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Abstract

Given a closed manifold of dimension at least three, with non-trivial homotopy group
m3(M) and a generic metric, we prove that there is a finite collection of harmonic
spheres with Morse index bounded by one, with sum of their energies realizing a
geometric invariant width.
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1 Introduction

Finite-dimensional Morse theory was developed by Morse [10] to study geodesics.
Index of a critical points of a proper nonnegative function on a manifold reflects
its topology. A natural extension of Morse theory of closed geodesics would be a
Morse theory of harmonic surfaces in a Riemannian manifold. Sacks and Uhlenbeck
introduced a-energy [19], which can be perturbed to be Morse functions. The a-energy
approaches the usual energy as the parameter « in the perturbation goes to one, and
the corresponding critical points of a-energy converges to a harmonic map. However,
without curvature assumption [9] or finite fundamental group [4] for the ambient
manifold (M, g), the harmonic spheres constructed by «-energy fails to realize the
energy as « goes to one [8] [13, Remark 4.9.6]. Thus, we are motivated to prove the
Morse index bound of the harmonic spheres produced by the min—max theory [1],
which rules out the energy loss, namely:

Theorem 1.1 (Main Theorem) Let (M, g) be a closed Riemannian manifold with
dimension at least three, g generic and a nontrivial homotopy group w3(M). Then
there exists a collection of finitely many harmonic spheres {u;}!_,, u; : §?2 > M,
which satisfies the following properties:
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(D) Yo Ew) =W,
(2) Yo!_oIndex(u;) <1,

here W is a geometric invariant called width. (See Definition 2.15.)

The collection of finitely many harmonic spheres in Theorem 1.1 is constructed by
Colding and Minicozzi [1] by the min—max theory for the energy functional, which
they used to prove finite extinction time of Ricci flow. The theory can be loosely spoken
as follows: given a closed manifold M, M is swept out by a continuous one parameter
family of maps from S? to M, starting and ending at point maps. The sweepout
(Definition 2.15) is pulled tight, in a continuous way, by harmonic replacements. Then
if the sweepout induces a non-trivial class in w3 (M), then each map in the tightened
sweepout whose area is close to the width must itself be close to a finite collection of
harmonic spheres, close in the bubble tree sense (Definition 2.10). In other words, the
width is realized by the sum of areas of finitely many harmonic spheres. Theorem 1.1
states that the sum of Morse indices of the harmonic spheres is at most one.

On the other hand, harmonic spheres are minimal surfaces. Almgren and Pitts’ min—
max theory [15] proves the existence of embedded minimal hypersurfaces in closed
manifold of dimension at least three at most seven. Marques and Neves proved the
Morse index bound of such an embedded minimal hypersurface [11]. This result plays
an important role in proving Yau’s conjecture [18], which states that for any closed
three manifold, there exist infinitely many embedded minimal surfaces. However,
Almgren and Pitts’ min—max theory doesn’t say anything about minimal surfaces in
higher codimension. While using the min—max theory of harmonic spheres by Colding
and Minicozzi [1], there’s no restriction on codimension of the ambient manifold. So
it motivates us to prove the Morse index bound of the harmonic sphere produced by
the min—max theory of Colding and Minicozzi [1].

Theorem 1.1 seems like a variant of [11]. We compare the difference between them
here. Besides the obvious difference of harmonic spheres and embedded minimal
hypersurfaces, codimension restriction of ambient manifold, the embedded minimal
hypersurface used in [11] is given by Almgren-Pitts’ min—max theory; thus, it could
have several components. When considering the variation of it, it means the varia-
tion of the whole configuration instead of each component. The index of [11] is the
maximal dimension on which the second variation of the area functional of the whole
configuration is negative definite. (But since the components are disconnected embed-
ded minimal hypersurfaces, the index of the whole configuration is equivalent to the
sum of Morse indices of each component.) While in Theorem 1.1, the finite collection
of harmonic spheres are not necessarily disconnected, the index of the whole config-
uration is less than or equal to the Morse index sum of each harmonic sphere. But the
index bound we obtain in Theorem 1.1 is the sum of Morse indices of each component,
which is stronger than the bound for the whole configuration.

We also mention the following Morse Index conjecture proposed by Marques and
Neves [12]:

Morse Index Conjecture For generic metric on M ntl 3 < (n+1) <7, there
exists a smooth, embedded, two-sided and closed minimal hypersurface ¥ such that
Index(X) = k for any integer k.
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Marques and Neves have shown that the conjecture is true in [12] under the fol-
lowing assumption: there exists a smooth, embedded, two-sided and closed minimal
hypersurface which realizes the min—-max width. The above assumption is known as
Multiplicity One Conjecture and is proved by Zhou in [22].

For harmonic spheres, we consider the case of same assumption in Theorem 1.1,
the conjecture is true if all the finite collection of harmonic spheres in the image set
(see Definition 2.20) is one harmonic sphere. In other words, if the min—-max sequence
(see Definition 2.17) converges to only one harmonic sphere strongly, then that har-
monic sphere has Morse index one. For the general case, the difficulty lies in bubble
convergence (Definition 2.7). Ideally, we want to use the idea that a local minimizer
can’t be a min—max limit, and a stable harmonic sphere is a local minimizer for energy
functional among all the spheres that lie in the small tubular neighborhood. But bubble
convergence doesn’t imply the min—max that sequence lies in the tubular neighborhood
of one harmonic sphere, thus making it hard to conclude that the harmonic spheres in
the image set can’t all be stable.

1.1 Idea of the Proof for Theorem 1.1

We consider the image set A({y;(-,1)};) of a minimizing sequence {y;(-, 1)} eN.
The idea is if {u,-};":O € A({y;(-.0)};) have Z,’-":O Index(u;) > 1, then we are able
to perturb {y;(-,#)}; to a new sweepout {y;(-, 1)}, such that it is homotopic to y;,
it is a minimizing sequence, and {u;};" is not in its image set. Since {y;(-,1)};
is minimizing, A{y;(-,¢)}; is non-empty. If for {v,-}TZOO e A({y;(-,1)};) we have
Z;":"O Index(v;) > 1,thenwe can perturb {y; (-, 1)} ; again and get a new sweepout such
that neither {u; }/", nor {v; };"zoo is in its image set. Proposition B.24 states that the set
of harmonic spheres with bounded energy W is countable, which allows us to perturb
the sweepout inductively and get a sweepout which is away from all harmonic spheres
whose sum of Morse indices is greater than 1. Since it is a minimizing sequence,
it converges to a collection of finitely many harmonic spheres whose sum of Morse
indices is bounded by one.

Before constructing {y; (-, )} ;, we define the variation of a map. Suppose M is
isometrically embedded in RY and let IT : RN — M be the nearest point projection
from RN to M. Givenamapu : S> — Mand X : §> — RV, witheach X’ € C®(5?),
we consider the variation of u with respect to X to be u; := ITo (1 4 sX). We choose
to define the variation this way so that for any map v : S*> — M close to u in
W12(52, M), the variation v; is close to u; as well.

Assume {u;}7 ) € A({y;(-, 1)};) with Y o Index(u;) = k > 2, then there exists
{X; };‘:] , X; : 8 — RV, with the following property: for each X, there exists at least
one u; € {u;};, so the second variation of energy of u; with respect to X; is negative.

The idea is using {X[}g‘:1 to perturb y; (-, ). We first prove in Lemma 3.1 that for
yj (-, 1) close to {u;};" ), there exist corresponding cutoff functions nlf : 52 - R. Let
f(z = nlj X, and define the variation of y; (-, t) with respect to 5(1 to be:
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k
VisCo0) i=To (yi(,0 + Y siXi),
=1

here s = (s1,...,8;) € Bk, B is the k-dimengional unit ball, so that the
energy of y; (-, t) is concave while changing s € B¥. That is, define E; (s) =

E(yjs(,1)), E; : B - R, and we have

D’E'(s) <0, Vse B

If we can construct a continuous functions; : [0, 1] — BF so that energy decreases by
a certain amount when y; (-, t) is close to {u;}7", then the sequence {yj,sj(,)(g 1)}
does not converge to {u,-}lmzo, and y;, Sj(t)(-, t) is the desired sweepout. In order to
construct s;(¢), we observe the following one parameter gradient flow {¢;.(-, x)} €

Diff(B¥), with x € B* as starting point, generated by the vector field:

s> —(1 = |s)VE(s), se B~

q);. (-, x) decreases the energy, except when |x| = 1 or x is the maximal point of E ;
The assumption of the lower bound of Morse index Z;":O Index(u;) = k > 1, which
now enables us to construct a continuous curve y; : [0, 1] — B avoiding the maximal
point of the function E; as t varies. Namely, let VE;. (x(t)) = 0,x; : [0, 11 — B*,x(1)
is a continuous curve on B¥. Since the dimension of B¥ is larger than 1, we can choose a
continuous curve y; () on B* which does not intersect with x ([0, 1]), then we can use
{¢;(-, v;(#))} to construct s;(t) and obtain the new sweepout y; (-, t) := Yi.s ), 1),
The new sweepout is homotopic to {y; (-, t)} ; and doesn’t bubble converge to {u; }/" ;.
This is the desired perturbed sweepout.

The organization of the paper is as follows. In Sect. 2 we give the basic definitions of
harmonic sphere, bubble convergence, and state the min—max Theorem 2.21. In Sect. 3
we prove a technical Lemma 3.1. In Sect. 4 we prove the main result Theorem 1.1.

2 Background Material
2.1 Harmonic Sphere

Suppose that S? is a Riemann sphere, which can be regarded as C U {oo}, and M is a
closed manifold of dimension at least three, isometrically embedded in RNV,

We introduce nearest point projection T : RN — M which maps a point x € RY
to the nearest point of M. There is a tubular neighborhood of M

Ms = {x e RV : dist(x, M) < 8},

on which IT is well-defined and smooth. For a map u : §> — M C R", the energy
of u is simply
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E(u) = / |Vul?, (N
SZ

where V is the gradient on S2. Fora given X € C*(S2, RY), we consider the variation
of u with respect to X defined as the following:

s =Ilo(u—+sX), (2)

uy is well-defined for s small enough such that the image of u + s X is in the tubular
neighborhood Ms.

Definition 2.1 (Harmonic Sphere) We say thatu € W12(S2, M) is a harmonic sphere
if for any X € C*°(5%, R") we have

. E(us) — E(u)
lim ————= =

s—0 s

0. 3

Remark 2.2 Harmonic sphere is smooth [6].

Givenamap u : S — M, u € W'2(S2, M), and X € C>®(5%, RY), by Taylor
polynomial expansion we have the following:

g =Ilo (u—+sX)
52 . 4)
=u + sdIT,(X) + EHessHu(X, X) 4+ o(s”).

By applying V to (4), we have
Vus, = Vu
+ s(dIT,(VX) 4+ HessIT, (X, Vu))
2
+ %(ZHessl'Iu (X, VX) + VHessIT, (X, X, Vi) + o(s?),
and the energy of u; is
E(uy) = / (i, V)
SZ
+ 2s/ (Vu, dTT, (VX)) + (Vu, HessTT, (X, Vi)
S2
+ sz{/ (T, (VX), dTT, (VX))
SZ
+ 2/ (HessTT, (X, Vut), dTT, (VX)) ®)
52
+ / (HessTT, (X, V), HessTT, (X, Vo))
52
+ 2/ (Vu, (2HessIT, (X, VX) + VHessIT, (X, X, W)))}
52

+ o(s%),
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and we have

%E(us) - 2/ (Vu, dT1, (VX)) + (Vue, HessTT, (X, Vi)
52
+ 2s{/ (dTT, (VX), dTT, (VX))
SZ

+ 2f (HessIT, (X, Vu), dI1, (VX))
52 (6)

+ / (HessIT, (X, Vu), HessIT, (X, Vu))
SZ
+ 2/ (Vu, (2Hessl'[u (X, VX) 4+ VHessIT, (X, X, Vu)))}
52
+ o(s?),

and

2

d—zE(us) =2{/ (dIM,(VX), dIT, (VX))
ds S2

+ 2/S2 (HessTT, (X, Vu), dI1, (VX))

+ /sZ (HessIT, (X, Vu), HessIT, (X, Vu)) @
+ 2/2<w, (2HessIT, (X, VX) 4+ VHessIT, (X, X, W)))}

+ o).

From (6), we can see that the first variation of energy is

SEm)(X) := E(us)

.

E s=0

= /Q(Vu, dIT, (VX)) + (Vu, HessIT, (X, Vu)) 8)
N

= /2(Vu, VX)— (X, A(Vu, Vu)).
N

the last equality follows from [17, 2.12.3]; thus, the map u is a harmonic sphere if and
only if

Au~+ A(Vu, Vu) = 0. ©)]

The second variation of energy follows from (7):

2

SPEu)(X, X) = @ E(uy)
’ ds? ls=0 s
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= 2/S2 (dTT1,(VX), dTT, (VX))
- 4[52 (HessIT, (X, Vu), dTT, (VX))
- 2/S2 (HessIT, (X, Vu), HessIT, (X, Vu))
+ 2/S2<w, (2HessIT, (X, VX) + VHessI1, (X, X, Vu))). (10)

It’s clear that from (10) we have
182 E ) (X, X) — 8*E()(X, X)| < W([lu — vlly12), (11)

for some continuous function W : [0, co) — [0, oo) which depends on {u, X}, with
W (0) = 0. If u is a harmonic sphere, we have

SZE(M)(X,X)=/ (VdIT,(X), VdIT, (X))
52
(12)
- / (RM(Vu, dI1,,(X))dI1,(X), Vu).
SZ

Definition 2.3 (Index Form) The index form of a harmonic sphere u : S — M is
defined by

1(X,Y) = / (VAT (X), VAT, (Y))

s? (13)

- /2(RM(VM, dI,(X))dI1,(Y), Vu),
S

for X, Y € C®(S%, RN)

Definition 2.4 (Index) The index of a harmonic sphere u : S*> — M is the maximal
dimension of the subspace X of I'(u~'T M) on which the index form is negative
definite.

Remark 2.5 ([17]) For any X € C®(S2, RV),

dI,(X) e Tw™'TM).

2.2 Bubble convergence of Harmonic Sphere

This section is for defining bubble convergence (Definitions 2.7 and 2.8) and estab-
lishing several properties of it. They are used for describing how close two maps are,
which is essential for Lemma 3.1 and Theorem 4.1. The varifold distance used by
Colding and Minicozzi [1] is not sufficient because it only implies closeness in mea-
sure sense on the Grassmannian bundle of the ambient manifold. But if a map y is
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close to a finite collection of maps {u;};_, in bubble tree sense, that means for each u;
there exist conformal dilation D; and compact domain €2; such that y is close to u; o D;
on Q; in W2 sense. We state this closeness of bubble convergence in Definition 2.8
and prove that it implies varifold convergence.

Definition 2.6 (Mobius transformations) The group of automorphisms of the Riemann
sphereisknownas PSL(2, C),it’s also known as the group of Mobius transformations.
Its elements are fractional linear transformations

az+b

9(2) = 1 d

ad — bc #0,

where a, b, c,d € C.

Definition 2.7 (Bubble Convergence) We will say that a sequence y; : S$2 - M of

W12 maps bubble converges to a collection of W12 maps uq, ..., uy : S — M if
the following hold:
(1) The y; converges weakly to uq and there’s a finite set Sp = {xé, ey xgo} C $2so0

that the y; converge strongly to ug in W12(K) for any compact set K C 2\ Sp.
(2) Foreachi > 0, we get a point x;, € Sp and a sequence of balls By, ; (yi,j) with
vi,j — Xi;. Furthermore, let D; ; be the dilation that takes the southern hemisphere
to By, .(y,- 7). Then the map y; o D; ; converges to u; asin 1.
oy 2
(3) if iy # iz, then it + Tiged —i—M — 0.

iy, j Tiy, jTip,j

) Yo Eui) —jllf{}oE(VJ)

We introduce dp(-, ) here to describe bubble convergence precisely. Notice that
dp(-,-) is not a norm like || - ||y12 or dy (-, ) (see Definition 2.11), we are abus-
ing the notation here by using dp (-, -).

Definition 2.8 Given a collection of finitely many harmonic spheres {u;}!_, and let
E=Y" (E(u).Fory:5%— M, wesay

dB(y7 {ui }7:0) <€,

if we can find conformal dilations D; : $2 582 i=0,...,n, and pairwise disjoint
domains Qg, ..., 2, U?:() Q; C $2 so the following holds:

3 (f IVy — V(u; o D,-)|2)1/2 <e (14)

=0

1/2
</\u JIVrE) < (1s)
i=0

172
(/ Vo D)) <e, (16)
S2\Q;

[
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We write dp(y, {u;i};_,) > € if there’s no pairwise disjoint domains {€2;}?_, and
conformal dilations {D; }":O satisfying (14), (15), and (16).

Remark 2.9 1f dp(y, {u;};_,) < €, then we have
n
/52 IVyl? = Z/Q |V(u; o D) — (Vy — V(u; o D))|?
i=0 i

- / IVy[*
SZ\U” OQ.

<Z / |V (ui o Dy)I? +2/ |V (ui o Di)||Vy — V(u; o D;)|

/m Vi o D)} + f VP
< ZE(ui) + 2(ZE<M,~))”
i=0 i=0

a7)

which implies that

> E@i) - E(y)

i=0

n 1/2
<2 (Z E(ui)> €+e% (18)

i=0

Theorem 2.10 (Bubble convergence for harmonic maps [14]) Let u; : ¥ — M be
a sequence of harmonic maps from a Riemann surface to a compact Riemannian
manifold with bounded energy Ey. i.e.,

E(u;) < Eo.
Then u; bubble converges to a finte collection of harmonic maps {v j};nzo Moreover,
m
lim E(u;) = E(vj).
Jim, £w) = ), E)
j=

Actually the sequence doesn’t need to be harmonic. It also works for almost harmonic
maps like stated in Theorem A.1.

Now we introduce varifold distance and state the relation between bubble conver-
gence and varifold convergence. The following definition of varifold distance dy (-, -)
can be found at [2, Chapter 3].

Definition 2.11 (Varifold Distance) Fix a closed mainfold M, let

P]'[ZQkM—)M
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be the Grassmannian bundle of (unoriented) k-planes, that is, each fiber P ! (p) is the
set of all k-dimensional linear subspaces of the tangent space of M at p. Since Gy M
is compact, we can choose a countable dense subset /,, of all continuous functions on
Gx M with supremum norm at most one. Given a finite collection of maps

fiiXi > M, fieWhA(X;\,M),i=1,... ki,
g Y > M, g eW' (Y, M), j=1,... k,

here {Xi}f.”:l, {Y; }];2 | are compact surfaces of dimension k. We consider the pairs

{(X;, F,‘)}f.”:l and {(Y;, Gj)}lfzl with measurable maps
Fi:Xi — GiM, andG;:Y; — GiM,
so that
fi=PnofF;, andg;=PnoGj.

(Fji(x) is the linear subspace of df; (TxM).) Jy. is the Jacobian of f;, then the varifold
distance between them is defined as follows:

k1 ka
Z/ h,,oFiin—Z/ hioGilg,|. (19)
i=17Xi j=17%i

dv({ fiYiL,, {gj}l;zzl) = ZTn
n=0

Remark2.12 We can assume hg is constant 1 in Definition 2.11. Given two maps
u,v:8— Mandu,v e WH2(S2, MynCO(S?, M). If dy (u, v) = 0, then it’s easy
to see by (19) that we have Area(u) = Area(v).

Proposition 2.13 (Colding-Minicozzi [1]) If a sequence {y;} of W2(S2, M) maps
bubble converges to a collection of finitely many smooth maps u, ..., uy : S — M
then it also varifold converges to uy, . . ., up.

Remark 2.14 Proposition 2.13 is proved in [1]. We prove it again using the notation
dp (-, -) we introduced instead for the completeness.

Proof Let E = Z?:o E(u;), since y; bubble converges to {u; ?:0’ we assume without
loss of generality thatdp (y;, {u;}]_,) < 1/j.Sothere exists conformal dilations Dij €
PSL22,C),i =0,...,n, and pairwise disjoint domains Qj, e, Qﬁ U?:o Ql] c §2.
such that the following holds:

n iz 12 .
Z(/Q,. IV = Vi o DHP) ™ < 1/j, (20)
i=0 i
2\!/2 '
/SZ\U?OQ{. (1vr?) " < 1), e
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n

> ([, Vo 2DP) o 22)

i=0

For each u;, let U; denote the corresponding map to G, M. Similarly, for each y;,
let R; denote the corresponding map to Go M. We will also use that the map Vu — J,,
is continuous as a map from L? to L', and thus, area of « is continuous with respect
to energy of u. (see [1, proposition A.3])

The proposition now follows by showing for each i and any & € C°(G, M) that

n
hoUidy, =Y 1 hoUjoD/J
;‘/*;2 ° “ lz:/l)n;O/;z/ oriot uioD[J
:th/ hoR; Jyj

]—)OO

— lim hoR;J,
j—o00 UQJ /

:/S\ZhORJ‘Jyj,

where the first equality is simply the change of variables formula for integration, and
the last equality follows from (21). O

2.3 Statement of Colding and Minicozzi's Min-Max Theory

We state some basic notations and min—max theorem in this section.

Definition 2.15 (Width) Let Q2 be the set of continuous maps o : $2x[0,11 > M
so that for each ¢ € [0, 1] the map o (-, ?) is in CO(SZ, M)y N W12(S2, M), the map
t — o (-, 1) is continuous from [0, 1] to CO(SZ, M) N W12(82, M) ina strong sense.
Given a map B € €2, the homotopy class £2g is defined to be the set of maps o € Q2
that is homotopic to B through maps in 2. We’ll call any such o a sweepout. The
width W = Wg (B, M) associated to the homotopy class g is defined as follows:

W = inf max E(o( 1)). (23)

oeQptel0,
We could alternatively define the width using area rather than energy by setting

W4 := inf max Area t
A o]eﬂlgte[ox @C.0).

Remark 2.16 We’re interested in the case where 8 induces a map in a non-trivial class
in 3(M), in which case the width is positive.

@ Springer



72 Page 12 of 45 Y.Sun

Definition 2.17 (Minimizing sequence) Given a sweepout y; (-, ) : $2x[0,1]1 > M,
we call {y; (-, -)} jen a minimizing sequence if

lim max]E(yj(-, ) =W.

j—ootel0,1

We call {y; (-, tj)} jen a min—max sequence if
/li)n;o E(yj(,t) =W.
Definition 2.18 We define the equivalent class of u : S> — M as follows:
[u] := {g 57— M’ ifu = go¢forsome ¢ € PSL(2, (C)},

Remark 2.19 Given maps y, {u;}!_, € W'2(S%, M) with dg(y, {u;}l_,) < €, we
have

dp(y.{gili—p) <€ if[gil=1[u;], i =0,....n

Definition 2.20 (Image set) The image set A({y; (-, 1)}) of {y; (-, 1)} jen is defined as
follows:

Ay, D}jen) = {{[ui]}l’.’:0 :there exists a sequence {i;} — oo, li; € [0, 1],
such that Yi; G, fi,-) bubble converges to {u; };’ZO },
Now we state the min—max theorem for harmonic sphere. Theorem 2.21 isn’t exactly
what’s stated in [1], it uses dp (-, -) instead of varifold norm and applies to any min-

imizing sequence. We prove in appendix A that Colding—Minicozzi’s result [1] does
imply Theorem 2.21.

Theorem 2.21 (Min—-Max for harmonic sphere) Given a closed manifold M with
dimension at least three, and a map B € Q2 representing a non-trivial class in w3(M),
then for any sequence of sweepouts y; € Qg with

lim max E(y;(-, =W,
e[O,Xl] (i)

j—oos

there exists a subsequence {ij} — oo, t;; € [0, 1], and a collection of finitely many
harmonic spheres {u;}?_ such that

dp(yi; G, ti)), uitizg) < 1/J.
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3 Unstable Lemma

The main focus of the section is Lemma 3.1: proving the energy is concave for maps
that are sufficiently close to a finite collection of harmonic spheres in bubble tree
sense. We first consider the simplest example, for a given map u € W12(S2, M), and
X € C®(82,RV) with

SE(u)(X, X) < 0.

By the form of second variation of energy (see (10)), clearly if € > 0 is sufficiently
small, then for any y € W2(52, M) with ||y — ullwi2 < €, we have

S’E(y)(X, X) < 0.

Now we consider the general case, given a finite collection of harmonic spheres {u;}_,
with Y7 Index(u;) = k > 0. Index assumption implies there are k corresponding
vector fields {Xl}f‘: »X1eC °°(Sz, RM), positive constant ¢; > 0 for each /, and the
corresponding harmonic spheres v; € {u;}}_,, such that

S2E(u) (X1, X)) = —¢; < 0.

Now the goal is to choose ¢ > 0 so that for any y € W!"?(5%, M) with
dp(y,{ui}}_,) < €, we can construct {f(g}f‘:l, f([ € C®(82, RN), then the second
variation of y; = I o (y + 5sX;) with respect to s € B is negative.

The proof of Lemma 3.1 is long and detailed, but the idea behind it is simple. It can
be roughly spoken as the following: if dg (v, {u;}}_,) < € forsomey € wl2(s2, M),
since v; € {u; }l:(), there exist €; C $2 and D; € PSL(2,C), so that

IVy =V oD))? <e
Q

and
/ V(v 0 D)|* < €2, 24)
S2\Q;

see Definition (2.8). If € is sufficiently small the following term is small

d2

5 |VHo(vloDl—|—leoDl)|2—
S

Q dZ

0/ |[VITo (y +5X; 0 D1)|
§=

By choosing a suitable cutoff function 1;, we can make the following term small

2

d? d
o Lo smxiooP = 5| [ vite +axio npP
Q

ds?

ds? ls=0
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Let X; = mX;oDjand y, = Io (v + sX}), we observe that

d2
SPE(w) (X, X) = —2‘ VI o (v; 0 D; + sX o Dp)|?
ds< ls=0 Q

d2
ds?

(25)

/ |VITo (v o Dy +5sX o D))|>.
s=0 Sz\QI

The first term of the right hand side of (25) is close to % . f 2 [Vys|?, and the
§=!

second term is small because of (24). We have the desired inequality

& / Vil < 22X, X)
— < = v , X1).
ds?ls=0 Js Vs 2 PAEL A
We now state and prove the unstable lemma and specify how to choose € > 0 and 7;.

Lemma 3.1 (Unstable lemma) Let M be a closed manifold of dimension at least three,
isometrically embedded in RN . Given a collection of finitely many harmonic spheres
{ui};’zo with Z?:O Index(u;) = k, there exist 1 > co > 0 and € > 0, so that
if dp(y, {ui}!_y)) < € fory e WL2(S2, M), then we can construct vector fields
{f(l}f‘:l, f(l e C™(S2, RN)for each 1, define the variation y; of y as

k
Vs = Ho(y—l—Zslf([), s =(s1,...,5¢) € BX,
=1

and let E,, (s) := E(ys), so that the following hold:

(1) Ey(s) has a unigue maximum at m,, € Bk,;0 0).
} 710
(2) Vs € B we have

1
— —1d < D*E,(s) < —cold, (26)
o]
and
1 2 €0 2
Ey(my)__|my_s| SEV(S)SE(mV)__|mV_S| . 27
2co 2

Proof First we focus on choosing € > 0 and constructing X so that

2

d ~
— E(Ilo(y+sX;)) <0,
ds?

forall0 <s < 1.
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Index assumption implies there are k corresponding vector fields {X l}f: » X €
C°°(Sz, RN), positive constants ¢; > 0 foreach! =1, ..., k, and the corresponding
harmonic spheres v; € {u;}7_, such that

S2E () (X1, X)) = —¢; < 0. (28)

Let & :=¢;/C > 0, C is a constant which will be chosen later. By (10), there exists
8(&) > 0 depending on {v;, X;} such that

182E () (X1, X)) — 82 E() (X1, X))| < &, (29)

for all y with fsz [Vu — Vy|? < §(&). We define vy,s := ITo (v 4+ 5X;). There exists
p > 0 such that for all p € $? and ¢ < p we have the following:

d2

— < —

§ ds2

/ |Vusl? < &, and/ IVX;)? <&. (30)
5=0 /B, (p) By (p)

We choose J € N so that

1
logl/J

<§&, 3D

and define ¢; to be min { fBl/J(P) |Vv1|2‘ p € SZ}, i € N, note that ¢ is strictly
positive. We now choose € > 0 to be the constant satisfying the following inequality

€2 < min{e;/2,&,8(5)), (32)

and consider y € W12(S%, M) with dg(y, {u;}!_,) < e.Since v; € {u;}7_, there is
Q; € 5% and a conformal dilation D; : S — $2 such that

IVy — V(v o Dp)* < €%, (33)
V]

and
/ IV (v 0 D))|? < €. (34)
S\

Moreover, we can choose Q, with ; C fll so that

/~ IVy|? < e.
Q\&

Assume that S2 \ (Djo fll) and S2 \ (Dj o ;) are geodesic ball~s which center at some
point p € 52, namely, S?\ (D; 0 /) = B,(p) and § \ (D; 0 ;) = B,2(p) for some
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r. By Eq. (34) we know that

f IVul? < e5/2,
B (p)

and it implies that » must be smaller than 1/J.
Now we define the following piecewise smooth cutoff function, which was intro-
duced by Choi and Schoen [3],  : [0, c0) — [0, 1]:

0, forx < r2,
n(x) =1 —(logx)/(ogr), forr’> <x <r,
1, forx > r,
so that
0, forx < r2,
dn 5
d—(x) =1{ —1/x(logr),forr> <x <r,
* 0, forx > r,
and

2 pr dn 2 27
(-(x)> xdxdf = — .
o Jr2 \dx logr

Since we have r < 1/J, (31) implies that

2
logr

< 2mé&.

Now we define 7; = o y; : §2 — [0, 1], where y; : $2 — [0, c0) and y;(g) = x for
g € dB.(p). n; is compactly supported in $2 \ B,>(p) and has value 1 in S2\ B, (p),
then

/ Vi |? < 27E. (35)
SZ

Let )~(; == (n; 0 D;)X; o Dy, and define vj s = Mo (v; + sX;), ¥s ;== Mo (y + s)~(;).
Then we have the following:

[B2EG)X, X)) = @ (X1, X)|

2
[ 1vup]
s=0 S2

&) e Sl e
<|— - — Vs
ds2 ls=0 Q Vs ds? Is=0 Doy bs

2 d2
Vys|™ — F

d2
=] |
‘ ds 2 s=0 S2
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2
[ vup|
$=0J52\(DyoS)

[, e (36)
s=0 S\

Since [q, Vv — Vy|? < € < §(£), (29) implies that

d2
* a2

d2
+ \m

d? s 5
ds? s—o</9 IVysl® = IV (v, 0 Dy )‘ <§é, (37)
- 1

Since §? \ (Dj o ;) = B,-(p) by the assumption, the choice of € implies that r < p

(see (32)) and Eq. (30) implies that

d2
ds?

/ Vo] < €. (38)
$=0 Js2\ (Do)

Now we consider the last term of Eq. (36), namely:

d2
/ IVysl?
s=0 S\

ds?

’

by Eq. (10) we have:

[, P
s=0 SZ\Q[
sf |dny<v5f;)|2+clf (IVXIVy L+ IX] 12 VY %)
S\ S\
< f IVX)|* (39)
Q\Q
- 1/2 1/2
va( [ wxe) ([ )
I\ Q\ 2

+ ¢ sup |x1<p>|2/~ vy L2,
pes? U\

d2
ds?

here Cy is a constant which depends on M (since HessII,, (-, -) is bounded by the
second fundamental form of M [17, Appendix 2.12] and VHessII is bounded by
curvature of M). Then

/ IVX)|> = / IV Xp)?
1\ B (p)\ B,k (p)

= / (Vo) X + mV X |?
Br(P\B i (p)
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5/ IVXI2 4 2 sup [X,(p)?
By (p)\B.k (p) pes?

5\ 1/2 N\ 172
<(/ wxr) ([ V)
B (p)\B,x () By (p\Bk (p)

+ sup |X;(p)I? Vi |*
pes? B-(p)\B,k(p)

< ¢, (40)

for some constant C2 (M, X;), the last inequality follows from Eq. (35) and (30). By
(40) we can bound (39) by

d2
ds?

[, 1P| < €+ CVEak + €y sup IX(pIPE < Cat. D)
=0 Jsh\q pes?

Finally, combining the inequality (37), (38), and (41), we have that (36) is bounded
by

[P2EG)(X], X)) = S E@)(X1, X0)| < &+ + Cat. “2)

Since & = ¢;/C, we now pick C to be a constant strictly larger than 5(C3z + 2), then
we have

6 d? ‘ £.(5) 4
——C < —5 s) < —=cy,
595 as2ly=0"7 57
since % E, (s) is continuous with respect to ¢, there exists «; (M, X;, u;, €) > 0
s=t
such that
6 —d2 E,(s) 4 forallt € [ ]
——c < s) < ——=¢y, fora —Ky, k1]
597 Qs2le= Y 57 L

We can choose a constant a(k;) > 0, let ):(1 := a(k;)(n; o D;)X; o Dy, and redefine
the variation of y to be y; := IT o (y + sX;) so that
2

1
@ S:tEV(S) < —az(Kl)Ecl, forallt € [_1, 1]'

3
—az(Kz)Ecz <

By choosing a constant 0 < ¢p < 1 such that cp < min;—1 az(/q)%cl and 1/co >

.....

1 d
_5 < oz S:[Ey(s) < —co forallr e [-1,1].
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In order to show the following
1 2
——1d < D°E,(s) < —cold,
co
we need to check that
2 ~ ~
—| Elo(y +s(Xi+ X)))). (43)
ds® ls=t

is negative for all 0 < ¢ < 1 and 7, j ranges from 1 to k. There are two possible cases,
one is vector fields X; and X; both contribute index to the same harmonic sphere
v € {u;}]_,. That s,

S?E(w)(Y,Y) <0, VY =aX;+bX;, a,beR.

In this case, it’s obvious that (43) is negative. In the other case, if X; X; contribute
index to different harmonic sphere v;, v; € {u;}7_, then we obviously have
d2
ds?

:O(E(Ho(vi +5Xi) + E(Tlo (v +5X,))) <0. (44)

Since

SPEWMXi+X;,Xi + X)) =8 EW)(Xi, Xi) + SE(y)(X;, X))

5 - (45)
+ 28°E(y)(Xi, X)),

thus if 82E (y)(f(i, X ;) is sufficiently small then the left hand side of Eq. (45) is
negative. From (10) we have

SE(y)(Xi, X)) = 2/S2 (dI1,(VX,), dIT, (VX))
42 /
42 /

+ 2/ (HessIT, (X;, Vy), HessIT, (X}, Vy))
SZ

HessIT, (X;, Vy), dIT,, (VX))

2

[*e)

(
(HessIT, (X ;, Vy), dIT, (VX;)) (46)

2

0]

+ 2f (Vu, (2HessIT,, (X;, VX )+ VHessIT, (X;, X, Vy))).
52

We recall from the construction of X; that the support of X; and X ; intersect at 52\
(2; U ), so we only need to consider the right hand side of (46) integrating on § 2\
QU 7). We argue similarly as before using the choice of the cutoff functions n;, n;
and ]SZ\(SZ,- ue) |Vy|? < € to show that we can make 82E (y)(X;, }N(j) sufficiently
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small. We omit the details of estimates here since it’s similar as what we did before.
Thus we complete the proof of

1
—am < D*E,(s) < —cold.

We’re left to show that £, (s) has a unique maximum at m, € Bkc0 (0). With fixed
J10

y and {X; }5‘:1, E, (s) is a smooth function with respect to s € B*. Again, we can

argue similarly to show that | DE,, (s)| is sufficiently small. Thus combining with that

E, (s) is concave we get Ey, (s) has a unique ( for the fixed {f( l}é‘: | we already chose)

maximum atm, € BI‘L0 (0). We omit the details of estimates here since it’s similar as

/10
the method used before. |

The vector fields {X 1};‘: | constructed in Lemma 3.1 depend on y. We are about to
show that in the following corollary there exists §,, > 0 such that for all maps o with

lo —yllwi2 < 8,. The variation of o with respect to vector fields (X }5‘:1 constructed
with respect to y still satisfies (26) and (27) in Lemma 3.1.

Corollary 3.2 Let M be a closed manifold of dimension at least three, isometrically
embedded in RN . Given a collection of finitely many harmonic spheres {u;}i_y with
Z?:o Index(u;) = k. Let 1 > co > 0 and € > 0 be given by Lemma 3.1. For a

map y € WH2(S2, M) with dg(y, {ui}i_y) <€, let {5{1}5;1 be vector fields given as
Lemma 3.1. Foro € Wl'z(Sz, M), we define

k
os:=1Ilo (o +Zs;)~(;) fors = (s1,...,8) € Bk,
=1

and let E; (s) := E(0y), my be the maximum of E (s). There exists 8, > 0, such that
foro € WL2(S%, M) satisfying

/ IVy — Vo |* <§,,
S2

the following properties hold

(1) Es(s) has a unique maximum at my € Bkcio 0).

_ 710
(2) Vs € B* we have

1
— —1d < D*E,(s) < —cold, (47)
(<]

and

1 2 C() 2
Eo*(mo)_z_CO|mo_s| SEO'(S)SEO'(mO')_3|mO'_S| . (48)
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Proof By Lemma 3.1, Vs € B¥, we have
1 2
— —1Id < D°E,(s) < —cold. (49)
co
For each s € B, there exists 8'(s) > 0 so that for all 0 € W1-2(§2, M) with
/ Vo — Vy|? < §8'(s),
SZ
we have
1 2
— —Id < D°E,(s) < —cold. (50)
o
We define
1 , 1 ’
8(s) := Emax {8 (s) > 0) — —1d < D°E;(s) < —cold,
(€]
if f Vo — Vy|? < 8/(s)}.
S2

From Egs. (6) and (7) we can see that §(s) is continuous with respect to 5. Let §,, :=
inf _pe 6(5).
Claim 3.3 §,, > 0.

Proof of the claim If not, there exists a sequence {s; };en such that lim;, o 8(s;) = 0.
Since B¥ is compact, we have that lim; o 5; = s’ € B, and §(s") > 0 implies the
desired contradiction. O

Thus, Vo € W12(52, M) with

/ Vo — Vy|? <§,,
SZ
we have
1 i}
— —1Id < D*E,(s) < —cold, Vs e B (51)
€0

Again, we can argue similarly to show that we can choose §,, > 0 to be sufficiently
small so that for all maps o € W12(5%, M) satisfying

Vo — V)/|2 < dy,
52

we have that | D E,; (s)| is sufficiently small. Thus, combining with that E, (s) is con-

cave we get that £ (s) has an unique maximum at m, € BkEO 0). O
V10
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Let M be a closed manifold of dimension at least three, isometrically embedded in
RN Given a collection of finitely many harmonic spheres {u;}"_, u; : S> — M,
with "7 Index(u;) = k. Index assumption implies that there are k correspongding
vector fields {XI}LI, X; € C®(S%,RN), positive constants ¢; > 0 for each [ =
1, ..., k, and the corresponding harmonic spheres v; € {u; }?:0, such that

82E(v1)(X1, X)=—¢<0. I=1,...,k. (52)
Lemma 3.4 As assumed above, there exists a constant ¢ > 0, which depends on

Hui_o AXiY_, ), so that for y € WI2(S2, M), if €/2 < dp(y. {ui}l_,) < € (the
constant € > 0 is given by Lemma 3.1), and

k
E (HO(V +ZSIXZ)) <EW)+g¢ (s1.....5) € BX,
I=1

where the vector fields {)?1};‘:1 are given by Lemma 3.1), depending on {y, {ui}i_os
{X[}g‘:l }, then we have

k
dp (H o(y+ Zszf(z), {ui}?=o> > 2.
=1

Proof We argue by contradiction. Assuming there is a sequence of maps y; €
WI2(82, M), €/2 < dg(yj. {ui}!_y) < e forall j € N,

k
E(Ho(yj—l—Zsljf(lj)) <E(Wj)+1/], (53)
I=1
here {X lj }Ll are the vector fields given by Lemma 3.1 for each y;
k . .
dg (H o(y; + > si X)), {ui}:g)) <2/j. (54)
I=1

Since we have dp(y;, {ui}}_,) < €, there exist conformal dilations {D;/ }i_» and
pairwise disjoint domains 2}, ..., Q5. U, @/ C S? so that the following holds:

n

> (/Q vy, = Vo DHP) " < (55)

i=0 i
12
7 (56)
UL
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n

3 (/Smj IV (u; o D{)|2)1/2 <e (57)

i=0
forall j € N. Since v; € {u;}}_,, the Assumption 54 implies that

J;

1

2

k
V(Mo (v + Y _s{ X)) = Vo D})| <1/j. (58)

=1

We abuse the notation here by assuming QIJ and D[j are the corresponding domain
and conformal dilation for v; € {u;}}_, such that

- o\12 - o\1/2
(/ [V — V(v 0 D)) ) <e, and(/ V(v 0 DY) ) <e.
Qf N

Z\Qlf

Since by the construction of (X lj }f‘: | inLemma 3.1 we know that each X l] is supported
on Qf, thus (58) becomes fQ_/ |V(H o(y; + sl]f(l])) —V(y o D1])|2 < 1/j, and we

have

lim ITo (y; + sljf(lj) o (Dlj)_l(x) = v;(x), foralmostevery x € s2.
j—o0

This implies that for almost every x € S> we have

lim (y; + 57 X)) o (D)) (x) = vi(x) + By (x),
Jj—o0

for some 7 (x) € T, M. Let ¥} (x) := yj o (D})~'(x) — v (x), then

Jim dm, (=¥)@) = lim dMy (/X o (D)™ (0 = 1)

J

j
= dITy, (51 X)),

= 320 I, (s{ X] o (D)1 (x))

where 5; ;= lim;_ o slj , the second equality follows from [17, Chapter 2.12.3], and

the third equality follows from the construction of X l] in Lemma 3.1. So we have that
lim 82E) (Y], —Y/) = 2 E(u)(s1X1, s1 X)) < 0. (59)
Jj—>00

If s # O then the inequality of (59) is strictly negative. (59) implies that

k
lim E(yj) = lim Z/ V(ITo (v 0 D} + (yj — v 0 D)))I?
Jj—>00 Jj—o0 - Qlj
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j—o00

> E),
=0

k
1 Jyy (2
= jim 3 i oy Ve G

IA

where the last inequality follows from (59), and the equality holds if and only if s;, = 0
forl =1, ..., k. On the other hand, by assumption (53), we have

n k
> E@u)= lim E <no(yj +Zs/5({)> < lim E(y)),

i=0 =1

which forcess;tobeOfor/ =1, ..., k. Thus (54) implies thatlim; , oo dp (v}, {u; }7_)
= 0, which is the desired contradiction. O

4 Deformation Theorem

Let M be a closed manifold with dimension at least three, isometrically embedded in
RY . Consider a map B € Q representing a non-trivial class in w3(M), let W be the
width associated to the homotopy class €25 (see Definition 2.15, (23)), and given a
sequence of sweepouts y; (-, t) € Qg which is minimizing, i.e.,

lim max E(y;(-,1)) = W.

j—>o001€[0,1]

Moreover, let K = {{[kil]};"zlo, el {[k{V k ]}?1:1\3{} be a finite set of finite collection

of equivalent classes of harmonic spheres, so that there exist a constant ¢, > 0 and
Jr € N such that

dg(y;( 0, (KY™M) > e, Vi e€[0, 1],

forall j > jx,l=1,..., Ng.

Theorem 4.1 (Deformation Theorem) As assumed above, given a collection of finitely
many harmonic spheres {u;}7_, with Yoi_oIndex(ui) =k > land Y ;_o E(uj) = W,
there exists a sequence of sweepouts {yj’-(', 1)} jen such that

(1) ¥} (. 1) is homotopic to y; (-, 1),
() {y;C. D} jen is a minimizing sequence,
(3) there exists j;, € N such that
dB(yJ/(, t)s {kll}:n:lo) > € forl =1,..., Nk,Vl c [0’ 1],

forall j > j.
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(4) there exists €; > 0 and J € N such that
(v} G0, (ui)l_g) > €5, Vi e [0, 1],

forall j > J.

Proof Let
e = {t €10 1ldny; .00, lwidig) <€),

here the constant € > 0 is given by Lemma 3.1. We define

2
— nk
, s=(s1,...,5) € B".

k
V(o (yj(.0) + Y si¥)

=1

By 0 = |

For t, € I, by Lemma 3.1, we can construct vector fields {)?l(t,n)}f‘zl, and
the hessian of E;’" (s, {X; (tm)}f‘zl) with respect to s € B¥, which we denote by

DSZE?” (s, {X; (1)}, satisfies

1 ~ _
— —1Id < DJE" (s, {(Xi(tn)}_)) < —cold, Vs € B* (60)
€0

here co is a constant given by Lemma 3.1. By Corollary 3.2 and the continuity of
yj(-, 1) in WL2(S2, M) with respect to ¢, we know there exists §(t,,) > 0 so that for
all 7 € (tm — 8(tw), tm + 8(tw)) N 1« we have

1 . i}
— —1d < DYE'(s, {Xi(tm)})—)) < —cold, Vs € BX. (61)
)

Let I™ := (ty, — 8 (L), tyn +8(t)) N Ij ¢, since I_j,E is compact we can cover I_j,e by
finitely many I, say 1", ..., I'N1. Moreover, after discarding some of the intervals,
we can arrange that each 7 is in at least one closed interval ', each I’ intersects at
most two other %’s, and the I ’s intersecting /™ do not intersect each other. For each
m =1, ..., Ny, choose a smooth function &,,(¢) : [0, 1] — [0, 1] which is supported
in ™, and

Ny
Y 6w =1, vr e [0, 11.

m=1

We define X;(¢) to be

Ny
X(t) := Zé}m(t)f([(tm), tel0,1,I=1,... k. (62)

m=1
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Consider E;(s, {X; (t)}f‘zl), if X;(t) = X;(t,y) for some ¢ € I ¢, then obviously we
have —%Id < DZE'(s, (Xi(D}[_)) < —cold, ¥s € BX.If X;1(1) = 8,(1) X1 (ta) +
(Sb(t)f(l(tb), since 8,(t) + 8, () = 1, we have for all s € B¥

2
o1 < DIES(. (X))

= DEY(s, (8a(0) X1 (ta) + 85 () X1 () 1)) 63)
< 85()DIE' (s, {Xi(ta)}j=)) + 85 (1) DI El (s, { X1 (1)}1_))
< —c—old.

2

The last inequality follows from 83 (1) +8£ (t) > 1/2.By (63), we can choose ¢ = ¢p/2
such that —%Id < DgE; (s, {Xl(t)}f‘zl) < —cld, Vs € B*. Now we define

k
Vs i=Mo (y(. 0+ sXi0). s=(1, 50 € B
=1

and let E; (s) := E(yj (-, 1)), then we have

(D E; (s) has a unique maximum at m ;(t) € B*. (0).

V10
(2) The map y; (-, ) = m(t) is continuous.
(3) Vs € BXand Vt € I; ¢ we have
1 2t
—=-1d <D Ej(s) < —cld, (64)
c

and
' 1 2 ' ' ¢ 2
E5(m (1)) — Z'mj(t) —s[T = Ej(s) < E;(m (1) — §|mj(l‘) —s|7. (65)

Recall V{[kf]}:”z’o € K we have: dp(y;(-,1), {kl{}lr.":’()) >e¢forl =1,..., Ny, Vt €
[0, 1]. for all j > j;. Without loss of generality (by rescaling {X; (t)}f‘:1 and c¢), we
can assume that there exists j; € N such that

dp(yjsC 0, KM > e forl=1,..., N, Vs € B*,¥r €[0,1],  (66)

forall j > j;.
Now we consider the one-parameter flow

(), ¥)}x=0 € Diff(B)
¢' () : B x [0, 00) —> B,
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generated by the vector field:
s> —(1 = [sHVES(s), s € B*. (67)

Claim 4.2 For all k < 211’ there is 7; depending on {{u;}"_,. {X;}i_,. k. €} so that for
anyt € lj.,andv € B* with |v — m(t)| > k we have:

C
E}(¢ (0. T)) < Ef(0) = 7. (68)
Proof By m(t) € B"L (0) and (65) we know that for y; (-, 1), t € I ., we have:
710
&
sup E;-(S) = E;(mj(t)) = E}(O) + 20 (69)

seBk
So, to prove (68), it suffices to show the existence of 7; such that

[v—mj(0)] = = Ej@}(v.7)) < sup Ei(s) - .

seBk

We argue by contradiction and assume that there exists a constant ‘1—‘ >k > 0,a
sequence {#/};en C I}, and {s;};en C B* with |s; —m(#;)| = « such that

c

10 (70)

E}(¢](s1,1) = E}(0) -

Combining (70) with (69) we have Ej? (qs;! (s1, 1)) > Ej! (mj (1)) — §. Since ¢(-, -) is
an energy decreasing flow, we have

EY(¢(s1.0)) = E(@](s1.1) = Efm(m) = 5. YO <x <.

Since both /;  and B are compact, we obtain subsequential limits ¢ € / jeands € B
with

EL(¢' (s, x)) = sup E'(v) — %0 Vx > 0. 71)

[v]<1

Since y; (-, t) = m () is a continuous map, |s; —m j(t;)| > « implies [s —m ; (t)| > «
. Thus we have lim,_; |¢} (s, x)| = 1 and thus we deduce from Eq. (71) that

t

sup E'(v) > sup E;(v) — CS—O (72)

[v]=1 lv<I1
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On the other hand, m ; (t) € BkL (0) implies |[v —m(¢)] > 2/3 forall v € BX with
|v| = 1. Hence, by Eq. 65 we have

2\ 2
sup E’ (v) < sup Et (v) — —(—) < sup E’ (v) —
lu=1 lvl<1 3 lu<1

which gives us the desired contradiction. O

We define a continuous homotopy:

H 1 x (0,11 — BY,,(0),

so that

H;(I,O) =0, and [g}]fe |H;(r, D—mj@)|>«j>0.

We are able to define H} * due to the assumption ), Index(u;) = k > 2. So we can

choose a continuous path in B1 12 (0) away from the curve of m;(t), t € Ij.. By
Claim 4.2, there exists T} for ¢ € I; ¢ such that:

Ej(#j(Hj@. 1), T)) < Ej(©0) = 4.

Letc; : [0, 1] — [0, 1] be a cutoff function which is supported in /; ¢, and has value
one in /j ¢ 2, value zero in [0, 1]\ /; . Define:

Hj(t,x) = H}(t, cj(t)x),

and
Hi(t,x) =0 Vre[0, 1]\ .
We now set s (t) = (s} ), ..., sf(;)) € B¥tobe
sj() = @4 (Hj(t, 1), ¢;(OT)), iftelje,
and

si(t) =0, ifre[0, 1]\ ..
We define yj/.(-, 1) to be:
k
yie.0 = Mo (y6.0+ Y sl0Xi).
=1
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Since s is homotopic to the zero map in B, so y;(-, t) is homotopic to y; (-, t).

Claim 4.3 {yj/. (-, 1)} jen is a minimizing sequence.

Proof From the energy non-increasing property of {qﬁ; (-, x)} € Diff(B¥) we have that
forall ¢ € [0, 1]

E(yj(-,0) = Ej(@§(Hj(t, 1), ¢;()T))) < E5(H;(1,1)). (73)
Moreover, from (5), we know that there exists a continuous function ¥ : [0, c0) —
[0, c0) with W(0) = 0 such that
k
EQrj.sC) = EGi 0| = W (1Y siXilly2).

=1

and H;(t,1) € Bi{/z.i implies that

E(yj(-,0) = EN¢(H;(t, 1), c;(DT)))

< Ej(H;(t, 1)

. (74)

< B0+ (55 2 1Kl

=1

By (74) and that y]f(-, t) is homotopic to y; (-, t) we have that

W < lim max E(y]f(-,t)) = lim max]E(yj(-,t)) =W,
J

j—o00t€l0,1] —o01€[0,1
which finishes the proof O
Claim 4.4 There exists j; € N such that
dp(y[(. 1), (k}["p) > e forl=1,..., Ni, ¥t € [0, 1],

forall j > ji.
Proof The claim follows from the Assumption 66. O

Claim 4.5 there exists €; > 0 and J € N such that
dp(y;(, 1), (uiYj_g) > €5, Vt €0, 1],

forall j > J.
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Proof There are three cases to consider.

Caselr e [0, 1]\ /..

yjf(-, t) = y;j(-, 1) forall j, so there exists €; > 0 such that dg(y;(~, 0, {ui}t_y) >
€ forall j e N.

Case2r € Ijep.

By Claim 4.2 we have

E(yj(, 1) = E(¢(Hj(1,1),T)))

C
EL(0) — =
< E;(0) 0
C
=E(y;(-,1) — —, VjeN,
(yj(, 1) 0 J
SO
lim max E(.(.0) < lim max E(yi(.1) — — =W — —
jvoteliny it jeorelo It 10 10°

It implies that there exists €3 > 0sodp (yj{ (. 1), {ui}!_y) > €2, orelse by Remark 2.12

lim ;oo maxeer; o E(vj( 1) = Yj_g E(u)) = W.
Case3tcljc\1jep.
By (74) we have

k
1
E(y;(,0) < E(y;(-,0)) + ‘If(g 2 ”X’“W"z)’
I=1

for a continuous function ¥ : [0, c0) — [0, o0) with ¥ (0) = 0. And Lemma 3.4
implies that there exists €3 > 0 so dp (yj/. (-, 1), {ui}?zo) > €3 for j sufficiently large.
Let €; = min{¢y, €, €3}, so we have

dp(yj(, ), {u;}i_y) > €5, Yt € [0, 1],

for j sufficiently large. O

We have proved Theorem 4.1. O

4.1 Proof of Theorem 1.1

Theorem 1.1 Let (M, g) be a closed Riemannian manifold of dimension at least three,
g generic, and a non-trivial homotopy group w3(M), let W be the width associated
to the homotopy class Qg (see Definition 2.15, (23)). Then there exists a collection of
finitely many harmonic spheres {u;};" . u; : S2 — M, which satisfies the following
properties:

(D Yo Ew) =W,
(2) Yy Index(u;) < 1.
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Proof Denote by U the collections of equivalent classes of harmonic spheres {[u;]}_,
with >~ Index(u;) > land ) _;_ E(u;) = W.By Proposition B.24, !/ is countable

and thus we can write U = {{[u ]}l —0° {[uz]} i - } with Z?l:o E(uﬁ) = W and

>, Index(ul) > 1 for each € N.
Given a minimizing sequence {y; (-, 1)} jeN, we consider the collection of harmonic
spheres: {[ul]}l _o> and by Theorem 4.1 there exists {yj1 (-, 1)} jen so that

(1) y1.1(~, t) is homotopic to y; (-, 1),
2) {yjl (-, 1)} jen 1S a minimizing sequence,
(3) there exists €; > 0 and i1 € N such that

dp(y; (. 0), (u}}!Ly) > e, ¥t €[0,1],

forall j > ij.

We can apply Theorem 4.1 again at the minimizing sequence {yjl(~, 1)} jen, with
{[uiz]};'i0 the given collection of harmonic spheres, and set the compact set of harmonic
spheres K to be K := {{[u}1",}}, and obtain {yjz(-, 1)} jen so that

(1) yz( 1) is homotopic to y; (-, 1),
Q) {y? f (-, 1)} jen is a minimizing sequence,
(3) there exist €1, €3 > 0 and i1, i» € N such that

dp(yiC. D). (WYL > e, j =i, ¥t €0, 1],

[=1,2.
Proceeding inductively we can find {y]’.” } jen such that

(D) y;”(-, 1) is homotopic to y; (-, 1),
2) {y}"(~, 1)} jeN is a minimizing sequence,
(3) thereexiste; > 0andi; € N,I =1, ..., m, such that

dp(yjC, 0, ui}iLy) > &, j > i, V1 €0, 1],

We can choose an increasing sequence p,, > i, such that

1
max E(y, (1) =W+ —.
t€(0,1] m

The sequence {ygfn (-, ) }men 1s @ minimizing sequence; thus, by Theorem 2.21, there
exists a sequence {t,, }men C [0, 1] and a collection of finitely many harmonic spheres

{vi}iL, with Yoo E(vi) = W, such that {y[’,'r’n (-, tm)}men bubble converges up to
subsequence. i.e.,

dB()/g,l,,('y Z‘Wl)ﬂ {vi}Tzo) - 07 m — OQ.
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Since yl’,’jn (-, 1) is away from U as m — 00, so we have Z;-"zo Index(v;) < 1, this is
what we wanted to prove. O
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Appendix A

The goal of this section is to prove Theorem 2.21, that any minimizing sequence
has a min—-max sequence that bubble converges to a finite collection of harmonic
spheres. Theorem 2.21 doesn’t follow immediately from Colding—Minicozzi’s result
[1, Theorem 1.8], which states that there exists a sweepout, so that whenever the area
of a slice of the sweepout is close to the width it must be close to a finite collection of
harmonic spheres in bubble tree sense itself. [ 1, Theorem 1.8] is proven by showing that
given any minimizing sequence {y; (-, 1)} jen, we can apply harmonic replacement, so
that the pulled-tight sequence y; (-, t) contains a min—max sequence, which is almost
harmonic (see Theorem A.1), thus bubble converges to a collection of finitely many
harmonic spheres {u;}}_, (Whose sum of the energies realizes the width). That is,

{uitizg € A{7; (. D} jen).
Since y; (-, t) is obtained from y; (-, t) by doing harmonic replacement on the disjoint

closed balls on $? with energy at most €] > 0 (] as given in [1, Theorem 3.1], so by
[1, Theorem 3.1] we have

1
E(yi¢,0) —E®y;(.0)) = 5/52 V7 0) = Vy 0.

Combining with the assumption y; is a minimizing sequence, we can conclude that

{ui}!_o € Ady; (., B} jen).

We first list several technical results in [1] and then prove Theorem 2.21.

Theorem A.1 (Compactness for almost harmonic maps [1]) Suppose that 0 < € < e,
(€sy is a constant given by [19, Theorem 3.2]), Eg > O are constants and y; : 2 M
is a sequence of CO N WL2(S%, M) maps with E(yj) < Eg satisfying:

) A(yj) > E(yj) = 1/].
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(2) For any finite collection of disjoint closed balls B in S* with

f IVy; I <€,
B

there is an energy minimizing map v : B — M that equals to y; on %8B with
2 1
[Vy; — Vu|© < —.
+B J

Then a subsequence of y; bubble converges to a finite collection of harmonic spheres
Uy - vy Uy & $2 > M.

Theorem A.2 (Colding—Minicozzi, Theorem 3.1 [1]) There exists a constant €] > 0
(depending on M) so that if u and v are W? maps from By C R* to M, u and v
agree on d By, and v is weakly harmonic with energy at most €1, then

1
/ |Vu|2—/ [Vv|? > -/ Vv — Vul>.
B By 2 By

Theorem A.3 (Colding—Minicozzi [1]) There’s a constant €y > 0 and a continuous
function @ : [0, 0c0) — [0, 00) with ®(0) = 0, both depending on M, so that given
any y € Qg without nonconstant harmonic slices and B € w3(M) nontrivial, there
exists y € Qg so that

E(y(,0) = Ey(,0),

for each t and so for each t with E(y(-,t)) = W /2 we have the following: If B
is any finite collection of disjoint closed balls in S* with fB IVy(, 0> < € and
v UBEB%B — M is an energy minimizing map equal to y (-, t) on UBelgéaB, then

/ VP = Vol < BEF D) = E(y(,0)).
UBeBgB

Proposition A.4 (Proposition 1.2 [1]) Given a closed manifold M with dimension
n > 3, and a map B € Q representing a nontrivial class in w3(M). The width of
energy W, and the width of area W 4 associated to the homotopy class Qg are equal.

RemarkA.5 Let {y;};en be a minimizing sequence for W. Since Area(y;(-, 1)) <
E(yj(-, 1)), and W4 = W by Proposition A.4, we have that

W4 < lim max Area(y;(-,s)) < lim max E(y;(-,s)) = Wy,
e i 9)) = 00 s€[0.1] (5 5)) A

which implies that {y;} jen is also a minimizing sequence for Wy.
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Theorem A.6 (Colding—Minicozzi, Theorem 1.8 [1]) Given a closed manifold M with
dimension n > 3, and a map B € 2 representing a nontrivial class in w3(M), there
exists a sequence of sweepouts y;(-,t) € Qg with maxge[o,1)y; (-, s) — W, so that
given € > 0, there exists j and § > 0 so thatif j > j and

Area(y;(-,s)) > W =4,
then there are finitely many harmonic spheres u; : 2 M, i=0,...,n with
dV (V](7 S), {ui }?:()) < €.

Corollary A.7 Givenasweepout {y;(-, 1)} ;en, the pulled-tight of it: {y; (-, 1)} jen given
by [1, Theorem 2.1] has the following property:

1
E(yj(.0) — E(yj(.1) = 5/52 V7 (0 = VD

Proof The pulled-tight sweepout y; (-, ¢) is constructed by doing harmonic replace-
ment on y; (-, t) over domain B C S? with the energy of y;j(-,t)on Batmoste; > 0.
Then by Theorem A.2 the corollary follows. O

With the above observation, we now state and prove Theorem 2.21:

Theorem A.8 Given a closed manifold M with dimension at least three, and a map
B € Q representing a nontrivial class in w3(M), then for any sequence of sweepouts
Vi € Qp with

lim mayi] E(yiC,s) =W,

j—oosel0

there exists a subsequence {ij} — oo, t;; € [0, 1], and a collection of finitely many

harmonic spheres {u;}?_ such that

dp(yi; o tiy), luii—g) < 1/,

and

n
Y Ew)=Ww.
—
Proof Given a minimizing sequence {y; (-, t)}en such that
max E(y;(-,s)) <W+1/2j. (75)
s€(0,1]

Applying Theorem A.3 to y; gives a sequence y; € Qg with
E(yj(.0) = E(y;(, ).
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We choose ¢; € [0, 1] so that Area(y; (-, t;)) = max,g[o,1] Area(y; (-, s)). By Propo-
sition A.4 we have:

W < Area(y; (-, t;)) < E(y;(-, t)))

< E(yj(-, 1)) (76)
< H%(E)Di]E(yj(.’S)) <W+1/2j,

thus imply that Area(y; (-, ¢;)) > E(y;(-,t;)) — 1/j and if B is any finite collection
of disjoint closed balls in $? with [, |Vy (-,1)|> < €g and v : Ugcgs B — M is an
energy minimizing map equal to y (-, #) on Ug¢ 5%83, then

[ = ViR < oG - EG o)
UpeBgB
= d(1/2)).

(see Theorem A.3). So {y; (-, )} eN is an almost harmonic sequence, and by The-
orem A.1, there exists a collection of finitely many harmonic spheres {u;}!_, and

subsequence i; — o0 so that

dp(yi; G, tip), luitizg) < 1/2].

By Corollary A.7 and (76) we have that
1 - - ;
) /Sz IV Cot)) = VyiCopI? < E@iGo ) — E(vi (1)) < 1/].
Thus we have

dB();ij ('5 tij)a {ul}:lz()) - Ov J — 00,

which is the desired result. O

Appendix B

We are going to prove in this section that for a closed manifold of dimension at least
three, with a generic metric, then the set of all harmonic spheres up to equivalent class
with bounded energy is countable (Proposition B.24). This result is expected, given
that we know a similar result holds for minimal embedded hypersurfaces. Namely:

Theorem B.1 ([16]) Given a closed manifold (M", g), 3 < n <7, with g generic, the
set of embedded minimal hypersurfaces with bounded area and index is finite.

However, harmonic spheres with bounded energy are merely branched minimal immer-
sions with bounded area. Proposition B.24 doesn’t follow from Theorem B.1. The
proof of Proposition B.24 brings together several important results like bumpy metric
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theorem for minimal surface [21, Theorem 2.1], bumpy metric theorem for harmonic
map [13] and comparison between second variation of area and energy of a mini-
mal surface [5]. We first recall some basic properties for harmonic maps like tension
field and Jacobi field, state bumpy metric theorem for harmonic maps and minimal
submanifold, and then prove Proposition B.24.

Theorem B.2 (A Priori Estimate [19] Main Estimate 3.2) Given X and M, there exist
€su > 0and p > 0 such that ifro < p, u : ¥ — M is harmonic and

/ |Vu|2 < 8€5u,
BE ()

then

IVul*(y) <

O‘i\)l Sl

Remark B.3 Once we know that Vu € L{? , it then follows from Eq. (9) that Au € L},

loc?
which implies by standard estimates on the inverse of the Laplacian that u € Wli’cp

for all p < oco. Hence we deduce that Au € Wll)’c‘" and hence u € Wli’cp for all p > 0.
We can then repeat this argument to show that u € ng’cp , Vr, and so the smoothness
of the solution follows.

Definition B.4 (Tension field) We call the tension field of f to be the following
T(f) := traceVdf.
Remark B.5 Intrinsically, the Euler-Lagrange equation for energy is
t(f)=0. (77

Definition B.6 (Jocabi operator) For a harmonic map f : M — N, we define the
Jacobi operator of f to be

Jr(V) := —AV — tracey RV (V, df )df, (78)
here A is the Laplacian on sections of f~!T N given in local coordinates on M by
A=KV 0 (FV
so we have

IV, W)= /M<Jf(V), W)dM.
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Let

Jst(x) = f(x,s,0),

f M X (—€,€) X (—€,€) > N (719)

be a smooth family of maps between Riemannian manifolds of finite energy. M may
have nonempty boundary, in which case we require f(x,s,t) = f(x,0,0) for all
x € oM and all s, ¢.

Proposition B.7 For a smooth family of maps fs; : M — N defined as (79), with

d
Vi=—
as s:t:()fSt
w2 f
T8t ls=1=0 st

Let foo = f be a smooth harmonic map. We have the Jacobi operator Jy defined as
(78) to be the following:

d
TrV) ===t

Proof The proposition follows from the computation below:

92 3
dsdt s:z:OE(f“) - (% 5=0 /M<df”’ V%df”>)‘t:o
5 5
= /M<T(fs0), =]

0 0
_ /M<—a‘szof(fso), oA

82
[ o~ | )
M s=1=0

ds ot
/ (
M as

= f (Tr(V), W).
M

t(fs0), W)

s=0

The second to last equality follows by fpo is harmonic. Then it implies that

d
Ty ===t

]

We show that if there’s a sequence of harmonic maps { f; };cn converges smoothly to
a harmonic map u, then we can use the difference of them to generate a Jacobi field
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of u (possibly trivial or just a conformal automorphism of the domain).

0—-0=t(fi)—t(w)
19

Thus there exists #; € (0, 1) such that

t(u+s(fi —u))dt.
=t

N

9
0= PP t:tjt(u +t(fi —u)).
Let
wi= lim fi —u (80)

Jj—oo max,cg | fi (x) —u(x)|

Then 7, (w) = 0.

B.1. Bumpy Metric Theorem for Minimal Submanifolds

Now we define generic metric for a specific metric space. For k € N, the space of
Li Riemannian metrics on M simply denotes an open set of the Hilbert space of
L%-sections of the second symmetric power of 7% M.

Definition B.8 (Generic Metrics [13]) By a generic Riemannian metric on a smooth
manifold M we mean a Riemannian metric that belongs to a countable intersection
of open dense subsets of the spaces of L,% Riemannian metrics on M with the L%
topology, for some choice of k € N, k > 2.

Remark B.9 Notice that generic metric always implies a countable intersection of open
dense subsets of the metric space. For geodesics and harmonic maps the metric space
is L% [13], and for minimal submanifolds it’s C4 Riemannian metric for ¢ > 3 [21].

Definition B.10 (Bumpy Metric [21]) A metric g on M is called bumpy if there is no
smooth immersed minimal submanifold (minimal with respect to g) with a non-trivial
Jacobi field.

Theorem B.11 (Bumpy Metric Theorem for Minimal Submanifold [21]) If M is a
compact manifold, then for a generic choice of metric of C1 g on M (q > 3), there are
no minimal submanifolds with nonzero normal Jacobi fields. That is, each minimal
submanifold has nullity 0.

B.2. Bumpy Metric Theorem for Harmonic Maps

To state the bumpy metric theorem for harmonic maps, first we need to define prime
harmonic map.
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Definition B.12 (Chapter 5 [13]) Suppose that f, h : §> — M are harmonic spheres.
f is called a branched cover of h if there exists a holomorphic map g : > — §2 of
degree d > 2 such that f = h o g. We call f a prime harmonic sphere if it’s not a
branched cover of another harmonic sphere.

Definition B.13 (Branch point) A point p € X is a branch point for the harmonic map
f:X— Mif (0f/9z)(p) = 0, where z is any complex coordinate near p.

Definition B.14 If p is a branch point of f but there exists some neighborhood V
containing p such that f(V) is an immersed surface, then we say that p is a false
branch point.

Definition B.15 (Chapter 5 [13]) If f : ¥ — M is a parametrized minimal surface
we say that p € X is an injective point for f if

df(p) #0, and f~'(f(p)) =0.

If f: ¥ — M is connected and has injective points, we say it is somewhere injective.

Lemma B.16 (Chapter 5 [13]) If a harmonic map f : ¥ — M is somewhere injective,
then it is prime.

Lemma B.17 (Chapter 5 [13]) If a conformal harmonic map f : ¥ — M is prime, its
injective points form an open dense subset of X.

Theorem B.18 (Bumpy Metric Theorem for Harmonic Maps, Theorem 5.1.1 [13])
If M is a compact smooth manifold of dimension at least three, then for a generic
choice of Riemannina metric on M, all prime compact parametrized minimal surfaces
f 1 X — M arefree of branch points and lie on nondegenerate critical submanifolds,
each such submanifold being an orbit of the group G of conformal automorphisms of
X which are homotopic to the identity.

Remark B.19 In Theorem B.18, nondegeneracy of a prime harmonic map means that
the Jacobi field of it are those generated by the automorphisms of .

Inour case ¥ = §2 and G = PSL(2, C). Given a harmonic sphere u : $2 > M, if
u is prime then it’s free of branch points by Theorem B.18. If « is not prime it can be
written as a branched cover of a prime harmonic sphere, and all of its branched points
are false. Theorem B.18 implies that for all harmonic spheres u : % — M, u(S?) is
an smooth immersed minimal submanifold.

B.3. Geodesic Coordinate and Geodesic Frame

For any p € X, we can construct a “partial" geodesic coordinate and a geodesic frame
on a neighborhood of p in M as follows:

(1) Choose an oriented, orthonormal basis {e1, ez} for 7), 2. The map
Fo:x= (' x%) — explz,(xjej)
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parametrizes an open neighborhood of p in 5, where exp?® is the exponential map of
the induced metric on X. For any x of unit length, the curve y (#) = Fy(¢x) is called
a radial geodesic on ' (at p). By using V* to parallel transport {e], e»} along
these radial geodesics, we get alocal orthonormal frame for 7 X on a neighborhood
of p in X. The frame is still denoted by {e], e>}.

(2) Choose an orthonormal basis {e3, - - - , e, } for N, X. By using V-t to parallel trans-
port{es, - - - , e, } along radial geodesics on X, we obtain a local orthonormal frame
for NX on a neighborhood of p in X. This frame is still denoted by {e3, - - - , e, }.
It is clear that {e, e2, €3, - - - , €, } 1s a local orthonormal frame for T M |x.

(3) The map

Fixy) = (a7 y") > expp o (7ea)

parametrizes an open neighborhood of p in M. The map exp is the exponential
map of (M, g). For any y of unitlength, the curve X(7) = F (X, 1y) = expp,x) (1)
is called a normal geodesic for ¥ C M.

(4) For any x, step (ii) gives an orthonormal basis {ey, - - - , e,} for Tr(x 0)M. By using
V to parallel transport it along normal geodesics, we have an orthonormal frame
for T M on aneighborhood of p in M. This frame is again denoted by {ey, - - - , e,}.

B.4. Countability of Harmonic Spheres with Bounded Energy

Lemma B.20 Given a closed manifold (M, g) with dimension at least three, and a g
bumpy, the dimension of M is at least three, and a harmonic sphere u : S* — M.
There exists € = €(u) > 0, so that if | f —ullyr2 <€, f: S2 — M harmonic, then
[f]1 = [u]. (See Definition 2.18 for [u].)

Proof Given a harmonic sphere u : S%2 — M, Theorem B.18 implies that u(Sz) is a
smooth immersed minimal sphere.

We argue by contradiction. If not, then there exists a sequence of harmonic spheres
{fi}iens, fi : S* — M, such that || f; — ullwr2 < 1/l and [ f;] # [u] for alll € N. By
strong convergence in W1’2, Theorem B.2, and Arzela-Ascoli theorem we know that
the convergence f; — u is smooth and uniform.

First we consider the case that the image of the maps are different, i.e., f;(S%) #
u(S?) forall/ € N. Let & = u(S?) be the image of the harmonic map which is a
minimal surface in M, since the convergence is smooth, for / sufficiently large, f;(S%)
can be written as graph of X. In other words, choose p € ¥, we can use local partial
geodesic coordinate centered at p (see Sect. 1 for the construction) and write £1(5?)
as the following

exXPr(x.0) (M (X)ea) = ¢y(X),
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for some smooth real functions 7}, : ¥ — R. Thus we have

an'
dgi(e;) = e + (a_xo_l)eoz + ﬂfxve;ea
1

o,
ax;’ ¢ (81)

+ né( — haijlpej — W/lg(Raiﬂj + Zhaikhﬁjk)|pej - ﬂlyRaﬁyilpeﬁ)
K

:ei+(

+ 03P,
here the indexes i, j, k are either 1 or 2 and the indexes «, 8, y range from 3 to n (we
abuse the notation here by repeatedly using i for index of harmonic spheres sequence

fi and the index of the geodesic frame). The third line of Eq. (81) follows from the
following (for the proof see [20, Proposition 2.6]).

Veealty = (= haijlp — U%(Raiﬁj + Zhaikhﬂjk)|p)ej
k
— 0, Rapyilpep + OUn' ).
Now we compute the metric gf ; for the graph ¢;(x)
gi; = (dei(er). doy(e)))

Oy O

=&
Y + 8xi axj

— 2llyhaij — 201 Raipj — 20lynghaichpjx + O(n' ).

Since we will consider solutions where |n'| + |V7!| is small. We will often write gf I
as

gij = 8ij — 2nlhaij + Qij

where Q;; denotes a matrix that is quadratic in ), and V!, and will be allowed to
vary from line to line. It follows that the inverse metric is given by

(§;l'j)7l = 8ij + 2n%haij + Qij,
then we have
det gl = (1+ 20} haif) (1 — 20 hai) + Q=14 Q,

where the equality used minimality of ¥ and Q this time is a scalar quadratic term.
Whenever J (s) is a differentiable path of matrices, the derivative at 0 of the determinant
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is given by

di 0 det J(s) = det J(O)Trace(]f1 0)J'(0)).

S ls=

Applying this with J(s) = gf. ; (s), where gf. ; (s) is computed with 7751 + svy in place
of 1, let X; := nle, we get

d
5|, det I ) = (L + Qi + 2nghaij + Qi)

ds s
dvy )
X ( a—;ﬁ — zvahaij - 2rllllvﬁRal/3]_zn(l)(vﬁha]khﬂzk+glj>
i O4j
dvy )
- 2(3_;3_; - 217(111),9Rm~,3,- - 2névﬂhaikhﬂik> + Q;j
] L

= —2((AFX; +Tr[Ry (- X1+ A(XD), vaea) + Qi)
where A is the Simons’ operator and A%’ is the Laplacian on the normal bundle(see
[2, p. 41] for the definitions). Since f;(S-) is minimal we get that X; = nfyea satisfies
the following equation

AF Xy + T Ry (-, X1+ A(X) + Qi = 0. (82)
With the assumption f}(S?) # u(S?) we can choose ¢ € X such that ’753 (g) # 0 for
all / € N and for some 8 € {3, ..., n}. We now consider
l
K = ™% o5
15(q)

then (f(l (q),ep) = 1foralll. X 1(x) converges uniformly to a normal vector field X
on X. Multiplying Eq. (82) by 1/ n% (g) and using the uniform convergence we can
pass to limits to get that

AYX + Tr[Ry (-, X)-1+ A(X)) = 0.

Thus X is a Jacobi field of ¥ and it contradicts Theorem B.11.
Now we consider the case that f;(S?) = u(S?) forall/ € N. Since the convergence
is smooth we can choose subsequence i (j) — 0o as j — oo such that

| i) —u(x)| < 1/j, Vx € 82, (83)

and

2 fip () Bu(x)

Py | < 1/j, Vx € 2. (84)
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We define w as the following

. fig) —u
w = lim .
j—oomax, g2 | fi(j)(x) — u(x)|

If u is a prime harmonic sphere, then Theorem B.18 and Proposition B.7 imply that
w is generated by PSL(2, C), contradicting the assumption [ fj(;)] # [u]. Now we
consider the case that u is not prime.

Claim B.21 For j sufficiently large, we have

deg(fi(j)) = deg(u).

Proof of the Claim 1t’s known that if two maps are homotopic then they have the same
degree. The strategy of the proof is similar and can be found in [7, Chapter 5].

For j sufficiently large, by Eq. (83) we know that f;;) is homotopic to u. That is,
there exists a continuous map H; : $2 x[0,1] = u(Sz):

Hj(x, 1) := y (1), x € §2,

such that H;(x,0) = u(x) and H;(x,1) = fij(x) for all x € S2, where yx](t)
denotes the unique geodesic with respect to the intrinsic metric starting from u(x)
with end point at f;j)(x). Since fi(j)(S2) = u($?%), and by Lemma B.17 we can
choose y € u(S?) so it satisfies the following conditions:

(1) Vp € u™\ (). du(p) #0,

(2) ¥p € f;(;, ). dfi(p) #0,

(3) yis aregular value for Hj and Hj|y(s2x10,1))-

H j_l () isacompact 1-dimensional submanifold with boundary (H; | 2(S2x[0,1 ]))_1 ).
In other words, it contains embedded arcs which are transverse to 9(S2 x [0, 1]). By
[7, Chapter 5], given p; € Hj_l(y), there is an unique py € Hj_l(y), p1 # p2,and a
component arc I' € Hj_l(y) with 0" = {p1, p2}. By [7, Chapter 5, Lemma 1.2], p;
and p are of opposite type for H[,(s2[0,17)- This implies that for any p; € u'(y),

there is an unique corresponding py € fizjl)(y). Then it follows that degree of u and
degree of f;(;) are the same for j sufficiently large. O

By the smooth convergence of f;(jy — u, and deg(f;(;)) = deg(u). Letu = ¢poi
for some prime harmonic map u. We can write f;; as a branched cover of a prime
harmonic map h;,.i.e., fi; = gi; o hi;, with deg(fi(j)) = deg(gi;) = deg(u). By
Lemmas B.16 and B.17 we know that /;; is somewhere injective and the injective
points of h;; form an open dense subset of $2. So we obtain a sequence of prime
harmonic spheres £;; that converges strongly to a prime harmonic sphere # in w2,
It is the desired contradiction. O

Corollary B.22 The €(u) > 0 given as Lemma B.20 is invariant under the equivalence
relation. i.e., given harmonic spheres f, g : S* — M, if[f] = [g], then e(f) = €(g).
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Proof We argue by contradiction. Given harmonic spheres f, g : S> — M with
[f] = [g], and assume €(f) > €(g). Then there exists a harmonic map u : 2> M
with

e(9) < /S Vi — Vgl < e(f),

such that [u] # [g]. Since [g] = [ f], there exists ¢ € PSL(2, C) suchthat fo¢ = g.
This implies

e(g)</ |w_vg|2=/ Vi = V([ o)
S2 S2

= /S Vo ™) = VfI* <e(f),

thus we have [u] = [u o ¢>‘1] = [f] = [g], which is the desired contradiction. O

Definition B.23 We define " to be the equivalent classes of all harmonic sphere with
energy bound W, that is:

FY o= {111 £+ 8 — M harmonic , E(f) < W].

Proposition B.24 Given a closed manifold (M, g), with generic g and the dimension
of M is at least three. The set FV is countable.

Proof We pick a finite set {x}, ..., x?" } of §2 so that S2 C (JP_, Bin(xk). (B1/n(xk)

is the geodesic ball centered at the point x,’i.) We define 7% (n) to be:

A ={inire s, |

V2 < €, fork =1, ...,p"},
Bin(x})

where €5, > 0 is the constant given in Theorem B.2. We can see that:

F¥={JF o).
neN

Now we prove that 7% (n) is finite. If not, then there exists a sequence {[ f;]}ien C

FW(n),and[f;] # [fj1ifi # j. By Theorem 2.10, f; bubble converges to a harmonic
map f € F" up to subsequence. Because of the assumption:

/ IVfil>? <ew VieNk=1,...,p".
Bi/n(xk)

By Theorem B.2, this implies that the convergence is strong in W2 and f € FW (n).
Then it contradicts Lemma B.20. O
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