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Abstract

We construct a family of quasimetric spaces in generalized potential theory containing
m-subharmonic functions with finite (p, m)-energy. These quasimetric spaces will be
viewed both in C" and in compact Kihler manifolds, and their convergence will be
used to improve known stability results for the complex Hessian equations.
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1 Introduction

Although the abstract metric spaces introduced by Fréchet at the beginning of the last

century are of the utmost importance, in some applications, they are too restrictive and
need a more general model. To name a few examples: the Minkowski p-distance in

We raise our cups to Urban Cegrell, gone but not forgotten, gone but ever here. Until we meet again in
Valhalla!

The second-named author was supported by the Priority Research Area SciMat under the program
Excellence Initiative - Research University at the Jagiellonian University in Krakéw.

B Per f\hag
Per.Ahag @math.umu.se

Rafat Czyz
Rafal.Czyz@im.uj.edu.pl
Department of Mathematics and Mathematical Statistics, Umed University, 901 87 Umea,

Sweden

Institute of Mathematics Faculty of Mathematics and Computer Science, Jagiellonian University,
Lojasiewicza 6, 30-348 Krakéw, Poland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12220-021-00857-0&domain=pdf

117 Page 2 of 29 P. Ahag, R. Czyz

psychology (p < 1)[27,36], the Zolotarev distance in spaces of random variables [40],
and the d,-distance in machine learning [13]. The terminology has not yet stabilized
within the many generalizations of metric spaces and therefore let us determine which
one we will work with here. Let X be a non-empty set, and letd : X x X — [0, 0co)
be a function that satisfies:

(1) d(x,y) = 0if, and only if, x = y;
2) d(x,y) =d(y,x),forall x,y € X;
(3) there exists a constant C > 1 such that

d(x,y) = C(d(x,z) +d(z,y))

forall x, y,z € X.

Following for example Heinonen [26], we shall call d for a quasimetric, and the pair
(X, d) for a quasimetric space. Some writers call this instead for a nearmetric or
inframetric. Next, let us define our specific X and then construct d.

Letn > 2and 1 < m < n. We say that a C2-function u defined in a bounded
domain in C" is m-subharmonic if the elementary symmetric functions are positive
oj(Mu)) > Oforl = 1,...,m, where A(u) = (A1, ..., A,) are eigenvalues of the

. . 2 .
complex Hessian matrix D2u = [-2%“-]. The complex m-Hessian operator on a
C 32,02k

C?-function u is then defined by
Hyu () = ¢(n, m)oy (W(DEu)),

for some constant c(n, m) depending only on n and m.

This construction yields that the 1-Hessian operator is the Laplace operator defined
on 1-subharmonic functions that are just the subharmonic functions, while the complex
n-Hessian operator is the complex Monge—Ampere operator defined on n-subharmonic
functions that are the plurisubharmonic functions. Historically this model goes back
to Caffarelli et al. [14] in 1985, where they did a similar construction for the real
Hessian matrix. Vinacua, a student of Nirenberg, was one of those who adapted the
idea of the Hessian operator to the complex setting ( [38,39]) that we shall use here.
Later in 2005, Btocki [12] introduced pluripotential methods to the theory of complex
Hessian operators, and there he, among other things, generalized the complex Hessian
operator to non-smooth m-subharmonic functions. For p > 0, set

ep,m(u)=/9(—u)” H,, (),

and we shall call e, ,,, (u) for the (p, m)-energy of the function u. Let £, ,, (2) be the
class of m-subharmonic functions that, in a general sense, vanish on the boundary and
additionally they should have finite (p, m)-energy. The classes &, ,, (€2) are sometime
known as the Cegrell’s generalized energy classes, after Cegrell’s influential work [15]
on &p,,(£2). For the early work on the theory of variation for the complex n-Hessian
operator, see, e.g., [9,10,18,23,24,28]. On the other hand, if m = 1, and p = 1, then
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e1.1 is the Dirichlet energy integral from potential theory connected to a long and
fruitful history.
Set X =&, m(2),and letJ, : X x X — [0, 0o) be defined by

Tp(u,v) = (/ |t — v]” (Hyp () +Hm(v)))P+m .

In Theorem 3.6, we prove that (X, J,) is a quasimetric space in the above sense,
and in Theorem 3.9, we prove that it is complete. Later in Sect. 7, we shall consider
the compact Kihler manifold case, and in Theorems 3.6, and 7.5, we shall prove
that the corresponding construction is a complete quasimetric space. Guedj et al. [25,
Theorem 1.6] proved the quasi-triangle inequality in the case m = n, in the compact
Kéhler manifold setting (see also [11, Theorem 1.8], and [22]).

In Sect. 3, we will use the complete quasimetric space (X, J,) in C" to prove the
following stability results for the complex Hessian operators. First, let us define

Mpm = { /4 : W is a non-negative Radon measure on €2 such that

H,, (u) = u for some u € Sp,m(Q)}.

Letu € /\/lp,m, thenin Theorem 6.3, we prove thatif 0 < f, f; < 1 are measurable
functions such that f; — f in L}oc(u), as j — oo, then J,(U(fjw), U(fn) = 0,
J — o0. By Proposition 4.2 we know that convergence in (X, J ,) implies convergence
in capacity, but by Example 4.3, we have that the converse statement is false. Hence,
Theorem 6.3 is a generalization of [34, Theorem 7.2]. Note that this also implies
improved results in the pluricomplex case, m = n, and therefore, Theorem 6.3 also
generalizes the stability result by Cegrell and Kotodziej [16]. For further information
about these types of stability results in the case m = n, we refer to [19, Section 7.2].

We would like to thank the referees for their helpful comments and suggestions.

2 Preliminaries

Here, we shall present some crucial and necessary facts about m-subharmonic func-
tions that shall be used in this paper. For further information, see, e.g., [1,2,29]. First,
letn > 2,1 <m < n, and let 2 be a bounded domain in C". Then define C(j,1) to be
the set of (1, 1)-forms with constant coefficients, and set

sz{0[6@(1)1)ZOl/\ﬂn_IZO,...,O[m/\,B"_mEO} ,

where B = dd€|z|? is the canonical Kiihler form in C". We then say that a subharmonic
function u defined on 2 is m-subharmonic, if the following inequality holds

ddunay A Nagm—1 AB"" >0,
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in the sense of currents for all «y, ..., «;;—1 € I'),. Furthermore, we call 2 for m-
hyperconvex if it admits an exhaustion function ¢ that is negative and m-subharmonic,
i.e., the closure of the set {z € 2 : ¢(z) < c} is compact in €2, for every ¢ € (—o0, 0).
For further information about m-hyperconvex domains, we refer to [5].

Let p > 0. We say that an m-subharmonic function ¢ defined on an m-hyperconvex
domains 2 belongs to:

(@) Eo.m(R) if, ¢ is bounded,

lirré ¢(z) =0 forevery& € 092,
—>

and
/ Hpu(p) < 00,
Q

where H,,, (1) = (ddu)™ A B"~™ is the complex Hessian operator.
(i) &p m(K)if, there exists adecreasing sequence, {1}, u; € & ,(S2), that converges
pointwise to u on €2, as j tends to oo, and

supep ;) = sup/ (=uj)? Hp(uj) < oc.
j i Je

Theorem 2.1 Letn > 2, 1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. There exists a constant D(m, p) (depending only on p and m) such that for
any ug, Uy, ..., Uy € Epm(Q) it holds

/ (—up)Pdduy A -+~ Nddupym A B
Q

_r 1 1
< D(m, p)ep m(uo)" 7 ep mU1)"*P - ep mUm) "7 .

Proof See, e.g., Lu [29,30], and Nguyén [33]. For the case when m = n, see [3,15,17,
35]. O

Theorem 2.2 Letn > 2, 1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. Furthermore, assume thatu, v € &, ,(2), and T be a positive closed current.
Then it holds:

(1)
/ H,(v) < / Hy ().
{u<v} {u<v}

(2) IfH,,,(v) < Hy,, (u), then u < v.

(3) If H,,,(u)(u < v) =0, thenu > v.

(4) Xu<vy(dd®max(u, v)) AT = xu<uy(ddv) AT.
(5) Hpy(max(u, v)) = xgu=v) Hn () + X{u<v) Hn (v).
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Proof For (1), (2),(4), and (5), see, e.g., [30,34]. Point (2) was proved in [8] for p = 1.
The proof for p # 1 is the same. O

We shall need a comparison principle with weights. Proposition 2.3 will be used in
the proof of Proposition 3.4.

Proposition 2.3 Letn > 2,1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. Assume that u, v, w € &, ,,(2) are such that w > u > v, then

f (w — )’ Hy (u) < (max(p, 1) + D™ / (w —v)’ Hp (v).
Q Q

Proof Letu; =u—w,vi =v—wand T = (dd“w +ddu;)"~' A g™ Then we
have

/ (—v)?(@ddw + dduy) AT
Q

= / (—U])pddcw/\T—i-/(—U])pddcul AT =11+ D.
Q Q

Note that for p > 1

dd(—(—=v1)?) = p(1 = p)(—v1)P"2dv; Adv + p(—v1)P~dd v,
< p(—v)?P N (dd v + dd w),

and for p < 1

dd(—(—v)?) = p(1 — p)(—=v1)P2dv; Ad vy + p(—v1)P~ dd v
< p(1 = p)(—v)P"2dvy Advi + p(—v)P~H(dd vy + ddw).

Then we get

I = / (—v)Pddw AT < / (—v)Pddw AT
Q Q

+p/ (—v)P ldvy Advy AT = / (—v)?P(ddw +ddvi) A T.
Q Q

Forp > 1

I =/ (—v)Pdduy AT =/ (—updd(=(=v)") AT
Q Q

< p/ (—ul)(—vl)p_l(ddcvl +dd°w) AT < p[ (—v)P(dd v +dd“w) A T,
Q Q
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and for p < 1

L = /Q(—Ul)pddcul AT = /Q(_U])ddc(_(—vl)p) AT
< [ (0 = P00 2oy Advr 4 peon? o)+ ddew) AT
< /Q p(1 = p)(—v)P vy Advy AT + p(—v1)P (dd vy +dd“w) AT
<(-p [Q(—vl)pddcvl AT + p/g(—vl)l’(ddcvl +dd“w) AT
< /Q(—vl)p(ddcvl +ddw) AT.
Finally, for any p > 0
/Q(—m)p(ddcw +ddu)) AT < /Q(—vl)”(ddcw +ddui) AT
< (max(p, 1)+ 1) /Q(—vl)”(dd"w +ddv)AT < ...
< (max(p, 1) + D" fQ(w —v)P(ddv)" Ap"T".

O

We end this section with a Xing tyle inequality, see [37], that shall be used in
Proposition 3.4. In Proposition 7.3, we shall as well prove the correspondent result in
the case of compact Kihler manifolds.

Proposition2.4 Letn > 2,1 < m < n, and assume that Q C C" is an m-hyperconvex
domain, and u, v € &, ().

(1) Ifu < v, then
/ (v —u)’Hy,(v) < / (v —u)? Hy, ().
Q Q
(2) Without any additional assumption on u, and v, it holds

/ (v—u)f’Hm(v)s/ (W — )” Hy (1),
{u<v}

{u<v}

Proof (1) Lete > 1, then eu < u < v. We obtain

/ (v — ew)” (Hy (€u) — Hyn ()
Q

= Z / (v — eu)PddC (eu — v) A (ddeu)* A (ddv)! A g™
kti=m—1"
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=p > / —en)’ " Ldw — eu) A d°(v — eu) A (ddew)k A (ddv)! A g™
kpi=m—1"€
> 0.

From this, it follows

f (v —eu)’ Hy(v) < €™ / (v —eu)’ Hy, (u),
Q Q

and then by using the monotone convergence theorem, and finally passing to the limit,
€ — 171, we arrive at the desired conclusion.
(2) From (1), and Theorem 2.2, we obtain

/ (v—u)’H,,(v) = / (max(u, v) — u)?” H,,(max(u, v))
{u<v}

{u<v}

= f (max(u, v) — u)? H,, (max(u, v)) < / (max(u, v) — u)” H,, (u)
Q Q

= f (v —u)” Hy, ().
{u<v}

3 Quasimetric Spaces

Let (X, d) be a quasimetric space. Recall that every metric is a quasimetric. Further-
more, in every quasimetric space (X, d) there exists a metric p with the property that
there is an € > 0, and a constant A > 0 such that

A7l < p < Adf,
see, e.g., [26].

In the next definition, we shall define a functional, J ,, in &, ,,, (2) x & 5 (S2). After
proving some elementary properties of J, in Proposition 3.4, and that J, satisfies
the quasi-triangle inequality (Lemma 3.5), we can, in Theorem 3.6, conclude that we
have a family of quasimetric spaces. These spaces are complete as shall be shown in

Theorem 3.9.

Definition 3.1 Letn > 2,1 < m < n, and assume that Q@ C C" is an m-hyperconvex
domain. For u, v € £, ,,(2) and p > 0 let us define

1
P
Tp(u,v) = </ | — v|P (Hy () +Hm(v))> :
Q
In the next definition, let us recall the notion of rooftop envelope.
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Definition 3.2 Letn > 2,1 < m < n, and assume that Q2 C C" is an m-hyperconvex
domain. For uy, ..., ux € £,,,() define
*

P(uy,...,up) = (sup{go €e&pm():p < min(ul,...,uk)})

where ()* is the upper semicontinuous regularization.

Remark If u,v € &£, ,,(2), then u + v < P(u, v), and therefore we have P(u, v) €
Ep.m(2).

We shall need the following minimum principle. In [8, Theorem 4.3], Theorem 3.3
was proved for the class &1 ,,(€2), but the proof without any change goes over to
&y m(L2). Therefore, we omit the proof here.

Theorem3.3 Letn > 2, 1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. Let u, v € &, ,,, (). Then the following holds

H,, (P(u, v)) < X{P(u,v)=u} Hy, (u) + X{P(u,v)=v} Hy, (v). 3.1

Proposition3.4 Letn > 2,1 < m < n, and assume that Q2 C C" is an m-hyperconvex
domain. Furthermore assume that u, v, w € £p ,(). Then

(1) Jp(u,v) < oo;

(2) Jp(u,v) =01if, and only if, u = v;

(3) Jpu,v) =T,(v, u);

(4) Jp@u, v)Pt" =T, (u, max(u, v))?" +J, (v, max(u, v))P";

(5)

max(J, (u, max(u, v)), J, (v, max(u, v))) < J,(u, v)

< Jp(u, max(u, v)) + J, (v, max(u, v));

(6) If u <v, then

2f(v—u)"Hm<v> <3, v)"*" szf(v—uV’Hm(u);
Q Q

+2
(7) Ifu <v <w,then],(u,v) < ZI[’)T’" Ip(u, w);
(8) Ifu <v < w, thenJ,(v, w)?* < (max(p, 1) + )" I, (u, w)P™;
(9) Jp(va P(Ll, U)) S Jp(ua maX(ua v)) S Jp(uv U),'
(10) Jp (v, P(u, )P+, (u, P(u, 0))PT" < 1, (v, u)P*;

+2
(11) Ifu < v, then J,(P(u, ), P(v, w)) < 257 I, (u, v).

Proof (1). By Theorem 2.1 we have

Tp(u, )P < / (—u —v)? (Hp () + Hp (v))
Q

_r_ _m_ _m_
< D(m, pep m(u +v)P¥m (ep(u) P + e, (v) PHm) < o00.
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(2).Itis obvious thatJ , (u, u) = 0. Next, assume thatJ ,(u, v) = 0. Then H,,, (u)({u <
v}) = 0,soby Theorem 2.2 we obtain# > v. In a similar manner, we have H,, (v) ({v <
u}) = 0. Hence, v < u, and therefore it follows u = v.

(3). This property is an immediate consequence of the definition of J .

(4). Thanks to Theorem 2.2, it follows that H,, (max(u, v)) = H,,(«) on the set
{u > v}, and similarly H,, (max(«, v))) = H,,(v) on the set {v > u}. Thus,

Jp(u, v)P*" = / |l — v|? (Hy () + Hp (v))
Q
= / (max(u, v) — u)? (Hy (u) + Hy (max(u, v)))
{u<v}

—i—/ (max(u, v) — v)? (H,, (v) + H,, (max(u, v)))
{v<u}
= I, (u, max(u, v))?" + 3, (v, max(u, v))P "

(5). This is an immediate consequence of (4).
(6). Proposition 2.4 yields this result.
(7). Note that 0 < w — v < w — u. Then by using (6) we get

Ip(u, )P <2 </ (v —u)? Hm(u)>
Q

< 2ltr </ (w —v)? Hyy (1) + / (w —u)? Hm(“))
9 Q

< 22FP I, (u, w)Ptm,
(8). By Proposition 2.3 we get
Tp(v, )P = /Q(w = )P (Hp (v) + Hy (w))
= / (w — )" Hp(v) + / (w —v)” Hp (w)
Q Q

< (max(p. 1)+1)’"/<w—u)f’Hm<u>+/<w—u)PHm<w>
Q Q

= (max(p, 1) + D" I, (u, w)?*".
(9). By Theorem 2.2 we get
Jp(u, max(u, U))p+m = /;Z(max(u, v) — u)? (H,, (u) + H,, (max(u, v)))
- /{ 0G0+ Hy max(e, )

- / (v = u)? (Hy (1) + Hyy (0).
{u<v}
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On the other hand, using Theorem 3.3 we arrive at

Jp(, P(u, v))P™" = f (v = P(u, v)? (Hp (v) + Hp (P(u, v)))
Q
= / (v — P(u, U))p(Hm(U) + X(P(u,v)=v} Hyu (v)
{P(u,v)<v}

(P =) Hn (1))

f (v = P(u, 1)) (Hy (1) + Hyp (v))
{P(u,v)<v}N{P(u,v)=u}

< / (W = ) (Hon () + Hn (0)) = T, maxt, )P+
{u<v}

The last inequality follows from (5).
(10). This follows from (4) together with (9).
(11). Note that # < max(u, P(v, w)) < v, and then by (7) and (9), we have

I,(P(w, w), P(u, w)) =J, (P, w),P(u, P(v, w))) <J,u, max(u, P(v, w)))

pt+2
< 2rm Jp(u, v).

m}

By letting us be inspired by [25], we can in the next lemma prove that J,, enjoys
the quasi-triangle inequality.

Lemma3.5 Letn > 2,1 < m < n, and assume that Q2 C C" is an m-hyperconvex
domain. Then there exists C > 0 such that for any u, v, w € £, ,,(2) it holds

T, v) < CUpu, w) + 3, (w, v)).

1
Furthermore, the constant C can be taken as C = (221”Jrl 27 + 1)3’") pm

Proof By using the comparison principle (see, e.g., Theorem 2.2), it follows

Hp()({v < u —2s}) < Hu()({v < u —2s})
Hpu()({u < v —2s}) < Hp)({u < v —2s}),

and therefore it holds
Ip(u, )P = / lu — v|? (Hy (1) + Hyp (v)
Q

= P/ sP7 (Hn () 4+ Hyy (0) ({Ju — v| > s})ds
0
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= p2? /oo”"l(HMu) +H, (0)({lu — v| > 2s})ds
0
< p2r*! f P ) (1 < v — 25) + Hu @) (0 < 1 — 251)ds.
0
(3.2)

Next we shall estimate the measure H,,, (1) ({u < v — 2s}). Since

fu<v—-2s}Cfu<w—-—stU{w—s<u<v—2}C{u<w-—s}

2
Uw<u+v—£,
3 3

we can use again the comparison principle (see, e.g., Theorem 2.2) and arrive at

Huw)({w—s <u <v—2s})

o222
o (142 (o222
3 3 3

<3"H,,(w) <{w < ut2v —£}>
3 3

Note that also holds
20 |P 1 2\?
‘w—”J; v :3—p|3w—u—2v|p§(§> (lw — ul? + 2w — 2v|)
<

2 p 4 P
<§> |w—u|p+(§) lw — v|P.

Finally, by using the above estimates

p/OOqu H,,(w)({u < v —2s})ds
0

< p/ooosl" H,, () ({u < w — s})ds

o 2
+p3m/ sPTTH,(w) ({w < utv s ds
0 3 3

p
5/ Iw—ul”Hm(u)+3’"+”/ w—
Q Q

H;, (w)
5/ |w—u|pHm(u)+3m2p/ |w—u|pHm(w)+3m4p/ lw — v|? H,, (w).
Q Q Q

u+2v
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A similar estimate can be obtained for H,, (v)({v < u — 2s}), and therefore by (3.2)
we get

Tp(u, v)P < p2rtl /00 sP (Hy () ({u < v —25)) + Hy (0) (v < u — 25)))ds
0
<2r! (/ |w — u|” Hy (1) +3’"2"/ |w — ul” Hy (w)

o Q

+3m4p/ |w—U|pHm(w))
Q

4P+ (/ lw —v|” H,(v) + 3”‘21’/ lw — v|?” Hy (w)

Q Q

+3m4p/ |w —u|pHm(w)>
Q

< 227127 + 13" (U, w)P T 4T, (0, w)P ).

To finish the proof, it is enough to observe that

1

Tyt v) = (2277127 + 1)3™) 77 (0, w) + T, (0, w).

O

Thanks to Proposition 3.4 (1)—(3) and Lemma 3.5 we can now conclude that we
have a family of quasimetric spaces. The aim of the rest of this section is to prove that
they are complete, which we will do in Theorem 3.9.

Theorem 3.6 Letn > 2, 1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. Then the pair (€, ,(R2),Jp) is a quasimetric space.

To be able to prove that the quasimetric spaces are complete, we need information
on how J, behaves under monotone sequences. In the case p = 1, J; is continuous
both for increasing and decreasing sequences, but only for decreasing sequences when

p#L

Proposition 3.7 Letn > 2,1 < m < n, and assume that Q@ C C" is an m-hyperconvex
domain. Letuj € £, ,(2) be a decreasing sequence that converging tou € Ep ;,,(R2).
Then Jp(uj,u) — 0, as j — oo. If p = 1, then the same statement is true for

increasing sequences.

Proof First assume that the sequence u; is decreasing. Then by Proposition 3.4 (6),
and the monotone convergence theorem, we get

Tp(uj, w)P*m < 2/(Mj —u)” Hp(u) — 0,
Q
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as j — oo. Now assume that p = 1, and the sequence u ; is increasing. By Proposition
2.7 from [8] and Proposition 3.4 (6), we get

Tiuj, w)' " < 2/(“ —uj)Hpu(uj) — 0,
Q

as j — oo. O

To prove that the space (£,,,(2),J,) is complete we shall need the following
elementary fact.

Proposition 3.8 If f; is an increasing sequence of continuous functions defined on X
such that f; /' f, and pj — o weakly, as j — oo, then

1i.minf/ fidw; 2/ fdu.
J—7 JXx X

Proof First we shall prove that if « is a lower continuous function then

/adu §liminf/ ad;. 3.3)
X X

j—o0

Let Co(X) > gx /" «, then fx grdpj < fX adu j. Now by the weak convergence we
get

/gkd,uz lim / gkd,u,jfli_minf/ady,j
X J7XJX J—>00 X

and by monotone convergence theorem we obtain (3.3).
Fix k,and let j > k, then [ fjdu; > [y fedj. Therefore by (3.3)

liminff fidw; Zliminff frdu; 2/ frdu.
X j=oo Jx X

j—o00

From the monotone convergence theorem, it now follows

lirninf/ fidp; = lim/fkdu=[fdﬂo
j—oo Jx k—oo Jx X

The completeness of (£, ,(£2), J,) is next on our agenda.

Theorem 3.9 Letn > 2,1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. The quasimetric space (€, ,(2), 1)) is complete.
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Proof Let {¢;} C £,,,(2) be a Cauchy sequence. After choosing a subsequence, we
may assume that J,(¢;, ¢j4+1) < W for j € N, where C is the constant from
quasi-triangle inequality. From [5, Theorem 5.2], it follows that for each ¢; there
exists a decreasing sequence of continuous functions & ,,, (2) N C Q) > w;‘ N @j»

k — oo. Then we can choose u; = wf(j ) such that

1
Ip(uj, ¢j) < W, 3.4

see Proposition 3.7. Observe that {u;} C &, () is also a Cauchy sequence. For
each j € N, we have

IA

CZ(Jp(Mj,QDj)+Jp((pjv(pj+l)“I‘Jp((Dj—HsUj—H))
3C? 1

< < —

= 3020)13 = 2C)i+!

Jp(uj, uj+1)

(3.5)

From the quasi-triangle inequality together with (3.5), we get

Tp(0,uj) < CI,0,u) + C*J,(ur, u) + -+ CI I, (i1, uj)
2 J

< CJIy0,u1) + — <CJ,0,up)+1. (3.6)

ecr T T oy <

Set vjx = max(uj, ..., ux), for k > j. Since v; x € &y 4 (L2), we can use Proposi-
tion 3.4 (9) and (3.5) to arrive at

Jp(uj,vjp) =T, max(uj,vjy1,0)) <Jpj, vjig1k)
SCUpj,ujry) +JpQ@jrr, vir1r)
=CUpuj,ujr1) +Jpujyrr, max(;1, vj12.4)))
<Clp(uj,ujr)+Clp(ujrr,vjiox)
< ClpGuj,ujin) +CPIp@ujn, uja) + C2Ip(ujga, vjsar) < ...
k—j—1
Z C™ T, gty wjgi41)
1=0
1

—Jj—
1
I+1
IE_O c (2C)]+l+1 <5 (3.7)

IA

k—

IA

From (3.6), and (3.7), it now follows

Jp0,vj6) = CUpO0,uj) +Tp(uj, uy; ;)

c (CJp(o, up) + 1+ 21—J> < C?(J,(u1,00+2). (3.8
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The sequence v; x is increasing in k, and therefore, it follows from (3.8) that
supy €pm(vj k) < 0o. Hence, vj = (limgsoo vj k)" € Epm(S2). Furthermore, v;
is a decreasing sequence, v; N\ u = (limsup;_, uj)*. Again using (3.8), we can
conclude sup; epm(vj) < 0o. Thus, u € £, ().

We do not know if the quasimetric J, is continuous under increasing sequences,
but instead, we can obtain some estimates. The monotone convergence theorem and
Proposition 3.8 imply

lim inf J, (u v )P = liminf/ Wjk —uj)? Hpu(vj i)
—00 k—oo Jo

+k1_i)rI;O/Q(vj,k—uj)pHm(uj) Z /Q(Uj—“j)pHm(Uj)
+/Q(Uj —uj)” Hp(u )
=Jp(uj,vj)p+m. (3~9)

Hence, J,(u;,v;) — 0,as j — oo, by using (3.7) and (3.9). Finally, ¢; tends to u in
the quasimetric J,, since Proposition 3.7, and (3.4) yields

Ip(pj u) < C2Upuj,vj) +T,j,u) +J,@uj, ¢)) — 0,

as j — oo. O

4 Convergence in the Space (£p m (), Jp)

In this section, we shall continue to study the convergence in (£p,(£2),71p).
From Proposition 3.7, we know that quasimetric J, is continuous under decreasing
sequences, and if p = 1, then we also know continuity under increasing sequences.
A summary of this section is as follows:

() IfJp(uj,u) — 0,as j — oo, thenu; — uin LPT™(Q) (Proposition 4.1).

(2) It Jp(uj,u) — 0,as j — oo, then u; — u in capacity cap,, (Proposition 4.2).
(3) Theinverseimplications of the above results are not, in general valid (Example 4.3).
4) IfJp(uj,u) — 0,as j — oo, then Hy, (u;) — H,, (1) weakly (Proposition 4.5).

Proposition 4.1 Letn > 2,1 < m < n, and assume that Q2 C C" is an m-hyperconvex
domain and uj,u € Ep 1y (). If Jp(uj,u) — 0, j — 0o, thenu; — u, j — 00, in
LPTm(Q).

Proof Recall that £, ,, (2) C LPT"(Q) (see, e.g., [6]). Let ¢ € £, (2) be such that

H,.(¢) = d V. Assume that J,(uj, u) — 0, as j — oo. By Proposition 3.4 (5), we
get

Jpmax(uj,u),u;) <J,(uj,u), and J,(max(u;,u),u) <J,(uj,u),
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which implies that
Jpmax(uj, u),u;) — 0, Jpy(max(uj,u),u) — 0, j— oo. “.1)

Thanks to Btocki’s inequality (see, e.g., Lemma 3.4 in [34]), together with (4.1), we
obtain

/Iu;—ul”*“’den=/ luj — ulP™ Hyp(p)
Q Q
:1 . }(M —Mj)p“"m Hm(go)—’—/{' }(I/tl —M)P‘H’H Hm((p)
:/ (max(u, uj) — u;)?*" Hy ()
{uj<u}
+/ (max(uj, u) — u)’ " Hy ()
{u<uj}
S/(maX(u,uj)—uj)’”mHm(w)
Q
+/ (max(uj, u) — u)’ ™" Hy(p)
Q
<(p+m)...(p+ l)llgoll’;’o</9(max(u,u/) —uj)P Hy(uj)

+/ (max(u;, u) — u)pHm(u)>
Q

< (p+m)...(p+Dlgl (7, (max(u;, u), u)P*"

+Jp(max(uj, u), u)’*™) — 0,

as j — oo. O

With u; — u in capacity cap,,, we mean that for any K € €2, and any € > 0, it
holds

lim cap,, (K N{z € Q:|uj(z) —u(2)| > €}) =0,
Jj—00
where the capacity of a Borel set B € €2 is defined by
cap,, (B) = sup {/ Hn(p) 19 € SHn(2); -1 <¢ =< 0} .
B

Proposition 4.2 Letn > 2,1 < m < n, and assume that Q@ C C" is an m-hyperconvex
domain, and uj, u € Ep 1, (). IfJ,(uj, u) — 0,as j — oo, thenu; — u in capacity
cap,,.
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Proof Set j = (supy ; u;)*. Then it follows ¢; \( v, and ¢; > u;. Since ¢; is
decreasing sequence, we get from [30] that ¢; — v in capacity cap,,. Theorem 2.1
yields

_1 1 _1 1
epm(@j)rim < D(p,m)rep pm(uj)rim = D(p,m)? J,(uj,0)
1
< D(p,m)rCJp(uj,u)+1J,®u,0)),
which means that

1 1 1
supep (@) Pt < D(p,m)P supep p(uj)rim < oo.
J J

Hence, v € &p,,(R2). Moreover, by Proposition 4.1, we know that u; — u in
LPT™(Q), j — oo, and therefore also ¢; — wu in LP*™ (). This implies that
u = v. We have by Proposition 3.7

Jp(uj,0j) < CApuj,u) +Ip@j,u)) — 0, (4.2)
Now observe that
{z€Q:uj(@) —u@)| >e€C
e -wei>Jfulzea:ine -uwi> 3}
: J J ) : j ) .

Therefore, it is sufficient to prove

lim cap,, (K N Hz €Q:lp; () —u;(x)] > %}) —0.

j—o00
Let ¢ € &.m (£2) be such that —1 < ¢ < 0,and K € Q. Then by Btocki’s inequality
(see, e.g., Lemma 3.4 in [34]) and by (4.2) we get

/ Ha ()
KN{zeQgj(2)—uj()|>5}

= 2m+p/ ( )" P Hyy ()
= Qj—uj
M JRnelp; @15 "
pm+p mip
< S ey = )
2m+p
= prE (p+m)...(p+ DIV /Q(tpj —uj)? Hy(uj)

2" P (p+m)...(p+ D%
< g X Iy, )P — 0,

as j — oo. O
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Note that the reverse implications in Proposition 4.1 and Proposition 4.2 are not, in
general, true. The following example is taken from [20].

Example 4.3 Let
P 1
uj(z) =max | j= In|z|, —; )

be a plurisubharmonic function defined in the unit ball B in C", n > 2. Then u; €
gO,n B),

Jp(uja 0)[’+n — ep,n(uj) — (2JT)",
but u; — 0 in capacity, and u; — 0 in LPT"(B). ]

At the end of this section, we shall prove that convergence in J, implies weak
convergence of the complex Hessian measures. We shall need the following lemma.

Lemma4d.4 Letn > 2,1 < m < n, and assume that Q C C" is an m-hyperconvex
domain and uj,u € £y, () be such that sup; epmuj) < oo. Then, if uj — uin
capacity cap,,, then Hy, (u j) — Hy, (1) weakly, as j — oo.

Proof Set

A=eppu(u)+supep(u;) < oo.
J

Then for all k, j, we have

mtp m+p
epm(max(uj, —k)) < D(p,m) » epm(u;) < D(m, p) » A.
Consider the following decomposition

H, (u;) — Hy () = (Hy (uj) — Hy (max(u, —k)))
+ (Hp(max(uj, —k)) — Hyy (max(u, —k)))
+ (H,, (max (u, —k)) — H,, (1))
= Wy g+ g

Furthermore, since #; — u in capacity cap,,, then for all k we get max(u;, —k) —
max(u, —k), in capacity cap,,. All functions are uniformly bounded, so by [30],
M?,k — 0 weakly as j — oo. Since max(u, —k) is decreasing to u, as k — 00,
and therefore ,u,% — 0 weakly, as k — oo.

To finish the proof, we have to show that “},k — 0, as k — oo and uni-
formly on j. Let « € C3°(R2), and we shall use the temporary notation Ty =
(dd‘ max(u, —k))" ==L A B~ Then
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‘ /Q aul,

m—1
> / a(ddu;)® A (ddu; — dd° max(u;j, —k)) A Ty
s=0 &

m—1
< flallock™” " / (—uj)P dduj)™ ' ATy
R OES

m—1

Hlallook™ Y f (—u)P(ddu;)® A (dd° max(u;, —k))" ™ A g
s=0 (“jf*k}

—p m—1 pt+s+1 m—s—1
< lletllock™ Y D(m, p)ep () 7 € p(max(uj, —k)) 7
s=0
m—1
_ pts m=s
Flellook™ Y " DOm, p)epm(u;) v e, (max(uj, —k)) rom
s=0

m-+p
< ok P2mD(m. p) 7 A — 0,

as k — oo. The convergence above is uniform in j. O

Proposition 4.5 Letn > 2,1 < m < n, and assume that Q2 C C" is an m-hyperconvex
domain. If J,(uj, u) — 0, as j — oo, then Hy, (u;) — H,, (u) weakly.

Proof Since
_1
ep,m(uj)”m = Jp(ujv 0) < C(Jp(uj» u) + Jp(u’ 0)),
it follows

epmU) + sup epm(Uj) < 0.
J

This proof is then concluded by Proposition 4.2, and Lemma 4.4. O

5 A Comparison of Different Topologies

In this section, we begin by comparing the quasimetric space (&1 ,,(£2), J1) with the
metric space (£1,,(€2), d) studied in [8]. In the second part of this section, we show
that the topology generated by J,, is not comparable with the topology generated by
the subspace &, (€2) of quasi-normed space (8&, ,,(2), || - || ) studied in [33]. The
presentation of the latter part follows closely Sect. 7 of [8].

Let us first introduce the necessary definitions and notations and formulate the
results that are relevant here. For further information, see [8].

Definition 5.1 Let 1 < m < n, and let Q be a bounded m-hyperconvex domain in

C" n > 1. Fix w € &1,,(RQ), known as the weight, and define the weighted energy
functional E,, by
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En(@ 30> By = 3 [ mw)ddi)] A w7 € R
=0
(5.1)

Definition 5.2 Letn > 2,1 < m < n, and assume that Q C C" is an m-hyperconvex
domain. Fix w, u, v € &1 , (). Let us define

d(u,v) =E, ) +Ey (@) —2E, (P(u, v)).

Theorem 5.3 Letn > 2,1 <m < n, and let Q be a bounded m-hyperconvex domain
in C". Then the tuple (€1, (2), d) is a complete metric space.

Proof See Theorem 5.3 in [8]. O
Now we are in position to compare the metric d with the quasimetric J;.

Theorem5.4 Letn > 2, 1 < m < n, and assume that 2 C C" is an m-hyperconvex
domain. Then for u, v € &1 ,, () it holds

1
2m+2cm+1(m + 1)

TG, )™ < d(u, v) < Ty (u, v)™

where C is a constant from quasi-triangle inequality.

Proof Letu,v € &1 ,(S2). Note that {P(u, v) = u} C {# < v} and {P(u, v) = v} C
{v < u}. Then we obtain by Theorem 3.3 and [8, Proposition 3.3]
d(u, v) = Ey(u) — Ey(P(u, v)) + Ey (v) — By (P(u, v))
< / (w — P(u, v)) Hyy (P(u, v)) + / (v —P(u, v)) Hp (P(u, v))
Q Q

_ f (1 — P(tts 8)) (010} Hon (0) + X(pa0y o) Hon (1))
{P(u,v)<u}

+/ (v —P(u, U))(X{P(u,v):v} H,, (v) + X{P(u,v)=u} H;n (1))
{P(u,v)<v}

<

/ (u — P(u, v)) Hy (v)
{P(u,v)<u}N{P(u,v)=v}

+ / (v — P(t, 1)) Hy ()
{P(u,v)<v}N{P(u,v)=u}

5/ (u—v)Hm(v)+[ (v — ) Hp (1)
{v<u}

{u<v}

< / (4 — ) (Hyn (v) + Hyn () + / (0 = 1)(Hyn (1) + Hyp (0))
{v<u}

{u<v}

=7 (u, v)",
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Thanks to Proposition 3.4 (6), the quasi-triangle inequality, and [8, Proposition 3.3]
we get

d(u, v) = Eyu) — By (P(u, v)) + Ey(v) — Eyw (P(x, v))

! 1
= m /;2(14 —P(u, v)) Hy, (P(u, U)) + rﬂ /;Z(U — P(u, v)) Hm(P(u’ v))
1 m+1 m-+1
> mjl(u,l)(u,v)) + 2m+ 1) Ji(v, P(u, v))
m+1
= g2y 1y V10 Pl ) I Pl )
= : Ty, vyt

2m+2cm+l(m +1)
O

Now to the second part of this section. Let us start here with a brief introduction.
We start by defining

Sgp,m(Q) = gp,m (€2) — Ep,m(Q)a

since £y, (2) is only a convex cone. Then for any u € 5, ,, (€2) we define

1
m-+p
lullp = Iing (/ (—(u1 +u2))” Hp (1 +u2)> .
u|l—ur=u Q

ut,u2€€Ep m ()

It was proved in [33] that (& 1, (2), || - || ») is a quasi-Banach space, i.e., it is complete
quasi-normed vector space (for the case m = n see [4]). Recall that ||-|| , is a quasinorm
if the following holds:

(1) [lullp, = 0if, and only if, u = 0;

@) lleullpy = el ps
(3) it satisfies quasi-triangle inequality

lu+vllp < Clullp + 1vlip),
for some constant C > 1.
1
Furthermore, if u € £, (R2), then |ull, = ep pm(u) P+m.

Example 5.5 Thereisno constant C > Osuchthat]J,(u, v) < C|lu—v| ,. See Example
7.11n [8].

Example 5.6 There is no constant C > 0 such that [lu — v|, < CJ,(u,v). See
Example 7.2 in [8].
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6 Stability of the Complex Hessian Operator
Let

Mpm = { M : pis a non-negative Radon measure on €2 such that

H,, (u) = u for some u € Sp,n‘l}v

and recall the following characterization of M, ,:

(1) peMpm;
(2) there exists a constant A > 0 such that

f ()P dp < Aep )7 forallu € £y ()
Q

() Epm(2) C LP(w);
(4) there exists unique function U (u) € &, ,,(€2) the solution to the Dirichlet problem
for the complex Hessian equation H,, (U (1)) = w,

(see [15,30] for details).

In this section, we shall prove some new stability results for the complex Hessian
operator. For previous results concerning stability of the complex Monge—Ampere
equation or the complex Hessian equation, see, e.g., [16,19,34]. In those papers, the
authors proved that under some assumption if 1 ; converges to (t, then the correspond-
ing solutions U(u;) converges to U(u) in capacity. Our goal is to prove that the
convergence is stronger in the sense that J, (U (u;), U(n)) — 0.

Lemma6.1 Letn > 2,1 < m < n, and assume that Q@ C C" is an m-hyperconvex
domain. Let ;n € M, ,,. Then for any v < it holds:

epmUW) < D(p,m) " epmUW)).

Proof The desired inequality follows from the following estimation

epm(U)) = /;2(_[](‘,))17 H,,(U(v)) = /Q(_U(U))pdv < /;2(—U(v))PdM
= L(_U(V))p Hm(U(M)) S D(m, p)el’sm(U(V))”Iﬁep’m(U(M))mLﬂ,

O

Definition 6.2 A fundamental sequence 2, j € N, is an increasing sequence of m-
hyperconvex subsets of Q C C", n > 2, such that for every j € N, we have that,
Qj S Qj—l—l’ and U?il Qj = Q.

The main result in this section is the following stability theorem.
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Theorem 6.3 Letn > 2, 1 < m < n, and assume that Q C C" is an m-hyperconvex
domain and let @ € M, .. If 0 < f, f; < 1 are measurable functions such that
fi = finLj, (), as j — oo, then (U (fjw), U(f 1)) = 0.

Proof Fix 1 € M, ;. From the Cegrell-Lebesgue decomposition theorem (see [15,
30]), it follows that there exist ¢ € &y (2), [l¢llc < 1, and g > 0 such that

gHp(p) = p. Fix a fundamental sequence 2;. For j,k € N, let us define the
following functions:

w=U() €& m(): Hy (w) = w;

u=U(fr) € &pm(): Hy(u) = fu;

uj =U(fip) € Epm(2) : Hp(uj) = fim;

ujk € Epm(Q) : Hp (uj k) = xq, fj min(g, k) Hy (¢);

vik € Epm(Q): Hu(vjr) = xo fims

wi € Epm(R2) : Hy (wi) = xg f min(g, k) Hyu (¢);

vk € Epm(Q) : Hp () = (1 = xo)m:

Vi € Epm () : Hy, (Yi) = (¢ — min(g, k)) Hp (¢).
Since,

Jp(u,uj) < C3(Jp(u, wi) +Jp(wi, wjp ) +Ip e, vig) + Ik, uj)),
6.1)

it is enough to prove that each term in (6.1) tends to zero to complete the proof.
Claim 1. J,(u, wy) — 0, as k — oo. This follows because wy is a decreasing
sequence tending to u, as k — 0.
Claim 2. For fixed k, we have that J,(wg, uj 1) — 0, as j — oo. To prove this,

first note that the functions wy and u j ; are uniformly bounded by k%, and therefore,
it follows

1wy 4 )P+ = fQ g — 10 417 (H ) + H (0 4))
= /{ }(Mj,k —wi)? xq, (fj + f) min(g, k) Hy, (@)
Wi <uj k
+/{ }(wk —uj )" xo.(fj + f)min(g, k) Hy ()
Wi >Uj k

<% / ik — we)” Hy(g) + 2% / (Wi — 14;.0)” Hon ().
{we<ujr} {

wr>uj i}

Now assume that p < m. Then we can continue our estimate by using the Holder
inequality. By [34], we get
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/ W)k — wi)? Ho(p)
{wre<uj i}
P

< ( /{ }(u ik —w)" Hm«o)) (Hp () (@) 7
Wi <Uj k

Sk

k<ujk}

< (Hu(p)(@) 7 (M‘/{ (=) (Hp (wi) — Hm(uj,k))>

Sk

< (Hu(p)(Q) 7 (m'/Q \fj — fldu> — 0, as j — 0.
k

In a similar way, one can prove

]

/{ }(wk —uj )’ Hulp) < (Hy (9) ()7 <'n'[ Ifi— fld/L) -0,
Wi>Uj g

Qe

as j — oo. If p > m, then one can repeat the above argument using the fact
Lo,
luj e —wil? < Qkm)P ™ uj o — wi|™.

Claim 3. Jp(vj g, ujr) — 0,as k — o0, and the convergence is uniform on j.
Since

Hiu(vjk) = xo fi& Hm (@)
< xe fj min(g, k) Hy, (¢) + (g — min(g, k)) Hyu (¢)
=Hyu(uj 1) +Hpu (W) < Hp(ujie + ¥,

we have that u; ; + ¥x < vj . Furthermore, u; > vj, and ¥y is a increasing
sequence such that

epm (W) = /Q (=) By () = fQ (—Y0)” (g — min(g, K)) Hu(g)
< /Q (—91)7 (g — min(g, ) H () — 0, k — o0,
by dominated convergence theorem. Finally,
1y j o 4 )P =/§2|vj,k Py (07.0) + Hon e 0))

<2 /Q () — v5.0)" Hyp(w) <2 /Q (=)? Hyn (w)
< 2D(m, p)epm (YK ™ €p ()7 — 0,

as k — oo. The convergence is as well uniform in j.
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Claim 4. J,(vj,u;) — 0, as k — o0, and the convergence is uniform on j. The
proof of Claim 4 follows that of Claim 3. Observe that

Hpn(uj) = fiw = (A = xodu+ fixem
= H,, (vx) + Hm(vj,k) < H, (vr + Uj,k)’

which implies that vy + vjx < u;. Furthermore, u; < v;, and v is increasing
sequence such that

epm (V) = /Q (—u)? Hy (v) = /Q (—o)P (1 = xa)m
< /(—vl)"(l ~ xa)n = 0, k — oo,
Q

by dominated convergence theorem. Finally,

Jpoj ke up)P™ = /Q ik —ujl?(Hpy(vj i) +Hpy(uj))
< 2/(vj,k —uj)? Hy(w) szf(—vkﬂ’Hm(w)
Q Q
<2D(m, p)ep,m(vk)m[TPep,m(u))mLJrP — 0, k = o0,

the convergence is uniform in j. O

7 The Compact Kahler Manifold Case

Letn > 2, p > 0,and let | < m < n. Assume that (X, w) is a connected and
compact Kihler manifold of complex dimension n, where w is a Kihler form on X
such that f X " = 1. In a similar way as in Sect. 3, we define a quasimetric, I, for
(w, m)-subharmonic functions (for the case m = n, see [25]). For further information
concerning (w, m)-subharmonic function (SH,, (X, )) on compact Kihler manifold,
see, e.g., [7,21,25,31].

For any u € SH,, (X, w), let

w, =ddu + .

The complex Hessian operator is defined on (w, m)-subharmonic functions through
the following construction: First assume that u € SH,,, (X, w) N L*°(X), then

H, () = o)) A",

which is a non-negative (regular) Borel measure defined on X. For an arbitrary, not
necessarily bounded, (w, m)-subharmonic function u let u; = max(u, —j) be the
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canonical approximation of u#. Then define
Hpy(u) := lim Xius>—j) Hm (u ).
Jj—00

We define the class of (w, m)-subharmonic functions with bounded (p, m)-energy as
Epm (X, w) 1= {u e&n(X,w):u <0, /X(—u)p H,,(u) < oo} ,
where
En(X,w) = {u e SH, (X, w) : /XHm(u) = 1}.

For the counterparts of Theorems 2.1, 2.2, and the approximation theorem for (w, m)-
subharmonic functions defined on compact Kéhler manifolds, we refer to [7,21,25,31,
32].

The following definition is the counterpart of J,, in Definition 3.1.

Definition7.1 Letn > 2, p > O,andlet 1 <m < n.Foru,v € £,,,(X, w) and we
define

Iy(u,v) = (/X |lu — v|” (Hy (u) +Hm(v))>p+m .

Remark Note that it follows from [7, Lemma 3.5] that the functional 1, is well defined.

The aim of this section is to prove that (£, ,, (X, ),1,) is a complete quasimetric
space.

Theorem 7.2 The pair (E,.m(X, w),1,) is a quasimetric space.

Proof First assume that u,v € &, ,(X, ®), and I,(#, v) = 0. Then H,, (u)({u <
v}) = 0, and by [31, Theorem 3.15] we get u > v. In a similar way, we can obtain
that v > u. Hence, u = v. The quasi-triangle inequality follows in the same way as in
Lemma 3.5. O

We shall need the counterpart of Proposition 2.4.

Proposition7.3 Let u,v € £, (X, w).
(1) Ifu < v, then

@t < [ @-0 .
X X
(2) Without any additional assumption on u, and v, it holds

/ (v—u)PHm(ws/ (v — 1) Hy (1.
{u<v}

{u<v}
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Proof (1) First assume that # < v. Then for any positive current 7 it holds

/(v—u)pa)u/\T—/(v—u)pa)v/\T
X X

= p/(v—u)p_ld(v—u)/\dc(v—u)/\T > 0.
X
Now, let € < 1, then u < v < €v. We obtain
ef (v —u)Po, AT < / (v —u)Pwey AT < / (ev—u)Pw, AT,
X X X
so by the monotone convergence theorem, and letting € — 17, we arrive ay

/(v—u)pwvATff(v—u)pwvAT.
X

X

Repeating the above argument m-times we get

/ (v—w?H, ) < f (v —uw)? Hy, ().
X X

(2) This part follows now in a similar manner as in Proposition 2.4. O

Corollary 7.4 Letu,uj, v € £y n(X, ).
(1) Ifu < v, then

2/ (u — )P Hy(v) < L (u, v)Pt < 2f (u — )’ Hy ().
X X

(2) Ifuj \ u, j — oo, thenl,(u;,u) — 0.
We end this paper with the main result of the compact Kéhler case.
Theorem 7.5 The pair (,.m(X, w),1,) is a complete quasimetric space.

Proof Theorem 7.2 gives that (€, ,, (X, ), I,) is a quasimetric space, and the com-
pleteness can be proved in exactly the same way as in Theorem 3.9. O
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