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Abstract
In this paper, we establish the nondegeneracy of positive solutions to the fractional
Kirchhoff problem

<a + b/ |(—A)%u|2dx)(—A)Su +u=u”, inRY,
RN

wherea,b > 0,0 <s < 1,1 < p < %32 and (—A)* is the fractional Laplacian.

In particular, we prove that uniqueness breaks down for dimensions N > 4s, i.e.,
we show that there exist two non-degenerate positive solutions which seem to be
completely different from the result of the fractional Schrodinger equation or the
low dimensional fractional Kirchhoff equation. As one application, combining this
nondegeneracy result and Lyapunov-Schmidt reduction method, we can derive the
existence of solutions to the singularly perturbation problems.

Keywords Fractional Kirchhoff equations - Nondegeneracy - Lyapunov—Schmidt
reduction
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1 Introduction and Main Results

In this paper, we are concerned with the following fractional Kirchhoff problem

(a+b/ |(—A)%u|2dx)(—A)Su+u=uP, in RV, (1.1)
]RN
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where a, b > 0, (—A)® is the pseudo-differential operator defined by

FU=A) u)E) = [E*Fu) &), &€ eR",
where F denotes the Fourier transform, and p satisfies

N+2s
N-2s>

oo, s> 1%,

0 L
l<p<2—1= 2

where 2} is the standard fractional Sobolev critical exponent. Recently, Radulescu and
Yang [41] established uniqueness and nondegeneracy for positive solutions to (1.1)
for % < s < 1. Then in this paper, we will consider the high dimensional cases,
i.e. N > 4s. We also refer to [26, 40, 44, 45] for critical cases and single/multi-peak
solutions in this direction.

If s = 1, Eq. (1.1) reduces to the well known Kirchhoff type problem, which
and their variants have been studied extensively in the literature. The equation that
goes under the name of Kirchhoff equation was proposed in [28] as a model for the
transverse oscillation of a stretched string in the form

2 Eh L 2 2
phoju—po+ 5, i 19ul?dx ) 92.u =0, (1.2)

fort > 0and 0 < x < L, where u = u(t, x) is the lateral displacement at time ¢ and
at position x, £ is the Young modulus, p is the mass density, 4 is the cross section
area, L the length of the string, pg is the initial stress tension. Problem (1.2) and its
variants have been studied extensively in the literature. Bernstein obtains the global
stability result in [10], which has been generalized to arbitrary dimension N > 1 by
Pohozaev in [37]. We also point out that such problems may describe a process of
some biological systems dependent on the average of itself, such as the density of
population (see e.g. [9]). Many interesting work on Kirchhoff equations can be found
in [15, 27, 33, 43] and the references therein. We also refer to [38] for a recent survey
of the results connected to this model.

On the other hand, the interest in generalizing the model introduced by Kirchhoff to
the fractional case does not arise only for mathematical purposes. In fact, following the
ideas of [11] and the concept of fractional perimeter, Fiscella and Valdinoci proposed
in [20] an equation describing the behaviour of a string constrained at the extrema
in which appears the fractional length of the rope. Recently, problem similar to (1.1)
has been extensively investigated by many authors using different techniques and
producing several relevant results (see, e.g. [1-4, 6, 8, 23-25, 34-36, 42]).

Besides, if b = 0 in (1.1), then we are led immediately to the following fractional
Schrodinger equation

a(—=A)’u+u=uP, inRV. (1.3)
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This equation is related to the standing wave solutions of the time-independent frac-
tional Schrédinger equation

ihaa—lf =h¥ (=AY + V()Y — fx, ], inRY xR, (1.4)

where £ is the Plank constant and V' (x) is a potential function. Eq. (1.4) was introduced
by Laskin [29, 30] as a fundamental equation of fractional quantum mechanics in the
study of particles on stochastic fields modelled by Lévy process. For 0 < s < 1, the
fractional Sobolev space H*(R") is defined by

HSRY) = {u e L2RNy MO ZUO) o RN)},
v —y|z*°

endowed with the natural norm

) P |u(x) — u(y)|?
= d ——  dxdy.
el /RN el ”//HMN s Y

From [17], we have

u(x) — u(y))?

s 1
32 2s 2 — A AN
[(=A)2ull; = .A@N 1171 F (w)]°dé = EC(N,S) x|V dxdy,

RN xRN
and the fractional Gagliardo—Nirenberg—Sobolve inequality

N(p=1)

s 2=l N)+1
‘ANWW+Hx§S(éNK—AﬁuFM> & (@Nmﬁm)“(s s

where S > 0 is the best constant. It follows from (1.5) that

s N(§71>
S(faw =0 2uPax) " ( fon luPdx

S lulPF1dx

)PT;l(zs—N)H

J(u) =

>0. (1.6)

Since the fractional Laplacian (—A)* is a nonlocal operator, one can not apply
directly the usual techniques dealing with the classical Laplacian operator. There-
fore, some ideas are proposed recently. In [12], Caffarelli and Silvestre expressed the
operator (—A)* on R" as a generalized elliptic BVP with local differential opera-
tors defined on the upper half-space Rﬁ“ ={(t,x):t > 0,x € RV}. By means of
Lyapunov—Schmidt reduction, concentration phenomenon of solutions was considered
independently in [13, 16]. For more interesting results concerning with the existence,
multiplicity and concentration of solutions for the fractional Laplacian equation, we
refer reader to [5, 17, 18] and the references therein.

Uniqueness of ground states of nonlocal equations similar to Eq. (1.3) is of fun-
damental importance in the stability and blow-up analysis for solitary wave solutions
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of nonlinear dispersive equations, for example, of the generalized Benjamin—Ono
equation. In contrast to the classical limiting case when s = 1, in which standard
ODE techniques are applicable, uniqueness of ground state solutions to Eq. (1.3) is
a really difficult problem. In the case that s = % and N = 1, Amick and Toland [7],
they obtained the uniqueness result for solitary waves of the Benjamin—Ono equation.
After that, Lenzmann [31] obtained the uniqueness of ground states for the pseudorel-
ativistic Hartree equation in 3-dimension. In [21], Frankand and Lenzmann extends
the results in [7] to the case that s € (0, 1) and N = 1 with completely new methods.
For the high dimensional case, Fall and Valdinoci [19] established the uniqueness and
nondegeneracy of ground state solutions of (1.3) when s € (0, 1) is sufficiently close
to 1 and p is subcritical. In their striking paper [22], Frank, Lenzmann and Silvestre
solved the problem completely, and they showed that the ground state solutions of
(1.3) is unique for arbitrary space dimensions N > 1 and all admissible and subcrit-
ical exponents p > (0. Moreover, they also established the nondegeneracy of ground
state solutions. We summarize their main results as follows.

Proposition1.1 Let N > 1,0 < s < land 1 < p < 2¥ — 1. Then the following
holds.

(i) there exists a minimizer Q € H*(RN) for J(u), which can be chose a nonneg-
ative function that solves Eq. (1.3);
(ii) there exist some xo € RN such that Q(- — xo) is radial, positive and strictly
decreasing in r = |x — xo|. Moreover; the function Q belongs to C*[RN) N
H>+TU(RN) and it satisfies

Cy C

N
WSQ@)SW, VxeRY,

with some constants Cy > Cy > 0;
(iii) Q is a unique solution of (1.3) up to translation.

Proposition1.2 Let N > 1,0 <s < 1, 1 < p < 2¥ — 1 and ¢ be a positive constant.
Suppose that Q € H*(RN) is a ground state solution of

co(-A¥Q+ Q=10 in RN (1.7)
and T4 denotes the corresponding linearized operator given by
Ty =c(=A) +1-ploIP~"

Then the following holds.

(i) Q is nondegenerate, i.e., ker Ty = span{dy, Q, 0x, 0, - -+ , 0xy O},
(ii) the restriction of T4 on L%a d(RN ) is one-to-one and thus it has an inverse TJ:1
acting on L;%ad (RN);
@@§ii) T Q=—(p—1)QP and T+ R = —2sQ, where R = %Q +x - (—A)%Q.
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From the viewpoint of calculus of variation, the fractional Kirchhoff problem (1.1)
is much more complex and difficult than the classical fractional Laplacian Eq. (1.3) as
the appearance of the term b(fRN |(—A)%u|2dx)(—A)Xu, which is of order four. So
a fundamental task for the study of problem (1.1) is to make clear the effects of this
non-local term. The only one uniqueness and non-degeneracy result which we know
for the solution of problem (1.1) is proved in [41] for the case % < s < 1, and [14,
32] for the case s = 1. As in [41], let U be a ground state positive solution of (1.1)

and set
B ~ 1
Eo=a+bll(=A)U|3 and U(x) = UEF x).

Then, it is easy to check that Uisa positive solution of (1.3) and a minimizer of J (u).
Therefore, from the uniqueness result for positive solutions of problem (1.3), we know
that any solution U (x) of problem (1.1) with a, b > 0 has the following form

Ux) = 0(& ¥ x).

Consequently, the solvability of the problem (1.1) is simply equivalent to the solvability
of the following algebraic equation in (0, +-00),

N-2s

N s
5 (=A)ZQIBEE =0, &€ (a,+00).

2 + 25—

f(E)=&—a—bmr1

This observation makes the question of uniqueness and multiplicity for solutions to
problem (1.1) very simple. Therefore, our main focus of the present paper is non-
degeneracy property for positive solutions of problem (1.1). The main results of this
paper are collected in the following results.

Theorem 1.1 Assumethata,b > Oand1 < p < 2% —1. Then the following statements
are true:

(i) If1 < N < 4s, then problem (1.1) has exactly one solution;
(ii) If N = 4s, then problem (1.1) is solvable if and only if b]|| (—A)% Q||% < 1, and
in this case problem (1.1) has exactly one solution;
@iii) If N > 4s, then problem (1.1) is solvable if and only if

N—4s

2sa%(N —4s) 2
N—2s
(N —25) 2

blI(—A)2 Q)3 <

Furthermore, problem (1.1) has exactly one solution when the equality holds,
and has exactly two solutions for the other case.

Moreover; define the solution by U, then there exist some xog € R such that U (- — xo)
is radial, positive and strictly decreasing in r = |x — xo|. Moreover, the function U
belongs to C* (RMY N HEH (RN and it satisfies
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C1 C2

N
Trps SV = s Y eRy

with some constants C, > C; > 0;

Theorem 1.2 Suppose that a, b > 0. Then any positive solution U (x) of problem (1.1)
is non-degenerate if one of the following conditions holds:
o I <N <4s;

45—N N—ds
o N >4sandb|(—A)3 Q|3 # B (N-dy &
(N—=2s) 25

By Theorem 1.2, it is now possible that we apply Lyapunov—Schmidt reduction to
study the perturbed fractional Kirchhoff equation.

(e% + e“s*Nb/ |(—A)%u|2dx)(—A)su FV@u=uP, nRY, (1.8
RN

where V : RN — Risabounded continuous function. We want to look for solutions of
(1.8) in the Sobolev space H* (R") for sufficiently small &, which named semiclassical
solutions. We also call such derived solutions as concentrating solutions since they
will concentrate at certain point of the potential function V. Moreover, it is expected
that this approach can deal with problem (1.8) for all 1 < p < 2¥ — 1, in a unified
way. To state our following results, let introduce some notations that will be used
throughout the paper. For ¢ > 0 and y = (y1, y2, - -- yy) € RV, write

Uegy(x) =U (x;y> , X e RV,

Assume that V : RN — R satisfies the following conditions:

(V1) V is abounded continuous function with inf V > 0;
xeRN

(V2) There exist xo € RY and ro > 0 such that
V(xg) < V(x) for0 < |x —xg| < ro,

and V € C* (Em (x())) for some 0 < o < %. That is, V is of a-th order

Holder continuity around xg.
The assumption (V1) allows us to introduce the inner products

(u,v) = /RN <8zsa(—A)%u (=A) v+ V(x)uv) dx,
foru, v e H*(RN). We also write
H, = {u e H*®RY) : ulle = (u, u)é < oo}.

Now we state the existence result as follows.
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Theorem 1.3 Leta,b > 0,1 < p < 2§ — 1 and V satisfies (V1) and (V,). Assume

that N = 4s and b fRN |(—A)% Q|*dx < 1. Then there exists g > 0 such that for all
e € (0, &9), problem (1.8) has a solution u. of the form

.
u£:U< 8y8)+gog

with ¢, € Hyg, satisfying

yS — X0,

N
lgelle =o (%)

ase — 0.

Theorem 1.4 Leta,b > 0,1 < p < 2¥ — 1 and V satisfies (V1) and (V2). Assume
45=N N-—ds
that N > 4s and b o [(=A)2 QPdx < 242 WNA9 D Jer Up(i = 1,2) be

(N=25)" 25
two positive solutions of problem (1.1). Then there exists ¢g > 0 such that for all

e € (0, &9), problem (1.8) has two solutions uf?(x)(i =1, 2) of the form

. X — .
u;(x)zUi( 8y8>+¢;(x),
with ¢, € H,, satisfying

i — xo.
; N
! :0(82)
&

Pe

ase — 0.

This paper is organized as follows. We complete the proof of Theorem 1.1 in Sect.
2 and prove Theorem 1.2 in Sect. 3. In Sect. 3, we present some basic results and
explain the strategy of the proof of Theorems 1.3 and 1.4.

Notation. Throughout this paper, we make use of the following notations.

e Forany R > 0 and for any x € R", Bg(x) denotes the ball of radius R centered
at x;

o | - |l denotes the usual norm of the space LIRN), 1 < g < o0;

e 0,(1) denotes 0, (1) — 0 as n — oo;

e CorCi(i =1,2,---) are some positive constants may change from line to line.
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2 Proof of Theorem 1.1

In this section, we analyze the existence of solutions for the following fractional
Kirchhoff problem

(a+beN|(—A)%u|2dx)(—A)su+u =uP, inRY,
u(x) > 0, in RV, 2.1
u(x) € HS(RM).

As mentioned in the introduction, we know that any solution to (2.1) has the following
form

1

Ux) = Q(so‘fx _ xo).
and
sy N
& =a+bl(=2)20I13& > ,
where Q being the unique positive radial solution to the following problem

(=A)Q+Q=0Q", inRV,
Q) >0, inRY, 2.2)
Q(x) € H*(RM).

Let Q be the uniquely positive solution of (2.2) and also a minimizer of J (). Consider
the equation

N-2s
s

f&)=E—-a —b||(—A)%Q||%E 5 =0, &el(a,+00). (2.3)

Therefore, to find solution U (x) of (2.1), it suffices to find positive solutions of the
above algebraic Eq. (2.3).

N-—2s

Casel 1 <N < 4s: In this case, we have < 1, which implies that

e lim f(€) = 400. Moreover, one has f(a) < 0. Consequently, there exists unique
——+00

& > a such that f (&) = 0, which means that (2.1) has a unique solution.

Case 2 N = 4s : In this case, (2.3) becomes
£—a—bl(-A)IQI3¢ =0, 2.4)

which means that this equation has a unique positive solution

a
& = Ty
1 -bl(=AM)20ll5

(2.5)
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if and only if b < ———.
=82 0l13
Case3 N > 4s : A simple computation implies that

FE=1-"2

bl (-a)3 QI3E (2.6)

which means that f(£) has a unique maximum point

2s

2S N—4s
& = ( — ) >0, 2.7
(N =25)(=A)2QlI5b
and the maximum of f () is
N —4s 2s 5
o) = : —a. 2.8
fe0 == ((N—zs)n(—A)‘zQu%b> ‘ 29

It is easy to see that f(&y) > 0 implies

250”5 (N — 45) 5"

s sa 2s — 48 S

bI(=A)2 Q|3 < e ra— (2.9)
N —2s) 2z

Since f”(£) < 01in (0, +00) due to N > 4s, we know that f(£) is concave in
(0, +00). Noting further that f(0) = —a < 0 and hm f (&) = —o0, a sufficient

and necessary condition for the solvability of Eq. (2 3) in (0, +00) is f (&) > 0.
Hence, Eq. (2.3) has a solution in (0, +00) if and only if inequality (2.9) holds.
Furthermore, we have

(i) Ifbl|(—A)2 0l3 = 25 W N4X)T then Eq. (2.3) has exactly one positive
(N—=2s) 2s

solution & defined by (2.7);

4s—N N—ds
(ii) I b|(—A)> Q] < 2L 2 W29 2 then Eq. (2.3) has exactly two positive
(N=2s) 25
solutions &1 and & such that 51 € (0, &) and & € (&), +00).

Up to now, we have proved Theorem 1.1. Next, we analyze the asymptotic behavior
of solution obtained above as b — 0. In the case 1 < N < 4s, if we denote by &) the
unique positive solution to Eq. (2.3), we have l}in}) b&y = 0. It infers from this that the

following conclusion holds.

Theorem 2.1 Assume that 1 < N < 4s. Let Up(x) be the unique solution to problem
(2.1). Then ;irr}) Up(x) = Q(x) in point wise.
—
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45N N-4s
In the case N > 4s, if bl|(=A)3 Q)3 < 24 E W) 2 'Bq (2.1) has exactly

(N=25)" 2

two solutions &£; and &> such that
2s
2S N—4s
0<& <& and & < & < +o0, where &) = ra—" .
(N =29)[[(=A)2 Q|5

(2.10)

Correspondingly, problem (2.1) has exactly two solutions
_L 1
Ulx) =0 (51 Zj'x) and UZ(x)=Q (52 st> )
From (2.10), we can see that
lim b& > lim b&y = +o0.
b—0 b—0
Hence,
lim UZ(x) = Q(0), Vx e RV,
b—0
By a similar analysis, we have ]}in}) b&; = 0, and the following conclusion is true.

Theorem 2.2 Suppose that N > 4s. Then

Jim Ul(x) = O(x) and Jim Uf(x) = 0(0), Vx e RN,

3 Nondegeneracy Results

In this section we prove the nondegeneracy results of Theorem 1.2. For positive con-
stants a, b, we define the differential operator L as

L(u) = (a +b/ |(—A)%u|2dx> (=AY u+u— |ulPu,
RN

for any u € H*(RY) in the weak sense. The linearized operator £ of L at U is
defined as

dL(U + tg)

. Yo e H'®RY).
7 %] (R™)

t=0

Li(p) =

@ Springer
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It is easy to see that for any ¢ € H*(RY),
Loto) = (a+b [ 1A UPa)-ar¢+9 - pUr o+ 2
R
(f (—A)%U(—A)%godx)(—A)SU
RN
=T (p) + La(p)(—=A)' U,

acting on L2(R"M) with domain D(L), where

Ti(p) = c(=A) 9 +¢ — pU' g,

withc =a +b [pu |(—A)2ZU|?dx and

La(g) = 2b</ (—A)%U(—A)%<pdx).
RN
We also denote by Ker(L) the kernel space of a linear operator L, that is

Ker(L) = {¢ € D(L) : L(¢) = 0}.

Definition 3.1 Let U € H*(R") be a solution to L(x) = 0. We say that U is non-

: U U U
degenerate if Ker (£1) = span {W’ T m},

In the sequel, we always use U (x) to denote a positive solution to the equation
L(u) = 0in H*(RN). We divide the proof of Theorem (1.2) into the following series
of lemmas.

v Uy .. U
dxy’ dxo° .

Lemma 3.1 Ker(7y) = span {— == i

Proof Since U (x) is a positive solution to the equation L(u) = 0, U (x) satisfies

(a-l—b/ |(—A)%U\2dx) (=AU+U-UP =0, inRM. (3.1)
RN

For any fixed i € {1,2,..., N}, taking partial derivative with respect to x; on both
sides of the above Eq. (3.1), we obtain

s U AU AU
a +b/ (=A)2UPdx ) (=AY — + — — pUP™'— =0, inR".
RN 0x; 0x; 0x;

This implies that 7- (%) = 0 for any fixed i € {1,2, ..., N}. Therefore,

oUu oU oUu

— — ..., — CKer(T).
Span{axl ax7 BxN} er(T+)
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On the other hand, for any ¢ € Ker(7), from the definition of Ker(7-.), we have
c(=A)*p+¢— pUP~lp=0. (3.2)

Let x = ¢y, ¢(y) = p(c¥y) = ¢(x) and Q(y) = U(c¥y) = U(x). Then Eg.
(3.2) becomes

(=A@ + @) — pOP ' (1)G(y) = 0. (3.3)
Noting that Q(y) is a solution to Egs.(1.3), (3.3) implies that ¢(y) € Ker (). There-
fore, it follows from Proposition 1.2 that there are real numbers a; (i € {1, 2, ..., N})
such that

N
. 00
p(y) = Zai(’)_y'
i=1 !

. €1
Since g—g =2 %, we have
1 1

N

. 00 190
px) =9(y) = ﬂia—y = E acx
1 1

i=1

; Xi
1=

This implies that ¢ € span { J—U g_U . % } . From the arbitrariness of ¢, we have
U U U U
Ker(T;}) C span 6x1 FITX R, m} Thus, Ker(7+) = span {ﬁ’ AR m}
O
Since 3U is non-radially symmetric, we have the following corollary:

Corollary 3.1 T, is invertible on L2 ud (RM).

Lemma3.2 Let U(x) be a positive solution to the equation L(u) = 0 in H*(RN).
Then L» (%) —0forie{l,2,...,N}.

Proof From the definition of Lj, and U is the solution of the equation

(=AU +U = UP.

We have
aU aU )
L (= =—2b/ 22 (=AY Udx.
ax,- RN ax,-
Therefore,
1 1
oU\ _ —2b su —op (UM - 4U)
Ly = / (UP —U) ~—dx = / s dx.
Bx, c JrN ax; c JrN ox;
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(L yrHl_

U
Since, for any fixed i, up to a translation, the function ”HT) is odd in variable

X;, it is easy to see that

D=

x =0.

1 1
[ e -40)
d
RN BXi

Therefore, L, (%) =0. O

Lemma 3.3 Ler U(x) be a positive solution to the equation L(u) = 0 in H® (RM), If
N > 45 and

(N —29)b fpn [(=A)2UPdx

’

2s¢

then

N—4s

4s5—N
2sa” 2 (N —4s) 2
N—2s
(N —2s) 2

b[ 1805 0Px =
RN

where Q € H*(RN) is the unique positive solution to the equation Lo(u) = 0.
Proof Noting thatc =a + b fRN |(—A)% U|2dx, the assumption

(N = 25)b [pn (=AU Pdx

’

2sc
implies

(N —28)a
andc = ————.
N —4s N —4s

b/ (—A)IU|2dx =
RN

Since U(x) € HS(RV) is a positive solution to the equation L(u) = 0, we know that
U (x) has the following form

Ux) =0 (c*%x) ,
with Q(x) € H*(R") being the unique positive solution to the Eq. (1.3). Therefore,

/ |(—A)%U|2dx:c”%f'°/ (—A)} 0dx
RN RN

N—2s
(N =2s5)a\ * IR P
_<—N_4s ) /RNI( M)} 0Pdx.
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Therefore, we have

2 45;N (N 4 )N;4s
s Sa s — 45 S
bf (=)} QPdx = el

RW (N —25)"5

This completes the proof. O

Lemma3.4 Let U(x) be a positive solution to the equation L(u) = 0 in H*(RN).
Suppose that

1 < N <ds,
or

4s—N N—4s

. 25a°% (N —4s) =

N >4s and b/ (—a)iQPdy 5 20 T (V= 4)
RN (N — 25) 2s

Then
Ker (L)) L7a®RY) = (0},

Proof Assume that v € H*(RV) N L? (RV) belongs to ker £ . Then we have

rad
(a + b/ |(—A)%U|2dx)(—A)Sv fu—pUPly
]RN

- —2b</ (—A)%U(—A)%vdx)(—A)SU. (3.4)
RN

Letc = a + b||(—A)%U||%. Recall that U is a ground state solution of (1.1). It
follows from above that c is a constant independent of U under the assumptions of
Theorem 1.1. Hence, U solves (1.3) withc = a+b|[(—A)2U ||%. We then can rewrite
(3.4) as

s s s 2bo,y
Tiv = —2b< (—A)2U(—A)2vdx>(—A) U=-2"Cu4ur), 35)
RN c
where
oy = / (—A)IU(—A)Zvdx.
RN
By applying Proposition 1.2, we conclude that
2bo bo
v=—"T N (-U+UP) = -y, (3.6)
C sSc
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where ¥ = x - VU. Multiplying (3.6) by (—A)*U and integrating over R, we see
that

f V(=AY Udx = —kﬂf Y (—A) Udx. (3.7)
RN sc JrN
Note that
/ v(—A)Sdezf (—A)2U(—A)2vdx, (3.8)
RN ]RN
and
/ Y (—A)}Udx = S_N/ I(—=A)2U|3dx, (3.9)
RN RN

(see e.g. [39]). We then conclude from (3.7)-(3.9) that

Oy = — V.

2s — s —a)(2s —
b(2s N)Gv/ |(—A)5U|2dx=—(c a)@2s —N)
2sc RN 2sc

It follows from Lemma 3.3 that

L (25 — N)b [ [(=A)2UPdx 20

2sc

—4s
providedthat] < N < 4s,orN > 4sandb [y |(— A)2Q|2dx # 2505 - As) i
(N—25) 25
Therefore, under this assumption, we have v = 0. This completes the proof. O

Proof of Theorem 1.2 Let U(x) € H*(RYM) be a positive solution to the equation
L(u)=0.Foranyi € {l,2,..., N},by Lemmas 3.1 and 3.2, we have

U U 1Y)
o) =7 () v (5 oo

This implies that

{BU aU oU
span

... C Ker (£
dx; dxp T XN } of (L)

On the other hand, for any ¢(x) € Ker (L), we have

Ti(p) = —La(p)(=A)'U. (3.10)
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To prove ¢ € span { g}g % RN ;’—U} it follows from Corollary 3.1 that there exists

a unique radial function 1 (r) € L2 fad (RN such that

Ty (Y1) = —La(p)(—A)'U. (3.11)

Set W = ¢ (x)—1(r). Then, from (3.10) and (3.11), we have 7. (W) = 0. Therefore,
it follows from Lemma 3.1 that there are some real numbers a; such that

W = Zal oy

This implies that any solution ¥ (x) to the Eq. (3.10) has the following form

N
aU
Y@ =)+ Y ai—
i=1 !

Since ¢(x) is a solution to (3.10), we conclude that

Noau
o) =Y + Y ai— (3.12)
i=1 !

for some real numbers a;. Noting that ¢ (x) and U are in Ker (L4), we can conclude
from (3.12) that L4 (Y1 (r)) = 0. That is ¥ (r) e Ker (L4+) . Hence, it follows from
Lemma 3.4 that ¥; () = 0. Now, from (3.12), we have

p(x) = Z az axl

for some real numbers a;. This implies that ¢ € span {% %, e %} . From the
arbitrariness of ¢, we see that Ker (L) C span { 85. , %’ _— %}

In conclusion, we have Ker (L) = span { g}%’l gg’ — % That is, U (x) is
non-degenerate. This completes the proof of Theorem 1.2. O

4 The Lyapunov-Schmidt Reduction

As mentioned in the Introduction, non-degeneracy property of positive solutions for
the limit problem in entire space can be used to construct concentrated solutions for
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singularly perturbed problems. Here, we take the following problem as an example:

{ (Szm + s4S—NbeNI(—A)%mzdx)(—A)Su +V@u=ul, inRY (4.1)

0 < u(x) € HS(RM).

where V : RV — R satisfies the following conditions:
(V1) V is abounded continuous function with inf V > 0;

xeRN
(V) There exist xo € R and ry > 0 such that

Vi(xg) < V(x) for0 < |x —xg| < ro,

and V € C*(By, (x0)) for some 0 < o < N%‘”. That is, V is of a-th order
Holder continuity around xy.

It is known that every solution to Eq. (4.1) is a critical point of the energy functional
I, : H; — R, given by

1, 5 beb N s 5\ 1 "
To(u) = Sllulls + I(=A)zul"dx | ——— | wuP"dx,
2 4 RN p+1 Jry

for u € H,. It is standard to verify that I, € C 2 (H.) . So we are left to find a critical
point of /. Since the procedure of Lyapunov—Schmidt reduction is the same as in [41],

we just state some Lemmas and explain the strategy of the proof. Readers interested
in the full proof shall refer to [41].

4.1 Finite Dimensional Reduction

We will restrict our argument to the existence of a critical point of I, that concentrates,
as ¢ small enough. For 8, n > 0, fixing y € Bs(xg), we define

Mey={(v.9) 1y € Bs(x0). ¢ € Es},

where we denote E, y by

E = H 0 &' =0,i=1 N
= c : = =0,i=1,..., .
e,y % £ i (/78 l

We are looking for a critical point of the form
g = Ugy + @e.
For this we introduce a new functional J; : M, , — R defined by

Js(y7 §0) =1 (Us,y +(ﬂ) , @€ Ee,y~
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In fact, we divide the proof of Theorem 1.3 and 1.4 into two steps:

Step 1 for each ¢, § sufficiently small and for each y € Bs(xg), we will find a critical
point @, y for J¢(y, -) (the function y > ¢, , also belongs to the class C L (H,)
);

Step 2 for each ¢, § sufficiently small, we will find a critical point y, for the function
Je @ Bs(xp) — R induced by

vy je () =T (3, @ey). 4.2)

That is, we will find a critical point y, in the interior of Bgs(xg).

It is standard to verify that (yg, ©e, yg) is a critical point of J, for ¢ sufficiently small
by the chain rule. This gives a solution u; = Uy, y, + @ y, to Eq. (4.1) for ¢ sufficiently
small in virtue of the following lemma.

Lemma 4.1 There exist gy, no > 0 such that for ¢ € (0, e9], n € (0, nol, and (y, ¢) €
M,y the following are equivalent:

(i) ue = Us,y, + @y, is a critical point of I, in H,.
(i) (v, @) is a critical point of J.

Now, in order to realize Step 1, we expand J.(y, -) near ¢ = 0 for each fixed y as
follows:

1
Je(y,9) = Je(y,0) + L (¢) + 3 (Lew, ) + Re(9),
where J.(y,0) = I, (Ug,y), and I, L, and R, are defined for ¢, ¥ € H, as follows:

le(p) = (I} (Ue,y) . 0)
= (Ue.y, ), + be*s=N < f ((—Aﬁus,y
RN

. (—A)%godx - /]RN Ugl?ygodx,

2 s
dx) fRN(_A)z Uer @3

and £, : L2 (RN ) — L2 (RN ) is the bilinear form around Uy, defined by

(Lep, ¥) = <Ié/ (Us,y) [¢], 1//)

= (9, ¥)e + beBN ( f
RN

+ 264N ( /R 83Uy (_A>§¢dx)

(—A)2 U,

de)/ (—A)ig- (—A) i ydx
RN

(/%N(—A>%Ug,y : <—A>%wdx) —p [ Ul evas,
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and R, denotes the second order reminder term given by

1
Re(9) = Je(y, 9) = Je(y, 0) = le(9) — 3 (Lew, @) . 4.4)

We remark that R, belongs to C? (H,) since so is every term in the right hand side of
4.4).

Lemma 4.2 Assume that 'V satisfies (V1) and (V>). Then, there exists a constant C > 0,
independent of ¢, such that for any y € B1(0), there holds

Noa
lle(@)] < Ce2 (8% 4+ (IV(y) — V(xo)D) llgle,
for ¢ € H,. Here a denotes the order of the Holder continuity of V in By (0).

Lemma 4.3 There exists a constant C > 0, independent of ¢ and b, such that for
i €{0, 1,2}, there hold

N(p

. _Np-D — _N _N —i
[RO@)] = cem ™5 Mozt 7 + e+ et (1427 Fliglle) ol

forall p € H,.

Lemma 4.4 Assume that V satisfies (V1) and (V?2). Then, for ¢ > 0 sufficiently small,
there is a small constant T > 0 and C > 0 such that,

I (Ue,y) =A™ + BV (V (y) = V (x0))) + 0V T,

where

A= 4 far (al D RUP + 02) ax 4§ (fon |- ) FUP )

1
— 541 Jry UPTdx,

and

B =

/ UZdx.
]RN

N =
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In this subsection we complete Step 1 for the Lyapunov—Schmidt reduction method
as in Sect. 4. We first consider the operator L.,

s 2 S 5
(gg¢,¢>=<¢,¢>s+g4s—fvb/ (22U, dx/ (=8)2¢ - (=A)2ydx
RN RN

+2e%Np ( /R Ay <—A)5wdx)

(/ (=23 U,y - (—A)iwdx)
RN
-1
-p / ULy eydx,
RN
for ¢, ¥ € H,. The following result shows that L is invertible when restricted on

Ee,

Lemma4.5 There exist 1 > 0,81 > 0 and p > 0 sufficiently small, such that for
everye € (0,e1),68 € (0, 81), there holds

ILcolle = pllelle, Yo € Egy,

uniformly with respect to 'y € Bs(x).

Lemma 4.5 implies that by restricting on E, ,, the quadraticform L, : E; , — E; ,
has a bounded inverse, with Hﬁg_l H < /o_1 uniformly with respectto y € Bs(xo). This
further implies the following reduction map.

Lemma 4.6 There exist eg > 0,80 > O sufficiently small such that for all ¢ €
(0, £0), 8 € (0, 8), there exists a C' map Qe : Bs(xo) — He withy — @¢ y € E¢y
satisfying

<8-]a (y, Qoa,y)

) =0, V E. ..
g 1//>8 Y€ Egy

Moreover; there exists a constant C > 0 independent of & small enough and k € (0, %)

such that

N N
@eylle < Ce2T4 4 CeT (V (y) — V (x0))' 7%

4.2 Proof of Theorems 1.3 and 1.4

Let &g and 8¢ be defined asin Lemma 4.6 and lete < gp. Fix0 <8 < §p. Lety — ¢y
for y € Bs(xp) be the map obtained in Lemma 4.6. As aforementioned in Step 2, it is
equivalent to find a critical point for the function j. defined as in (4.2) by Lemma 4.1.
By the Taylor expansion, we have

1
Je) =J ()’» §08,y) =1 (Us,y) + 1 (‘Ps,y) + E (£8€08,ys (Pa,y> + R (§0£,y) .
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We analyze the asymptotic behavior of j, with respect to ¢ first.
By Lemmas 4.2, 4.3, 4.4 and 4.6, we have

Jo) = I (Uery) + O (Il gl + llgel?)
= Ae" + Be™ (V (y) — V (x0)) + &V (s*7* (4.5)

2
+V3) =V @) TF) + 0eM e
Now consider the minimizing problem
] = inf .
Je (Ve) e e &)
Assume that j, is achieved by some y, in Bs(xp). We will prove that y, is an interior
point of Bs(xp).
To prove the claim, we apply a comparison argument. Let e € RY with |e| = 1 and

n > 1. We will choose n later. Let z. = €"e € B;(0) for a sufficiently large n > 1.
By the above asymptotics formula, we have

e (z0) =A€Y + BV (V (z0) = V(O)) + O (V)
2
+ 0 (6N> (EOtflC + (V (Ze) _ V(O))lfk) .
Applying the Holder continuity of V, we derive that

Je (ze) =AY + 0 (6N+°‘”> +0 (6N+"‘>
+0 (EN (62(04—1) + EZna(l—K)))

=AYV + 0 (GNJ”") )

where n > 1 is chosen to be sufficiently large accordingly. Note that we also used the
fact that k < o/2. Thus, by using j (y¢) < j (z¢) we deduce

BN (V50— VD + 0 (M) (7 4 (v b~ von' ) = 0 (V)
That is,
B(V (50 = VO) + 0() (¢ + (V50 ~ VD' ) 2 0(e*) . 46)
If ye € 3Bs(0), then by the assumption (V»), we have
V() = V(0) = o > 0,
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for some constant 0 < ¢p < 1 since V is continuous at x = 0 and § is sufficiently
small. Thus, by noting that B > 0 from Lemma 4.4 and sending ¢ — 0, we infer from
(4.6) that

co < 0.

We reach a contradiction. This proves the claim. Thus y. is a critical point of j. in
Bs(xp). Then Theorems 1.3 and 1.4 now follows from the claim and Lemma 4. 1.
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