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Abstract

For analytic functions g on the unit disk with non-negative Maclaurin coefficients,
we describe the boundedness and compactness of the integral operator T, (f)(z) =
foz f(&)g'(¢)dt from a space X of analytic functions in the unit disk to H*°, in
terms of neat and useful conditions on the Maclaurin coefficients of g. The choices
of X that will be considered contain the Hardy and the Hardy-Littlewood spaces, the
Dirichlet-type spaces Dg_l, as well as the classical Bloch and BMOA spaces.
Keywords Bloch space - Bounded mean oscillation - Dirichlet-type Space - Duality -
Hardy space - Hardy-Littlewood space - Integral operator

Mathematics Subject Classification 30H10 - 45P05
1 Introduction and Main Results

Let H(ID) denote the space of analytic functions in the unitdiskD = {z € C : |z| < 1}.
Each g € H(D) induces the integral operator defined by
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To(f)@) = /O FO @) de, zeD.

The question of when this operator is either bounded or compact has been extensively
studied in a large variety of spaces of analytic functions since the appearance of
the seminal works, related to the Hardy and Bergman spaces, due to Aleman, Cima,
Pommerenke and Siskakis [1, 2, 25]. Getting neat conditions on the symbol g which
describe the bounded and compact operators 7 acting from a Banach space X C H(ID)
to the Hardy space H*° is known to be a tough problem [3, 4, 26]. However, recently an
abstract approach to the study of this question was given in [4]. One of the basic results
there is the reproducing kernel dual testing condition provided in [4,Theorem 2.2]. It
states that, if X* ~ Y via the H ()-pairing

(f @ug = tim 3 FoRmp", f@) = [, g =3 &mwz",
n=0 n=0 n=0

where lim, .00 /B, = 1, then T, : X — H® is bounded if and only if
GH®
SUPep 8.z

” < 00, where
Y

. B
G (w) = fo g OK! P wyde = TP yw), zeD, weD,

and K7 are the reproducing kernels of the Hilbert space H(f).

Theoretically, the above relatively simple result offers a characterization of the
boundedness in the case of most of the natural spaces one can think of. However, if
one tries to apply this in praxis one observes that it looks like a reformulation rather
than a solution of the problem. This is due to the fact that treating the function Ggéﬂ )
in the dual space of X is often laborious if not even frustrating. Because of these
reasons, in this study, we restrict ourselves to the case in which the symbol g has non-
negative Maclaurin coefficients, and search for neat and useful conditions in terms
of the Maclaurin coefficients of g that can be used to test if Ty is either bounded or
compact from X to H®. The starting point is the characterization [4,Theorem 2.2]
given above, and the choices for X that will be considered in the sequel contain the
Hardy and the Hardy-Littlewood spaces, and certain Dirichlet-type spaces, as well as
the classical Bloch space and BMOA. Next, the main findings of this study along with
necessary definitions are stated.

For 0 < p < oo, the Hardy space H” consists of f € H (D) for which

I fllar = sup Mp(r, f) < oo,

O<r<l

where

L
P

2
My(r, f) = (%/0 |f (re'?)|P d@) , 0<p<oo,
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and

Moo(r, f) = max |f(re'”)].

Further, f € H(ID) belongs to the Dirichlet-type space Dg_l if
ey =/D|f’<z>|f’<1 —12DP "1 dAG) + £ (0)]” < oo,
e

where dA(z) = @ is the normalized area measure on D. The closely related
Hardy-Littlewood space HL , contains those f € H(ID) whose Maclaurin coefficients

{F(n))e2, satisfy

11, = Y _IF@IP i+ DP7? < oo,

n=0

These spaces satisfy the well-known inclusions

Dl’:fl CHPCHL,, 0<p<2, (1.1)
and

HL,,cHPcD;j_l, 2<p< oo, (1.2)

by [5, 6, 11]. Each of these inclusions is strict unless p = 2, in which case all the
spaces are the same by direct calculations or straightforward applications of Parseval’s
formula and Green’s theorem.

Our first main result reveals that T, does not distinguish H”, HL , and lef | When
it acts boundedly or compactly from one of these spaces to H°, provided 1 < p < oo
and the symbol g has non-negative Maclaurin coefficients. Here, as usual, the conjugate
index of 1 < p < oo is the number p’ such that % + % =1.

Theorem 1 Let 1 < p < oo and g € H® such that g(n) > 0 for all n € N U {0}.
Further, let X, € {H?, D;I:—l’ HL,}. Then T, : X, — H is bounded (equivalently
compact) if and only if

/

o] 00 ~ P
. n+gn+1)
k+1)P 2 RS . 1.3
I;)( +1) (2:;) P <00 (1.3)
Moreover,
/ < =+ g+ D\
T, II% 0 < k+1 p'=2 _—_— . 1.4
ITel% - o §(+) (go o ) (1.4)

@ Springer



148 Page 4 o0f29 J. A Peldez et al.

On the way to Theorem 1, we show in Theorem 10 below that for each g € H (D)
we have

/

00 00 ~ p
Tl g SO e+ 1P Y 1.5
I g”X,,%H Nkzo( +1) (n:O P (1.5)

foreach X, € {H?, DZ_IHL p»1- This observation offers a relatively easy way to see
if a given general symbol g induces a bounded operator on the Hardy space H? with
l < p<oo.

The proof of Theorem 1 relies on [4,Theorem 2.2], and duality relations for H?,
Dg_l and HL, with 1 < p < oco. The dual of H? is of course isomorphic to H
via the H2-pairing (the Cauchy-pairing), and certainly many experts working on the
field now that (lefl)* ~ le,/_l and (HL)* >~ HL , via the same pairing. Since we
do not know exact references for the last-mentioned two dualities, we give proofs in
Sect. 2 where also other less obvious duality relations are treated. Another tool that
we will employ in the proof of Theorem 1 is of technical nature, and concerns smooth
universal Cesdro basis of polynomials [17,Section 5.2]. The proof of Theorem 1 is
presented in Sect. 3.

If0 < p < 1,then T, : H? — H® is bounded if and only if g is a constant by
[4,Theorem 2.5(vi)]. Further, by [4,Theorem 4.2(ii)], T, : H I 5 H> g compact if
and only if g is a constant. Therefore, the same conclusions are valid for 7, acting on
HL, by (1.1). The following result clarifies the situation with regard to the Dirichlet-
type spaces 0571. Here and from now on 7' (X, H) (resp. T.(X, H*°)) denotes the
set of g € H(ID) such that T, : X — H is bounded (resp. compact).

Theorem2 Let g € H* and X, e{H?, D§71 ,HL,}. Then the following assertions
hold:

() If

oo ~,
1 1
sup ((k+1) E (n+ Dige + D] < 00,
keNU{0) = ntk+l

then g € T (X1, H®). In particular, T (X, H*®) contains all g € H(D) such
that Y 02 o(n + 1D)[g(n + 1)| < oo;

(ii) T(X,, H®) consists of constant functions only if 0 < p < 1;

(iii) T.(X1, H®) consists of constant functions only.

In the proof of Theorem 2, we use identifications of the duals of HL; and Df;f]

with 0 < p < 1. Since many dual spaces X* can be described, via the H>-pairing, as
the space of coefficient multipliers from X to the disk algebra [15,Proposition 1.3], a
natural characterization of the dual of HL is easy to find by using the relation (£!)* ~
£%°. We do this in Sect. 2 when we prove Lemma 8 which states that (HL{)* >~ HL
via the H?-pairing with equivalence of norms. The space HL, consists of f € H(ID)
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such that its Maclaurin coefficients { f (n)}52, satisfy

I £l = sup (IFm)I(n+ 1) < o0
neNU{0}

To find a suitable dual of DZ_I with 0 < p < 1 is not that straightforward. Lemma 6
in Sect. 2 states that (D;’_l)* ~ B? via the Azl_l—pairing. Here A% refers to the
P

Bergman Hilbert space induced by the standard weight (8 + 1)(1 — |z|*)?. Further,
for0 < @ < oo and f € H(D), the a-Bloch space B* consists of f € H(D) such
that

IfllBe = Suglf/(Z)l(l — 2% + £ (0)] < oc.

The proof of the duality relation (DZ_I)* ~ B is lengthy, and apart from standard
tools, such as Green’s theorem and continuous embeddings between different weighted
Bergman spaces, it also relies on a use of smooth universal Cesdro basis of polynomials.
The last-mentioned creatures are used to show that a certain function, dependent of p,
is a coefficient multiplier of 5.

The next result is the counterpart of Theorem 1 in the case p = 1. It also proves
that the statement in Theorem 2(i) is sharp. Observe that (1.6) is the limit case p’ = oo
of (1.4), and that the supremum there is in fact the limit as k — oo since the quantity
over which the supremum is taken is increasing in k.

Theorem3 Let g € H®™ such that g(n) > 0 for all n € NU {0}, and X; €
(H!, Dé, HL}. Then T, : X1 — H® is bounded if and only if

m+Dgn+1)
sup [(k+ 1) < 00. (1.6)
keNU{0} ( Z n+k+1
Moreover,
m+Dgn+1)
||T ”X —H X Sup (k+]) . (17)
o keNU{0) ( Z n+k+1

Theorem 3 is relatively straightforward to establish once the tools needed for The-
orem 2 are on the table. Both of these theorems are proved in Sect. 4.

Our last result concerns the case when T, acts from the Bloch space or BMOA
to H™. Recall that the classical Bloch space B is just the space B! defined before
Theorem 3. Further, let

-1
um%=%vw<giﬁ),
zZ€e
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and recall that BMOA consists of the functions in the Hardy space H' that have
bounded mean oscillation on the boundary T. The space BMOA can be equipped with
several different norms [8]. We will use the one given by

s Ss@ 18/ @PA =121 dA®)
llgllEmoa = sup

aeD 1 —lal

+ g0,

where S(a) ={¢: 1 —|a| < [¢| < 1, |arg¢ — arga| < (1 — |a|)/2} is the Carleson
square induced by a € D \ {0} and S(0) = D. It is well known that

I lge S WS ls < 1 Bmoa S 1 fllmee,  f € H(D). (1.8)

Our last main result says that 7, does not distinguish BMOA, B and H]‘f)‘; when it
acts boundedly or compactly from one of these spaces to H, if the symbol g has
non-negative Maclaurin coefficients.

Theorem4 Let X C H(D) be a Banach space such that BMOA C X C ch(’)og and
let g € H*® with g(n) > 0 for all n € N U {0}. Then the following statements are

equivalent:

(i) T, : Hl‘;‘; — H is bounded (equivalently compact);
(ii) Ty : X — H is bounded (equivalently compact);
(iii) T, : BMOA — H is bounded (equivalently compact);
(iv) YopZo&(n+ 1 log(n +2) < oo,

(v) fol Muo(r, g')log 15dr < oc.

r

Moreover,

dr
(1.9)

1
e
/
1T¢lIBMOA— Hoo =< (| T llx—s goo = ||Tg||1111§;0g—>f1oo X/ M (r, g)log 1
0

o0
= Zg(n + 1) log(n +2).
n=0

The proof of Theorem 4, given in Sect. 5, reveals that

e

log

1
1T Il oo — mroo §/ Moo(r,g’)logl
0 —r

o
dr ) 8(n+ 1llog(n +2)
n=0

for each g € H(ID). The hypothesis on the coefficients is only used when the right
most quantity above is dominated by the operator norm.

Probably the most obvious election for the space X in the statement of Theorem 4
is the classical Bloch space 5. However, there are other choices for X which arise
naturally in the theory of integral operators, see Sect. 5 for further details.

The hypothesis g € H® in Theorems 1-4 is not a restriction, because it is an
obvious necessary condition for T, : X — H to be bounded.
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It is worth mentioning that the smallest space X that we work with regarding
bounded and compact operators Ty : X — H is BMOA which is in a sense
much larger than H®°. It does not seem straightforward to deal with the case X =
H® even in the case when the symbol g has non-negative Taylor coefficients. The
approach that we use here to prove Theorems 1-4 is based on the abstract solution to
characterize T (X, H®) given in [4]. In the case X = H, it takes us to calculate

HZ
SUPzep H Gg,z K
endowed the total variation norm which seems pretty untreatable for our auxiliary

< 00, where IC is the space of Cauchy transforms. The space K is

function Gg z

To this end, couple of words about the notation used in this paper. The letter C =
C(-) will denote an absolute constant whose value depends on the parameters indicated
in the parenthesis, and may change from one occurrence to another. If there exists a
constant C = C(-) > 0 such that a < Cb, then we write either a < b or b 2 a.
In particular, if a < b and @ 2 b, then we denote a < b and say that a and b are
comparable.

2 Dualities

In this section we will discuss the duality relations employed to prove the main results
of the paper. Apart from the well-known relation (H?)* >~ H Pl < p < 0o, we will
need to know the dual spaces, with respect to appropriate pairings, of D;’_ ; and HL,
forO < p <land1 < p < oo, respectively.

The following lemma describes the dual of the Dirichlet-type space Difl when
1 < p < oo, and it will be needed in the proof of Theorem 1. We believe that the
result itself must be known at least by experts working on the field, but since we do
not know an exact reference, we include a proof here.

Lemma5 Let 1 < p < oo. Then (D;’_l)* ~ Dﬁ,_l via the H?-pairing with equiva-
lence of norms.

Proof Let us first show that each g € le ,_; induces a bounded linear functional on

D} _,. Green’s theorem implies
R 1 R
(f.8) w2 = Z/Df/@)g’({) log Tl dA(Z) + f(0)g(0), (2.1)

from which Holder’s inequality yields

I(f,g)Hz\S/DIf/({)Ilg'(C)\(l—\{I)dA({)Hf(O)Hg(O)ISIIfHDp ll\gIID,,/ . f.g € HD),
p— »

—1

where the first step is an easy consequence of the inequality —log ¢ < %(1 — 1), valid
for all 0 < ¢ < 1, and the monotonicity of M,(r, h) for each 0 < p < oo and

h € H(D). Thus each g € Dg :_1 induces a bounded linear functional on Dﬁ_l via
the H2-pairing.
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Let now L be a bounded linear functional on Dg_l. Consider the weights w(z) =

—2log|z|and v(z) = (—2log|z]) = , defined in the punctured unit disk. The proof of
[21,Theorem 3] now shows that the Bergman projection P, induced by w, is bounded
from LY " into itself because the weight (%)p v = wP~! is sufficiently smooth. It then
follows from the proof of [21,Theorem 6] and standard arguments that (Aﬁfl)* ~

/
Ai ,_, under the pairing

— 1
(f.8)az = 2/]D)f(z)g(z) 10g|—dA(z)-

z|

We note that this duality relation of the weighted Bergman spaces is essentially con-
tained in [12,Theorem 2.1] as a special case, but with respect to a slightly different
pairing. The method there would certainly work also in our setting and therefore
offers an alternative way to deduce this duality. Getting back to the proof of the
lemma, we observe that, for each f € Dg_l , there exists F' = Fy € Aﬁ_l such that
I(F)=f— f(0),where Z(F)(z) = foz F(¢)d¢. Further, 7 is an isometric mapping

from AZ_l to D[";_ |» in particular, it is bounded. Therefore the composition L o Z is a

bounded linear functional on Aﬁ_l , and hence there exists a unique G € AZ " such
that |G|, S ILoZ|l S IIL| and

p'—1

L(f)=L(f = f(O) + f(0)) = (L o I)(F) + f(O)L(1)

= 2[ F(2)G(z) log %'dA(z) + FO)L(1)
D

=2ffhﬁﬁ5bg%¢u@+fmuuy
D

. p/ . . p/
Further, since G € Ap,_l, there exists a unique g € Dp,_1 such that g’ = G and

g(0) = L(1). Consequently, there exists a unique g € Dﬁ ’/—1 such that

-1 S
L(f) = 2/Df/(Z)g/(Z) log —ldA(Z) + f(0)g(0) = (f. &) 2.

|z
where the last identity follows from (2.1). Moreover, ||g||1; y = ||G||i s T
p/—] p’—l
|L(1)|1’/ < ||L||1’/, and the assertion is proved. O

To prove Theorems 2 and 3, we need to know the dual of DS_I with0 < p < 1.
In order to do that, some more notation is needed. For 0 < « < 00, the space H°
consists of f € H(ID) such that

Iz = sup | f (@I — [z < oe.
zeD

@ Springer



Integral Operators Mapping into the Space of Bounded Analytic Functions Page90f29 148

It is well known that

Il g =< I fllgasr,  f € H(D), 2.2)

foreach 0 < a < oo.

We will also need background on certain smooth polynomials defined in terms of
Hadamard products. Recall that the Hadamard product of f € H(ID) and g € H(D)
is formally defined as

(fx9)@) =) fghk)r, zeDb.
k=0

A direct calculation shows that

(f x9)(r?e'") = % Fre Mg re™%) as. (2.3)

IfW(@) =) ey biz* is a polynomial and f € H (D), then the Hadamard product

(W )) =Y b flk

keJ

is well defined. Further, if ® : R — C is a C*°-function with compact support
supp(®) in (0, 00), set

A m = max |®(s)| + max | D" (s)],
seR seR

and consider the polynomials
@ kY
W) =) @ ~) neN. (2.4)
kel
With this notation we can state the next auxiliary result that follows by [17,p. 111-113].
TheoremA Let ® : R — C be a C®-function such that supp(®) C (0, c0) is

compact. Then for each p € (0, 00) and m € N with mp > 1, there exists a constant
C = C(p) > 0 such that

IWe % fllur < CAgmll fllur

forall f € H? and N € N.

Theorem A shows that the polynomials {W,fI> }nen can be seen as a universal Césaro
basis for H? for any 0 < p < o0. A particular case of the previous construction is
useful for our purposes. By following [9,Section 2], let W : R — R be a C*°-function
such that
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148 Page 10 of 29 J. A Peldez et al.

(1) ¥ =1on(—o0,1],
(2) ¥ =0o0n]|2,00),
(3) W is decreasing and positive on (1, 2),

and set ¥ (1) = W (§) — W(r) forall 7 € R. Let Vo(z) = 1 + z and

) k 2n+17] k
Vu(z) = W;/,’,,l(Z) = Ziﬂ (2"_1) = Z W <2n1 ) X, neN. (25)
k=0 f=2n—1

These polynomials have the following properties with regard to smooth partial sums,
see [9,p. 175-177] or [16,p. 143-144] for details:

f@ =) (Vux )@, feHD),

n=0 (2.6)
IVax fllur < Cll fllgr, feHP, 0<p<oo,

[ Vallgr < 2"07VP 0 < p < c0.

With these preparations, we can describe the dual of Dg_l with0 < p < 1.

Lemma6 LetO < p < 1.Then (Dﬁ_l)* ~ B2 via the Aiil-pairing with equivalence
p

of norms.

Proof Let f, g € H(ID). Then Green’s formula and Fubini’s theorem yield

- 1_
I0F.8) 2 \:Vmﬂz)g(z)a—uﬁ)v e
1

1 1 1_
= ‘/ <2/1D> flrorg' (rz)rlog | dA(z) + f(O)g(O)) (1 —-r37 L dr
0

Izl
1 1_
<2/Df/(“'g,“)(/gl°g|z|“’2)” 1rdr) dAQ) + 1 FO)Ig(O)].

The inequality —logt < %( 1 —1¢), valid for all 0 < ¢t < 1, now gives

1 1
r 2 l7] 1 1 l71
/ log— ({1 —r9)r "rdr <2rlog — (I —r)yr “dr
] I'q 11 Jie|

1+L
(1—gp' 7

, D\ {0}.
H ¢ e D\ {0}
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By using this and the continuous embedding Ag_l - A]l_l, valid for0 < p < 1 by
[13,Theorem 1], we deduce '

T N (o 1o e
83 1= 920 [ 17/ @8 @)1= T dAG) +1/ O)z0)]

S llglis2 /D L OI = 12D 7 dAE) + 1 £O0)]2O)] Slgls: e s
and hence each g € B? induces a bounded linear functional on Dp _ via the A2

=

pairing.
Let L € (D;’fl)*, and recall that Z(F)(z) = foz F(¢)d¢. Then |(L o ) (F)| <
||I(F)||D£_I = ||F||A£_I forall F Ag_l.ThereforeLoI € (Ag_l)*.smce (AZ_l)*

is isomorphic to the Bloch space via the Azl . -pairing by [29,Theorem A], there exists
P
aunique G € Bsuch that |Gllg S |ILoZ|| S ||L|| and (L o Z)(F) = (F, G)AzI 1

P
for all F € A?_|. Foreach f € D;[;)—l’ there exists F = Fy € Ag_l such that
I(F) = f — f(0). Therefore

L(f)=L(f = fO)+ f0) =L(f = f(0)+ fO)L(I)
= LZ(F) + fO)L) = (F, G)AzI + fO)L(D)

P

=(f. G2+ fOLD), fED,, I

-

By denoting

1 1
wn,,,=f P =) dr, ne NU{O),

0

we deduce

’ . N 2, 5-1
(f,G)Azl = lmllifmrf (ra)G@(1 = [z[) P dA(z)
14 r—

r—>17-

Y & =— 1_
=0k (Z Fon+ Dn + 1)r(rz)n> (Z GUOZ") (1 —1z)7 " dAG)
k=0

lim 27 Z fn+ 1Tl < T (n+ 1)G(n)> Wyt1,p

r—>1-

1
i /Zf(nﬂ)(rz)”“Z( - <k+1>G(k>>k+‘<1 127 dAc)

r—1-

=(f = f(0).Kp) 2

L
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148 Page 12 0f 29 J. A Peldez et al.

where

o
Kp@) =Y 22k + DGR, zeD.
r Wk+1
k=0 P

In the case p = 1, we have

N Aokl _ 4 (o
KI(Z)—IZ(:)(/C-I-Z)G(/C)Z = (z G(z)), zeD,

and hence K| € B? by (2.2). To obtain the same conclusion for each 0 < p < 1,
we first observe that J(z) = Z,fio(k + 1)5(/()1"4“1 = % (zG(2)), and thus J € B2.
Therefore it suffices to show that 1 ,(z) = Y 2, %z"“ is a coefficient multiplier
of B2 for each 0 < p <1

To see this, for each g € N, denote DP f(z) = 3°°,(n + 1)? f(n)z" for all
f € H(D), and for simplicity write Df instead of D! f. We claim that

Mi(r, Dip) S 0<r<l, 2.7

1—r

the proof of which is postponed for a moment. Direct calculations show that

I flig < sup|Df(2)|(1 — |z])* < sup D> f()|(1 — |z])?, f € H(D),

zeD zeD

and hence (2.7) yields

) ) 1 27 ) )
ID2(f % Ap)(r2e!")| = |(Df % Di,)(r?e'")| = ‘E /O Df (re' ") D, (re™ %) do

M\, Dhp) _ 1
A-r2 ~a=r3

< Moo (r, Df )My (r, D1p) S feB.

It follows that f % A, € B>forall f € B>and 0 < p < 1. Thus K, € B? for each
0 < p < 1. By choosing H, = K, + L) ¢ B2, we deduce L(f) = (f, H,,)Az1
1

o, p
1

forall f € D} .
To complete the proof, it remains to establish (2.7). To do this, we will use the
families of polynomials defined by (2.4) and (2.5). It follows from (2.6) that

Mi(r, Dip) = I(DAp)rllgt = C(p) + Z Vi % (DAp)rll g1, (2.8)
n=2
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where (DA)r(z) = Y oo lnw” Lo ynzn Next, foreachn € N\ {1} and r € [3, 1),
consider

-1,

w
F,(x) =x 1_):) prxX[zn—l’2n+l](X), x e R.

xX,p

Since for each radial weight v, there exists a constant C = C(v) > 0 such that

1 1 n 1
/ st (log —) v(s)ds < C/ s*v(s)ds, nefl,2}, x>2,
0 s 0

it follows by a direct calculation that
|F, ()] < CIF,(x)|, neN\{l}, re [—, 1) , X =2,

for some constant C = C(w) > 0. Therefore,

Ap,2=  max |F@)|+ max |F/)] S max [F(x)|
XE[Z”_I,Q”'H] xe[Z”_l,Z”'H] xe[Z”_l,Z”‘H]
n—1
< max (x4 DA <22 n e N (1)
xe[2”_1,2”+]]

For each n € N\ {1}, choose a C*°-function &, with compact support contained in
[2"—2,2"*2] such that &, = F, on [2"~!, 2"+ and

Ag, 2 = max | D, ()| + max |0/ (x)] <22, neN\ (1} (2.9)
xeR xeR
Since
W@ =Y e = Y @k
keZ kEZﬂ[2”_2,2”+2]

the identity (2.5) yields

on+l_q ontl_q

R kL k ke k k
(Vo % (DAp),) (2) = Z W (zn 1) e Yooy (F) @, (k)z
—on—1 ’ f=on—1
_ (W1 . Vn) (2), neN\({l}.
This together with Theorem A, (2.9) and (2.6) implies
n—1
|V % (DAl g1 = IIWfD" * Vol S Aay2llVallgt S 2% [Vall g

W 1
< o2 re|:§,1>, neN\ {1},
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which combined with (2.8) gives

o
n—1 1 1
Mi(r,Drp) S 2% S , TE€ [—,1). (2.10)
’ }; (1—r) 2
This implies (2.7), and finishes the proof. O

In the proof of Theorem 1, we need to know the dual space of the Banach space
HL,, with 1 < p < oo, with respect to the H 2_pairing. It is given in the next lemma,
the proof of which is standard.

Lemma7 Letl < p < oo. Then (HL,)* ~ HL , via the H?-pairing with equivalence
of norms.

Recall that the space HL, consists of f € H(ID) such that

IflliL., = sup (IFm)I(n+ 1)) < 0.
neNU{0}

The last lemma of the section describes (HL)*. It will be used in the proof of Theo-
rem 2. The proof of this lemma is also standard and is therefore omitted.

Lemma 8 (HL)* ~ HLy, via the H?-pairing with equivalence of norms.

3 Hardy, Hardy-Littlewood and Dirichlet-Type Spaces with 1 < p < oo

The main aim of this section is to prove Theorem 1. To do that some notation and
auxiliary results are needed. For each g € H(ID), with Maclaurin series expansion
g(2) = Y 52 8(k)z*, consider the dyadic polynomials defined by Agg(z) = g(0) and

Ang(z) = Zir:;n_l 2(k)z* foralln € Nand z € D. Then, obviously, g = .50 ) A, g.
Further, write Ag = 1 and A,(z) = ,%':2],,_1 ZFforalln € Nand z € D. Then
[4,Lemma 2.7] shows that

Al <27, 1 <p<oo, neNU{O. (3.1)

For a € D, denote f,(z) = f(az) for all z € D. With these preparations we can state
the first auxiliary result.

Proposition9 Ler 1 < g < oo and g € H(D) such that Y ;- 18(k)| < oo. Then
there exists a constant C = C(q) > 0 such that

27+ 00 — k]
H? ~ (n+ Dgn + D" ‘
HAjf*Gg’Z He Z f(k)z n+k+1 ¢
k=2J n=0 e (32)
o0 o~ 1
(n+ D[gn + D|z"*
<ClAjfel e Y — , zeD,
=0 n+2/-"+1
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forall f € HD) and j € N.

Proof For each j € N and z € D, let us consider the C°°-function

Z (n+ Dgn+ DHZ"*!

W, ; 0.
2./,1(5) ntlt2s )
n=0
Then
o (n+ D[g(n + D" 1
War oI =D S sz 5 (3.3)
n=0
Further,
o0 = g <-
= (n+ Dgn + Dz
Wy Y (s) = =27 : , 0,
(P2 ) (5) r; (n+142is)2 5=
and hence
o0 5 1
(n+ D[gn + D"t
[(W2) ) ‘() =2 ; (n4+1+42/-1)2
=0 (3.4)
i n+ DIge+ D" 1
= n+1+2/-1 T2

Therefore, by using (3.3) and (3.4), we can find a C*°-function ®, i and an absolute
constant C > 0 such that supp <I>2_,-’Z C (% 4), Dy (s) =Wy, ,(5) forall s € [1, 2]
and

o I~ n+1
)| SC2(n—i—1)|g(n—i—1)z |

— . /
A0y 1= Max|©o) ()] +max [Py . nt 14201
Hence
2/ ) —_—
2 ~ (n+ Dgn + HzHt!
Aif=GE @)=Y FfhZ) P
k=2J n=0 n+k+
j+1_
< 2 —k k\ ok Py .
D FTidy (o5 )¢ = (A W) @, jeN.
k=2]J
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Using now Theorem A, we find a constant C = C(g) > 0 such that

2 D
HAjf *GQZ(OHW = HAjfz £ W2
o (n 4+ DIgn + D"

=Claifel e 2 =
ML 427

< CACDZj.ZJ “ Ajf?” H4
H4

This finishes the proof. O

The next result gives a sufficient condition for T, : H? — H to be bounded and
establishes the operator norm estimate (1.5) announced in the introduction.

Theorem 10 Let 1 < p < oo and g € H(D) such that

0 e’} ~ 17/
p—=2 (n+ Dfgn + 1]
;(k+l) <r§—n+k+l < 00

IfX,e{H?, Dgfl,HLp}, then Ty : X, — H* is bounded and

/

00 9] ~ p
' _ (n+ Dlgn+ 1)
Tely g S 3 G+ 1P 2 (Y o T )
ITellx,— k=0( ) (n:O P

Proof We begin with the case X p = Dgfl. By Lemma 5 and [4,Theorem 2.2],

Ty : DZ—l — H® isbounded if and only if sup_ IIGH2

gzl pr < 00, and moreover,
P

1

/ 2 /
1T )” o = sup |lGE2P 3.5)
¢ D£71—>H zeD & Di/,l
Further, for each 1 < g < oo, [14,Theorem 2.1] yields
o0
IFly = DNAj «Flly, FeHD). (3.6)
j=0
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Therefore, by combining (3.5), (3.6), Proposition 9 and (3.1), we deduce

1Ty =sup G2 < sup YAy« GEP
8 D]‘:_IHH 2eD D,,/ 1 ze]D)Z HP
1 1 n+1
S 1ai, (OIS
zeD 52 n+2/7"+1
p 3.7
o0 o0 o~
<sz(p/,1) Z(n+1)|g(n+l)|
N,-—o o n+2/-141

/

00 00 —~ P
1 1
< Swrpi (F i)

k=0 n=0

Thus the assertion is proved for X, = Dg_l.
Next we deal with the case X, = HL,. By Lemma 7 and [4,Theorem 1.1], 7, :

. . . 2
HL, — H is bounded if and only if sup,p, ”ng ”HLp’ < 00, and moreover,
r H* )P
ITe e, — goe = sup 1G ¢ Mgy - (3.8)
zeD ’

But

p'

i (n+])§(n+1)zn+k+l
n+k—+1

o0
H>, 0  _ '—2
IIGg,ZIIHLP, = E (k+ 1P
k=0 n=0

o0 e’} ~ l’/
o2 (n+ DIgn + 1)
skg(kﬂ) (g—HkH ,

and thus 7, : HL, — H ® is bounded and

/

e’} o) ~ P
o ) (n+Dlgn+ 1)
el e < 26+ (Z R

k=0 =i
Bearing in mind (1.1) and (1.2), the remaining case X, = H?” follows from
[4,Theorem 1.1], the well-known identification (HP)* ~ H P’ via the H 2-pairing
and the two cases already proven. O

Despite the inclusions in (1.1) and (1.2) are strict unless p = 2, if one restricts to
the class of power series with non-negative decreasing coefficients, then the following
statements hold by [10], [18] and [30,Chapter XII, Lemma 6.6].

@ Springer



148 Page 18 of 29 J. A Peldez et al.

LemmaB Let 1 < p < oo, then there exist constants C1 = Ci(p) > 0, C» =
Co(p) > 0and Cz = C3(p) > 0 such that

15 < C1|If||Dp L= CzIIfIIHL < Gl f s

for all f € H(D) such that its Maclaurin coefficients { f (n)}°° o form a sequence of
non-negative numbers decreasing to zero. In particular,

feH! fer1 < feHL,

for every such f.
We are now ready to prove Theorem 1.

Proof of Theorem 1 Assume first that 7, : X, — H® is bounded. Then g € H*,
and hence

DRI =) 8 < oo. (3.9)
n=0 =

Lemmas 5 and 7 together with the well-known identification of (H?)* as H P’ via the
H?-pairing imply (X p)* = X,y. Therefore [4,Theorem 1.1] yields

/ 2. p H? P’
T % e =< sup IGE NN 2 sup G . 3.10
X HE e 8T Y ey T ©.10)
18 1 n+k+1
Since GH ) = 22 o(ZgO:o %) ¢k, for each x € (0, 1), the
Maclaurm coefficients

Z (n + Dgn + Dx"Hetl

Gmm
n+k+1

, ke NuU{0},
n=0

form a sequence of non-negative and decreasing numbers. Therefore (3.10), Lemma B
and (3.9) imply

’

00 ~ P
2! n+Dgn+1)
T, H w2 sup IGE I = sup (k+ 1)P'2 wnr s\ Y o+
Xp=H e OF HLy xe(o, 1),{20 ’; n+k+1

o] [e'e] ~ P
= =2 (n+ Dgn+1)
”;)(kﬁ) (Z n+k+1

n=0

Thus (1.3) holds.
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Conversely, if (1.3) is satisfied, then T, : X, — H is bounded and

/

e’} o0 ~ P
, . (n+1gn+1)
Toll® e <Y (k4 1)P 2 nrosmT )
1Ty, - N;( +1) (;0 o

by Theorem 10. The norm estimate (1.4) follows from the above inequalities.

To complete the proof we still need to show that 7, : X, — H® is in fact
compact if (1.3) is satisfied. To see this, let first X, = HL . Further, let { f,,} such that
sup,, || fullnL, < oo and f, — O uniformly on compact subsets of I as n — oo. For
each ¢ > 0 there exists ko = ko(e) € N such that

/

o] o] ~ p
/ 1 1 /
Z(k+ P2 <Z(n+)i$> -
k=ko n=0 ntk+
Moreover, by the uniform convergence we may pick up an ng = no(e) € N such that
ko—1
sup " (k+ DP 2 Fu (k)P < &P

A0 k=0

Then, Holder’s inequality yields

o0 o0 o~
_ H? > (+Dgn+ 1
1T (fr)ll oo —Zsz]%l(fn,Gg,z)Hz\ S};)\fn(k” (;} N+ k+1 )
ko—1 00 —~ 0 00 ~
I n+Dgn+1) ~ (n+Dgn+1)
=Y |l (Z ) + ) 1wl <Z )
k=0 i Pkl k=ko a0 "kt
1 1
ko1 7 (ko—1 ) . P\
o~ - (m+Dgn+1)
<| 3k + 0P fmP > k+ 1P 2(2) )
(k=o k=0 n=0 ntkl
1 NS
o0 _ Pl , X n+Dgn+1\ v
+ 3k + )PP Z(k+1>P‘2<Z>
k=ko k=ko a0 Tkl

o 1/p
o0 . R »
po ($5 0 RO+ D)
58((/?:%)(](4—1) (,12_;) n+k+1 +52P||fn|\HL],

Se, n=ng,

and hence lim, . | T¢(f1)lz= = 0. Therefore T, : HL, — H* is compact by
[27,Lemma 3.6].
Letnow X, = Dg_l. We first show that

lim sup/ |(G§§)’(w)|l”(1 —lwD? ' dAw) =0, (3.11)
R—17 ;eD JD\D(0,R) -
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and then we use this fact to prove the compactness of Ty : Dg
If 2 < p’ < o0, then (1.2) and Fubini’s theorem yield

_, — H™.

lim sup/ G )P (1= [w)?~ dAw)
R—1~ D\D(0, R)

21
= lim sup/ /
R—17 zeD

=27 hm sup/ ||(GH VAP (=) dr
R—17 zeD Hr

Y 1)z +k+2 ) 2 ,
(k+1)Z(n+ 80+ DI ko) qot — 1y dr

n+k+2

n=0

1 o© 00 ~ P
) - nm+Dgn+1) " _
<1 k 4+ 1)P 2 AR - S k4 NP L P 1y
”RT}—RZ(JF) (Z n+k+l e+ Do =n)dr
k=0 n=0
oo ~ 17/ 1
n+gn+1) ,/‘ P ;o
=1 k4 P2 DAL AL k+ 1P P+l P =-lg
1m §(+) (E k1 (k+1) Rr 1-r) r,
k=0 n=0
where

1 1
(k+1)P’/ PPN — P gy < (k+1)P’/ PN =Pl < 1, ke NU{O).
R 0

The dominated convergence theorem now implies (3.11).

If 1 < p’ <2, then Proposition 9 and an argument similar to that used in the proof
of (3.7) allows us to find a constant C = C(p) > 0 such that

o0 (o] ~ 17’
- + Dgn+1) .
o< oS k4 P2 A D+ DYy o<y <,
G )”,,1 g(-ﬁ-) Zz‘,o P (k+1Pr <r<

This together with (1.1) implies

2 /
lim sup/ IGEY )P (1 — [wh?' ' dAw)
R— 17 z¢D JD\D(0, R) ”

/
=27 11m sup/ G ,);IIZP,(I_r)lerdV

< lim sup/ Gt 2. u” a—n?rar
R—17 zeD 71

/

1 o© [e'9) —~ P
< § ) n+Dgn+1) PP ap =1
NRlinL RI;)(IH-I) <§n+k+l (k+ 1P r a-nP=lar=o.
Consequently, (3.11) holds for each 1 < p < oo.
Let now { f,,} such that sup, || full p» [ < and f, — O uniformly on compact
[
subsets of D. By (3.11), for each ¢ > 0, there exists R = R(e) € (0, 1) such that

2 / /_ /
sup/ (G )P (1 — [w)? ~ldAw) < e”".
zeD JD\D(O,R)
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Further, by the uniform convergence we may choose N = N(g, R) € N such that
max{| f(0)], | /1 (€)|} < e foralln > N and & € D(0, R). Therefore [4,(2.4) and
(4.4)] and Holder’s inequality yield

1T (fi) > = Supl Jn: G Hv\

< sup
zeD

/f (W)(GHq) (w) log ‘dA(w)’an(O)lllgIIHw

w
1—Ly—
5sup<(/ +f )If,i(w)ll(Gﬁz)’(w)l(l—le) A
zeD D(0,R) D\D(0,R)
+ 12 O)llgll

#dA(w))

(nc” ", +sup||fn||,>z;|>5e, n=N.
,, —1 n

Therefore 7T, : D;’f |~ H ®° is compact by [27,Lemma 3.6].

Finally, let X, = H?.If 1 < p < 2, then we may use the fact already proven
that T, : HL, — H® is compact, and (1.1) to deduce the compactness of Ty
HP — H® . Inthecase2 < p < o0, the same conclusion follows from (1.2) and the
compactness of Ty : DZ_I — H®. This finishes the proof of the theorem. O

4 Hardy, Hardy-Littlewood and Dirichlet-Type Spaces with0 < p < 1
In this section, we prove Theorems 2 and 3 in the said order. Since all the necessary

auxiliary results are already stated in the previous sections, we can directly embark
on the proofs.

Proof of Theorem 2 (i). By Lemma 8 and [4,Theorem 2.2], we know that

H2
ITglIHL — oo < sup |Gy [IHLy -

zeD
Since
GH(w) = /Z LAY d;_i Y+ Dgn+ N o,
—we T 2\ ntkt1

it is easy to show that

<n+1>|§(n+1>|>7 @

sup |GH Iy, < sup ( (k+1)
b *F keNU{0} ,; n+k+1

which in particular implies thatany ¢ € H (D) suchthat )" > (n+1)[g(n+1)| <
oo belongs to T'(X1, H™®).
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(ii). Let0 < p < 1. Observe that

l o
— = Zcpuo(wo"
(1 -we)'* k=

1
where ¢, (k) < (k4 1)7 for all k € NU {0}. Hence

/Z g'(©) _d¢ :Zz(n+1)g(”+l)cp(k)wk ntk+1
01—

)1+ =i n+k+1

If g is not a constant, then Lemma 6, [4,Theorem 2.2], which can be applied to
quasi-Banach spaces, (2.2) and (1.1) yield
(- |w|)2)

Z 7
g ()¢
1Tgllx,—Hoo 2 ”Tg”DP oo X sup | | sup / rd¢
-1 zeD weD /0 (17@;)2"'7

+lg(@) — g

|
Z 7

= sup | sup / L)lldf (1 —fwl)
zeD \ weD |/0 (1 —we) +7

de| (1 —1z))

Z Z (n+1)gn + l)CP(k)l |2k n+1
n+k+1

[ p®)  opinid
Z(Zn—i-k—i-lr )

(1 —1z])

1 2w

- P 2
O<r<l1 0 =0 \k=0

4+ DE(n + Del?@+D de‘ (-7

k ~
& X kg i+ DR+ 1)

> sup n+k+1 1-r
0<r<1,- n+1
k 1
>hmsupZ cp®) 2k(l—r)v lim ———— =00
r—1- j=p K1 =17 !

because 0 < p < 1. Therefore T, : X, — H is bounded if and only if g is a
constant.

(iii). By (1.1), it suffices to consider the case of X| = Dé, so assume that T : Dé —
H® is compact. Let (H®°)* denote the identification of the dual space of H*
via the A2-pairing. Then Ty (H™) — B? is compact by Lemma 6. Let KZA2
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denote the reproducing kernel of the Hilbert space A2, associated to the point
z € D. Then T;‘(K;‘z) = G?!zz for all z € D, and

n

00
2 ) ‘ R
”K? l(goey» = sup  |(f, KZA Y= sup lim E fn) (n+ DHr"
n=0

Il oo <1 I fllgoe<tr—17

Z
n+1
< sup |fllg==1, zeD.

I fll oo <1

Therefore {G’gf"zZ : z € D} is relatively compact in B%. Hence, for given & > 0,

thereexistzy, ..., zy € Dsuchthatforeachz € D, we have ||G?’2Z—G?72Zj g2 <
¢ for some j = j(z) € {1, ..., N}. By using this and (2.2) we deduce

1

A2 2 2
sup 7‘/ |Gy (W) (1 — |w])” dA(w)
aep (L= 1aD? Js@\poO.R) &

2 2 1 2
SIGg: = Gz oo + s 1G4, (= w)? dAw)

. . 7/
& aed (I —laD? Js@npo,R)

< g2

+ sup L/ 1G22 () 2(1 = |w)? dAw).
~ ai=r 1 —laD? Js@ &%

Since G?’zzj e AcC B% foreach j € {1, ..., N}, we obtain

1
lim sup |G?,2Z(w)|2(l — w)?dA(w) =0,

R—>1" ¢ zep (1 = laD)? Js@\po,R)

which is equivalent to

. 2
lim  sup f G )P = lga())?dAw) =0 (42)
D\D(0,R)

R—17 4 zeD

by the reasoning in the proof of [7,Lemma 3.3], see [20,Lemma 5.3] for further
details. However, if g is not a constant, then there exists an N € N U {0} such
that g(N + 1) # 0. Therefore,

2
sup / G g, ) (1 = ga(w)|*)* dA(w)
a,zeD JD\D(0,R)

2

> sup/ G g )1 = lp; (w)*)* dAw)
zeD /D\D(O,R)

2

GA®
£ ) dasw)

= sup(1 — [z))* f —&L =
2eD D\DO,R) | (1 — zw)?
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i Z(n+1>g(n+1)(k+1) ntke 1|
n+k+1

k=0 \n=0

= sup ((1 —z)?
zeD D\D(0,R)
2
0 . .
[ 26+ v
Jj=0

= sup(l — \z|)2f
zeD D\D(0,R)

(m—k + 1)zm*")w’"(2

(1 — [w)h? dAw)

i i i (n+ Do+ DK+ gy
n+k+1

m=0 \k=0 \n=0

(1= [wh? dAw)

oo
= sup(l — \z|>2< >
zeD

m=0

1
/szm"'](lfs)zds)
R
00 1
Z sup ((17r>2<2r2’” ‘/szm"'l(lfs)zds
O<r<l1 m—0 R

| & \ (k+ D)(m —k+ 1 ;
/ Z(n +DEm+1) Z e+ Don—k+ 1 P11 i0 (1) )d@
L im0 kAL

o 1
2 sup BN+ DN + D21 — )2 2NF2 3 2m ( / s2m+1(l—s)2ds>
— R

O<r<l1

m 2
Z(m —k+ 1))
k=0

> RNHL(p R)2/ R —s)2<Z(m+l)4(R )2m+1> ds
=0
1o o2
xR2N+](1—R)2/ =9
R (1—Rs)’
xR2N+1, 0O<R<1.

2
m

Zi n+Dgn+ Dk +D(m—k+1) el
n+k+1

k=0n=0

2

By letting R — 1~ we obtain a contradiction with (4.2). Therefore g must be a
constant if T : D(l) — H® is compact. This finishes the proof of the theorem.
O

Proof of Theorem 3 By using the proof of Theorem 2(i) and standard arguments, we
deduce

1Tl 1 oo S Mgl oo S I TglHL B < sup ”GgZ”HL
z€

n+Dgn+1
= k+1
e (<+>Z P )
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because g(n) > O for all n € N U {0} by the hypothesis. Thus 7, : X1 — H™ is
bounded if (1.6) is satisfied.

Conversely, if Ty : X1 — H is bounded, then Ty, : Dé — H® is bounded by
(1.1). Therefore Lemma 6, [4,Theorem 2.2] and (2.2) yield

G 5
————=d¢| (1 — — 2(0
zeD weD/o (1 —w¢)? ( 'w')>+|g<z> 8( >|>
- T ~
< sp s | [ e 1100

Now that g(n) > 0 for all n € N U {0} by the hypothesis, standard arguments yield

Dk +1 1
ITell o =< sup ((ZZ("+ ()n(ﬁigl()’“r ) gk )(1— )). 43)

=s<1 \ \k=0n=0

7, ”D1—>H°° = sup ((sup

Since the coefficients

i n+DEk+Dgn+1)

— n+k+1)
n=0

are positive for all k, and increasing in k, we deduce

S+ DE+DZn+1)\ . i
ITlpy e 2 sup ((Z(" ()n( - Kigl()” )>hmsup2sk(1—s>>

K eNU{0} =0 s—>17 G _g
n+Dgn+1
= sup (K—i—l)z( )8 ) ,
KeNU{0) n+K+1)

and thus (1.6) is satisfied. The norm estimate (1.7) is an immediate consequence of
the proof just established. This finishes the proof. O

5 BMOA, Bloch Space and HIog

This section is devoted to the proof of Theorem 4. Unlike the other main results, its
proof does not require much tools, but can be carried out with relatively straightforward
arguments.

Proof of Theorem 4 The chain of inequalities (1.8) shows that (i)=(ii)=>(iii) and

ITgllBMOA— > S I Tgllx—ne S Tl pre— e (5.1
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If (iii) is satisfied, then, by [4,Theorem 2.5 (v)], we have

< g©)
/O 1 — Ce—i@ dé_

Z Z (n+ D3 + D7kt Jiké
n+k+1

do

2
I Ioa— = = sup 1GH 1 = sup /

zeD zeD JO
2
= Sup/
zeD

Since g(n) > 0 for all n € NU {0} by the hypothesis, Hardy’s inequality [5,p. 48] and
Fatou’s lemma yield

de.

k=0 n=0

Z (n + l)g(l’l + 1)—n+k+l

[ T¢ lIBMOA— H> 2, SUPZ n+k+1Dk+1)

ze]D)k —0

=0

. Z (n + DZ(n + Drrtktl
> sup
ozr<l iz (it k+Dk+1)

o0 R ad 1
:Z(n+l)g(n+1)];(k+1)(n+k+1)

Mg

gn+ 1Dlogn +2).
n=0

Therefore, (iii) implies (iv), and

o0

1T lIBMOA—H= 2 ) 8(n + 1) log(n +2). (5.2)

If (iv) is satisfied, then

/M (t, ¢ log - ar

1 / o
~di = /0 (Z(n+1)§(n+1)t") logli

n=0

o0
Zn+1)g(n+1)/ " log etdt

o0

Z n+ 1)log(n +2).

Thus (v) holds and

Zg(n+1)1og(n+2) / Moo (1, g)log d (5.3)

n=0
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Finally, assume (v). Then

I Tg () oo = SUP

sup [ Moo (s, YMso(s, &) ds

0<r<1

1 e
< Il / Moo(s, ¢)log ——ds, f € H(D),
og Jo 1—s

and therefore

1
e
AP /0 Mo(r. g') log ——dr. (5.4)

To complete the proof of the theorem it is now enough to show that 7T : Hl%‘é — H*®
is compact, that is lim, .« [| T4 (fu)llgee = 0O for each sequence {f,} of analytic
functions in D such that sup, || /x|l HY, < 00 and f, — O uniformly on compact

subsets of D. Let ¢ > 0. Fix R = R(¢e) € (0, 1) such that

dr<e

/ M (r, g)l()g

and then pick up N = N(e, R) € N such that |f,(z)| < e for all z € D(0, R) and
n > N. Then, if n > N, we have

||Tg(f,,)||[-[oo = lim sup

|lz|—>1~

/0 F1(0)8'(©)de

.
< lim sup/0 Moo (s, fn)Moo(s, g) ds

r—1-

R 1
=/ Moo<s,fn>Moo(s,g’>ds+/ Moo (s, fy)Moo(s. g') ds
0 R

R 1
e
=< 8/ Mo (s, g/) ds + ||fn||Hlf)‘;/ Mo (s, g/)log 1 ds 5 &.
0 R -

Thus T, : HS log H® is compact. The last thing to do is to observe that (5.1)—(5.4)
imply the norm estimates (1.9). This finishes the proof. O

We finish the section and the paper by discussing briefly other natural choices for the
space X in Theorem 4. For a non-negative function w € L! ([0, 1)), the extension to D,
defined by w(z) = w(|z]) for all z € D, is called a radial weight. For 0 < p < oo and
such an w, the Lebesgue space L% consists of complex-valued measurable functions
f on D such that

||f||Lp = [D [ f(D)|Pw(z)dA(z) < co.

The corresponding weighted Bergman space is A2 = LY N7H(ID). For a radial weight
w, its associated weight w* is defined by w*(z) = f\il s log |§f|w(s) dsforall z € D\{0}.
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It arises naturally when the Hardy—Stein—Spencer formula is applied to the dilatation
fr in order to establish the identity

IIfIIAp = ALl +oDIFOI7, f e HD),

see [20,Theorem 4.2] for details. Because the Laplacian of | f|” contains the factor
| £'1?, which can be interpreted as the Jacobian of the non-univalent change of variable
w = f(z), this equivalent norm is useful, for example, in the study of composition
operators [23]. But the associated weight comes to the picture also in some other
instances which are more closely related to the topic of the present paper. To explain
this, we say that a radial weight w belongs to the class D if there exists a constant
C = C(w) > 1 suchthat o(r) < ca(li) forall 0 < r < 1. Moreover, if there exist

K =K()> landC = C(w) > lsuchthata)(r) > Ca)( *’)foraHO <r<l,

then we write w € D. The intersection D N D is denoted by D. Forw € D, the space
Cl(w*) consists of f € H(D) such that the measure | f’ Izw* dA is a 1-Carleson
measure for A? [19,Theorem 6.1]. As usual, we say that a positive Borel measure
w on D is a p-Carleson measure for X if X is continuously embedded into Lﬁ. The
space C!(w*) arises in the study of integration operators acting on weighted Bergman
spaces. Indeed, it is known that, for each 0 < p < oo, the operator Ty is bounded
from AZ into itself if and onlyifg e C L(@*) [19,Theorem 6.4]. For € D, the space
C!(w*) is nothing else but the Bloch space by the proof of [19,Theorem 6.1(C)], but it
may be a proper subspace of B by [19,Theorem 6.1(D)], yet it always contains BMOA.
Therefore we may choose X = C!(w*) in Theorem 4. It is worth observing that while
BMOA and B are conformally invariant, there exists w € D \ D such that C!(w*)
is not [20,Proposition 5.6]. Recall that a Banach space X C H(ID), equipped with a
semi-norm py, is conformally invariant if there exists a constant C = C(X) > 0 such
that px (f o) < Cp(f)x forall f € X and for all automorphisms ¢ of .
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