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Abstract

We establish new local regularity results for the harmonic map and Yang-Mills heat
flows on Riemannian manifolds of dimension greater than 2 and 4, respectively, obtain-
ing criteria for the smooth local extensibility of these flows. As a corollary, we obtain
new characterisations of singularity formation and use this to obtain a local estimate
on the Hausdorff measure of the singular sets of these flows at the first singular time.
Finally, we show that smooth blow-ups at rapidly forming singularities of these flows
are necessarily nontrivial and admit a positive lower bound on their heat ball energies.
These results crucially depend on some local monotonicity formula for these flows
recently established by Ecker (Calc Var Partial Differ Equ 23(1):67-81, 2005) and the
Afuni (Calc Var 555(1):1-14, 2016; Adv Calc Var 12(2):135-156, 2019).

Keywords Local regularity - Geometric heat flows - Harmonic map heat flow -
Yang—Mills heat flow
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1 Introduction

The main result of this paper is the following local regularity theorem for the harmonic
map and Yang—Mills heat flows on Riemannian manifolds (see Sect. 2 for the setup):

Theorem A Let (M, g) be a Riemannian manifold of dimension n > 2k, Q € M,

Cnk = max{\/%, \/g} and iy €]0, min{injq, 7w/ (2\/Ko4;>}[ﬁxed, Koo being an
upper bound on the sectional curvatures of (2, g). Then there exist geometric constants
&, C > O suchthatifu : Qr(X,T) C 2x]0,T[—> E® AYT*M is a harmonic
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map (k = 1) or Yang-Mills (k = 2) heat flow, then for any R < iy, the implication

1
><e=>R2k sup —|y|P<C

sup I (u,g;xal,
Ora(X,T)

(x,)€QR/(X.T) 2enk

holds, where  is the differential of u or the curvature two-form, respectively,
Or(X,T) denotes the parabolic cylinder of radius R centred at (X, T), and

Ix(u, g; x,t, 2CR k) is the heat ball energy (3.1) associated with u over the heat ball
E" ;2]‘ (x, ).
2rll,k

The harmonic map heat flow was first introduced by Eells and Sampson [16] to
smoothly deform smooth maps (M”, g) — N < RX between Riemannian manifolds
M and N into harmonic ones. Key to their work was the fact that the target manifold N
had nonpositive sectional curvatures. Without this condition, the harmonic map heat
flow does not necessarily exist for all time, which was shown by Coron and Ghidaglia
[10] in the case where n > 3 and Chang et al. [7] in the case where n = 2. Given
that singularities are inevitable, one might ask how big the set of singularities— i.e.
the singular set— is at the maximal time of a smooth harmonic map heat flow. This
question was first answered by Struwe [34] in the case of compact M of dimension
2 and arbitrary compact N, where the singular set was shown to consist of at most
finitely many points. It was later shown by Grayson and Hamilton [20] in the case of
compact M of dimension at least 3 and compact N (and implied by the work of Struwe
[35] for Euclidean M under suitable global restrictions on u) that the singular set is of
codimension at least 2; moreover, they established the existence and nontriviality of
smooth blow-ups of rapidly forming singularities. The crucial quantity in their analysis
was a weighted scale-invariant energy of the form

1 2 k
/M§|1/f| ('7t)'q)(X’T)('7t)’ (1-1)

where <I>’(‘X’T)(x, 1) = (T — k. ®x, 1) for fixed (X, T) € M x R with &x 1) the
canonical backward heat kernel on M with singularity at (X, T'), v is the differential
of u and k = 1. In particular, they showed that if (1.1) is smaller than a geometric
constant ¢ > 0 close to the maximal time 7 for some fixed X, then a supremum bound
on the differential of u holds on a parabolic cylinder centred at (X, T') (see Sect. 2
for the definition), which in turn implies that # may be smoothly extended up to the
maximal time 7 in a neighbourhood of X; from this result, a characterisation of the
singular set of # at the maximal time is given in terms of a positive lower bound on
(1.1) close to T, which then leads to an estimate on the (n — 2)-dimensional Hausdorff
measure of the singular set, as well as a strictly positive lower bound on the weighted
energy (1.1) of smooth blow-ups at rapidly forming singularities. Ultimately, all of
these results rely upon the scale invariance and monotonicity properties of (1.1), which
were established by Struwe [35] and Hamilton [22].

The Yang—Mills heat flow of connections on a principal G-bundle over (M", g)
was introduced by Atiyah and Bott [4] to study the Morse theory of Yang—Mills
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connections and later exploited by Donaldson [11] to establish an equivalence between
the stability of holomorphic vector bundles over Kihler manifolds and the existence
of a unique Hermitian—Einstein connection. It has been shown by Réade [31] that given
smooth initial data, this flow exists for all time and converges to a smooth Yang—Mills
connection for compact M of dimensions 2 and 3. In dimension 4, it has recently been
shown by Waldron that in stark contrast to the case of the harmonic map heat flow,
singularities cannot occur in finite time [39], though convergence might only occur
away from a singular set of finitely many points, as established by Struwe [36]. In
higher dimensions, it has been shown that the Yang—Mills heat flow tends to develop
singularities in finite time; this was done by Naito [25] in the case where M is spherical
and Grotowski [21] in the case where M is Euclidean. It has likewise been shown that
the singular set is of codimension at least 4 in the case of compact M of dimension at
least 5 by Chen et al. [9]; moreover, an analysis of rapidly forming singularities was
carried out by Weinkove [41] in the higher-dimensional case. The key ingredient here
is also a weighted energy of the form (1.1) with i equal to the curvature two-form of
the flow of connections and k = 2, which again leads to an e-regularity result as with
the harmonic map heat flow from which an estimate on the singular set at the maximal
time as well as a lower bound on the weighted energy of smooth blow-ups at rapidly
forming singularities readily follows. Again, these results rely upon scale invariance
and monotonicity properties of (1.1) established by Chen and Shen [8] and Hamilton
[22].

Theorem A is an analogue of both of these e-regularity results; however, in contrast
to the quantity (1.1), ours, which is expressed as a supremum of a collection of so-
called heat ball energies, depends only on local data, as these heat balls completely
lie within a parabolic cylinder with proportional radius centred at the same point,
which allows us to state a criterion for the local extensibility of u# up to the maximal
time 7' valid on Riemannian manifolds without imposing any additional conditions
on M or u. While it is possible to introduce a cut-off function in (1.1) to prove an
analogue of Theorem A for radii smaller than a constant depending on geometry and
the local energy of u as has been done in [23] for the Yang—Mills—Higgs flow, our
approach works out more cleanly and closely parallels the analogous regularity results
in the static case, which are stated in terms of suitable rescaled energies on balls (see
[32, Proposition 2.4] and [32, Theorem 3.1] for the case of harmonic maps as well
as [30, Theorem 1] and [26, Lemma 3.1] for the case of Yang—Mills connections).
Furthermore, our proof rests on a fairly simple blow-up argument as well as suitable
local monotonicity formula established by Ecker [14] for the harmonic map heat flow
on Euclidean domains and the author [1,3] more generally for both the harmonic map
and Yang—Mills heat flows on Riemannian manifolds. The blow-up argument we use
was employed by White [42] in establishing a similar local regularity result for the
mean curvature flow (see also [13, Chap. 5]), which ultimately motivated our approach
here.

Theorem A likewise gives rise to a characterisation of the singular set S of u
at the maximal time, as well as a local estimate on its Hausdorff measure under the
assumption of summability of |1/|? on € x [0, T'[, which is the content of the following
theorem.
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9680 A. Afuni

Theorem B Let v be as in Theorem A and suppose ||> € L'(Q2 x [0, T[). Then the
singular set S is closed and for any K € Q and §y €]0, dist(K, 02)[, the estimate

1

[P, Hdvol,
50(SQK) 2

H"PKENK) < g limsup/
‘T JB

holds, where ¢1 > 0 is a geometric constant and 2 denotes the (n — 2k)-
dimensional Hausdorff measure on M.

As another corollary of Theorem A, we obtain the following nontriviality result
for smooth blow-ups at rapidly forming singularities in the form of a positive lower
bound on the heat ball energy of the blow-up.

Theorem C Let u and v be as in Theorem A and suppose u has a rapidly forming
singularity at (X, T) in the sense that

1
sup (T — r)"§|w|2<x,t> < Co
(x,1)EQ R, (X,T)

holds for some Co > 0 and Ry > 0. Then u admits a sequence of rescalings converging
locally uniformly in C*° (modulo gauge) to a smooth self-similar harmonic map or
Yang—Mills heat flow u~, on R" x] — oo, 0[ satisfying the estimate

Ik(uC)O? 867 09 07 R) Z &

forall R > 0, where ¢ is as in Theorem A and gs denotes the Euclidean metric on R".

We note that an analogue of Theorem A has been established for the Ricci flow by Ni
[27], though in that case its application to the study of singularities is far more subtle
and has only been carried out in the case of rapidly forming singularities (see [17]).

The structure of this paper is as follows. In Sect. 2 we describe the underlying
geometric setup and introduce the harmonic map and Yang—Mills heat flows, as well
as some of their important properties, stating well-known facts in the context of our
considerations, as well as the local monotonicity formula of these flows on heat balls
which shall subsequently play an important role. In Sect. 3, we prove Theorem A and
show how the e-regularity condition yields a necessary and sufficient condition for the
local smooth extensibility of these flows up to the maximal time; in the process, we
obtain an alternative local regularity theorem based around parabolic cylinders rather
than heat balls. In Sect. 4 the singular set at the maximal times of these flows is defined
and more explicitly described in terms of the results of Sect. 3, which then leads to
a proof of Theorem B. Finally, in Sect. 5, we turn our attention to rapidly forming
singularities of these flows and show that they admit smooth, nontrivial blow-ups,
culminating in a proof of Theorem C. Throughout this paper, we have attempted to
treat both the Yang—Mills and harmonic map heat flows simultaneously, abstracting
away their common properties. The possibility of this approach suggests that there
might be a more general principle at play.
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2 Setup
2.1 Geometry

Throughout this paper we will be dealing with a Riemannian manifold (M", g) of
dimensionn > 2k > 0 with k to be fixed shortly according to the heat flow under con-
sideration. We shall adopt the notation of [40] and [28] for all Riemannian geometric
quantities, operators and spaces. We shall write (-, -) and | - | for the inner product
and norm associated with g respectively and shall append the metric as a subscript
when ambiguity must be avoided. Furthermore, when considering tensor products
(and exterior products) of bundles constructed from the tangent bundle 7 M (or the
cotangent bundle 7*M) and Riemannian vector bundles, we shall simply write (-, -)
and | - | for the naturally induced inner product and norm, and given (families of)
connections V on these bundles, we shall again write V for the induced connections
on these constructed bundles. We shall write (-, -) for the canonical fibrewise bilinear
pairings of elements of £ ® Q) T*M with Q T M as well as E ® AT*M with AT M,
where E is any vector bundle, and the fibrewise interior product of a vector field X
with a section « of E ® AT*M shall be denoted by X.«. The Euclidean metric on
R" and its subsets shall be denoted by gs.

In all of our considerations, 2 will denote a fixed, relatively compact subset of M.
Thus, we may find constants iy > 0 and k_n, koo > 0 such that inj, > ip and the
sectional curvature bounds

—K_oo < S€C < Koo 2.1

hold on 2. For simplicity, we will assume that iy < #@ if koo > 0. Note that for

fixed x € 2, we obtain the estimate
1 2 T 2 1 2 1 2 T
Ao Et(" H°)gt,x)<g-—-V zt(n X)) £ Ao Et(', x)7) g (¢, x)
(2.2)
in Q N Bj,(x), where t(-, x) denotes the distance function measured from x,
gt =8 dt('v x) ® dt('s )C)

and A 1 are constants which may be determined explicitly in terms of x4 by means
of a Hessian comparison theorem (cf. [28, Theorem 27, p.175]).

For x € M and r > 0, we denote the geodesic ball of radius r centred at x by
B, (x) := {t(-,x) < r} and for ¢ €]0, T], we introduce the parabolic cylinder of
radius r centred at (x, t) as

O, (x,1) := B (x)x]t — r*, t[.
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9682 A. Afuni

For later purposes, we introduce for each A > 0 and X € M the (crudely) rescaled
metric gf ¢ Binj,/2(0) C R" — T*R" ® T*R" defined by

n
gr =) gij(y) dy' @ dy,
ij=1

where {g;;} are the components of g in geodesic normal codrdinates about X and { v
denote Euclidean coordinates.

We shall write /g for the volume density associated with g and some fixed codrdi-
nate system which shall be understood from context. Moreover, the associated volume
measure on (M, g) shall be written dvol. Integrals over space-time regions shall be
written in double integral notation and, when there is no possibility of confusion, we
shall not append a measure to the integrand.

2.2 Flows
We shall now proceed to describe the flows we are interested in. In both cases, we
have a Riemannian vector bundle V. — E — M with fibrewise inner product (-, -),
a one-parameter family of connections V, and a one-parameter family of E-valued
(k — 1)-forms

(1) : M — E® ATIT* MY, 0.1

with a distinguished fundamental k-form {{(-,t) : M — E ® AkT*M},EIO,T[ satis-
fying an equation of the form

oY — Ay = B, (2.3)
where A denotes the connection Laplacian associated with the family of connections

on E and the Levi—Civita connection on 7 M, and B is a suitable polynomial expression
in ¥ and V.

2.2.1 Harmonic Map Heat Flow
The harmonic map heat flow is given by a one-parameter family of smooth maps

{u(-,t) : M — N C RX},cj0.7( with N a compact Riemannian submanifold of RX
such that the equation

O — Au=—_"g"(bou, diu® dju) (24)
ij

holds, where b denotes the second fundamental form of N extended to an (RX)* ®
(RX)*-valued mapping by setting it equal to zero when paired with vectors normal
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to N. For this flow, k = 1, ¥ = du, V = RX, E = RX the trivial vector bundle
with standard fibre RX, and V is the canonical trivial connection on E. Moreover, by
differentiating (2.4) and carefully interchanging derivatives (or equivalently employing
a Weizenbock-type argument [29, Theorem 4.22]), we see that du satisfies an equation
of the form (2.3) with

n
B=— Z g7 (Vbou, diu® dju @ du) @ dxk
ij=1

n
— Y 2bou, (Vdu, & ® 8) ® dju) ® dx* (2.5)
i,j=1

n
— Z R,’jgikaku ® dxj,
i k=1

where Vb is the covariant differential of the second fundamental form of N extended
as above to an ®13: 1 (RX)*-valued mapping, its last slot corresponding to the direction
of covariant differentiation, and { R;; } are the components of the Ricci curvature tensor
of g.

Given a harmonic map heat flow u, we may rescale it as follows: Let 9y : Bipj (0) C
R" — Biyj, (x) C M denote a geodesic normal parametrisation centred at x € M
(fixed once and for all). Defining

w0 (y,8) 1= @Ry, 1+ A%5) = u(@x (). 1 + A%s),
we obtain a one-parameter family of maps

W5 Binj, /2(0) = N} g

£ Toig
22052

solving the equation (2.4) with respect to the metric g; . In the case where (M, g) is
Euclidean space, we say that u is self-similar about (x, t) if u(y, s) = ugx’t) (y, s) for

all A > 0 and (v, s) € R" x R for which both sides are defined.

2.2.2 Yang-Mills Heat Flow

Let G — P — M be a principal bundle with compact semi-simple Lie group G as its
structure group, and write E for the vector bundle associated with P and the adjoint
representation of G on its Lie algebra g. The (negative) Killing form on g endows
Eg with the structure of a Riemannian vector bundle; moreover, any connection
on P induces a unique covariant derivative operator V on Eg compatible with this
Riemannian structure. The Yang—Mills heat flow is given by a one-parameter family
of connections {w (-, 1) : P = g ® T* P};c[0,71 such that the equation

3w = div Q° (2.6)
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9684 A. Afuni

holds, where 0w(-, 1) is the unique section of E4 ® T*M having d;w : Px]0, T[—
gQ® T* P asits horizontal lift, Q¥ : M x [0, T[— Eg® A2T*M is the curvature two-
form of w, and the divergence operator div is induced by the Levi—Civita connection
on TM and w(-, t). For background material on this setup in accordance with our
viewpoint, we refer the reader to [6, IV.2].

Inordertostudy {w(-, )} on M, fix aconnection wp on P. The difference w (-, ) —wyp
is then a horizontal G-equivariant g-valued one-form on P and therefore corresponds
to a Eg-valued one-form u(-,t) : M — E4 ® T*M for each ¢ which satisfies the
equation d;u = 0. Note that the choice of wy is not canonical. Thus, for this flow,
k=2,V =g,E = Eg, uisasabove, y = Q® and V is the one-parameter family of
connections on Ey induced by w. Analogously to the case of the harmonic map heat
flow, using the fact that

Q" = dv o,

dV denoting the exterior covariant derivative associated with the connection on E g
arising from w and the Levi—Civita connection on T M (cf. [29, 2.75]), differentiating
(2.6) and employing a Weitzenbock-type argument, we deduce that Q¢ satisfies an
equation of the form (2.3) with

n

B=— Y g Q. % Ad). (%8 A0,)]® dx' A dx?
i,j,k,p=1
n . .
— Y g"RHQY 0 A G ® dx A dxF @7
i jk =1

n
+ Y §RNQY, 9 A 0) ® dx' A dX,
i ik dm=1

where [-, -] is the fibrewise Lie bracket on E 4 naturally induced by that of g and {R"}; .}
are the components of the Riemann curvature tensor of g, where the sign convention
is that of [37].

We now more explicitly describe w (-, #) locally. To this end, we fix a local section
0:U — Pandlet ¥, : U x g — Eg be the local bundle parametrisation induced by
o.Thenu(x,1) = Y1, Wy (x, Ai(x, 1) — (Ag)i (x, 1)) ® dx for (x, 1) € U x [0, T,
where

n
ACD =) AN @ d' = 0w 1)
i=1
is the local connection form and
n .
Ag =) (A0)i(x) ® dx' := o™ wy.
i=1
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The curvature two-form is then locally given as

F(, 1) = Z Fij(,t)® dx' Adx/ U — g®@ A’T*M

i<j

with F;; = 0;A; — 0;A; +[A;, A;]. We may therefore locally describe a Yang—-Mills
heat flow by means of a smooth one-parameter family of local g-valued one-forms
{A(-, B)}sef0,7( solving the system of equations

n n
BAI =Y g™ (aqu,- +IAp. Fpil = > (F;q Fri+ T, qu)) (2.8)

p.q=1 r=1

on Ux]0, T[foreachi € {1, ...,n}.

Similarly to the harmonic map heat flow, we may rescale a Yang—Mills heat flow
as follows: Fix (x, ) € M x]0, T'] and a local section o : By (x) — P. As before,
we let 9y : Bigj (0) — Bipj, (x) denote a geodesic normal codrdinate parametrisation.
Defining

n
A (p.5) = 0T Ay, 1 +325) = D XA 0. (y). 1 +225) @ dy',

i=1

we obtain a smooth one-parameter family

(AT (. 5) ¢ Binj, 2 (0) > g ® T*R"} |

solving the system of equations (2.8) with respect to the metric g5 . This then gives rise

to a family of connections {ugx’t) G, s)}SG]—fz’ r_ipon the trivial bundle Biyj /5 (0) x G

evolving by the Yang—Mills heat flow, where the metric tensor on the base manifold

is given by g;. As with the harmonic map heat flow, if (M, g) is Euclidean, we call

u self-similar about (x, t) if A;(y,s) = (A;x’t)). (y,s) forall A > 0,7 € {1,...,n}
1

and (y,s) € R" x R for which both sides are defined.

In contrast to the case of the harmonic map heat flow (with isometrically embedded
target manifold), there is no preferred representation of a connection w as an Eg-valued
one-form; indeed, from a differential geometric point of view, connections are usually
considered equivalent if they are related by the action of the gauge group: Given a con-
nection @ on P with local one-forms {A7 = )"/, A7 ® dx’ : o alocal section of P}
and a section g : U — Eg of the bundle G — Eg — M associated with P and the
action of G on itself by conjugation, which we may locally write as

g(x) = g (x, g7 (x))
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9686 A. Afuni

with o a local section of P and @, the local bundle parametrisation of E associated
with o, the collection of local one-forms

n
(A7 = ZZ? ® dx'}
i=1

with Xf = Adgo (A7) — 0,87 - (g%)~! gives rise to a connection g - w on P, where
Ad denotes the adjoint representation of G on g and - the natural right action of G
on TG. The connection corresponding to g - w satisfies Q8“ = Ad,Q®, where Ad
is the natural adjoint action of the gauge group on E5. A computation readily shows
that if w is a Yang—Mills heat flow, then so is g - w, albeit on a smaller subset of M if
U # M, and the norm of the curvature form Q@ (as well as its covariant derivatives)
is invariant under the action of the gauge group.

When speaking of the convergence of a sequence {w;} of connections (with corre-
sponding E g-valued one-forms {u; }), we shall say that {u; } (or {w; }) converges locally
uniformly on U C M modulo gauge if there exists a sequence {g; : U — Eg} of
elements of the gauge group for which the Eg-valued one-form {i;} corresponding
to {g; - w;} (and some fixed connection wg) converges locally uniformly on U C M.
Likewise, by convergence locally uniformly in C*° we shall mean that {i;} converges
locally uniformly in C*° on codrdinate patches. For our purposes, working with the
trivial connection with respect to some local section will be sufficient.

When working locally, the action of the gauge group is essentially equivalent to
choosing a different representative local one-form of the connection; indeed, if o :
U — Pando’ : U — P are two local sections of P, then there exists a smooth
mapping g : U NU’ — G such that 6’ - g = o, - being the right action of G on P,
and the associated local connection forms A% and A°  are related by
A? = Adg (A7) — d;g - g7

1

We shall take this view point for the sake of concreteness.

2.2.3 Common Properties

We recall some well-known facts common to the Yang—Mills and harmonic map heat
flows; these results are essentially contained in [20] for the harmonic map heat flow
and [41] for the Yang—Mills heat flow, albeit in a slightly different form. For the
convenience of the reader, we sketch their proofs.

In both cases, local control on the fundamental form 1 ensures local control on the
derivatives of v of all orders in the following sense:

Lemma 2.1 (Higher regularity) If the estimate r* 0 S(l}l(pT) %|1// 12 < co holds for some
co>0,0<r <injyand X € M, then for eachi € N’there exists a constant ¢; > 0

depending only on co, bounds on the covariant derivatives of the Riemann curvature
tensor in B, (X) up to order i and the geometry of the target of the underlying flow
such that
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Local Regularity for the Harmonic Map... 9687

. 1 .
P2EED qup S Vi < ¢ (2.9)
Qr2(X,T)

A variant of this lemma was established in [20, Theorem 2.2] for the case of the
harmonic map heat flow and [41, Theorem 2.2] for the case of the Yang—Mills heat
flow. In the former case, the {c;} depends on bounds on the sectional curvature of N
and in the latter the structure constants of g. For completeness’ sake, the proof of this
version shall now be sketched.

We first recall the following localised weak maximum principle due to Ecker and
Huisken [15]; its proof may be found in [13, Prop. 3.17] under the assumption that
M evolves by mean curvature flow, though the proof carries over mutatis mutandis to
our setting.

Theorem 2.2 (Localised maximum principle) Fix t1, t > O and let ¢ : M X [t1, [~
[0, oo[ be a C? function such that ¢ (-, t) € C3(M) for all t € [t1, t2[ and

\v/ 2
6+ Vol + 0] + V2] + 2

=Cy (2.10)

for some constant cy > 0. Furthermore suppose that f : M x [t1, t2[— [0, ool is a
C? function such that

B —AVf <—aof*—ar- f+ (X, Vf)+a (2.11)

on U = {(x,t) : ¢(x,t) > 0} withag > 0, ay € R, a1 : U — [0, 0] and

X : U — TM a time-dependent vector field such that a3 := supy, \/% < 00. Then

forallt € [t1, t[, we have that

max(f - $)(, 1) < max(f - $)(-, 1) + 1,

where

4 (@ +n+Lia?  acl
8 = —( I e LA Rt ) B (2.12)
3 ag ao

Proof of Lemma 2.1 By rescaling the flow and crudely rescaling the metric, we may
without loss of generality suppose that » = 1 and (x,¢) = (0,0) € R", since the
scaling behaviour of g, ¥, the Riemann curvature tensor and its covariant deriva-
tives would then establish the desired estimate. Set f; = %lvk ¥|?. By successively
differentiating (2.3) in both cases, we see that whenever

sup fi <c¢; (2.13)
0
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9688 A. Afuni

fori €{0,...,k — 1}, {c;}\Zy ¢ Rand Q C Q1(0, 0) open, then
O — A) fx < =2 fk+1 + Cr(1 + i) (2.14)

with Cj depending (polynomially) on {c; }f;(} and bounds on the covariant derivatives
of the Riemann curvature tensor up to order k, as well as the structure constants of g in
the case of the Yang—Mills heat flow, and bounds on the second fundamental form of
N up to order k + 1 in the case of the harmonic map heat flow (cf. [20, Theorem 2.2]
and [41, Theorem 2.2]). We shall employ a variant of the Shi trick (cf. [33, Lemma
4.2]) in order to apply Theorem 2.2. To this end, assuming the bounds (2.13), set
8k = fx - (ak + fr—1), with o > 0 to be determined. We compute, writing L for the
heat operator 9, — A, that

Lgir =Lfk - (ok + fr—1) + fi - Lfk—1 = 2(V fi, V fi1)
< (4 = 2) fis1(x + fi—1) + Ci(ax + fi—1) + Crgk

2 =1 2
B 1 B 24 - —
+ Ci—1 fie (1 + fk 1)+< +g ak-l-fk—l)fk’

for every ¢ > 0, where we have used the evolution inequality (2.14) as well as the
inequality

[V fi, V fior) | < IVEg 2 VEH g vE Ly

2 2
< 2e(ok + fi—1) fr+1 + 8(05k+—fk—1)fk Sie—1,

where the former inequality follows from Kato’s inequality and the latter Young’s
inequality. Setting ¢ = % eliminates the first term, and since x +—> akxﬂ is monotone
increasing, (2.13) together with another application of Young’s inequality in the form

2
k—1

Cr—1 fi(1 + fi—1) < >

1
(14 cr-1)*+ Esz

yields the inequality

3 Ck—1 ) 2 ~
Lgx < (> +4——— ) fF+Cegr + ¢
8k < > %+ cot Si x&k + Ck

2
with &% = Crlax + cx_1) + 51 (1 + 12 Choosing @ = 21 which then

implies that gy < 13—6Ck7] fx, we arrive at the evolution inequality

Lgr < ——272 g + Crg +
1024¢?
27, [~  512¢;,C} (215
T TR ( * T) ’
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Local Regularity for the Harmonic Map... 9689

which is of the form (2.11), where in the last line we applied Young’s inequality. Now,
for each k € NU {0}, set ry = % + (%)k and define ¢y : R" x [—r2_|, 0[— [0, oo[
such that

or(x, 1) = (t +rf_)) -max{0, ?_; — x|}

Then @y (-, _"1?71) =0, foreacht €] — ’"1371 , O, supp ¢ (-, t) = By, ,(0), ¢y satisfies
the inequality (2.10) with ¢, depending on k as well as the constants A, arising in
the geometry bounds (2.2), and we have the inequality

ol o, 0.0 = iy =)t =t i (2.16)

Now, suppose that supy .0y fo < co. Applying Theorem 2.2 to f = g; and
¢ = ¢1, we immediately obtain a bound 81 > 0 depending on n and the coéfficients
appearing on the right-hand side of (2.15), viz. cg, Co and Cjy, the latter of which
depend appropriately on the underlying geometry, such that

sup (g1 - @) (-, 1) < By
B1(0)

for each t € [—1, O[. Using (2.16), we obtain that SUPg, (0,00 81 = % Proceeding by
induction, we see that

sup gy < 2k
0, (0.0 Vi

for each k € N with gy > 0 depending only on n, ¢y and the underlying geometry.
Since gx > oy fr, we may proceed again by induction to obtain estimates

sup  fk < ck
0/,(0,0)

for each k € N, where ¢ depends on n, c¢g and the underlying geometry as before.
Since % < rr < 1 for all k, this establishes the claim.

Remark 2.3 By carefully inspecting the expression (2.12), it may be readily checked
in the process of the inductive argument that the {c; f’i 1 in (2.9) may be bounded from
above by an expression depending polynomially on ¢y and the underlying geometric

bounds.

Since we are restricting our attention to the harmonic map heat flow with compact
target manifold, we automatically have boundedness of # and, by Lemma 2.1, once
we have a bound on du in a parabolic cylinder, we obtain local bounds on V' du for
all/ € Nin a slightly smaller parabolic cylinder. The situation is more complicated in
the case of the Yang—Mills heat flow, where a bound on the curvature two-form does
not equate to a bound on the differential of u owing to gauge invariance. However,
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9690 A. Afuni

given a bound on the curvature two-form in a parabolic cylinder, we may by suitably
choosing a local section (or equivalently by acting an element of the gauge group)
deduce the boundedness of the local connection form and all of its derivatives in a
slightly smaller parabolic cylinder, the key ingredient being Uhlenbeck’s Coulomb
gauge theorem [38].

Lemma 2.4 (Nice gauge lemma) If r* 0 S(l}l(pT) %|gw|2 < cq for some 0 < r < iy and
co > 0, then there exist constants 0 €]0, JT] and {oz,-}?oo C]0, oo[ depending only on
co, 1, ig, bounds on the covariant derivatives of the Riemann curvature tensor and
the structure constants of g, and a local section o : Byg,(X) — P such that for all
i e NU{0},

P20+ qup —|Vie*wl? < a;. (2.17)
Qor(X,T)

r

Proof Letig =T — (5)2 and write g5 for the Euclidean metric on B, (X) defined in
geodesic normal coordinates at X. Note that we have a bound of the form

lg — gsles (Px (X)) < a(n)- sup |Rlg - |x|* < Blx|%,
Bio(

where ¥x : Binj, (0) C R" — By, (X) C M is the associated geodesic normal
parametrisation of Byyj, (X), @(n) is a constant depending only on n, R is the Riemann

curvature tensor of g and 8 is any upper bound for the coéfficient of |x|? in the middle
expression of this inequality. Since f By (X) %lg‘”ﬁ(-, to) A—\“O> 0, it follows from
Uhlenbeck’s Coulomb gauge theorem that there exists a 8 €]0, JT] depending only
on cg, n, B and the structure constants of g, and a local section o : By, (X) — P
such that the Coulomb gauge condition Y ;_, 9; (c*w(-, ), 3;) = 0 holds as well as
a scale-invariant bound on the W17 norm of o*w(-, 19) on Bag,(X) in terms of the
L? norm of Q¢ forall p > 7. Choosing 6 smaller depending on 8 and 7 if necessary,
the Coulomb gauge condition together with (2.8) implies that o*w (-, f9) solves an
elliptic system so that by standard techniques (cf. [24, Sect. 3.5] and [12, Sect. 4]),
scale-invariant estimates

) 1.
P sup S |Viotw () < B (2.18)
B (X) 2

follow, where the {,Bi};?io depend only on cg, bounds on the covariant derivatives of
R in B;;(X) and the structure constants of g. Now, it follows from the bound on Q%
and Lemma 2.1 that on Q%(X, T),

2n\/c1
3

1
o =lo*wl|?.
r 2

8t—|0*w|2 =
2
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Local Regularity for the Harmonic Map... 9691

An integration and application of (2.18) then yield the inequality

1
r? sup Elﬁ*w(-, DI < ap = (Bo + n/c1)?
Bygr (X)

for all ¢ € [y, T[, which implies (2.17) in the case i = 0. The remaining estimates
follow similarly by induction. O

Remark 2.5 We may leverage Lemma 2.4 to obtain bounds on the covariant derivatives
of the section u associated with the Yang—Mills heat flow as follows: Let ¢ : M —
[0, oo[ be any smooth function such that ¢|p, (xy = 1 and supp ¢ € Bag,(0). Setting
W) =@om-ws;+ (I —¢om)w, where m : P — M is the projection map of the
principal bundle, w, is the trivial connection associated with the local section o and
w1 is any other smooth connection on P, we have the equality

ulx,t) =Yy (x,0*w(x, 1))

for (x,1) € Qpr(X, T), where W, : Bog,(X) x g — Ejgis the local bundle parametri-
sation of E 4 associated with o acting on the former part of the tensor product g7, M.
This immediately implies that

, 1 ,
p2+0) sup —|V’u|2§ocl~

Qor(X.T)

under the hypotheses of the lemma. Moreover, in the light of these bounds, we obtain
similar estimates with the trivial connection with respect to ¢ in place of V.

2.3 Heat Balls and Local Monotonicity

We now turn our attention to the monotonicity properties of the harmonic map and
Yang—Mills heat flows.

For fixed (x,t) € 2x]0, T],r > 0andk < ’%, the generalised Euclidean (n —2k)-
heat ball of radius r centred at (x, ) is defined by

. 1 t(y, x)2 1
{(y, s) e 2x]0,T]: e — s))% exp <4(s — t)) > n—2k }

U (Byae,@ne)x s,

selt— 12,110, 7]

EM 2 (x,1)

where R;:—zk (o) = \/Z(n — 2k)o log (—4;’—2") foro €] — %, O[. It may be seen from
the definition of E f‘Zk (x, t) that it is relatively compact in M x [0, T']. Moreover, we

: : n—2k [ n—2k . o 1 n—2k
have the inequality R}’ (0) < /75T s0 that setting ¢, x 1= max{ﬁ, IR

2me
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9692 A. Afuni

we have the inclusion

E} 7 (x. 1) © Qe (x, 1),
For technical reasons, we shall restrict our attention to small » so that E ;’_2" (x,1) C
Qx]10, TI.

We now state the local monotonicity principle for these flows. For simplicity, we
introduce the shorthand notation

1
exlit glivy = 51V (9 + Voo ) = (Vv ot + Voinev)

where ¢ (y,s) = Z((); _’3)2 — % log (47 (t — 5)). Note that the right-hand side
implicitly depends on the choice of metric g. The following was established by Ecker
[14] in the case of the harmonic map heat flow with M Euclidean and more generally
for the Yang—Mills and harmonic map heat flows on Riemannian manifolds by the

author [1,3].

Theorem 2.6 (Local monotonicity) Fix x € Q2 and suppose u is a harmonic map or

Yang—Mills heat flow on Qr(x,t) C Q X R for R < iy. Then there exist ro > 0 and

& € C*°(]0, ool) with li\% &r(s) = 0 depending on the geometry of Q2 such that the
N

heat ball energy
r— L/‘/ e [u, gl (v, 8) dvolg(y)ds (2.19)
rn—2k E:l_zk (X,t) ’ ’ ’ 8

is monotone nondecreasing forr < rowhenever the integrand is defined and summable
over EM=2(x,1). If (M, g) = (R", gs), then & = 0 and (2.19) is constant iff u is

ro
self-similar about (x,t) in E;’O_Zk (x, 1) (modulo gauge).

Remark 2.7 The geometric quantities ro and & are explicitly given by the following
expressions:

— R .
- 26,1’/{’

ro

n—2k
@) =0 |:((n — DAL —2kAT)log (4L> 2 } ,

To
where A4 arise from the geometry bounds (2.2).

Remark 2.8 (Scale invariance) We may more explicitly write ex[u, gl(x,)(y,s) in
geodesic normal codrdinates about (x, ¢) as

y y
TR R A AL L TN

1 5 n—2k _<
§|¢| y,s) -

20— Lw(y,S)>-
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Local Regularity for the Harmonic Map... 9693

In particular, using this local expression, we have that

1
— Sk (1=5) dvol,(y)d
. / fE g el gl 3. 5) vl (1) ds

1 2
G f,/Enzk(O 0 TV, gl l0.0)(v.5) - /81 () dyds
r/x >

for any A > 0. We shall use this (approximate) scale invariance property in the sequel.

Remark 2.9 (Nonnegativity) By monotonicity and scale invariance, if u is smooth on
Qg(x,1t), then for all r < rg,

;// e, gl (v, 5) dvolg (y)ds
rn—2k EN 2 (x gy ’ IR 8

1
b a2k //;K_Zk(x’[)e exlu, glix,n (v, s) dvolg(y)ds

Y
. 12

= lim // I g [l 630,00 (v, 5) - /g5 () dyds =0,
INOJ S E=2(0,0)

where the last equality follows from the dominated convergence theorem. Therefore,
the quantity (2.19) is nonnegative in the case where u is smooth in a neighbourhood
of x up to and including time 7. In the special case where (M, g) = (R", gs) and u is
self-similar about (x, #), the heat ball integrand takes the form

n—2k
2(t —s)’

1
exlu, g5l (v, s) = §|1/f|2<y, 5) -

which is nonnegative on Ef_Zk (x, t) regardless of whether u is smooth up to and
including time ¢.

It was shown in [3] that the quantity (2.19) is finite for » < ro whenever %|1ﬁ|2 is
summable over a suitable parabolic cylinder containing £ ﬁO_Zk (x, t). In fact, we have
the following estimate.

Lemma 2.10 (L? estimate) Suppose u is a harmonic map or Yang—Mills heat flow on
Q x [0, T[. Then the estimate

1 s Yk 1
— / /E el 090 vl < ST / fQ iy

4L'”'kr(xsl) 2

(2.20)

holds whenever Qac, r(x,1) C 2x]0,T[ andr =< %0 where yy i depends on n, k
and the geometry of 2.
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9694 A. Afuni

Proof In [3, Remark 5.8], it was shown that

1
—_— , , s)dvol d
T //E;’Z"(x,z) lexlu, &lex,n|(y, s)dvolg(y)ds

< ! ff Lyp s L / Lyee -2
— Cl YA Y by YA - -’ - 9
rn72k+2 Qchykr(xst) 2 rn72k Bzcn,kr()(x) 2 47-[

2.21)

where c¢; depends on n, k and the geometry of 2. Now, it may be shown using the
methods of [2] that

d f1 o
m M§|1ﬁ| (-, 1)
1 . .
= —/M |a,u|2<p+/M ARG A>¢+<v2¢, D o (oiy, 0y de' ® de>
ij
(2.22)

for a smooth function ¢ : M x [0, T[— [0, oo[ such that ¢ (-, #) is compactly supported
in M for each t. We fix a smooth function y : R — [0, 1] such that x(z) = 1 for

2
t < and x(t) = Ofort > 1. Setting p(y, s) = x ((t(y’x)) + (4t_s >,it follows

4C"J<r C)L,kr)z

that supp ¢(-, s) C Bac, r(x), ¢(-,5) = 0 fors <t — (4c,xr)?, and ¢ = 1 on
QQCn, .« (x,1). Moreover, by the Hessian estimate (2.2), (2.22) implies that

d 1 ) 1
[ Swieen < 72/ L.

dr Ju Bie, 1r(x) 2

where ¢» depends on n, k and the geometry of Q2. Integrating from ¢ — (4c,,,kr)2 to

r2 .
I — 7=, we obtain

/ Ly e, r2></ Ly, r2><62// 1%
y .1 - — y w ‘7 - __ - 9
Bac, r() 2 dr” = Ju 2 A" 2 S gu, e 2

where we have used the fact that 1 — % >1— (2cn,kr)2. Substituting this into (2.21)
and using the boundedness of & on bounded subsets of ]O, oo then yields (2.20). O

Remark 2.11 (Local energy estimate) Using (2.22) with

_ t(y, x) LA
w(y,S)—x<< » ) +(2r)2)
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and x € 2, we may similarly establish the local energy bound

/ LyPes < C/ Lyp
— .’S __ —
B, (x) 2 2 Jos ey 2

forr < ’70 with ¢ arising from a harmonic map or Yang—Mills heat flow on Q2, (x, t) C
Qx]0, T[,s €]t —r?, t[ and ¢ > 0 depending only on the geometry of §2, which leads

to the bound
1 1
LR 5’5// P
/1(2 Qx10,T[ 2

2
fort €]T —min{*¢, dist(K, 3Q)}%, T[and K € Q, where ¢ depends on dist(K , 3<2)
and the geometry of €.

3 The Local Regularity Theorem

We now turn our attention to the promised local regularity theorem. Let
Li(u, g x,t,r) = b Do u, gl (v, 8) dvoly(y)ds  (3.1)
28 M by . rn_zk E:}*Zk(xyt) ’ (x,1) ’ g .

be the heat ball energy of Theorem 2.6.

Theorem 3.1 (Local regularity) There exist geometric constants ¢, C > 0 such that
for any R < ig and Yang—Mills or harmonic map heat flow u on Qr(X, T) C Q xR,
the implication

R 2k 1 2
sup Ik(uvg;x9t9 _)<8:>R sup _|W| SC
(,)€QR2(X,T) 2¢n.k Orpa(X,T)

holds.

We first establish the following lemma whose proof relies on a blow-up argument akin
to that of [42] and [13, Theorem 5.6].

Lemma 3.2 There exist geometric constants €, C' > 0 such that for any R < ig and
Yang—Mills or harmonic map heat flow u on Qr(X, T) C Q X R, the implication

2k
aR I 5 ,
sup I(u, g; x, t, )<e= sup |— sup |yl <C
(x,1)€QR2(X,T) 2¢nk ael0, 1] QU-a)r/2(X.T)

holds.

Proof We proceed by contradiction. Suppose that this result is false. Then there exist a
sequence {R;} jen CJ0, ip] and a sequence of Yang—Mills or harmonic map heat flows
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9696 A. Afuni

{uj}jen with associated fundamental forms {y/;} jen, each defined on Qg (X, Tj) C
Q2 x R for each j € N, such that the ¢-regularity condition, i.e. the antecedent of the
implication in the theorem, holds with ¢ = %, R=Rj,u=ujand y = v;, but

2k O[Rj 2k 1 9 J—>0
(Bj)™ == sup > sup §|1/fj| — <.
ael0,1] 0 R; (X,T)
2

By smoothness, there exist o; €]0, 1] and (x;, ;) € Q(l_ R; (X,, T;) such that

R\* 1
(ﬂj)z":(“fz’) §|w,»|2(xj,t,->. (3.2)

By passing to a subsequence if necessary, we may assume that {x;}jen C Qisa
convergent sequence. Now, note that:

(1) There holds

1, 4 \* ajR;\* (I
sup =¥l =< ) sup =¥l
0w g (X,T)2 ojR; 4 0w g (X,T)2
-4+ a-HH
2k
~ \R;
(2) We have the inclusion Q«; &; (xj,1;) C Q( )R, (X, T).
aa —72 )72
Altogether, we have
1 4; \*
sup < |yl* < AP\ (3.3)
s a:R: J
Qu;r; (xjut) JJ

7
We now rescale u ; appropriately about (x;, ¢;). For each j € N, set

W 1) = (uy )("f )
This defines a smooth harmonic map (resp. Yang—Mills) heat flow

u; - 0p,(0,0) > V@A TR

with respect to the metric gA Moreover, writing w for the fundamental form asso-
ciated with u , (3.2) implies that

1 712 2k 1 712 1 2k
SWP0.0) =235 Sl P = ( 5 (3.4)
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Local Regularity for the Harmonic Map... 9697

and, in the light of (3.3), we have supm %W} |2 < 1. Since B; > 1 forsufficiently
; 0,

large j, we also have that SUP 5, 0.0 % h[f} |> < 1 for sufficiently large j and therefore,
by Lemma 2.1, we have that

1
sup E

01(0.0)
2

V"Y1 < em

for all m € N, where ¢, depends only on n, bounds on the covariant derivatives of
the Riemann curvature tensor of g up to order m in €2, the structure constants of g in
the case of the Yang—Mills heat flow and bounds on the covariant derivatives of the
second fundamental form of the target manifold up to order m + 1 in the case of the
harmonic map heat flow. Using Lemma 2.4 in the case of the Yang—Mills heat flow
and the compactness of the target manifold in the case of the harmonic map heat flow,
we furthermore obtain bounds of the form

1 ~
sup = |V"u|* <G
0(0,0)

for all m € N U {0}, where ¢, likewise depends on the geometry of €2 and either the
structure constants of g or the second fundamental form of N. Thus, by the Arzela-
Ascoli theorem, there exists a subsequence of {u’j }, which we again denote by {u’j },and
a smooth Yang—Mills or harmonic map heat flow us : Qg(0,0) — V @ AF~IT*R"

with respect to the Euclidean metric g5 such that u’j Eindiad Uso uniformly in C°°.

From (3.4), we see that we must also have

1 1 2k
5|woo|2<0,0>=(5> . (3.5)

Now, for (x, ) = (x}, t;), the e-regularity condition reads

;// exluf, gl .)(x, 1) - €571 dvoly (x)dr <l
— ) Xt ) .
< : )n B E" (i) ! JJ ¢ J
ZC"*k Zz:njvk
For fixed R > 0 and sufficiently large j, we have that R%j’”‘ <l & AR < % S0

that by monotonicity (Theorem 2.6), we also have

1

1

_ exliej, gl (x, 1) - 817 dvolg (x)dr < —.

()ujR)"_Zk »/v/Eﬁék(xi,tj) J (xj.15) 8 j
Aj k

Using scale invariance and nonnegativity (Remarks 2.8 and 2.9), we therefore have

1 %) §(-23n [ % 1
0= —f/ exluy, 10,0 (x, 1) - e g () dxdt < = (3.6)
En72k E%iZk(O,O) J )»_, ( ) )‘_/ ]
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in geodesic normal codrdinates about x ;. Choosing R so that E%_Zk (0,0) C Q0y(0,0)
and taking the limit j — oo in (3.6), we obtain that

1
7 //15"2k(0 0 erluoo, &510,00 =0,
f ]

1.€. Uoo 18 a smooth self-similar flow on E%_Zk (0, 0) by Theorem 2.6, but then self-
similarity implies that

—Illfool (x,0)=r? _wfoo| (rx, r’n)

for all (x,7) € E%_Zk (0,0) and r €]0, 1[. Since us is smooth on E%_zk(O, 0) C
04(0, 0), taking the limit 7 \, 0 yields 4| |*(x, 1) = 0 for (x, 1) € E%—zk(o, 0).
Taking the limit (x,¢) — (0, 0) then yields the equality %|1//oo|2(0, 0) = 0, which
contradicts (3.5). O

Proof of Theorem 3.1 Let ¢ and C’ be as in Lemma 3.2 and suppose u : Qr(X, T) —
E ® A*=1T*M is a harmonic map or Yang—Mills heat flow satisfying the ¢-regularity
condition

sup Ii(u, g5 x,1,
(x,)€Qr(X,T) 2¢nk

) <e.

Consider us : Q 15R(X, T) — E Q@ AK~1T*M defined by us(y,s) = u(y,s — §) for

8 €]0, (1— ( ) ) [ us again defines a harmonic map or Yang—Mills heat flow, and
using Remark 2.8 as well as Theorem 2.6, we see that

15R/16
sup Ii(us, g5 x,t, >
(xDEQ 15 ), (X.T) Cn.k

I5R/16
= sup Ii(u, g, x, 1,
(x,t)EQ(%R)/Z(X,TﬂS) 2C,,,k

)

)

= sup Ii(u, g;x, 1,
(x,1)eQrp(X,T) Cn,k

) <e.

sothat Lemma 3.2 applies to us,i.e.forallo €]0, 1[and (x, ¢) € Q(l_a)(l%R)/z(X, T),
1
we have that

15 \* 1,
—aR) = =8 <C.
<32a ) LAR ) <

Choosing o = % and taking the limit § N\ O then yields the desired estimate with
c=(2)*c. o
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Remark 3.3 (Extensibility up to# = T') The significance of the e-regularity condition

R
sup Ir(u, g; x,t, 5 )<e 3.7

(x,1)€QR/2(X,T) Cn.k

is the following: If (3.7) holds for a harmonic map or Yang—Mills heat flow u on
Q x [0, T[ for some R > 0, then Theorem 3.1 implies a scale-invariant bound on
[¥|%in Q & (X, T) so that after applying Lemma 2.1 and appealing to (2.4) and (2.8),

we conclude that lim; ~7 u(-, t) exists uniformly in C* on Bg(X), e ulg,x.m)is
5

smoothly extensible to all of O Rex.1y: Conversely, if u is a smooth harmonic map or

Yang—Mills heat flow on Qg (X, T) for some R €]0, ip[, then by Lemma 2.10 and
Remark 2.9, we have for all A < %R that

A
0< sup Ii(u, g;x,t, ——)
(x,1)€Q52(X.T) 2¢n,k

_ Yok - Qe )" 2 // Lop
- An—2k+2 st X.T) 2

/ 0
—)/nk (2C k)n 2k+2/f (X T) \‘
Q5(00)2

where in the second line we used the fact that Q7 (x,1) C Q 5 (X, T)forall (x,¢t) e
0,.,2(X, T) and in the last line we used the fact that

AN0
[ DRy, ) = A9 P @x ), T+ 2%s) 2250,

¥x being a geodesic normal parametrisation of Biyj, (X), as well as the dominated
convergence theorem. Therefore, there exists a Ag < ip for which the e-regularity
condition

A
Sup Ii(u, g5 x, 1, L0y <.
(x,1)€Q5/2(X.T) 2¢n k

holds. Theorem 3.1 therefore gives us a necessary and sufficient condition for the local
extensibility of {u(-,#)} uptotimer =T.

A cursory inspection of the preceding remark shows that we may in fact extract a
local regularity theorem based around parabolic cylinders rather than heat balls from
Theorem 3.1. This is the content of the following corollary.

Corollary 3.4 There exist geometric constants gy, Co > 0 such that for any R < iy
and Yang—Mills or harmonic map heat flow u on Qr(X, T) C Q xR, the implication
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;// Lyl <eo= R* sp P <co
R=2%2 J Jopx.1) 2 Orpox.7y2

holds.

Proof Let gy = —
yn,k‘(SCn,k
2.10. We compute as in Remark 3.3 that

T where ¢ is as in Theorem 3.1 and y,, x as in Lemma

2R/5
sup Ii(u, g, x,t, —)
(x,1)€Q2rys5 (X,T) 2cnk
=2
< Yk - (5¢ k)n72k+2';// l|1ﬁ|2<€
= Vn, n, Rn—2k+2 OR(X.T) 2

so that we may apply Theorem 3.1 to obtain the desired estimate with Co = C. O

Remark 3.5 Arguing exactly as in Remark 3.3, we deduce a second criterion for local
extensibility of a harmonic map or Yang-Mills heat from Corollary 3.4, this time
in terms of parabolic cylinders: If u is a harmonic map or Yang—Mills heat flow on
Q x [0, T[ and X € €, then there exists an R > 0 with Qr(X,T) C @ x [0, T[
such that u| g, (x,7) may be smoothly extended to all of Qg(X, T) if and only if there
exists an Ry €]0, ip[ such that

! / / Lyp
—_— - <&
R’ g o 2

with &g as in Corollary 3.4.

4 The Singular Set

We shall now make use of the local regularity theorem to characterise the singular set
at the maximal time of a smooth Yang—Mills or harmonic map heat flow and draw
conclusions on its measure-theoretic size.

For (X, T) € Q x R, set

T
Ro(X, T) = min{io, dist(X, 9, %_}

and let # be a harmonic map or Yang—Mills heat flow on © x [0, T[. We shall call
(X, T) € Q x R a regular point if there exists an R > 0 such that Qr(X,T) C
Q2x[0, T]and u| g, x, ) may be smoothly extended to all of Q g (X, T'). The singular
set of u at time T is then defined to be

S =Q\{X € Q: (X, T) is aregular point}.
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Now, it follows from Remarks 3.3 and 3.5 that regular points are characterised by
either of the e-regularity conditions of Theorem 3.1 and Corollary 3.4. Therefore, we
may write S variously as

R
S= {X e Q:VR < Ry(X,T)3A(x,t) e Qg(X, T)s.t Ix(u, g;x,t, 3 ) > 8}
Cn,k

1 1
= XeQ:VR<R0(X,T)—// —|1/f|2250},
{ Rn—2k+2 OR(X.T) 2

.1)

where ¢ and g¢ are as in Theorem 3.1 and Corollary 3.4, respectively. The following
lemma tells us that we can actually measure S.

Lemma 4.1 S is closed in Q.

Proof 1f X € Q\S, then we may smoothly extend u|g,x 1 to all of Qr(X,T) C
Q x [0, T'] for some R > 0, but this implies that ”lQR/z()N(,T) may be extended to all
of Op/n(X,T) C Q@ x [0, T]forall X € Brya(X), ie. Brja(X) C Q\S so that S is
closed. O

Knowing that S is measurable, we shall now estimate its (n — 2k)-dimensional Haus-
dorff measure (denoted by .7 ~2) under the assumption of summability of |y/|2.

Corollary 4.2 (Singular set estimate) Suppose ||*> € LY(Q2 x [0, T[). Then for any
K € Q and ég €]0, dist(K, 0Q2)[, the estimate

n—2k 1
A" KENK) < lim sup / — W 2(, t)dvol, (4.2)
€0 1 7 JBs(Snk) 2

holds, where g is as in Corollary 3.4.

Proof Fix §; > 0 and 0 < § <« min{§y, 8o}, and cover S N K with the family of
balls { Bs(x)}xesnk - By compactness and the Vitali covering lemma, we may pass to

a finite pairwise disjoint subfamily {Bs(x;)};cs, such that SN K C Uie,o Bss(x;) so
that the latter equality of (4.1) implies that
5n72k T 1
PO SO A
icl 80 ich 762 J By (xi)
5n—2k 1
< sup / Ellﬂlz(-,t).
€0 1ejr—52,1( / Bsy (SNK)
Passing to the limit § N\ 0 then §; \ O yields the desired estimate. O

Remark 4.3 Note that the right-hand side of (4.2) is finite by virtue of Remark 2.11.
Moreover, in contrast to the case of the corresponding statement in the static case on
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the singular set of stationary harmonic and energy-minimising maps (cf. [32, Corollary
2.7] and [5, Sect. VII]), it is not possible in general to take a further limit §o N\ O in
(4.2). However, if we assume that v satisfies the energy continuity hypothesis

R
tim [ 21y (-,t)wﬂ:/f'fp
M

t/T Jym
for some f € LIIOC(M, [0, 00[) and all ¢ € C0°° (M), then we may choose for each
small 8o > 0 a test function ¢ : M — [0, 1] with supp ¢ C Bz5,(S N K) and

‘p|BsO(SﬂK) = 1 so that

1 1
051imsup/ LyPen < 1imf —|w|2<-,r>.<ps/ f,
1T JBsy(SnK) 2 17T Jp 2 Basy (SNK)

which then implies after taking the limit 5o N\ 0, by virtue of the fact that S N K is
of Lebesgue measure zero, that 2" ~K(S N K) = 0 for any K € . This should
be compared with the case of the mean curvature flow, where a similar continuity
hypothesis is necessary to deduce a measure-zero singular set (see [13, Chap. 5]).

Remark 4.4 The definition we have given of the singular set S applies just as well
if u is defined on all of M x [0, T'[, i.e. we say that (X, T) € M x R is a regular
point if there exists an R > 0 such that u|g,x ) may be smoothly extended to
all of Qp(X,T) and let S = M\{X € M : (X, T) is a regular point}. In this case,
equalities (4.1) hold provided S is replaced with S N €2, and S may be shown to be
closed just as in Lemma 4.1. Moreover, Corollary 4.2 continues to hold. For both of
the corresponding statements, it should be borne in mind that the geometric constants
¢ and g( depend on the geometry of 2.

5 Rapidly Forming Singularities

We now turn our attention to rapidly forming (or type-I) singularities of the harmonic
map and Yang—Mills heat flows. Analogues of the results of this section have been
established in the case of a compact base manifold M by Grayson and Hamilton [20]
for the harmonic map heat flow and Weinkove [41] for the Yang—Mills heat flow, and
examples of heat flows admitting such singularities may be found in [18], [19] and
[41].

A Yang—Mills or harmonic map heat flow u on Q2 x [0, T'[ is said to have a rapidly
forming singularity at (X, T) if its fundamental form 1 satisfies the scale-invariant
estimate

1
sup (T — ) S|y )2 (x, 1) < Co (5.1)
(x.0)€QR(X.T) 2

for some Cp > 0 and R > 0 with Qg(X, T) C 2x]0, T[. We first show that rapidly
forming singularities admit smooth blow-ups.

@ Springer



Local Regularity for the Harmonic Map... 9703

Lemma 5.1 (Existence of blow-ups) Suppose u is a Yang—Mills or harmonic map heat
flow defined on 2 x [0, T[ and has a rapidly forming singularity at (X, T) € Q x R.
Then there exists a Yang—Mills (resp. harmonic map) heat flow us, on R" x] — o0, 0[

0
such that uﬁX’T) l Uoo Subsequentially and locally uniformly in C* on R" x| —

00, O[ (modulo gauge).

Proof We shall assume without loss of generality that ~R < ig. Fix (xg, 1)) €
Qg(X, T). We have that Q5(xo, 7o) C Qr(X,T) with R := /T — ty. Moreover,
the estimate (5.1) implies that

sup [y’ < ==
QO x(xo,70) 2 R

Lemma 2.1 then implies that for each i € N,

) ~ R2KHD

where C; depends on Cp and the geometries of 2 and the target manifold of the
respective flow (as in Lemma 2.1). Therefore, we have the estimate

.1 .
sup (T — M S| ViyP(x, 1) < C.
(x.0)€Q g (X.T) 2
2

Using the compactness of the target manifold of the harmonic map heat flow and
arguing as in Lemma 2.4 for the Yang—Mills heat flow, choosing a suitable fixed
connection as in Remark 2.5, we obtain bounds

sup (T — Y| viuP? < Ciy
Qpr(X,T) 2

fori € N U {0}, {a}""_1 depending on the {C;}72,, and 6 €]0, 4—1‘]. After rescaling,

i=
these estimates imply that for any » > 0,

. 1 . ~
sup <—r>k+’—1§|v1u£"~”|2(x,r)sc,-fl (5.2)
(x,t)EQg (0,0)

for constants {@};’i_l depending on {Ei}?i—y Thus, considering a sequence {u; =
uﬁl.X’T)},-eN of rescalings of u with ; N\ 0 and using (5.2) for each compact subset of
R" x] — 00, O[, we obtain, for large enough i, bounds on u; and all of its derivatives.
Therefore, by the Arzela-Ascoli theorem, we may pass to a subsequence converging
locally uniformly in C* to a smooth solution s, : R x] — 00, 0[— V @ A¥~IT*R"
to the corresponding flow equation on (R”, gs). O
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The following corollary establishes that smooth blow-ups of rapidly forming singu-
larities are in fact self-similar and gives us a strictly positive lower bound on their heat
ball energies; the latter guarantees that such blow-ups are nontrivial.

Corollary 5.2 (Self-similarity and nontriviality of blow-ups) Let {uﬁix’T)},-eN be a
sequence of rescalings (r; \y 0) of a Yang—Mills or harmonic map heat flow with

rapidly forming singularity at (X, T) € Q x R. Moreover, suppose uﬁiX‘T) == Uso

locally uniformly in C*® on R"x] — 00, O[. Then u, is self-similar. Moreover, uq
satisfies the estimate

. 1 1 5 n—2k
T A W T ey
R ’

(5.3)

forall R > 0, where ¥ is the fundamental form corresponding to us and ¢ is as in
Theorem 3.1.

Proof We first establish self-similarity. By virtue of the higher-order estimates derived
in Lemma 5.1, the monotone quantity (2.19) is finite on u for sufficiently small R.
Therefore, we may take its limit as R N\ 0 and freely apply scale invariance (Remark
2.8) so that for any » > 0,

lim li(u,g; X, T,R) = lim Ix(u,g; X, T,r;r)
R\0 i—00

. 1 .2
= lim —/f ek ( Ai‘”ek[uﬁf(’”,gr)f](o,O)(y,S) g,’f(y,s)dyds
E0.0)

i—oc0 rit—2k

1
= .//E”k(o 0 ekluco, 8510.0)(y, s)dyds = I (uco, 85 0,0, 7).

Thus, this last quantity is independent of r and so, by Theorem 2.6, uy, must be
self-similar.

We now turn our attention to the estimate (5.3). We first fix a sequence A; \ 0.
Since X € S, the first equality of (4.1) implies that there exists a sequence (x;, t;) €
Qc, 2r (X, T) such that for sufficiently large i and small fixed r > 0, we have

I (u, g; xi, ti, Air) > €.

Using monotonicity and translation-invariance (Theorem 2.6 and Remark 2.8), we
arrive at the inequality

1 o :
(xi,t7) Xi — Xi
3 //E"—Zk(o , e g 10.0) (3. )€ i (y)dyds > e.

Taking the limiti — oo, noting that (x;, #;) izog (X, T) and using the higher-order
estimates of Lemma 5.1, we obtain the inequality

Ii(u,g; X, T,r) > ¢.
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We now let r = A;, use scale invariance and pass to the limit i — oo to obtain (5.3)
with R = 1, but the self-similarity of us, implies that (5.3) holds forall R > 0. O

Remark 5.3 Since the blow-up u, in Corollary 5.2 is self-similar, it follows from
[14, Proposition 1.5] for the harmonic map heat flow and [1, Proposition 2.2] for the
Yang—Mills heat flow that

1
/ S 1Wool? - @ ) (x, ) dx = Li(utoo, 853 0,0, R) = &
Rn

2
forall R > 0 and ¢ < 0, where CD’(‘O’O)(x, t) = m exp (%) and ¢ > O is
as in Theorem 3.1. Moreover, we may use (5.1) to establish the existence of a p > 0

depending only on n, k, Cp and ¢ such that

1 2 gk Zen L €
Vool -dD(O,O)(x,t)dxfCo-(ﬁln’) 2 exp|——1zI7 ) dz < =
R™\B, /= (0) 2 R"\B, (0) 4 2

so that in fact, for this p > 0, we have the estimate

1 2k £
/B (O)§|¢OO| '(D(()‘())(x»l)dxi 5
pv/—1

for all + < 0. We have thus recovered the results of [20, Sect. 5] and [41, Sect. 3]
established in the case of blow-ups at rapidly forming singularities on compact M.
We note that the constant ¢ > 0 employed there additionally depends on the initial
energy of the flow.
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