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Abstract

Oscillation of solutions of f® + ay_» f*=2 4 ... 4 ay f' 4+ apf = 0is studied in
domains conformally equivalent to the unit disc. The results are applied, for example,
to Stolz angles, horodiscs, sectors, and strips. The method relies on a new confor-
mal transformation of higher order linear differential equations. Information on the
existence of zero-free solution bases is also obtained.
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1 Introduction and Results

The classical univalence criterion due to Nehari [12] states that a locally univalent
meromorphic function f in the unit disc D is one-to-one if its Schwarzian derivative
Sr = (f7/fY = (D(f") )7 satisfies Sp)I(1 = [z/)? < 2 forall z € D.
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Nehari’s proof'is based on the representation a = Sy, ,)/2 of the analytic coefficient
of

£ +af =0 ()

in terms of the quotient of its two linearly independent solutions f1 and f>. The proof
further uses a transformation of (1) into

¢ +bg=0, b= (aoT)T")*+Sr/2, 2

where T maps D conformally onto ID and the functions (f o T)(T’ )~1/2 and ( fro
T)(T")~1/2 form a solution base of (2). In fact, this method is independent of the
underlying regions, and can be performed between any two conformally equivalent
domains. Such transformations have turned out fundamental in many applications in
the theory of differential equations, and appear in [8, p. 394] whose English edition
was published in 1926.

Our first objective is to transform the differential equation

fOvanf?+asf+ o vaf taf=0 k=2

with analytic coefficients in a domain £21, to another differential equation
8" + b 2g® ™ + b 3g® P - 4 big’ +bog =0, “
where the coefficients are analytic in a domain £2,, which is conformally equiva-

lent to £21. This transformation is given in terms of the incomplete exponential Bell
polynomials

i! ZINJ1 22\ /)2 Zi—n+1 Jimnt1
aGonimen) = X gt () G (5)

wherei > n and the sum is taken over all sequences ji, j2, ..., ji—n+1 of non-negative
integers satisfying the equations

{i=@+;h+~~fu—n+nﬁﬂﬂ, )
n=ji+jp+- -+ ji-ntt
For example, by a straight-forward computation
Bii(z1) = (z21)', Bii—1(z1,22) = il 2_ D (@) Pz
and
Biia(zi, 20, 23) = Wff‘* . i — 1)@ ; 2)(i —3) A2
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Theorem 1 Let T map §2> conformally onto §21, andleth = (T")1=0/2_ Suppose that

{f1,..., fr} is a solution base of the differential equation (3), where the coefficients
ao, - - ., ag—> are analytic in $21. Then {(f1 o T)h, ..., (fr o T)h} is a solution base
of (4), where the coefficients by, . .., by_> are analytic in §2,. Moreover,

k=1 I /N B ’ (—t+1) 3 (j—i)
T/k—K_Z ) Z J l,e(T,...,T )h/
e DI B bi |: (1) (1)* h

=1 Bi (T, ... T(i7£+l)) k=) Bk’e(T/“”’T(k7£+1))
+; (l) (T/)Z h (T/)Z
(6)
forany € € {l,...,k—2}, and
A0 hk=2) W
T) (T = — + by_ oo+ by — + by.
(apo T)(T") h+k2h++1h+o
@)

With appropriate modifications, the method of proof of Theorem 1 applies, for
example, in the case of real differential equations.
The representation (6) for £ = k — 2 simplifies to

k(k—1) (h" k(k — D)(k—=2) [ T" n
@20 T (T = by 4 2D (7) AR <7) (g)
_ _ m _ o _ 7\ 2
| k= Dk =2) (T ) | k= Dk =2k = 3) (T > |

3 T 4 T
The particular case k = 2 of this identity reduces to the situation in (2) and reveals
the well-known connection between Bell polynomials and Schwarzian derivatives.
Let T be a conformal map from ID into C. The standard functions in Nevanlinna

theory for a function f meromorphic in 7'(ID) are defined to be the corresponding
functions for f o T. In particular,

N(T(DO.1).0. f) = N0, foT), 0<r<1,

where N (r, a, g) is the standard integrated counting function for the a-points of g in
the disc D(0,r) ={z € C: |z| < r}.

Our second objective is to quantify the phenomenon that local growth of any coef-
ficient of (3) implies local oscillation for some non-trivial solutions. In the proof we
apply Theorem 1 in the case when £2, = D.

Theorem 2 Let T map D conformally into C,0 < b < 1and s(r) =1 —b(1 —r) for
0 <r < 1. Suppose that {1, ..., fi} is a solution base of (3), where ay, ..., a2

are analytic in T (D). Then there exists a constant K = K (b) such that, for any
jef0,....k—2},
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& dm(z)
k—
/T(D«),r)) 12 () |T"(T~1(2))]

k s(r) .
5 K(Z/ N(T(D(0,1)),0, f}) "
0

; 11—t
j=1
2 ON(TDO, 1), 0, f; + fi)
) s Ys Jj k 2 e
) dr +log? ——
+,-=1/0 1—1 Tlog 1—r>

outside a possible exceptional set E C [0, 1) for which fE dt/(1 —1) < o0.

By [1, Lemma C], for a sufficiently small 0 < b < 1 the statement of Theorem 2 is
valid without any exceptional set. We may also suppose

- dm(z)
laj (@I ———
i T(D(0,r)) | T (T~ (2))I
im sup 3 = 00, (8)
res1- log“(e/(1 —r))
for some j € {0, ..., k — 2}, for otherwise the assertion is trivially valid. The condi-

tion (8) guarantees the existence of a solution of (3) having more zeros in 7 (ID) than
any non-admissible analytic function in [D. Recall that a function f is non-admissible
if T'(r, f) = O(log(e/(1 —r)))asr — 17.

Corollary 3 Under the assumptions of Theorem 3, there exists 0 < b < 1 and K =
K (b) such that

/ ()P —4m@
DO |T(T~1(2))] K(
log(e/(1 —r))

Xk:N( T(D(. 5()). 0, f;)

j=
—1

k
e
+ N( (D0, 5(r))), 0, f,+fk)+log1 r)

j=1

forall0 <r < 1.

Connections between the oscillation of solutions and the growth of analytic coef-
ficients have been thoroughly studied in the cases of D and C. However, the existing
literature contains only scattered results on local oscillation of solutions in standard
regions such as Stolz angles, horodiscs, sectors, and strips. We next show that, for
appropriate choices of 7', Theorem 2 yields new information in these particular regions.

Stolz angles. Fix 0 < o« < 1 and ¢ € D, and let T'(z) = ¢(1 — (1 — zZ )%) for all
z € D. Then T(D) C D and 97 (D) takes the form of a petal which has a corner of
opening o at 7'(¢) = ¢. In particular, the domain 7' (D) can be seen as a Stolz angle
with vertex at ¢. In this case |T/(T~'(2))| = a |¢ — z|' =1/ for all z € T(D).

Horodiscs. Fix ¢ € 0D,andletT(z) = ¢+ (1—|¢|)zforallz € D.Then T (D) C D
and 9T (D) is a circle internally tangent to 9 at . Now |T/(T~'(z))| = 1 — |¢| for
allz € T(D).
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Sectors. Fix ¢ € Rand 0 < « < 2, and let T'(z) = /¢ ((1 4+ 2)/(1 — 2))“ for all
z € D. Then T (D) is a sector of opening a7 /2, in the direction ¢, and

T @] = 5 Tz e T,

Strips. Fix ¢ € Rand 0 < o < oo, and let T'(z) = ae!? log((1 + z)/(1 — z)) for
all z € D. Then T (D) is a strip of width a7, and

7T~ (2)] = % |5/ 4 ei¢|? e RGO 2 e (D).

The next result combined with [2, p. 356] shows that the solutions fi, ..., fi in
Theorem 2 can be zero-free, while the coefficients may grow arbitrarily fast. This
implies, in particular, that the second sum in the upper bound cannot be removed.

Theorem 4 Suppose that fi and f, are linearly independent solutions of f" +

af = 0, where the coefficient a is analytic. For any k > 2, the functions
lk_l, f‘_zﬁ, o fi fzk_z, f2k_1 are linearly independent solutions of (3) with ana-
lytic coefficients ay, . . ., ax—>. Moreover,

k+1 k—Dk(k+1)
ak_2:<k_2>a:7a. )
In general, if all solutions of
fO4a SV ran P+ taf +af=0
are meromorphic, then the coefficients ag, ..., ay— are uniquely determined mero-

morphic functions which can be represented in terms of Wronskian-type determinants
of any k linearly independent solutions [11, Proposition 1.4.6]. In particular, if f; and
f» are linearly independent solutions of f” +af = 0, then [9, Proposition D] implies
that f2, fi f», f5 are linearly independent solutions of f” + 4af’ + 24’ f = 0. By
a straight-forward computation, it can be verified that f13, f12 2, fi f22, f23 are linearly
independent solutions of

@ 4 10af” +10d' f' + Ba” +9a%) f =0,

which reveals the exact coefficients in the case k = 4.

The remaining part of this paper is organized as follows. Theorem 1 is proved in
Sect. 2. Section 3 contains auxiliary results, which are needed in the proof of Theorem 2
in Sect. 4. Sharpness of Theorem 2 is illustrated in Sect. 5. Theorem 4 is proved in
Sect. 6.
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2 Proof of Theorem 1
In the following argument some details related to straight-forward calculations are

omitted. Let f be a solution of (3) and let g = (f o T)h, where h = (T")(1-0/2,
Since

J .
g(j) — Z ({)(f ° T)(i)h(j_i), jeN,
i=0

by the general Leibniz rule, Faa di Bruno’s formula gives

J . i
D = (foT)AD J ® o TyB, (T'..... T h0=D, jeN.
gV =(foT) +Z;Q)(Z¥f o) Biy(T'. ... ) . Je
(10)
We proceed to determine the coefficients by, .. ., bxy_1 such that
g0 + bk 1%V + b g% P -+ big 4+ bog = 0. (11)
On one hand, the differential equation (11) implies
k-l . J j i . .
—g® = z;bj (f o T)hY + 21: (1) (X‘T(f(n) oT) Bi,n(T/, . T(l—n-H))) KG=0
Jj= i= n=
+ bo[(f o T)h].

On the other hand, by applying (10) for g® and then taking advantage of (3), we
deduce

k—1 i
k . .
_ok — _ (k) _ ~(n) . / (i—n+1) (k—i)
g® =—(fol)h §jQ)(§(f oT) Biw(T',....T Oh

i=1 n=1

k—1
- <Z(f<"> oT)Bia(T', ..., T("”“))> h—(f® oT)Bii(T)h

n=1

k—1 i
k : ,
— k) _ (n) . / (i—n+1) (k—i)
=—(foT)h » (;)(E (f™oT)BiW(T',...., T ))h

i=1 n=1

k—1 k=2
- <Z(f<"> oT) Biu(T', ... T<’<-"+'>)> h+ (ajo T)(fV o T)Bii(T')h.

n=1 j=0

By comparing the coefficients of f*~D o T, we get

k—1 k
br—1 <k B 1>Bk—1,k—1(T/) h = _<k B 1) Bi—1k—1(T")h" = Bij—1 (T, T") h,
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where the right-hand side reduces to

—k (T/)kflh/ _ (k B 1)2(k B 2) (T/)kf?s T”h
— k(T 1 ;k T -1~ k(k2 1) T2 T (1) =0

Therefore b;_; = 0 and (11) reduces to (4). By comparing the coefficients of f©) o T
for€ e {1,...,k — 2}, we get

j=t =t

NMi

( ) L T =D gy (77, TR,
+ (az o T) By k(T")h.

Since By x(T") = (T")K=4(T")*, we deduce (6) forany ¢ € {1, ..., k — 2}. By com-
paring the coefficients of f o T, we get

b h* 2 4+ 4 bih' + boh = —h™ + (ag o T) B i (T') .,

which implies (7). Since the statement concerning solution bases is trivial, Theorem 1
is now proved.

3 Auxiliary Results

The proof of Theorem 2 depends on three auxiliary results, which are considered next.

Lemma5 Let j and k be integers with k > j > 0, and let f be a meromorphic
function in D such that £ 0. Let 0 < b < 1, and write s(r) = 1 — b(1 —r) for
0 <r < 1. Then there exists a constant K = K (b) > 0 such that

W) (z) |27
[ |y,
po. | fY ()
S0 (. £
<K max / Mdt—l—log ¢ , 0<r<l.
j<m<k—1Jy 1—1¢ 1—r

Proof For0 <r; <r < l,let A(ri,rp) ={zeD:r <zl <m}.Let0 <d < 1
be a constant which will be fixed later, and define R, = R,(d) =1 — d" forv € N.
The proof of [6, Theorem 2.3(b)] gives
e
J
[z|<R;

(k)
SOV oy < o,

fU()
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where C; = C1(d, j, k) is a constant. Let Ry < r < 1 and take © = u(d) € N such
that R, <r < R;,41, which is equivalent to

1 1 1
ulogg <10g1 <(M+1)10g2. (12)

_r_

The reasoning used in the proof of [4, Theorem 5] yields

/A(R\MRU-FI)

where C» = C3(d) is a constant independent of v. By (12) and (13), we deduce

/A(Rl,r)

f'(2)
f @)

dm(z) < Co(T(Ruys, f)+1), veN, (13)

'@
f@)

"
dm(z) < C3 Y (T(Rjya, f)+1)
j=1

1 & T(Ris,
=C2< : Z (Rj+3 f)(Rj+4—Rj+3)+/J“) (14)

1-— o 1 —Rjy3

Ruyta T t 1
SC3<// 1( f)dt—i—log >
R

) —t 1—r

~

where C3 = C3(d) is a constant such that C3 = C, - max{1/(1 — d), —1/logd}.
Next we use the Holder inequality and (14) to conclude that

rO@ |7 / S F @) |77
/;I(Rl,r) a1 " i ,,l;[j Mm@ "
k-1 =
f(m+1)(z) k—J
=4
8 m=j </A(R1,r) fm(z) @)

k=1 L

Russ (¢ f(m)) 1 k=j
<C — 2 Zdt+log——
= 4H</R 1—; +ogl_r

m=j 1

Ruva Ty £m) 1
§C4( max / Mdl+logl ,
R

j<m<k—1Jp, 11—t —r

where Cq4 = C4(d, j, k) is a constant. Note that
Ryja=1—d*d" =1-d*(1—R,) <1—d*(1 —r).
Choose 0 < d < 1 such that b = d*. The assertion follows. O
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Forl <o < o0, let

f(z):exp(—(iti) > z € D.

If « = 1, then f is an atomic singular inner function and the Nevanlinna characteristic
of f andallits derivatives are bounded. Therefore all terms in the statement of Lemma 5
are asymptotically comparable to — log(1 —r) asr — 1. Meanwhile, if « > 1, then
both sides are of growth (1 — r)!'™® as r — 17. This illustrates the sharpness of
Lemma 5.

The following result allows us to represent the coefficients in terms of quotients of
linearly independent solutions.

Theorem A ([10, Theorem 2.1]) Let gy, ..., g be linearly independent solutions of
(4), where by, . .., bx—p are analytic in D. Let
81 8k—1
V1= —e s YVk—1 = —, (15)
8k 8k
and
i ¥ k-1
G- G-D (=D
b)) V-1 .
Wi=1 G Gan  Gan | J= 1k (16)
N Y2 o Vi1
© B @
N Yoo o Yk—
Then
i i
bj = Zf(—n%fak' ( o ) ey (VW) J=0. k=2
J pare l k—l—] Wk W ’ LRI ] k]
(17)

where Sy = 0 and 8y; = 1 otherwise.

We also need an estimate in the spirit of Frank—Hennekemper and Petrenko.
Lemma6 Let gy, ..., gk be linearly independent meromorphic solutions of (11) with
coefficients by, . .., bx—1 meromorphic in D, and let 0 < b < 1. Then there exists a

constant K = K (b) > 0 such that
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1
/ 1bj ()17 dm(z)
D(O,r)

s(r)Tt’
SK(max/ Mdt+log2L>, 0<r<l,
1<i<k Jy 1—1t 1—r

forallj=0,...,k—1.

The statement in Lemma 6 for the equation g + byg = 0 follows immediately
from Lemma 5 and the fact that

T, g") <G+ DN, g +m(r,gP) <+ DT(r,g) +m(r, g9 /g)

18
S T(s(r), g) +log (18)

e
, jeN,

1—r /

The general case is a modification of [3, Lemma 11] or of [11, Lemma 7.7]. Recall

that the notation a = b is equivalent to the conditions a < b and b < a, where the

former means that there exists a positive constant C such that a < Cb and the latter

is defined analogously.

4 Proof of Theorem 2

Let h = (T")1=0/2 If £ is a solution of (3), then g = (f o T)h is a solution of (4).

Based on this transformation, let {g1, ..., gx} be a solution base of (4) corresponding
to the solution base { fi, ..., fx} of (3). By the conformal change of variable,
1 dm(z) LT @)
/ laj @I o = / |a; (T @) === dm(2)
T(D0.r)) [T (T~ (2))| D(0,r) |T'(2)] (19)
oL
= / |a; (T @) T' @) |77 dm(2)
D(O0,r)
forj=0,...,k—2.
CASE j = 0. From (7), we have
IRRTICTE: Rk=2) (1 L |
[(ao o T) (TY|F < |—| + |bx—2 A +- 4 b]ﬁ + |bol%. (20)

Since T is univalent, it belongs to the Hardy space H” for 0 < p < 1/2 by [5,
Theorem 3.16], and hence T is of bounded Nevanlinna characteristic. Therefore all
derivatives are non-admissible in the sense that

T(r, TV) = O(log — ) jeN
—r
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Thus & and all of its derivatives are non-admissible as well. Using Lemma 5, we obtain

/D(o,r)

Hence, making use of (20) and Holder’s inequality with conjugate indices p = k/(k —
j)and g = k/j, we infer

hD ()| e
dm(z) = O log? —— i e N.
o | (Og l—r)’ a

/ lao(T () T'(2)*|F dm(z)
D(0,r)

) T/
< </ [bj(2)]* dm(z)) </
iZ1 /Do) D(O,r)
')
e
oot )
—r
) 21

where the sums are empty if k = 2. Let yq, ..., yx—1 be defined by (15). By restating
[11, Proposition 1.4.7] with the aid of some basic properties satisfied by Wronskian
determinants [11, Chap. 1.4], we see that the functions 1, yi, ..., yx—; are linearly
independent meromorphic solutions of the differential equation

=~

h9(z)
h(z)

1 ¢
! dm(z))

+f Ibo(2)| ¥ dm(z) + 0(
D(0,r)

k=2

=y (/ 1b;(2)|F7 dm(z))
D(0,r)

j=1

+/ o)t dm(2) + 0(
D(0,r)

»
\.

Wi-1(2) 1(2) Wi(z)
* _ k=D [k r_
W Y T e

)

where W; are defined by (16). From Lemma 6 we now conclude

/D(O,r)

fori =1,...,k — 1. Moreover, Lemma 5 yields

./D(o,r)

Wi—i (z)

SO T(1, )’z) e
< R
@ m(z) S max /0 dt + log 1 p (22)

I<i<k—1 1—1t¢

1
k=i—j

W) (2
YW (2)

5(r)
dm(z) < / T(lt’ WO 4t + 1og?
0 —t 1—r (23)

s(r) T(t,
< max / ( yl)dt+1g L
1<i<k-1 Jo

1—1 1—r
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where i and j are as in (17), and where (18) has been used with y; in place of g.
Writing the coefficients b; in the form (17), we deduce

1 1
k=j k=j

(m)(k*i*j)
VWi

(W)(k*j)
VWi

k—j
s Wi—i
b;|FT < +
bj157 5 2|

i=1

Finally, we make use of (22) and (23) together with Holder’s inequality with conjugate
indicesp=(k—j)/iandg =(k—j)/(k—i—j),1<i<k—j,(i=k—jisa
removable triviality), and conclude

s(r) Tt
/ b, ()77 dm(z) < max / D 4 10— j=0... k-2
D(0,r) I<i<k—1 1—1¢ 1—r

Substituting this into (21) we obtain

s T (¢, e
f lao(T (z))T (z)klk dm(z) < max / @, ) dt +log> ——. (24)
D(0,r) 1<i<k—1 ] 1—1¢ 1—r

According to the second main theorem of Nevanlinna,
T(r,y) =N(@r,0,y)+N(@r,00,y)+ N, =1 y)+ S, y), r¢kE,

where S(r, y;) = 0(log+ T(r,y) —log(l— r)), l e {l,...,k — 1} and the excep-
tional set E satisfies fE dt/(1 —t) < oo. Thus

e
T(r,y) <2N(r,0,8)+2N(r,0,8x) +2N(r, 0, g + gk) + 0<10g - r)

< 2N<T(D(0, "), 0, f,) + ZN(T(D(O, ). 0, fk>

¢ ) ré¢k,
—r

forl € {1,...,k — 1}. Combining this with (24), the assertion in the case j = 0
follows.
CASE j =4¢,1 <{ <k — 2. From (6), we have

+ 2N<T(D(0, M), 0, fi + fk> + 0<log 1

l(ag o T) (7)< 77

=z (5())™

i=t

w“

1
T ., T €+1)) = pG=i)

(T/)e
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1
k=t

+ki]: ©\ | B LTl £+l)) = k=)
Py i (T/)Z h
L
Bk,l(T T(k Z+l)) k—

(25)

(T’)’z

We apply Holder’s inequality to estimate
1
f lae(T @) T' |7 dm(2).
D(0,r)

and content ourselves with writing details on the integration of the final term (25) only.
Since the Bell indices ji, j2, ..., jk—¢+1 satisfy (5) for i = k and n = £, we obtain

L
k=

Bio(T', ..., ThHD
/ T T e
D(0,r) (T)
(k—t+1) jk/?#
T'(z Tk=tD (4 B
: Z / E : ' : ), dm(z).
- Jk— e+1' po.r) 12! T'(2) (k—€+D!'T'(2)

Notethatk—¢ = jo+2j3+- - -4 (k—¥£) jk—e¢+1. The following application of Holder’s
inequality is presented in the case that all Bell indices ji, ja, ..., jk—¢+1 are non-zero.
If there are zero indices, then the argument should be modified appropriately. Choose
the Holder exponents

k—Z>1 k—€>1 k—1¢ 1 -1
pl= . sl ’p2= . - 7'"7pk*e= N = - il b
J2 23 (k=0 jk—et1  Jr—t+1

which satisfy

1 1 j 27 k—20)j_
LIS _ 212+ =+ ( ) Jk o
D1 Dk—¢ k—1¢

By Holder’s inequality,

/D«m TG
2 e
< ( / dm(z)) / dm(2)
D(,r) D(0,r)

The remaining part of the proof is similar to that above. This completes the proof of
Theorem 2.

1) |
T"(z)

Jk—+1
T(k*l+l)(z) k—t

dm(z)

k—0)jk—p+1
—7

T//(Z)

T'(z)

T(kfﬁJrl) (Z)
T'(2)

@ Springer



71 Page140f19 I. Chyzhykov et al.

5 Sharpness Discussion
The following examples illustrate the sharpness of Theorem 2.
Example 1 For o« > 1, let

1—o?

T - RE@ >0
Z

a(z) =

Then a is analytic in the right half-plane, and f” + af = 0 has linearly independent
zero-free solutions

fi =2 exp ((-1/H2), =12,

The function 7'(z) = (1 + z)/(1 — z) maps D onto the right half-plane, and it is clear
that its Schwarzian derivative vanishes identically. Moreover, by (2), the functions

gi(2) = fi(T@)T'(z)~ 2
= L(1 — ) T (1 +2) 7 exp ((—1)!’“ (—HZ) ) ji=12,

V2 -z
are linearly independent zero-free solutions of g” + bg = 0, where
1 —o? (14272
b(z) = a(T (@) T'()* + Sr(2)/2 = = o? g €D

From (19),

T(DO,r)) T (T~ (2)|

_ / b/} dm(2)
D(0,r)
/ am(2) | -
= = . r
pon L=zt @ —re!

Meanwhile, the zeros of g1 + g2 = (g1/g2 + 1)g2 are the points z,, € ID at which

1 ¢ .
exp | 2 +n =-—-1=¢",
11—z,

142, \*  Qn+ Dri
1—z,) 2

f (T (@) T (2] dm(2)
D(0,r)

or equivalently

= w,, new.
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In particular, the points w,, are located on the imaginary axis. This means that the
points (1 4 z,)/(1 — z,,) are located on a finite number of rays on the right half-plane
emanating from the origin, which in turn implies that the points z,, lie in a Stolz angle
with vertex at 1. Thus

w,ll/a—l
l—|Zn|x|1—Zn|= I_Ua—

w,  +1

2 1

" el ] T

where the comparison constants are independent of z. It follows that the small counting
function n(r) for the points {z,} satisfies n(r) < (1 — r)~%, so that

N(T(DO.50)). 0., fi + f2) = N(s(). 0. 81 + £2)

s(r) ¢ 1
x/ —n()dtx—l, r— 1"
0 t (1 —r)e=

This shows that Theorem 2 is sharp up to a multiplicative constant in this case. 3
Example2 Let ag, ..., ax—> € R\ {0} be such that the characteristic equation
rk+ak_2rk_2+-~-+a1r+ao =0

has k distinctroots ry, ..., i € C\{0}. Thenthe functions f;(z) =¢€’/%,j =1, ...k,
form a zero-free solution base for (3) with constant coefficients. For o € (1, 2], let

T(z)=<1+z) . zeD.

1—z2

Then T maps D onto the sector |arg(z)| < aw/2 for « € (1,2), and onto C minus
the real interval (—o0, 0] for @ = 2. Now the functions g; = (fj o T) (TH1-0/2,
j=1,...,k, form a zero-free solution base for (4) in D. From (19) we find

/ | |ﬁ dm(z) 1 - 26)
a;j|k = , I — s
roory | ITTN @) T A —r)e!

for j € {0, ...,k —2}.

Let f be a non-trivial linear combination of at least two exponential terms f;.
Without loss of generality, we may suppose that f = Cyf; + --- + Cy, fi, Where
2<m<kandCy,...,Cy, € C\ {0}. Let

g=Cigi+- - +Cugm= ((Cl(fl oT)+ -+ Cp(fmo T))(T/)(l_k)/z

denote the corresponding solution of (4).
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Let W = {ry,...,7n}, and let co(W) denote the convex hull of W. Then co(W)
is either a line segment or a closed convex polygon in C. Let ® C (—m, 7] denote
the set of angles that the outer normals of co(W) form with the positive real axis. If
co(W) has s vertex points, then it has s outer normals, and @ has s elements, say

@:{91,...,9S}, —mT < <br<---<by <.

For example, if 71, ..., 7, € R, then ® = {£m/2}. In general 2 < s < m, and if
s = m, then each point 7; is a vertex point of co(W). Set 6,41 = 61 + 2. Since
clearly 6;41 —6; < m forall j € {1,...,s}, and since Z;=1(9j+1 —0;) = 2m, it
follows that at least one of the rays arg(z) = 60; lies entirely in T'(ID). We also point
out that, for a suitable set of roots r, .. ., 7, all of the rays arg(z) = 6; lie in T (ID).

Based on the work of Pélya and Schwengeler in the 1920s, we state some facts
about the zero distribution of the exponential sum f. The exact references as well
as the proofs can be found in [7]. For any ¢ > 0, the zeros of f are in the union of
e-sectors W; = {z € C: |arg(z) — 0| < ¢}, with finitely many possible exceptions.
In fact, the zeros of f are in logarithmic strips around the rays arg(z) = 6. Each sector
W is zero-rich in the sense that the number of zeros in W; N D(0, r) is asymptotically
comparable to r. In particular, the exponent of convergence for the zeros of f in each
sector W; is equal to one, same as the order of f.

Letarg(z) = 0 be one of the rays that lies in 7' (D). Taking ¢ > 0 small enough, the
sector W; lies in T'(ID) as well. The pre-image of W; is a circular wedge in ID having
vertices of opening ¢/« at the points z = £1. Thus all zeros of g are in such wedges,
except possibly finitely many. The zeros of g can accumulate to 1 and nowhere else.
Since g has Nevanlinna order o« — 1 and finite type, it follows that

N, 0,8) <T(r,1/9) =T, g)+01)=0(1-r'"%), r— 1"

Combining this with (26) shows that in this case Theorem 2 is sharp up to a multi-
plicative constant. In addition, since the functions fi, ..., fi are zero-free, the second
sum in Theorem 2 involving the linear combinations f; + fi is necessary. o

6 Proof of Theorem 4

The proof relies on elementary properties of Wronskian determinants, which can be
found, for example, in [11, Chap. 1.4]. We first show that W(flk_l, lk_zfz, el

fi 2]‘_2, 2"_1) is a non-zero complex constant, in which case {flk_l, 1k—2f2’ ey
bl f2k_2, fzk_l} forms a solution base of (3) with analytic coefficients by [11, Propo-
sitions 1.4.6 and 1.4.8]. In fact, we prove that

WY 2 AR Y = a WA, )R, 27)
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where W( fi, f2) € C\ {0} and

k—1

—1
. k(k — 1
a=[[i7 =2 k-1), s E: ( ),

j=2

We proceed by induction. The identity (27) is clearly true for k = 2 as both sides reduce
to W(f1, f2). Suppose that (27) is valid for some k > 2. It is well known that w =
f1/ f2 is a locally univalent meromorphic function such that w’ = —W(f1, f2)/ fzz.
Then

W 7 e ABTL D
k+1 _
(f2)+ (wk,wk 1,...,w,l)
k+1 _
= () ot w (@b @)
= (fzk)kH (- ¥ W(kwkilu/, (k — Dwk2w', ..., w’),
and the substitution back gives

W 7 s A
U wna, ) WL ) W(f1, f2)
= () ( 1k_1, flz N flg 2 —fl; 2)
=W(f1, L)XW (kf k=D BT
=kW(fi, L) W(f A S O 2](_1)~

The induction hypothesis (27) gives

W 7 o AT Y = kWAL ) e WL )%
= crr1 W(f1, f2)"+

Therefore (27) holds for all k > 2.

Let hy, ..., hx—1 be functions such that each is either f; or f>. The products
hy---hi_1 give a complete description for functions in the solution base obtained
above, and hence

(hy - heD® +ag_o(hy b )* 2 4+t ay(hy - hg_y) +aohy -y =0,

(28)
for any choices of /i1, ..., hx—1. Recall that the coefficients ay, . . . , ax—7 are uniquely
determined by the solution base. We compare the representation

k!
(hy "'hk—1)(k) — Z h(n) h](:kll)’ (29)

sl se—!
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obtained by the general Leibniz rule, to the other terms in (28). The sum in (29) extends

over all non-negative integers sy, . .., Sx—1 for which s; + - - - + 51 = k. Similarly,
_ k=2 Gy G
(hy - )" =y ————— VY (30)
Z]l!"']kfl! 1 j—1
where the sum is taken over all non-negative integers ji, ..., jx—1 for which ji +-- -+
Jk—1 = k—2.The sum (30) contains terms which are exceptional in relation to the other
terms. For example, consider the term corresponding to indices j; = --- = jy_2 =1

and jr—; = 0. Since j; + --- + jx—1 = k — 2, the analogous representations for
(hy---hxg—1)™,0 < n < k — 3, do not have terms of the type h\RYy - hy_shi-t.
This means that all other terms of this type are obtained from (29) by using the fact
hl(n) — (h;/)(n—Z) — —(ahi)(”_2) — _(a(n—Z)hl_ 4. +ah§n_2)),
i=1,...,k—1, n>2.

There are k — 1 possible sets of indices in (29) which are transformed to (1, ..., 1, 0)
in this way, and they are

G, 1,1...,1,1,0), (1,3, 1,...,1,1,0),...,
a,1,1,...,1,3,0), (1, 1,1,...,1,1,2).

By a careful comparison of (29) and (30), and then taking (28) into account, we see
that the coefficient of A} A, - - - b} _,h;_1 must satisfy

k! k! (k —2)!
—a((k—Z) + >+ak_2—=0

3t or e 1028 1n---110!

Solving this identity for ax_; gives (9) and completes the proof.

We point out that the Theorem 4 admits the following meromorphic counterpart:
suppose that f; and f> are linearly independent meromorphic solutions of f” +
af = 0, where the coefficient a is meromorphic. For any k > 2, the functions
flk_l, flk_2 f2, .., N1 fzk_z, fzk ! are linearly independent meromorphic solutions
of (3) with meromorphic coefficients ay, . .., ax—» whose poles are among the poles
of f1 and f>, ignoring multiplicities. The identity (9) extends also to the meromorphic
case.
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