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Abstract

In the present paper, we show how to define suitable subgroups of the orthogonal group
O (d—m) related to the unbounded part of a strip-like domain w x R withd > m+2,
in order to get “mutually disjoint” nontrivial subspaces of partially symmetric functions
of H& (@ x R4=™) which are compactly embedded in the associated Lebesgue spaces.
As an application of the introduced geometrical structure, we prove (existence and)
multiplicity results for semilinear elliptic problems set in a strip-like domain, in the
presence of a nonlinearity which either satisfies the classical Ambrosetti-Rabinowitz
condition or has a sublinear growth at infinity. The main theorems of this paper may
be seen as an extension of existence and multiplicity results, already appeared in the
literature, for nonlinear problems set in the entire space R¢, as for instance, the ones
due to Bartsch and Willem. The techniques used here are new.
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1 Introduction
1.1 Lack of Compactness and Symmetries on Unbounded Domains

Several important problems arising in many research fields such as physics and differ-
ential geometry lead to consider semilinear variational elliptic equations defined on
unbounded domains of the Euclidean space and a great deal of work has been devoted
to their study. From the mathematical point of view, probably the main interest relies
on the fact that often the tools of nonlinear functional analysis, based on compactness
arguments, cannot be used, at least in a straightforward way, and some new techniques
have to be developed.

The seminal paper [15] by Lions has inspired a (nowadays usual) way to overcome
the lack of compactness by exploiting symmetry. This approach is fruitful in the
study of variational elliptic problems in presence of a suitable continuous action of a
topological group on the Sobolev space where the solutions are being sought.

Along this direction, in the present paper, we exploit a group theoretical scheme,
raised in the study of problems which are invariant with respect to the action of
orthogonal subgroups, to show the existence of multiple solutions distinguished by
their different symmetry properties. We emphasize that a wide class of nonlinear
problems of this kind can be handled by constructing suitable subspaces, of “partially
symmetric” functions, of the ambient Sobolev space, and by applying an appropriate
version of the so-called Principle of Symmetric Criticality proved in the seminal paper
[21] by Palais.

For instance, let Rar = [0, 00), let Y1, ¥ : Rar — R be two functions that are
bounded on bounded sets, with () < v (¢) for every t € Rg and consider the
strip-like domain of the Heisenberg group H" = C" x R, n > 1, given by

2= fg=@0eC xR : yizh <1 < va(izD}.

The existence of weak solutions for subelliptic problems set on €2y has been investi-
gated in [9,16,20] by employing symmetries. The main proofs, crucially based on the
Palais Principle, are obtained by developing a suitable algebraic procedure on the uni-
tary group U(n) := U (n) x {id} that fits well with the approach developed along the
present paper. This group acts continuously on the Folland—Stein space H WO1 ’2(91/,)
by the action § : U(n) x HW(}’Z(QII,) — HW&’Z(Q,/,) pointwise defined by setting,
forallT:=1 x id witht € U(n),

(Ttu)(q) = u(t ™'z, 1) forae.q = (z,1) € H".
For any choice, if any, of ¢ > 1 and of ¢-tuple (ny, ..., ng) such that for all i €
¢
{1,...,¢},n; > 2and Zni =n,denoting T := U(ny) X --- x U(ny) x {id}, the

i=1
set

Fixr(HWI2(Qy)) = !u e HW/2(Qy) : Thu=u forany 7 e T}
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is a closed subspace of H W3’2(9¢) which is compactly embedded in the Lebesgue
space L"(S2y) for any v € (2, 2*Q), where 2*Q =20/(Q—2),and Q =2n +2is
the homogeneous dimension of H"; see [4, Theorem 1.1]. This fact allows to prove
the existence of multiple 7-symmetric solutions for subelliptic problems set on £2y;.

Here, we are interested on problems settled in strip-like domains of the Euclidean
space R?. Without loss of generality, fixed m € N we consider a strip-like domain w x
R4~ where @ C R™ is an open-bounded Euclidean domain with smooth boundary
dw. If d > m+2, we exploit some compact embedding of the space Hol’ Cyl(w x RE—m)

of “cylindrically symmetric” functions of the Sobolev space H(; (w x RZ=™) into the
Lebesgue space L (w x RY™) for all v € (2, 2*), 2* := 2d /(d — 2). Subsequently,
assuming that d > m + 4, more partial symmetries (in addition to the so-called block
radial symmetries) can be used and so more distinct subspaces of HOl (w x R4™™) can
be introduced on which one can recover compactness (see Proposition 2.2).

The proof of the main compactness result given in Proposition 2.2 somehow follows
by [15, Théoreme II1.2], and it is crucially based on the use of the action induced by
the orthogonal group O (d —m) on R4~ the unbounded part of the strip (see Sect. 2.1
below and [13, Subsection 2]). Actually, whend = m +4 ord > m + 6, we set

d—m—73

Tam = (=17 + L 5

J and Igm={1,....7am} (1.1

(the symbol | -] denotes the integer value function), and, for any i € 14, we define

.o d—m-=2
o0(d—-—m)/2) x O((d —m)/2) if i ZT
Hd,m,i = d—m=2

Oi+1)x0d—-—m—-=2i-2)yx0@(+1) ifi# >

and
Hymi = {idn} x Hym;i C {idn} x O(d —m) =: O(d —m).

Despite the fact that the 74, sets Fix Hymi (HOl (w x Rd_m)) of the functions in

Hj (0 x RY™™) which are invariant with respect to the induced action # of Hy i on
HO1 (w x RI=™) (for a precise definition see (2.3)), i.e.

Fixﬁdmi(HOl(a) x RETMY) = {u € Hol(a) x RY™™) : htu = u for anyiz\e ﬁd,m,i}

are the so-called block-radial subspaces ofHO1 (w X Rd_’”) and therefore, by [15,
Théoréme I11.2], are compactly embedded in L"(w x RI=™) forall v € (2, 2%), they
are not “mutually disjoint”. So, more effort must be done to get the multiplicity result.

To this aim, by adapting the arguments of [13, Theorem 2.2] introduced in the
whole Euclidean space, we define on R4=™ the involution function Na.m.i (see (2.8)
below) which allows us to construct subgroups Ifl\d,m,ﬁ, of O (d — m) (see (2.10)
for the definition) such that the sets Fix A, (HO1 (w x RI=™)) of the functions
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u e HO (wx R4=™Y which are invariant with respect to the action ®; (defined by (2.11)
below) of Hy 7 on H(w x RI7™), .

Fixgd’m'ﬁi (HO1 (w x Rd—m))

= {u € H&(a) xRITMY h @i u=u foranyﬁe ﬁd,m,ﬁi} ,

are nontrivial subspaces of H (w x R4=™)_ still compactly embedded in L" (a) X
R4=™), (see Proposition 2.2) and with the property of being “mutually disjoint”,
their mutual intersection reduces to the trivial space, as proved in Proposition 2.3. For
the precise statements and the related details see Sect. 2.2.

The new key results, of independent interest, given by Proposition 2.2 and Proposi-
tion 2.3 describe a sort of flower-shape geometry in H (w x RY™™), whose Tam + 1
petals are the T4, Sobolev spaces Fixg i (H (w x Rd ")) introduced above plus

the subspace of cylindrically symmetric functlons H 0.cyl (0 x R,

The advantage of this new type of symmetries in the study of nonlinear Dirichlet
problems on strip-like domains has been investigated in Theorem 1.1 and Theorem 1.2
by using variational and topological methods. In particular, while, to get the existence
result, we apply the variational argument to the space H(}’ Cyl(a) x R4~ to obtain the
multiplicity result, we use the same approach in each petal Fix g o (H(} (wxRI=™Y),
and so we must require that 74 ,, > 1 (and, therefore, thatd =m +4 ord > m + 6)
and that the nonlinear term appearing in the equation satisfies suitable symmetry
assumptions to assure that the functional associated with the problem is invariant with
respect to the action of the group I:I\d,mﬁ,. (according to the statement in (3.34)).

1.2 Nonlinear Problems on Strip-Like Domains

In the present paper, we are interested in getting existence and multiplicity results of
weak solutions to the following problem

. . d—m
{ —Au = ra(x,y)f(u) inoxR (P;)

u=>0 on dw x RI—m,

where A is a positive parameter and @ x R~ is an unbounded strip of R?, being w

an open bounded subset of R” with smooth boundary dw andd, m € N, d > m + 2.
Moreover, we assume that o : @ x RY™™ — R verifies the following integrability,
symmetry and sign conditions

o€ LY (w xRN L®(w x RI™™) (a1)
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alx,y) =alx,|y]) ae. (x,y) € w X R (a2)

o >0ae. inw x R~ and there exist » > 0 and o > 0 such that (@3)
. a3
essinf,x g(0,r) @ > o ,

where B(0, r) is the ball in R?~" centred at 0 with radius , whileon f : R — R we
require the next hypotheses

f is continuous in R (f1)
F@&)=o(t]) as || — 0 (f2)
there exists 0 > 2 such that 0 < o F(t) <tf(¢t) foranyt € R\ {0}, (f3)

where F is the following antiderivative of the function f

t
F(t):/ f(r)dr, teR, (1.2)
0

Lf ()] x
sup ———— < 400 forsome g € (2,2%), (f1)
rer\(oy 1]+ 719!
where 2* is the critical Sobolev exponent given by 2* := 2d /(d — 2) . As a model for
f we can consider, for fixed g € (2, 2*), the function

f@) =1lt]97%, 1 eR.

Assumption ( f3) is the well-known Ambrosetti—-Rabinowitz condition, which is a
superlinear assumption on the term f, namely a superquadratic one on its antideriva-
tive F at infinity.

In this paper, we want to study Problem (P;) also under sublinear conditions at
infinity on the nonlinearity f. More precisely, we shall also consider the case in which,
instead of (f3), the function f satisfies the following hypotheses

f@) =o(t]) as |t| > +o0 (fs)
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there exists 1o € RT such that F(fo) > 0 and F(z) > 0 on [0, fo], (fe)

where F is given in (1.2). Note that when (f5) is satisfied then, thanks to (f3),
condition ( f1) is also guaranteed. A prototype for f is given by the odd extension of
the function f, defined on R(i by setting

t]t]972 if 0<r<1
fr)y=30og2—1r+2—log2 if l<t<?2
log if t>2,

with fixed ¢ € (2, 2%).

Problem (P;) has a clear variational structure, indeed its solutions can be found
as critical points of the following energy functional defined by setting for all u €
Hj (0 x RI=™)

1
Ti(u) = 5/ iy IVu(x, y)|*dxdy — k/ a(x, y)F(u(x,y))dxdy,
wxRa—m w

xRd—m
(1.3)
where F is given in (1.2).

Since the problem is set on the strip-like domain w x R~ there is no compactness
property which can be used with Z, on the whole space. Hence, in order to find a weak
solution to Problem (P)), we shall choose a suitable subspace of HO1 (w x RI—™M)
which allows us, from one side, to recover compactness and to get, by an application
of the Mountain Pass Theorem (see [3]), a constrained critical point for the energy
functional 7, and, from the other side, to apply the Principle of Symmetric Criticality
got by Palais in [21] (see also [27] for some applications) to show that the restriction
to that subspace does not play any role.

Finally, when d = m +4 ord > m + 6 and the nonlinearity f is odd, by exploiting
the flower-shape geometric structure in the Sobolev space H(} (w x RI=™) described
in Sect. 2, we get a multiplicity result for Problem (P, ), using again variational and
topological arguments.

More precisely, our main results for Problem (P,) are stated in Theorem 1.1 and
Theorem 1.2 below, for the superlinear and, respectively, for the sublinear growth of
the nonlinearity at infinity.

In the superlinear framework, our result reads as follows:

Theorem 1.1 (Superlinear setting) Let @ x R~ be an unbounded strip of R?, with
w open bounded subset of R™ with smooth boundary dw, d,m € N, d > m + 2, and
let A be a positive parameter. Let o satisfy conditions («1), (a2) and («3) and let f

satisfy assumptions ( f1), (f2), (f3) and ( f4).
Then,

(i) Existence: for any A > 0, there exists a nontrivial weak solution u; of Prob-
lem (Py) in HOl (@ x RI=™Y with cylindrical symmetry;
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(ii) Multiplicity: if, in addition,d = m +4 ord > m + 6 and f is odd, then for any
A > 0 Problem (P;) admits sq , sequences of nontrivial weak solutions, with
different symmetries, where sq p, is defined as follows

Sdm = (=D {%J 1. (1.4)
We would remark that the number s4 ,, is equal to 4, + 1 (with 74, givenin (1.1)).
Actually, the 54, sequences of weak solutions to Problem (P, ) found in Theorem 1.1
are characterized by different symmetries since they are found as critical points of
the energy functional Z;, in s4 ,, subspaces of HO1 (@ x R4=™) which are “‘mutually
disjoint” (in the sense that their mutual intersection reduces to the trivial space, see,
for a precise statement, Proposition 2.3).
In the sublinear setting, our main result for Problem (P;) is stated here below.

Theorem 1.2 (Sublinear setting) Let @ x R~ be an unbounded strip of R¢, with o
open bounded subset of R™ with smooth boundary dw, d,m € N, d > m + 2, and let
X be a positive parameter. Let o satisfy conditions («1), (az) and («3) and let f satisfy

(1), (f2), (f5) and ( f5).
Then,

(i) there exists . > O such that for any . < A there are no nontrivial weak solutions
for Problem (Py);
(ii) there exists 1}, > O such that for any A > L7, there exist at least two nontrivial
weak solutions of Problem (P).) in H(} (w x RE=™) with cylindrical symmetry;
(iii) if, in addition, d = m +4 ord > m + 6 and f is odd, then there exists )»*];,[ >0
such that for any ) > A}, Problem (P;) admits sq , pairs of nontrivial weak
solutions, with different symmetries (sS4, is defined by (1.4)).

It is an open problem to establish whether or not X equals A and if Problem (P;) has
or not a nontrivial solution for A = A or A = )\}‘5, as well as to check whether )\}‘5 is
exactly A7, or not.

The proof of part (i) in Theorem 1.2 is a rather straightforward consequence of the
definition of weak solution to (P, ) and of the sublinear assumption (f5) on f. While
part (ii) and (iii) in Theorem 1.2 are just a byproduct of a more general existence and
multiplicity result for the following problem, which actually can be used to study the
stability of Problem (P,) with respect to changes of the nonlinearity:

—Au = ha(x, y) fW) + ppx, y)gw) inwx R Pr)
u=0 on dw x RI—m, Ao
where A and p are positive parameters, 8 verifies
BeL'(wxRIT)NL®w x RI™™) (B1)
B(x,y) = B(x,|y]) ae (x,y) €w x R, (B2)
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and g : R — R is a function satisfying

g is continuous in R (g1)

lg (@]

sup ————— < +o0 for some q € (2,2%). (22)
rer\jo) 7] + 7191

With respect to Problem (P;_,,), our main result reads as follows:

Theorem 1.3 Let w x R~ be an unbounded strip of R%, with  open bounded subset
of R™ with smooth boundary dw, d,m € N, d > m + 2, and let » and | be positive
parameters. Let a satisfy (a1), («az) and (a3), and B satisfy (B1) and (B2). Let f satisfy

(1), (f2), (f5) and ( fs) and g satisfy (g1) and (g2).
Then,

(i) there exists Ay > O such that for any . > A7 there exists ju;, g > 0 such that for
any ju € [0, w;, gl Problem ( Py, ;) admits at least two nontrivial weak solutions
Uy, and ity in HO1 (w x RE™™) with cylindrical symmetry;

(ii) if, in addition,d = m +4 ord > m + 6 and f and g are odd, then there exists
My > 0 such that for any A > Ay; there exists wy p > 0 such that for any
w € [0, py, m]1 Problem (P ) admits sq ,, pairs of nontrivial weak solutions in
H(} (w x RE=™) with different symmetries (Sd.m is given in (1.4)).

The proof of Theorem 1.3 relies on an abstract critical points result due to Ricceri
(see [25, Theorem 2] or Theorem 4.1 below) and again on the flower-shape geometric
structure on the Sobolev space HO1 (wxR4=™) introduced in Sect. 2 and on the Principle
of Symmetric Criticality.

We observe that, of course, )ﬁg* and A*M* are greater than the constant 2 in Theo-
rem 1.2—(i). Moreover, Theorem 1.3 asserts that the existence result of solutions to
Problem (P,) is stable with respect to small perturbations of the nonlinearity which
are of superlinear and subcritical growth type.

The main theorems of this paper may be seen as an extension of existence and
multiplicity results, already appeared in the literature, for nonlinear problems set in
the entire space R4, as for instance, the ones obtained in the papers [5,6] due to Bartsch
and Willem (see also [17]).

The techniques performed in this paper are new. Our abstract approach is in the
spirit of the theoretical setting developed by Bartsch and Willem in [5,6], as well as
of some recent contributions got in [13], see also the recent book [14] and references
therein.

Several research perspective naturally arises exploiting the flower shape geome-
try constructed along the present paper: for instance, an interesting open problem is
to investigate the existence of multiple solutions for nonlocal problems, as in [2],
under the action of exterior topological groups (see, for instance, [12] for additional
comments and related topics).

The present paper is organized as follows. In Sect. 2, we introduce the abstract
setting which allows us to reveal a flower-shape geometry in the Sobolev space
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H(} (w x R=™) In Sect. 3 we deal with the nonlinear Problem (P;) and we prove
some existence, non-existence and multiplicity results for it, by using some classical
theorems in critical points theory and the geometric construction given in Sect. 2.
Section 4 is devoted to Problem ( Py ), which is a nonlinear perturbation of (P;) with
sublinear growth, and to the proof of Theorem 1.3.

2 A Flower-Shape Geometry in Sobolev Spaces

In this section, we construct a flower-shape geometry in the Sobolev space HO1 (o x
RY~™). Precisely, by using the orthogonal group in R, d, m € Nwithd > m +2,
and its natural action on HO1 (w x R4™™) we define in H(} (w x R4~™) a finite number
of spaces, “mutually disjoint” and characterized by different symmetries, which are
compactly embedded into the classical Lebesgue spaces. These properties will be
crucial for getting the existence and multiplicity results for the nonlinear problems ( P;)
and (P, ;).

2.1 Preliminaries and Notations

In this subsection, we give some preliminaries and we introduce the notation used
along the present paper. Here and in the sequel HO1 (w x RY=™) denotes the Sobolev
space endowed with the inner product

(U, v) g1 = / Vu(x,y) - Vu(x,y)dxdy
0 wxRd—m
and the norm
Il o= /Dy

(indeed the Poincaré inequality holds in HOl (w x Rd_m), see, e.g. [7, Chapter IX,
Remark 22] and [1, Chapter 6, 6.26]), while, given 1 < v < oo, L"(w X ]Rd_m) is the
classical Lebesgue space with norm defined as follows

1/v
(f ) |M(X,y)|”dxdy> if vell,4+00)
wxRa—m

llaelly :=

infiC >0:|ulx,y)| <Cae. (x,y) €wX Rd_m} if v=+400.

Since the embedding H] (@ x R9™™) < L"(» x RY~™) is continuous for any v €
[2,2*], there exists C,, > 0 such that

lully, < CU||M||H01 for any u € Hol (w %X Rd*m). 2.1
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Set (O(d — m), -) the orthogonal group in R4~ we consider the group
O(d —m) = {idy} x O(d —m)

endowed with the natural multiplication law which maps any pair (g.7) € 5(d —
m) x O(d —m) into

§-Ti=idyx(g-7) foranyg=idy xg, T=idyxt€0d—m), (22)
where g - T represents the product in O(d — m) of g and 7. Here {id,,} denotes the
trivial group in R” with the natural product and, from now on, in order to simplify the
notation, we sl/1\all omit the - symbol.

The group O (d — m) acts continuously and left-distributively on  x R?~" by the
map
* 5(d—m) x (0 x RT™) > o x R4

defined by setting

g (x,y) = (x,8y),

forall g = id,, x g with g € O(d — m), and for (x, y) € w x RI™™,
The map * induces the natural action

t:0(d —m) x Hl (0 x RY™) = H} (0 x R™)
of the group 5(d —m) on H(} (w x R4~™), which maps any pair (g, u) € 5((1 —m) X

Hg (0 x R?~™) into the function gtu € H] (@ x R9~™) defined pointwise by setting
fora.e. (x,y) € w x RI™

Stu(x,y) == ulx, g 'y) ifg=id, xg, g€ 0(d—m), (2.3)
i.e. in a more involved form,
Sru(x,y) = u@ ' * (x. ).
Along the present paper we denote by Fixg (H(; (w x R4=™)) the set of points
of HO1 (w x R9=™) which are fixed with respect to the action g of the group 0 (d—m)

on the space HO1 (w x RI=™) je.

Fixgg_pm (Hg (@ x RT™™))

- {u € Hl(w x R*™) : Gtu = u forany g € O(d —m)}. (2.4)
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We notice that Fixg g m) (HO1 (w x R4™™)) is a linear subspace of H(} (wx R4~y and

it is exactly the space Hol’ cyl(“) x R4=™) of cylindrically symmetric functions given
by

Hg’cyl (w x RE™™)

= {u € H} (0 x RI™™) s u(x, y) = u(x, |y|) forae. (x,y) € ® x Rd—m} '
(2.5)

We list below the following properties (see, the celebrated paper [10]) for the
embedding of Hol, cyl(w x R4=™) into Lebesgue spaces:

Hol’cyl(a) x RI™™) < L”(w x RY™™) is continuous for anyv € [2, 2¥]
(2.6)

and
H(}’Cyl(a) x RI™™) < L"(w x RY™™) is compact for any v € (2, 2*). 2.7)

Now, let either d = m 4+ 4 or d > m + 6, so that the set 14, defined by (1.1) is
nonempty. Then, for any i € 1 ,,, by “grouping together” the d — m variables of the
unbounded part of the strip in blocks of at least two variables, we get 74, = card(Iy ;)
subgroups of O(d — m)

0((d —m)/2) x O((d — m)/2) = dmm=2
Hd,m,i = d—

OG+1)x0d—m—2i—-2)x 0G+1) ifi# —2

S| 3

which define the subgroups
Hymi={idy} x Hym; C O(d —m).
The sets
Fixﬁd,m.i (HO1 (0 x RE™™)) .= {u € HO1 (wxRYI™) : Gtu=uforallg e I/-I\d,m,l-]

are known in the literature as the subspaces of block-radial (or block-cylindrical)
functions of HO1 (w x R4™™) and they are compactly embedded into LY (w x Rd—m)
for every v € (2,2%) (see [15, Théoreme II1.2]). Unfortunately, these t4 ,, Subspaces
are not “mutually disjoint” and, in term of our problems (P;) and (Py_,), this is an
obstacle to get a multiplicity result for them.
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In order to overcome this difficulty, forany i € 1, := {1, ..., T4.m}, we define the
involution 1y,,,; : R4~ — R~ as follows

Nd.m.i(y)
oo d—m—=12 (d—m)/2 (d—m)/2
(v3, y1) ifi = 2 andy := (y1,y3) € R x R
= d—m-—2 . . .
O3o320) i # 5= andy 1= (1,32, 33) € R x RO i
(2.8)
and we set
ﬁd,m,i =idy X Nd,m,i- (2.9)

By (2.2) it is easily seen that for any i € I,

Tami € Od —m)

°
Az .
® Ngmi= id,,  d-m
® Nam,i ¢ Hd,m,il R
° nd,m,in,m,ind’mﬁi = Hd,m,i )

where
~ = ~1 ~ ~1 T _
nd,m,in,m,irld’m’i = [nd,m,ihnd,m,,' the Hd,m,i} .

Finally, for every i € 14 ,, we consider the compact subgroup of O — m) given
by

Hymz = (Hamis Tami)
(here, to short notation, 7; stands for 74, ;), that is
Him7 = Himi U (BamiHami) (2.10)
and the action
@i 2 Hym % HY (@ x RY™™) — HJ (0 x R*™)
of Hy 75 on HY (@ x RY™™) defined by setting

uCx,h='y) ifh = idy, xh e ﬁd,mﬁiA

—u(x, g nyh, ) ifh =idy X Namig € Hamm \ Ham.i. 8 € Ham.i.
(2.11)

ﬁ@,- u(x,y) = {

for a.e. (x,y) € w x R,
Bearing in mind (2.3) and fixing i € I, the action ®; can be written, for a.e.
(x,y) €wx R9=™  as follows
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h®;u(x,y)
_ {ﬁﬁu(x, y) ith € Hymi_ _ (2.12)
' _(ﬁd,)n,i@nu(x9 y) ifﬁd,m,i’g\ € Hymm \ Ham,i- )

We would observe that ®; is defined for every element of Itl\d,m,ﬁl.. Indeed, if he
Hy 5, then either h € Hy i or h = idy X Ngmig& € Hamz \ Ham,i, with

g € Ham,i-
Now, we are ready to introduce, forany i € I ,,, the set Fixﬁdmﬁ. (HO1 (wad—m))

of points of HOl (w x R4~™) which are fixed with respect to the action ®; of the group
Hy 5, 1€

Fixgd’m.ﬁi (HO1 (w x Rd—m))

= {u € Hé(a) x RY™™) - 1 ®; u = u for anyﬁe I:I\d,mﬁi} . (2.13)

Itis easy to see that each set Fix Fam s, (HO1 (@ x R4=™)) is a nontrivial linear subspace

of HO1 (w x R?=™)_In the next subsection, we prove some interesting properties of
this space.

2.2 Compactness and Symmetries

In this subsection, we show that each one of the 7 ,,, spaces Fix Ay ( HO1 (wxRI—™Y)

is compactly embedded in the Lebesgue space L"(w x R4™™) for any v € (2, 2*) and
we prove some geometric properties for them.

Remark 2.1 We recall that “symmetry” allows to recover compactness when it involves
at least two variables. So, any block of variables on which one asks for symmetry
should be at least of dimension 2. Thus, the simplest possible setting is the block-
radial symmetry in four dimensional Euclidean space with two 2-dimensional blocks.
This justifies the requirement d > m + 4 all along this subsection.

With respect to the compactness result, we get that (2.6) and (2.7) hold if we replace
H(}’ (@ X R4 with Fix Auma, (HJ (@ x RI=™)). Precisely, our result reads as
follows:

Proposition 2.2 Let eitherd = m +4 ord > m+6,d,m € N. Leti € 1;,, and
Fixg, (HJ (@ x RI=™)) be defined as in (2.13).
Then, the embedding

Fixg, - (Hg (0 x RY™™)) < L (w x RI™™)

e is continuous for any v € [2,2*]
e is compact for any v € (2,2%).
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Proof Letusfixi € I; . Since I’i\d,m,,- C ﬁd,m,ﬁi , the firstrelation of (2.11) (or, equiv-
alently, of (2.12)) and the continuity of the action ®; imply that Fix Ay, (H(} (w x
R?=™)) is a closed subspace of the space of block-radial functions Fix A (HO1 (w x
RA=mY).

Furthermore, the space Fix Fami (HOl (@ x R4=mY)) is continuously embedded in
LY (w x R4=™) for any v € [2, 2*] and is compactly embedded in L"(w X R4=m) for
any v € (2,2%) (see [15, Théoreme I11.2]). Hence, the embedding

Fixg, - (Hg (@ x R*™™)) < L"(w x RI™™)

is also continuous for any v € [2, 2*] and compact for any v € (2, 2*) and this ends
the proof of Proposition 2.2. O

Now, we prove that the subspaces Fix Ay, (H(} (0 x R?~™)) are mutually disjoint,
as stated here below. A key point along the proof of Proposition 2.3 is the transitive
action of the subgroups (Hy m.i, Ham,j) C O(d — m) on the Euchdean unit sphere
Sd—m=1 = R4=m and the structure of the action of Hd m,7; ON H (w x R4~™) defined
in (2.11).

Proposition 2.3 Let eitherd = m +4o0ord > m+6,d,m € N. Leti € 15, and
leHd 7 (H (w x RE™™)) be defined as in (2.13).

Then the following statements hold:

(i) ifd =m+4ord >m+ 6, then
Fixg,, . (Hy (@ x RY™™)) N Hy oy (@ x RY™™) = {0}

foranyi € Igm;
(ii) ifd =m+6o0ord > m+ 8, then

Fixg,, (Hg (0 x RT™™) N Fixg, . (H} (0 x RI™™)) = {0}

foranyi, j € lg, withi # j.

Proof Letus prove assertion (/). Fixi € Iy, andletu € Fixg, (Hj (@xRI=™)N

HO1 oyl (w x R9=™) _ Since u is I’-I\d,m,ﬁi —invariant, taking into account (2.11) we have

u(x,y) = —u(x, 8_17’/;;,,,’)0 fora.e. (x,y) € w x R4 and for all g€ Hypm,.

(2.14)

Moreover, since u is radial in the second component, i.e. u(x,y) = u(x, |y|), and

ly| = |g_1n;ln,iy| for every y € RY™™ by (2.14) we have that u(x, y) = —u(x, y)
for a.e. (x, y) € w x R and so u must be identically zero in @ x Rd—m,

Now let us show assertion (ii). Letd = m+46ord > m+-8sothatty , > 2. Then,

fixi. j € Igm, withi < j.andu € Fixg, (Hol(a)de_m))ﬂFixﬁdymﬁj(Hol(wx
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Rd’”’)). Since, as can be easily seen, the function u is both I:I\d,m,,-—, and I:I\d,m,j—
invariant, we deduce that u is also (Hy i, Hg m, j)—invariant, that is

u(x,y) = u(gij ®ij (x,)) (2.15)

for every ’g\ij € (I/-I\d’m’i, I/-I\d,m,j)/gnd forAa.e. (x,y) ewx RI=™ where ®;; denotes
the natural action of the group (Hy m,i, Ha m,j) on w x R4~ induced by ®; and ®;.

Now, as proved in [13, Theorem 2.2 - Part (ii)], the group (Hy m,i, Ha m,j) acts
transitively on the sphere SY~”"~!. Hence, for any (x, y) € @ x R¢™"™

(H\a’,m,is ﬁd,m’j>(.x, y) = {x} X |y|Sd*m*]‘

As a consequence of (2.15), the function u is cylindrically symmetric, and we can
apply (i) thus obtaining that u is identically zero in @ x RY™". This concludes the
proof of Proposition 2.3. O

We suggest the recent monograph [22] as a comprehensive reference for prelimi-
naries and, in particular, for the main properties related to Sobolev spaces.

3 Dirichlet Problems on Strip-Like Domains

This section is devoted to the study of the nonlinear Problem ( P; ), under either super-
linear assumption on the nonlinearity f at infinity (see (f3)) or sublinear condition
again at infinity (see (f5)).

As already remarked, since the equation in (P,) has a variational nature, its weak
solutions can be seen as critical points of the energy functional Z, defined by (1.3). It
is standard to see that, thanks to («1) and ( f2), (f1) in the superlinear setting or ( f2),
(f5) (note that (f>) and (f5) imply ( f1)) in the sublinear framework, the functional 7,
is well defined on H} (@ x R?~™), and that 7, € C'(H]} (& x R?~™)) with

(T (), @) = f i Vu(x, y)Ve(x, y)dx dy
_A,/ Rd—m a(.x’ y)f(u(x’ y))(p('x’ y) dx dy (31)

forany u, ¢ € HO1 (w x RA=my
We shall prove in Sect. 3.1 and in Sect. 3.2, respectively, the existence and multi-
plicity results stated in Theorem 1.1 and in Theorem 1.2.

3.1 Problem (P,) with Superlinear Growth at Infinity
In this subsection, we study the semilinear equation (P,), when f satisfies the

Ambrosetti—-Rabinowitz condition ( f3). The main tools are given by the Mountain
Pass Theorem of Ambrosetti and Rabinowitz (see [3,23]), the Principle of Symmetric
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Criticality of Palais (see [21]) and the flower-shape geometry in the Sobolev space
Hj (0 x RY™™) introduced in Sect. 2.

This subsection is devoted to the proof of Theorem 1.1: in particularin Sect. 3.1.1 we
prove the existence result (i), while in Sect. 3.1.2 we prove the multiplicity result (ii)
of nontrivial weak solutions to Problem (Py).

3.1.1 A Mountain Pass Existence Result for Problem (P,)

In this subsection, we prove the existence result stated in Theorem 1.1, by applying
the Mountain Pass Theorem to the energy functional Z; defined in (1.3).

As it is well known, in order to follow this strategy, it is necessary to have some
compactness properties on the functional, and so we shall exploit (2.7) by work-
ing, with fixed A > 0, with the functional 7, defined as the restriction of Z; to the
space Holchl (w x RI=™) je.

j)»(u) = (IA)| Holcyl(wXRd—m)(M), uc Hol’cyl(a) X Rd_m) .

The main ingredients of our proof are the application of the following results:

o the Mountain Pass Theorem by Ambrosetti and Rabinowitz (see [3]) to get a critical
point u; € Hol) oyl (w x RI=™) for the functional 73 ;

e the Principle of Symmetric Criticality by Palais (see [21]) to prove that H(}’ oyl (w x

Rd_’") is a natural constraint for the functional Z,, i.e. critical points of Z; con-
strained on H(} Cyl(a) x R4=™) are actually critical points of Z; in H(% (w x RA—m)y,

First of all, let us show that 7, satisfies the geometric Mountain Pass structure. For

this, note that by conditions (f2) and ( f), it is standard to see that for any & > 0, there
exists 6 = 6(¢) > O such that forany t € R

| £ ()] < elt] +8(e)|e]7! (3.2)
and, as a consequence, such that

IF()] < §|t|2+ %m‘f. (3.3)

Now, let us proceed by steps.

Claim 3.1.1 There exist p > 0 and y, > 0 such that J,(u) > y, for any u €
H(}’Cyl(a) x RE=™) with leell gy = p-
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Proof Let u be a function in Hol,cyl(a) x RY™™). By («1), (@3), (2.6), (3.3) and the
positivity of A, we get that for any ¢ > 0

1 EA S(e)A
T () = Sl = - lelloo 3 = ot o 211§
1 s(e)rCy
> 5(1 - eAC%nanoo)nm@Ol - T"nanwnungo. (3.4)

q

1 §(e)AC L
_ 2 - _ 2 _ q q
= IIMIIH(; |:2(1 Ekczllalloo) VR ||0t||oo||u|IH(} ,

where the constant C; (resp. Cy) is the constant C, in (2.1) with v = 2 (resp. v = q).
By choosing ¢ > 0 small enough to have skaHoeHoo < 1, we get that there exist
suitable positive constants ¥ and k such that

inf Th(u) > ,02(/2 — /2,0‘172) =1y,>0, (3.5)

ueHg o (@xRI™)
llull yr=p
Ho

provided p is sufficiently small (i.e. p such that i — & p?~2 > 0). Hence, Claim 3.1.1
is proved. O

Claim 3.1.2 There exists a strictly positive function u € H()l,cyl (@ x RY™™) such that
||ﬁ||H01 > p and J,. () < y,, where p and y, are given in Claim 3.1.1.

Proof First of all, note that as a consequence of (f1) and ( f3), we easily have that there
exist two positive constants a; and a, such that

F(t) > a1|t|” —ay  foranyt € R. (3.6)

Letu € Ho{cy](w x R4=™) be such that lell gy = 1andu > O ae.inw x RI—m
and let s > 0. By («1), («3) and (3.6), we have, since A > 0, that

2

S
Ti(su) = = |lull, — A/ alx, y)F(su(x, y)) dx dy
2 0 wXRd—m
) (3.7)
S
=5 - raraos? |lullg + razlle| -

Since o > 2, passing to the limit as s — 400, we get that 7, (su) — —o0, so that
Claim 3.1.2 follows taking u = su, with 5 sufficiently large. O

Claim 3.1.3 The functional [J,, satisfies the Palais—Smale condition at any level ¢ € R,
that is for any sequence (uy) in H()l,cyl(w x RY=™Y such that, as k — +00,

T (ug) — ¢ (3.8)
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and
sup {[( /@), )] + ¢ € Hyeu(@ x R gl =1} >0, 39)

there exists uso € H(i oyl (@ x RI=™MY such that, up to a subsequence,
””k_MOOHHg -0 ask— +o00. (3.10)
Proof Let (uy); be a Palais—Smale sequence for 7;, i.e. a sequence satisfying (3.8)

and (3.9) for some fixed ¢ € R. First of all, let us prove that (ux)x is bounded in
Holg oyl (w x R4 ~™). At this purpose, note that, by (3.8) and (3.9), it easily follows that

1
i) = — (T (). ue) < & (1 n ||uk||H(%) for any k € N, 3.11)

for a suitable positive constant x, where o is the constant in ( f3).
Moreover, thanks to («3) and (f3), we get that, for any k € N,

1 1 1
T (uk) — E(J)\/(uk), up) = (E - ;) ”Mk”ilol

A

- —/ (e, ) (0 F i (x,)) = e, y) uex, ) dxdy  (3.12)
0 JoxRd—m

So, by combining (3.11) and (3.12) we get, for a suitable positive constant k., that
DAY (14 Il g ) - forany k € N,

Hence, the sequence (uy)x is bounded in Hol’ oyl (w x R4™™) and so, by definition of
J> and (3.9), we have that, as k — 400,

0 (J up). wx) = iy = A/ o y) f e, y)ug(x, y) dx dy.

wxRd—m
(3.13)
Since HO1 Cyl(a) x R4™™) is a reflexive space, we also get, up to a subsequence, still
denoted by (uy )i, that there exists uqo € HO1 oyl (w x R4=™) such that

U —> Uy weakly in HO1 (w x RE™™) ask — +00. (3.14)

Moreover, by applying the compact embedding (2.7), we get, again up to a subsequence
still denoted by (u )k, that,

Up — oo in LY (w x RY™™) ask — +oo  foranyv € (2, 2%), (3.15)
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and, as a consequence, that
Up — Usy a€.in @ x RET™ ask — +oo, (3.16)

while, by using the continuous embedding (2.6), we deduce that there exist two positive
constants 2 and xo+ such that

lurlla < k2 and |ug|lox < Kox forany k € N. (3.17)

Now, we claim that, as k — 400,

f (. y) f (e Crs Y)ttoo(x, ) dix dy

xRd—m

—>f Rd_gf(x, W (oo (x, y))ttoo(x, y) dx dy. (3.18)

Indeed, by (f1) and (3.16), we get that
fur(-)) = fuso(-)) ae.in w X R as k — +o0. (3.19)

Moreover, since « satisfies condition («), it is easy to see (since |« |” = |a|”_1 loe| <
|25 ] in @ x R that

a € L"(wx RY™™) forany v € [1, +ool. (3.20)

Now, by (2.1), (3.2) with ¢ = 1 and set § := §(1), by (3.20) and the Hélder
Inequality, we have that, set ¢’ := ¢ /(g — 1), the conjugate exponent of g,

./wadfm

/ _ q
s/ o, |7 (s, )1+ Sluicx, 1971) " ey
wxRd=m

e, ) f e, )| ddy

q'~1 q q
<2 (/wR o, | Jug(x, Y)I? dx dy 3.21)

Hq// o, )| a1 dxe )
wxRd—m
< 2D el f) o sl +2"79 708 e

= 2ODC Nl g o kg + 2747087 ClclSo gl

for any k € N, where C, is the constant given in (2.1) with v = g. Since (uy)y is
bounded in H&Cyl (wx RE—m), by (3.21) we deduce that the sequence (a(~)f(uk (~)))k
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is bounded in L‘/(a) X Rd’m), which, together with (3.19), yields that
a() f () = a() f(uoo(-)) weakly in LI (@ x RI™™) (3.22)

as k — +4o0. Then, we get (3.18) by testing this weak convergence with us..
Now, we claim that, as k — 400,

[, et st (i) - ustn) drdy > 0. (323)
wxRd—m
Indeed, by (3.2), the Holder Inequality and (3.17), we have that
[ et () = e ) dedy
wxRd—m

§8||0l||oo/ (s )| 1 (x. y) — ttoo (. )| dix dy
wxRd—m

. (3.24)
+ 5(8)I|Ol||oo/ ke (e, I ug (x, y) — uoo(x, y)|dx dy
wxRa—m
< éllelloollurll2llur — usoll2 + 5(5)”05”00””1(”(1_1 lur — uoollq
< ellaflooka(ia + llucoll2) + (&) ol oo llur II[1 lux —uoollg -
By (3.15), (3.24) and the arbitrariness of ¢, we get (3.23).
Finally, (3.18) and (3.23) yield that, as k — +o0,
/ a(x, ) fug(x, y)ug(x, y)dxdy
wxRd—m
N / @, ) f (oo (6, Yttoo x, ) dx dy (3.25)
wxRd—m

Now, we are in position to conclude our proof. Indeed, as a consequence of (3.13)
and (3.25) we deduce that

il = [ ) s Dot drdy ask > oo,
wX a—m

(3.26)
Furthermore,
0 < (J; (), uoo) =/ . Vug(x, y)Vuoo(x, y) dx dy
xR (3.27)
[ el ) dx dy
wxRd—m
as k — +o00. So, by using (3.14) and (3.18) in (3.27), we obtain
lusoll?,s = A f o (x, 9) f (oo O, Yoo (x, y)dxdy.  (3.28)
0 wxRd—m
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Therefore, (3.26) and (3.28) state that
||”k||1-10' — ||uoo||H01 as k — 4o0. (3.29)

Finally, thanks to (3.14) and (3.29), we have that

ke = tooll = Nl yy + Mool — 2/ Vg (x, y)Vitoo (x, y) dx dy
0 0 wxRd—m
= 2lucollyy = 2luccllzy =0 ask — +oo,
(3.30)
and this concludes the proof of Claim 3.1.3. O

Now, we are ready to provide the proof of the existence result stated in Theorem 1.1.

Proofof Theorem 1.1 Let . > 0 be fixed. Thanks to Claim 3.1.1, Claim 3.1.2 and
Claim 3.1.3 we get, by applying the Mountain Pass Theorem, the existence of u; €
H&Cyl(w x RI=™), u; # 0 (indeed, by (3.5) Ji(u3) > v, > 0 = J3(0)), which is a
critical point for the functional 7,, i.e. such that

/ Vi (x. ) Ve(x. y) dx dy
wxRd—m

_)”/ Rd-m a(x, y) fur(x, y)e(x, y)dxdy =0

for any ¢ € H(} oyl (w x Rd_m). Hence, u; is a constrained critical point of Z, on
Hy 1@ x RI™),

Finally, it remains to prove that HOI’ eyl (w x RY™™) is a natural constraint for Z, . This
is an easy consequence of the Principle of Symmetric Criticality by Palais. Indeed,
thanks to the fact that O (d —m) is the orthogonal group in RI™™ it is easy to see that
the action #i, defined in (2 3), of the group 0 (d —m) is an isometry on H (w % R4~ .
Indeed, for any g € O(d —m), withg = id, x g, g € O(d — m) and for any
u e Ho (w x R?™™)  we have (by changing the integration variable)

@iy = [ gy dy
0 wXRd—m

= / \Vulx, y)[*dxdy = ||ull3,;. (3.31)
wxRd—m 0

Moreover, by using («») and again the fact that Q (d —m) is the orthogonal group in
R we get that T, is invariant with respect to O (d — m). Indeed, since |y| = |gy]|
forall y e R and g € O(d — m), by (), we get that

alx,y) =alx,|y]) =alx, gy) ae. (x,y) € o x R~ and for any g € O(d—m),
(3.32)
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and so, as a consequence, we deduce that, for any g € %) (d—m),withg =id, x g,
g € O(d—m),and forany u € H} (0 x RI=™),

1 _
Ix(fg’ﬁtu)=§/ L IVuGe g P dxdy
Ll)>< —m

—A/ i a(x,y)F(u(x,g_ly))dxdy

1

_ —/ Vutx, )2 dx dy’
2 wXRdfm

B k/ pun 8Y)F(u(x, y)) dx dy’ (3.33)

1
- —/ Vutx, y) dx dy
2 wXRdfm

—A/ alx, y)Fu(x,y))dxdy
wxRd—m

= IA(M).

Hence, by (3.31) and (3.33) we obtain, by the Principle of Symmetric Criticality,
that u; is a critical point of 7. Then, we have shown the existence of a nontrivial
weak solution u, to Problem (P ), with cylindrical symmetry, concluding the proof
of Theorem 1.1-(i). O

3.1.2 A Multiplicity Result for Problem (P,)

This subsection is devoted to the proof of the multiplicity result stated in Theorem 1.1.
Fixed A > 0 and i € Iz, our strategy consists in arguing as in Sect. 3.1.1, just
by replacing the space H(}’ Cyl(a) x R4=™) with the space Fixg, & (H(} (w x RE—mY)
defined by (2.13) and 7, with the restriction Jj ; of Z) to Fixﬁd i (HO1 (w % Rd—m))’
ie. l

Tri(u) = (I)‘)IFimd R (Ho'(wad*m))(“)’ ue Fixgdmﬁ_ (Hol(a) x RI=mY)y |
NINH e

Furthermore, as usual when dealing with odd nonlinearities, we apply the Symmetric
Mountain Pass Theorem due to Ambrosetti-Rabinowitz (see again [3]) to our func-
tional.

Now, we give the following claims, stated for fixed A > O and i € Iy .

Claim 3.1.4 There exist p; > 0 and y,, > 0 such that Jy ;(u) > y,, for any u €
Fixp, - (Hg (0 x RI=™)) with el gy = pi-

Proof The claim follows verbatim the proof of Claim 3.1.1. O

As for the geometry required by the Symmetric Mountain Pass Theorem, we need
the next property on 7, ;:
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Claim 3.1.5 For any finite dimensional subspace F of leHd - (H0 (w x RI=my),
there exists R > p; such that Jy ;(u) < 0 for any u € F with ||u||H1 > R, where p;
is given in Claim 3.1.4.

Proof Let IF be a finite dimensional subspace of Fix Aamr, (HOl (w x R4 ~Y) and let

u € F. By using the same arguments considered in Claim 3.1.2, we have, see (3.7),
that

1
Jhi(u) = Ellulli,ol —haropllullg + raz el

and so, by taking into account that in [, all the norms are equivalent and that o > 2,
we get that

Jri(u) - —o0 as ||u||HO| — +00,

and this concludes the proof of Claim 3.1.5. O

Proofof Theorem 1.1 Let us fix A > 0 and i € I;,, see (1.1). As we already
said, we can argue as in Sect. 3.1.1, just by replacing H()l,cy](w x RI=™) with
Fixgdmﬁi (HO1 (@ x R=™Y)) and J;, with Ja.i- By taking into account Proposition 2.2
and using the same arguments considered in the proof of Claim 3.1.3, we easily have
that the functional J, ; satisfies the Palais—Smale (compactness) condition at any
level ¢ € R. In addition, it fulfills the geometric conditions stated in Claim 3.1.4 and
Claim 3.1.5.

Now, since f is odd, by the Symmetric Mountain Pass Theorem (see [3] and also
the version given in [24, Chapter 1]) applied to the functional Jr.i» we obtain the

existence of an unbounded sequence (u )k of critical points u of Ja.i» constrained
. . 1 d7 .
on leHd,m.ﬁ; (Hy (0 x R7™)), i.e. such that

/ Vil (x, y)Vo(x, y) dx dy
wxRd—m

_k/ pion 2 N (e, ), y)dx dy =0

for any ¢ € Fixﬁdmﬁ_ (Hol(a) x RY=™)) and for any k € N.

Now, we claim that Fix Atz (H(} (w x R9=™)) is a natural constraint for Zy, i.e.
T

uf\l)k is a critical point of IA for any k € N. Indeed, not only the action ®;, defined

by (2.11), of the group Hd m,7; on the space H (0 x RY~ ") is an isometry, but also
7, is invariant with respect to the action ®; of the group Hd m Indeed, since f is
odd (and so F is even) and Hd m,7; 18 a subgroup of the group O(d — m), by (3.32),
we have that

Tu(h @ u)=Ty(u) forallh € Hypmz, u € Hi (0 x RI™™). (3.34)
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Then, by applying the Principle of Symmetric Criticality of Palais to Z, , we get that
each uf\i’)k € Fixg i (HO1 (w x R4=™)) is a nontrivial weak solution for Problem (P;)
for any k € N.

Finally, we note that, by Proposition 2.3—(i), for any i € I,, and any k € N, ui’)k
is distinct from the critical point u) € Hol, ovp(@ X R4=™) provided in the existence
part of Theorem 1.1. Moreover, Proposition 2.3—(ii) yields that (when d = m + 6
ord > m+ 8) uf{’)h #* uy,)( forany i,j € Iy, withi # j, and any h,k € N.
Hence, by introducing the constant sequence (u@()k of constant value the critical
point u) € Hol) oyl (w x RI=™) we get card(/y,,) + 1 distinct sequences of weak
solutions to (P;). Since, by (1.1), card(Iy m) = Ta.m = Sa.m — 1, we conclude the
proof of Theorem 1.1-(i7). O

Remark 3.1 In order to assure the invariance (see (3.34)) of the functional Z, with
respect to the action ®; of the group I:I\d,m@., for any i € Ij, it is not enough,
(as instead happens for the analogous property (3.33)), to assume just the cylindrical
symmetry property on the weight « (see condition («2)). Indeed, by (2.12), we have

T, (htu) ith € Hy i

~ N L = 3.35
N (_(nd,m,i/g\)ﬁu) it Nam,i€ € Him7 \ Ham.i ( )

Ti(h ®; u) == {

and the presence of the minus sign in the second case makes the evenness of 7
necessary to get the invariance (3.34) and this justifies the oddness requirement on f
while getting the multiplicity result. (The same will be true while getting the invariance
of the functional 7 , associated to Problem (P ,), and this justifies the oddness
requirement on both f and g).

3.2 Problem (P,) with Sublinear Growth at Infinity

In this subsection we consider the semilinear Problem ( P, ) in the case in which the term
f satisfies sublinear growth assumptions at infinity, namely condition ( f5) (and ( f¢))
instead of (f3) and we prove Theorem 1.2. As already remarked, assumptions ( f2)

and (f5) imply (fs).

Proof of Theorem 1.2 Let us start with assertion (7). First of all, note that conditions
(f1), (f2), (f5) and the Weierstrass Theorem yield that there exists a positive constant
k s, depending on f, such that

| f(O)] < «kplt] foranyt € R. (3.36)

Now, we argue by contradiction and we assume that there exists a sequence (Ag)x
in Rg such that
M — 0 as k —> 400, (3.37)

and such that Problem (P,) with A = A; admits a nontrivial weak solution u; €
H(} (w x R?=™) for any k € N. Thus, by taking u; as a test function in the equation
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and by using (3.36), we get that

| ) (e ) ) dx dy
wxRE—m

<ualads [ 1 e ldrdy g

2
< Mk lletfloollur 13

2

2
= A Gy llelloo ekl

for any k € N, where C5 is the constant given in (2.1) with v = 2. So, unless u; = 0 for
all large enough k, we would deduce Ay > (k¢ C% ]l o) ~lin contradiction with (3.37)
for infinitely many values of k. Hence, the non-existence result stated in (7) is proved.

Finally, for what concerns assertions (ii) and (iii), here we just observe that Prob-
lem (Py) is a particular case of Problem (Py_,), with i = 0. So, assertions (ii) and
(iii) are a consequence of Theorem 1.3 (whose proof will be provided in Sect. 4).
This concludes the proof of Theorem 1.2.

4 A Nonlinear Perturbation of Problem (P;) with Sublinear Growth

In this section we deal with Problem (P, ), which can be seen as a nonlinear pertur-
bation of Problem (P,). Precisely, here we prove the existence and multiplicity results
stated in Theorem 1.3.

Weak solutions to Problem (P, ;) can be found as critical points of the energy
functional Z; , : HOl (w x R¥™™) — R naturally associated with it and defined by
setting, for any u € H (w x RI™™),

1
Ly (u) = E/ n [Vu(x, y)|2dx dy — )L/ a(x, V)Fu(x,y)dxdy
wxRE—m w

x[Rd—m

_ M/ Bx, G u(x, y) dxdy,
wxRd—m

where F is the function defined in (1.2) and G is analogously given by

1
G(1) =/ g(r)ydr, teR. 4.1
0

Under the assumptions (f1), (f2), (f5), (g1), (g2), (1), (B1) and thanks to the
embeddings in (2.1), it is standard to check that 7 ,, is well defined on HOl (o x RA—m)
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and that Z; ,, € C'(Hj (0 x RY™™)) with

(T, ). ) = / Vu(x, )V (x, y) dx dy

wxRd—m

_ A/ i alx,y) fux, y)e(x, y)dxdy

_M/ Rdﬂnﬁ(x’y)g(u(x’y))go('xv y)dx dy

forany u, ¢ € HO1 (w x RE=™y
For the proof of Theorem 1.3, the main tools are the following ones:

o the abstract critical points result stated in [25, Theorem 2] (see also Theorem 4.1
below), which assures the existence of multiple critical points for a suitable func-
tional;

e the Principle of Symmetric Criticality due to Palais (see [21]);

e the flower-shape geometry in the Sobolev space HO1 (w x R?=™) described in
Sect. 2.

4.1 Existence of At Least Two Nontrivial Weak Solutions

This subsection is devoted to the proof of the existence of at least two nontrivial weak
solutions of Problem (Py ;) in H(} (w x R?~™) with cylindrical symmetry. In order to
do this, we use the abstract critical points result [25, Theorem 2] due to Ricceri, stated
here below for the reader’s convenience.

Theorem 4.1 [25, Theorem 2] Let (X, || - ||) be a real, separable and reflexive Banach
space. Let ® : X — R be a coercive, sequentially weakly lower semicontinuous
c! functional, bounded on each bounded subset of X, whose derivative admits a
continuous inverse in the dual of X and such that

any sequence (xi)x C X such that xy — x weakly in X and likm inf ®(x;) < O(x)
— 00

admits a strongly converging subsequence.

4.2)
Let J : X — R be a C! functional with compact derivative. Assume that
@ has a strict local minimum xo with ®(xg) = J(xg) =0. 4.3)
Finally, set
. . J(x)
a :=max {0, limsup , lim sup “4.4)
Ixll=4o0 PX) " x5xy P(x)
J
b= sup x) 4.5)

xed®=1(]0, +o0[) D (x)
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assume that a < b.
Then, for each compact interval I C1b~", a='[ (with the conventions % = 400
and ++.O = 0) there exists r > 0 with the following property: for every A € I and

every C! functional ¥ : X — R with compact derivative, there exists § > 0 such
that, for each u € [0, &1, the equation

' (x) = AJ (x) + ¥ (x) 4.6)
has at least three solutions whose norms are less than r.

By looking at the functional Z; ,, we shall apply Theorem 4.1 by taking X =
H&Cyl(w x R4=™) and

a( >-—1f Vue, y)Pdxdy = ~lul? @7
u.—szRd_m ulx,y xy—zqu .
J(u) :=/ . a(x, V)F(u(x,y)dxdy 4.8)
and
W(u) 1=/ o Bx, Y)Gu(x, y))dxdy, 4.9)

so that, since
Top(u) = @) — 1J (u) — pW(u)  forany u € Hy (@ x R™),

solutions to (4.6) give critical points of 7, , constrained on H017 Cyl(a) x R4—my,
Then, by using the Principle of Symmetric Criticality by Palais, we get at least three
solutions to Problem (P ;).

Proof of Theorem 1.3-(i): The proof consists simply in showing that all requirements in
Theorem 4.1 are fulfilled by the space H(i oyl (w x R4~™) and by the three introduced
functionals @, J and W, in determining the function xp in (4.3) and in checking the
inequality a < b between the constants a and b defined by (4.4) and (4.5), respectively.

(1) The space X: X = H(}’ Cyl(a) x R4=™) is a real, separable and reflexive Banach
space;
(2) The functional ®: since ® = 1/2] - ||§11, the requirements of Theorem 4.1
0
are trivially satisfied. In particular, for what concerns property (4.2), let (xx)x
be a sequence in X such that x; — x weakly in X as k — +o0o and

likm inf ®(xx) < ®(x). Since ® is sequentially weakly lower semicontinuous, the
—00

assumption likm inf @ (x;) < P(x) gives
—00

2
1
H,

2

liminf [|x¢||2, < ||lx
im in [ k||H01 < x| Ik

< liminf ||xg||
k— o0
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so that there exists a subsequence of (xi ), still denoted by x, such that || xi || s
x| HY S k — +o00. This and the weak convergence of (x;)x imply that xz — x
in X as k — +00. Therefore, (4.2) holds;

(3) The functional J: we shall prove the fulfilment of the requirements on J in
Lemma 4.2 below;

(4) The functional V: we shall prove the fulfilment of the requirements on W in
Lemma 4.3 below;

(5) The assumption (4.3): since ® = 1/2] - ||?{1 and F is defined by (1.2), (4.3) is
trivially true with xo = 0; !

(6) The inequality a < b between the constants defined in (4.4) and (4.5): by
Claim 4.1.1 and Claim 4.1.2 we get that a = 0, while, by Claim 4.1.3 we prove
that b > 0.

Then, set A} := b1, we get that, forany A > A7, there exists u;, g > 0 such that
for any u € [0, uy, ] the functional 7 ,, admits two nontrivial critical points u;
and ii;_,, constrained on Hol, ey (@ X R,

Finally, thanks to (a2) and (f2), we can apply the Principle of Symmetric Criti-
cality by Palais (arguing as in (3.31) and (3.33)) and deduce that u;_ , and i, _, are
critical points of Z , in HO1 (w x RY4™™), i.e. these critical points are solutions to
Problem (P, ;). This ends the proof of Theorem 1.3—(7). O

Now, the remaining part of this subsection will be devoted to state and prove the
lemmas and claims used in the proof of Theorem 1.3—(7).

First of all, we start by proving the required compactness property of the functionals
J and W, as stated in the following lemmas, in which the compactness of the embedding
HOI’Cyl(a) x RI™™M) < LV(w x RI~™) for any v € (2, 2%) (see (2.7)) plays a crucial
role.

Lemma4.2 Assume (f1), (f2), (fs), (1) and (a2). Then, the functional J €
CI(HO1 (w x RE™)) and J' is compact in H&cyl(a) x R4—m),

Proof The proof of this assertion is quite standard: we repeat it here just for the reader’s
convenience.

First of all, note that J € C! (HO1 (w x R4™™)), thanks to the assump-
tions (f1), (f2), (f5) on f and to the fact that « satisfies («1) and since (2.1) holds.
Moreover, it is easy to see that

V= [ et et dsdy @10)

forany u, ¢ € Hol(a) x Rd—m),
Now, let (up)r C H(}! Cyl(a) x R4=™) be a bounded sequence. Then, due to (2.7), up

to a subsequence, still denoted by (uy )i, there exists us, € H& oyl (w % Rd_’") such
that
Up = Uoo Wweakly in HO1 (w x RE™™)

up — oo in LY(w x RY™™) for any ¢ € (2,2%) 4.11)

Up — oo ae.in w x RI™M
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as k — 400 and, furthermore there exists £ € L9 (w x Rd””) such that
lup(x, y)| < £€(x,y) fora.e. (x,y) € w x Rd_m, for any k € N. 4.12)

Thus, since (f1), (3.36), (4.11) and (4.12) hold, the Dominated Convergence The-
orem yields that

Fup) = flus) in L9(w x R™™)  ask — +o00. (4.13)

Now, by (a1) (which assures that @« € L'(w x RY™™) forany v € [1, +oc],
see (3.20)), the Holder Inequality, (2.1) (applied with v = 2) and (4.13), (set ¢’ :=
q/(g — 1) the conjugate exponent of g) we have that, for all ¢ € H& oyl (w x RE=™),

ol =1,

[ et (Fete 3 = Flaunste, 3 )ote ) dx dy|
wxRd=m

=(f
wxRd—m

< el gy I 1) = £ o)1 gl

q’d 4 1/4'
(e, ) (S uxro ) = Fluseeo))| dxdy) Cloly 1y

< Cyllell?) oI £ @) = flus)l§ — 0 ask — +o0,

where C, is the constant given in (2.1) with v = g. As a consequence of (4.10) and
(4.14), we obtain that ||J'(ux) — J'(us)| — 0 as k — +oo. Hence, J’ is compact
in Holy ey (@ X R?=™) and the proof of Lemma 4.2 is complete. o

Lemma 4.3 Assume (g1), (g2), (B1) and (B2). Then, the functional ¥ € CI(HO1 (w X
RI=™Y) and W' is compact in HOI,Cyl (@ x RI—m),

Proof In order to get that the functional ¥ € C! (HO1 (w x RT=™)) we can argue as in
the proof of Lemma 4.2, by taking into account assumptions (1), (g1) and (g2), while
the proof of the compactness of W’ is a more delicate question since we can not use
the Dominated Convergence Theorem as in the previous lemma (indeed, the function
g is not necessarily sublinear and so it does not need to satisfy a relation analogous
to (3.36)).

Let (up)x C Hol, oyl (w x R9~™) be a bounded sequence. First of all, let us show that

(\y’(uk))k is bounded in the dual space of H,oyj(e x RY™™) | (4.15)

For this purpose, note that by (g») there exists a positive constant C > 0 such that
lg)] < C(t|+ 119" forallr e R (4.16)
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s0, by (B1), (2.1) (twice applied with v = 2 and v = ¢q), (2.6) and the H6lder Inequality,
we have that, for any k € N,

aol= s f
wxRd—m

PEH] o (@xRI™™)
1=1
el

Bx. Mg, Mg (x, )| dx dy

< ClIBll (/ ol el dx dy

+/ |uk(x,y>|q—1|<p(x,y)|dxdy) (4.17)
wad_’”

-1
< CllBlloo <||Mk||2||(0||2 + Nl ||<p||q)

-1
< CllBllso (C%uukn,,(; + G el )

IA
(@}

where C > 0 is a suitable constant which is independent of k € N, since (uy)y is
bounded in HO1 (w x R=™) Hence, (4.15) is proved.
As a consequence of (4.15), there exists H in the dual space of Hol, Cyl(a) x Rd—m)
such that, as k — 400,
W' (uy) — H weakly in the dual space of H()l,cyl (w x ]Rd_’"). (4.18)
In order to complete the proof, we need to prove that

W' (ux) — H| — O ask — +o00. (4.19)

To get this goal, we argue by contradiction and we suppose that there exists § > 0 and
k* € N such that § — & > 0, and

W' (up) —H| >8  forallk > k*.

Then, for k > k™ there exists ¢y € H&Cyl(a) x R4=mY such that ||¢k”H(} = land

1
(W' (ug) — H, g) > 8 — e (4.20)

Since (¢ )i is bounded in Hol! Cyl(w x R4=™Y and (2.7) holds, up to a subsequence,
still denoted by (¢ ), there exists poo € HOI’ oyl (w x R4=™) such that, as k — +o0,

Ok — Yoo weakly in Hj (@ x RI™™) (4.21)

and
Ok = ¢oo in L9(w x R, (4.22)
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Now, by (81) (which yields that 8 € LY (w X R=™) for any v € [1, 4o00], see the
analogous argument (3.20) for the weight «), (g2), the Hlder Inequality and (4.16),
we have that

(9w, o1 = 0o0)|

S f
wxRd—m

< C/ i 1BCe, W) Jur (x, )| or(x, ¥) — @oo(x, y)| dx dy

Bx. Mgk (v, ) (93, ¥) = @oo(x, )| dx dy

4 C/ 1B )] ek G 91 gr (s ¥) — @oor, )] dix dy
wxRd—m

, @-1/q (4.23)
= C(/ G Ve, I dxdy) ok = ool
wxRd—m

-1
+ CliBlloolluglly™ lgx — ¢ocllg
’ ’ 1
< ClBIG g2 Il 19k = @ocllg + CllBlloolluxlly™ llgx — ¢oollg
< CCq/ q/ M q/ _
= q ”,3”(1/(,1,2)” k”H(; lok — vcollq
-1 -1
+CCf IIﬁlloollukII';,Ol lox — @oollg = O
as k — 400, thanks to (4.22) and to the boundedness of (uy); in HO1 (w x Rd—m)y,
Here C is the positive constant in (4.16) and C; is the Sobolev embedding constant

given in (2.1) with v = g and ¢’ := ¢ /(g — 1), the conjugate exponent of ¢.
Moreover, due to (4.21) and, respectively, to (4.18), we have that

(H,op — @oo) — 0 and (W' (ug) — H, ¢poo) — 0
as k — +oo. Therefore, by (4.23), we have that

(W' (ur) — H, o) = (V' (up), 9k — ¢o0) — (H, Pk — Poo)

4.24
+ (V' (up) — H, o) = 0 ask — +o0, (424)

which contradicts (4.20), since § — 7 > 8 — = > 0 for all k > k*. Hence, (4.19)
holds and this, as already said, ends the proof of Lemma 4.3. O

Now, we state the claims concerning the functional ® and J, used in the proof of
Theorem 1.3—(7) in order to get the inequality a < b between the constants a and b
defined by (4.4) and (4.5), respectively.

Claim 4.1.1 Assume ( f1), (f2), (f5) and (a1). Then, the following inequality holds

J
lim sup (@) <0
lul 1 —-+o0 D (u)
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Proof First of all, let us observe that by (f1), (f2), (f5) and the Weierstrass Theorem,
we get that for any ¢ > 0, there exists K, > 0 such that for any 7 € R

lf(O < elt] + K¢,

so that e
|F(1)] < 5|z|2 + Kelt|. (4.25)

As a consequence of (3.20), (4.25) and the Ho6lder Inequality, we have that, for any
u € Hy .y(@ x R™™)\ {0},
2/ a(x, y)F(u(x,y))dxdy
JW)  Jyxri-nm

du) ||u||§]01

_ ellellooliull3 + 2K el lull> (4.26)
2
Il
2K:Calell2

u
el

2
< eéllafloCs +

thanks to (2.6) (here C» is the Sobolev embedding constant given in (2.1), with v = 2).
Passing to the limsup as ||u||H01 — 400 in (4.26), we get that

lim sup ) < ellallwCs .
Il 1 —-+oo D (u)

Now, the arbitrariness of ¢ gives the assertion of Claim 4.1.1. O

Claim 4.1.2 Assume ( f1), (f2), (fs) and («1). Then, the following inequality holds

lim sup Q) <0
lull 1 =0 D (u)

Proof We can argue similarly to Claim 4.1.1, just replacing (4.25) with the next
inequality
|F(t)|§§|t|2+K5|t|”, teR, (4.27)

where 2 < v < 2*. By (2.1), (2.6) and (4.27), we get that for any u € H()l,cyl(w X
R\ {0}

J) _ ellerlloolluel3 +2Kelolloolully
D(u) ~ ||u||§101

2 -2
< ellaflooCy + 2Ke||a||ooC:||u||];101 :
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Thus, passing to the limsup as [u]| 4 s 0 in the above inequality and by taking into

account that v > 2 and the arbitrariness of &, we get the assertion, concluding the
proof of Claim 4.1.2. O

In the next claim, assumptions («3) and ( f¢) are essential.

Claim 4.1.3 Assume ( f1), (f2), (f5), (f6), («1) and («3). Then, the following inequality
holds

J
sup {% ‘u € H&cyl(a) x R4\ {O}} >0.

Proof 1t is enough to show that there exists i € H017 Cyl(w x R4=™)\ {0} such that

J (it)
@ (it)

>0. (4.28)

At this purpose, let #g be as in (fg) and r > 0 be as in («3). Let us fix r| and r, with
0 <7y <r, <rand,foranye € (0, (r,—r1)/2), define the function v, : R~ — R
as follows

0 if |yl <rg
S(yl=r) i rsllsn+e
ve(y) = {10 if ri+te<lyl<rn—c¢
B(n=l) fr-esly=rn
0 if |y| > r.
Note that
d—m
supp v C{yeR :r1§|y|§r2}
’ (4.29)
0 < ve(y) < to forany y € R¥™™
Now, let K and o’ be two open sets in R” with
K € @ C w and Lebesgue measure £(K) > 0 (4.30)

and let ¢ € C§° (') be a positive function such that [|@]loc = 1 and ¢ = 1 on K. Let
NS Cgo(a)) be the natural extension of ¢ on w, given by

Px) ifxea
_ 431
D=1, ifxcw\, 31

and define the function u, : @ x R~ — R as follows
ug(x, y) = (x)ve(y)  forae. (x,y) € w x R, (4.32)
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It is easy to check that, for any ¢ € (O, (rp — rl)/2), U, € H(}’Cyl(a) x Rd=my,
Furthermore, taking into account (4.29), we get that

suppu, C @ X e RI™™ : pi < <r
ppue < {y 1<yl < z} 433)
e (x,y) = p(X)ve(y) < ve(y) € [0, 10] ae. (x,y) € @ x RI™™.

Condition ( fg), (the first requirement in) («3) and (4.33) yield that
F(ug(x,y)) >0and a(x, y)F(us(x,y)) > 0forae. (x,y) € w X R, (4.34)

Then, by (4.31), (4.32), (4.33), (4.34), (the second requirement in) («3), by the choice
of r1 and r, (and by the rough estimate F'(1) > —2max|_, | |F| for all [t| < r), we
get that

J(Ms)—/ alx, y)Fue(x,y))dxdy
X{yGRd M <lyl<ra)

Iy
> ag F(2(Iyl=r1)) dxdy
Kx{yeRd m:p <|y|<ri+e} &

f F(ty)dxdy
K x{yeRd=m: | te<|y|<r,—e}

fo
_|_/ F(—(r2—|y|))dxdy>
K x{yeR4="m:ry—e<|y|<r2} 2

= ao | F(10) LK) @4 (r2 = )17 = (1 + )' 7"
-2 Tr}ax |[F(t)| LK) wg—m [(r1 +e)dm — rf_m + rg_m —(rp — s)d_m] }
tH=<r

— agF(ty) L(K) wd,m(rgfm —ri= ") >0 ase—0,
(4.35)
where, as usual, wy_,, is the volume of the unit ball in R4,
Thus, since ® = 1/2]| - ||2 i we obtain (4.28) by (4.35) by taking u = u, with ¢

small enough. This ends the proof of Claim 4.1.3. O

4.2 A Multiplicity Result

In this subsection we provide the multiplicity result stated in Theorem 1.3—(i7). In
order to get this goal, the main idea consists in applying, for any i € I, (see (1.1)),
Theorem 4.1 with X = Fixﬁd,m,ﬁi (HO1 (w x R4~™)) to the three functionals ®;, J; and
W;, which are the respective restrictions of the functionals ®, J and W (see (4.7), (4.8)
and (4.9)) to the space Fixgdwmﬁi (HO1 (w x RI=mYy) je.
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(Di (u) = qj(u)IFixﬁdmﬁ. (H()l (wXRd—m))(l/l)
Ji(u) = J(u), Fixg, - (Hj (@xRI=m)) (u)

‘-I’,’ (u) = \I/(l/t)l Fixﬁdm;,‘- (Hol(a)de_'")) (u)s

for any u € Fixgdmﬁ. (H(} (w x RA—my),

Proof of Theorem 1.3-(ii): Letusfixi € 14 . By arguing as in the Sect. 4.1, we are able
to check that all requirements of Theorem 4.1 asked to the space and to the functionals
are fulfilled by Fixg i (HO1 (@ x RT=™)) and ®;, J; and V;, respectively.

In particular, defining a; and b; according to (4.4) and (4.5) by replacing ® and J
with ®; and J;, respectively, and HOI’ Cyl(a) x R4=™) with Fix Hamr, (Hol (w x RE=my),
we have that a; = 0. Moreover, by Claim 4.2.1 below, we prove tﬁat b; > 0.

Then, set

—1
A = Db; and A}, = irenlix (A%, AT

we get that for any A > 17, there exists iy p > 0 such that for any u € [0, ux m1,
the functional Z;, ,, admits two nontrivial critical points u;,_, ; and it; , ; constrained
on Fixg, - (Hg(wxR™™)).

Then, thanks to («2) and (8>) and the oddness assumption on f and g, we can apply
the Principle of Symmetric Criticality by Palais, (see Remark 3.1, (3.31) and (3.33)
also with o and f replaced by B and g, respectively) and deduce that these critical
points are solutions to Problem (P; ).

Note that Proposition 2.3—(i) allows us to say that, for any i € I; ,, the solutions
Uy and iiy . ; are distinct from both uy , and iy, got in H(}’Cyl(a) x Rd—my,
Moreover when d = m + 6 or d > m + 8 by Proposition 2.3—(ii), we get that uy_,, ;,
Wi & (o, j, Un,p,j} foranyi, j € Iy, withi # j. Since we have added to the
pair (i, i3, ,), got in Ho{cyl(w x RI™™), 14 = sam — 1 (see (1.1) and (1.4))
pairs of solutions (uy, i, Uy ,,;) got in the “petals” Fixgd‘m'ﬁi (HO1 (@ x RI—myy,
we deduce that Problem (P, ;) admits sq4 ,, pairs of nontrivial weak solutions, with
different symmetries, provided A is sufficiently large and w is small enough. The proof
of Theorem 1.3—(i7) is then complete. O

So, we conclude this subsection just by proving the natural counterpart of
Claim 4.1.3 in Fixg, 7 (HO1 (w x RI=™)), where assumption («3) and ( fg) plays
a crucial rule.

Claim 4.2.1 Assume (f1), (f2), (f5), (f6), («1) and («3). Then, the following inequality
holds

. { qf.((b;)) ‘€ Fixg,, - (H)(@x R7™)\ {0}} >0 foralli € Loy
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Proof Letus fix i € I, and let any y € RY™" be decomposed as follows

-2

(v1,y3) € RU=M/Z x RA=m)/2 iri = 4=
J_2_, (4306

Nst\zs

(yl’ y2, y3) c Ri-’rl X Rd—m—Zi—Z X Ri-’rl if i #

AsinClaim4.1.3, we have to construct a functionu; € Fixgd i (HO1 (wx RA—m N\
{0} such that B
Ji(u;)

5 0. (4.37)

At this purpose, we follow [13] and we adapt to our setting the function introduced
therein. Let r be as in («3) and let us fix ; and r, with O < | < r» < r and such that
G+ 4ﬁ)r1 > rp. For any ¢ € (0, 1], let us consider the following subset of R4—m

d— 2 d—m)/2 . : e d—m—2
{(yl, y3) € R@=mM/2 o RUE=m/2 . (y, 13 satisfies (4.38)} ifi = <=2

1,3,
Bs,i =
{(yl, y3) € RiFT s RiH: (3, y3) satisfies (4.38)} if i # d=m=2
and
{1, v3) € RE2 X R (35 y)) satisfies (438)] i i = 452
B} =
{0199 € R X RIFL: (33, y1) satisfies (4.38)] ifi £ 4=2
where 432 5
ra +3ri r—ri
(1= 257) + sl = 2(2) (4.38)
and the set

d—m—2

Bii = [yz e RITM=2-2 .y, satisfies (4.39)} when i # 7

’

where

n—r

[y2| <e (4.39)

Note that, if i = d_’g_z, i.e. when no coordinate block y, can be defined, we are
assuming that (4.39) i 1s of course satisfied. We also observe that the assumptions on
r1 and rp give that B and B i are disjoint. As a consequence, being ¢ < 1, we get
that

B NB) =0
13 ’ ’ ’ (4.40)
B, mBl,i zBl,i mBe,i =0.
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Moreover, let us define

1,3 3,1 [ d—m—2
BT UB, ifi = =%
Sei = [(yl, y2,¥3) € RIFTT 5 RI=m=2i=2  Ri+1 (4.41)
(1.v3) € B U B} and vz € B2} if i £ 4=m=2

Now, let 7o be as in ( f) and, for any ¢ > 0, let v, ; : R4=" _ R be the function
given by

+
r —ri ry + 3r1\2 r—ri
o= (25 e I )
32 i
2= _n+3n , 2=
< . max{\/(|ya| ) P })]

rp—ri ™ rp —ri + 161y
| ——— — max € .
z ey (2 — (1 — )2

By direct computations and taking into account (4.40), it is easy to see that

0 < v.i(y) <t f e RI™
< vg,i(y) < tp forany y 4.42)
[ve,i (y)| =19 forany y e Se,i .

Now, let K and o’ be two open sets in R™ satisfying (4.30), let ¢ be the cut-off
function given in (4.31) and define the function u,; : @ x R~ — R by setting

e i(x,y) = @(x)ve;(y)  forae. (x,y) € wx R,
First of all, note that, as in [13], it is easily seen that
LUK xS1i)\ (K x Sgi)) >0ase— 17, (4.43)
while direct computations ensure thatu, ; € H L(wxR4=™)  Moreover, since supp U ;
is a compact subset of w x RA—m, by [7, Lemma IX.5] it follows that u, ; € H(} (w %
Rd—m), Arguing as in (3.34) (see also Remark 3.1), it is easy to check also that
usi € Fixg, - (Hg(wxR™).

Finally, the definition of v, ; and the choice of r| and r; give that

supp Ue;i C @ X Sy,
- {(x,y) co xR <y < Vz} (4.44)

c{w oy emxrI iy <]
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In addition, by (4.31) and (4.42), we get that

llue.illoo < 10

(4.45)
lug i(x,y)| =to forae. (x,y) € K x S¢;.

All in all, arguing as in the proof of Claim 4.1.3, («3), (fs), (4.43), (4.44) and (4.45)
yield that

Jilug,i) = / o (x, ) F(ug,i(x, y))dxdy
xS

v

ao/ F(ugi(x,y))dxdy
K xSy

v

a0 (F(IO)E(K X Sei) — Zﬂax |[F(OILK x S1,i) \ (K x Se,i)))
t|<r

— ag F(19) lir?i LK xS:;)>0
£—

as ¢ — 17. As a consequence of this, by choosing u; = u, ; with ¢ sufficiently close
to 1, we obtain (4.37), and so Claim 4.2.1 is proved. O
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