-to- L2 (R%) boundedness is replaced by a certain “W, condition”; however,
this follows from the L4 (R?)-to-L %> (R?) boundedness, as pointed out shortly before
[14, Theorem 1.1].

More seriously, the bound for C given in [14] has dependencies on additional
parameters that we wish to avoid. For this, it is necessary to inspect the proof of [14,
Theorem 1.1.]. The said proof provides the expression

C=0B+0A,
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where ¢ and A need to be chosen so that each of the sets

M(fE)Y > cllf)sosh, UT(Fl3g)l > A(lf)30.s)s
M 5(f130) > A( f1)30.5}

have measure at most €| Q| for some small dimensional €¢;. However,

Cc,34

CS

C C
|{M(|f|S13Q)>(C<|f|)3Q,s)s}|5( 4 S P Lsolh = C—Sd|3Q| =

©(1fN30.)° 101,

where Cqg = [ M||p1(rd)— p1.00(rdy = 1, so that we can take

= ()= ()"

since s > 1. Thus ¢ = ¢4. On the other hand, using among other things that g < s
and Holder’s inequality, there holds that

1T 070 oo g _MTNT0s oo g
HIT(f130)] > Allf 1305}l < ==l Flagl ]y < = =2 f 1301

(Al FD30.5) HT A D309
VPR il L [ TR TR
A4 Ad

so to make this at most €4, it is enough to take

34 34\1/
Az T lispee = (Z) Tl oo,
€d €d

since g > 1. Similarly, with M’;ﬁ in place of T and r in place of ¢ in order that
|{/\/l*£;,3 > A(|f1)30.5s} < €q|Q|, it is enough to take

3d
A= 6—||M§,3||Lr%m.
d

So an admissible choice is ¢ = ¢4 and

3d
A= 5<||T||qu,oo + 1M Sl Lr— 1),

and hence
B+ A = Ca(ITllLa—r9% + M 3l reo).
O
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An immediate consequence of the previous results is the following:

6.7 Corollary Let T € L(L?*(R?)) be an operator with a CZX kernel satisfying 6> = 1.
Then for every p > 1, the operator T satisfies pointwise LP-sparse domination with
constants C < p’ and an absolute € > 0.

Proof We know from Theorem 1.3 that 7 is bounded from L'(R?) to L!*°(R?).

From Lemma 6.5 we know that ./\/l”Tt 3f < M, f. Since the strong maximal operator

is bounded from L” (R?) to itself, and hence to LP-°° (R?), the assumptions of Theorem
6.6 are satisfied. Since d = 2, it is immediate that € = €, provided by that theorem
is absolute. In order to obtain the claim C < p’, we observe for completeness the
following (probably well known) estimate for M, f < M Zm! f, where M I is the
one-dimensional maximal operator with respect to the ith variable:

M. f > A} =/R|{y PMi f(x,y) > Affdx < /R iy : MPM' f(x,y) > A} dx

< / APAM? ([ Looo MY f (2, )l Lr@)? dx
R

— 2 1
= A PUMAN o oo IM SN o

_ 2 1
< APUMANL o oo M Lo Lo L f | o g2)7

It follows that

2 1
Ml p ®2)—> Lroo®2) < 1M NlLosppoe M |Lr e S 1-p/,

using the fact that the L” norm of the usual maximal operator is O(p’), while its
LP-to-LP*° norm can be estimated independently of p. In fact,
HMf > M = [{MHP > 2P} < M f17) > AP}
< ATPIMI s gl F 1P e = 27PIM I e I F s

and hence

1/p
IMILr—rroe < IMILY 10 = IMIIp1 S pico.

O
6.8 Corollary Let T € L(L?*(R?)) be an operator with a CZX kernel satisfying 6, = 1.
Then for every p € (1, 00) and everyw € A p(Rz), the operator T extends boundedly
to LP (w) with norm

IT N zrwy Sp [w]ﬁp-

Proof This follows by the same reasoning as [17, Theorem 1.6]. The said theorem
is stated for different operators, but its proof only uses a certain sparse domination
estimate for these operators, which is a slightly weaker variant (so-called form domi-
nation) of what we proved (pointwise domination) for operators with CZX kernel in
Corollary 6.7, and hence the same reasoning applies to the case at hand. O
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A curious feature of the above proof of the weighted estimates is that it passes through
estimates involving the strong maximal operator, which in principle should be for-
bidden in the theory of standard A, weights; indeed, the strong maximal operator
is bounded in L”(w) for strong A, weights only. The resolution of this paradox is
that we only use the strong maximal operator as an intermediate step, in a part of the
argument with no weights yet present, to establish some sparse bounds, which in turn
imply the weighted estimates.

To conclude this section, we discuss commutator estimates. In fact, combining the
ideas from [15] and [14] we can establish the following sparse domination principle.

6.9 Proposition Let T be a linear operator that is bounded from L (R?) to L7 (R?),
and such that M?ﬁ is bounded from L" (R?) to L™ °(R?) for some 1 < q,r < oo.
Let s = max(q, r). Then there exists an €-sparse family . such that the commutator
[b, T1f :=bTf — T(bf) satisfies

. TIFI<C | Y b= b)) fhssls+ Y 1b— B)sl{f)s.sls |-
Se.” Se.”

with constants
#
C=cq(ITllLa— L0 + ”MT,3||Lr—>L"~°°), € =¢q4.

Proof The proof is actually similar to [14, Theorem 1.1] but one should adapt ideas
usedin [15]. Letc, A, €4 be the same as those in the proof of Theorem 6.6. Apart from
the sets

M(fF1)YS > c(lf)3o.s),
(T (fl3p)l > Al fD30.sh  {IME5(F130) > Al f)30.5),

for the same reason, we can also let each of the sets

{M(I(b — (b)30) FI°130)"* > c(l(b — (B)30) F)30.5)
(T (b — (b)30) F130)] > AU — (b)30) f1)30.5),
(ME (b — (b)30) f130) > A((B — (b)30) f1)30.5)

have measure at most €4 Q|. Denote the union of the above six sets by E and set
Q = E N Q. Manipulating in the same way as in [14, Theorem 1.1], we get a family
of pairwise disjoint cubes {P;} C Q such that Zj |Pj| < %|Q| and |2\ U; P;| =0.
The latter implies that for a.e. x € Q \ U; P; there holds that

IT(fl30) ()] = A(|f30.s. [T((b—(b)30) f130) ()] = A(|(b — (P)30) [1)30.s-

On the other hand, similarly as in [14, Theorem 1.1] we also have for a.e. x € P;
that
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IT(f130\3P) ()| = 2+ )A(f)30.s,
IT((b—(b)3g) f130\3p,) ()] < 2+ )A(I(b — (D)30) f1)30.5-

Thus

[[D, T1(f130) 1o (x) = [[b, T1(f130)I1o\u, P; (X)
+ Y 1B TI(f 13g\p)I1p,

J

+ Z b, T1(f 13p,)|1p;
J

=1[b = (b)30, T1(f130)I10\u, P, (x)
+ Y 1Ib = (b)ag. TI(f 1z \3p))| e,
J

+ Y b TI(f13p))I1p,

J
= B+ AL —(b)3ol(lfN)30slo + B+ A — (b)3g) fD30.510

+ Y b TI(f 1ap) 1 p;-

J

Note that the linearity of T is used in the second step. With the recursive inequality
at hand, the rest is standard (see e.g. [14, Lemma 2.1]). And since the constants ¢ and
A are the same as those in Theorem 6.6, we get the desired constant in the sparse
domination. O

Analogous to Corollary 6.7, we have the following result

6.10 Proposition Let T € L(L*>(R?)) be an operator with a CZX kernel satisfying
02 = 1. Then for every p > 1, the commutator [b, T] satisfies

b, T1FI < Cp' [ D= b)) flispls + Y b= Bhsl(IfDs.pls | -

Ses Ses

where . is an e€-sparse family with € > 0 absolute and C is an absolute constant
depending only on the operator T.

In [16, Theorem 5.2] a two-weight commutator estimate for rough homogeneous
singular integrals was formulated. As our sparse forms are the same as there, the
two-weight commutator estimate of Theorem 1.5 follows as a direct consequence of
Proposition 6.10.
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