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Abstract
We prove theorems and exhibit a counterexample concerning an atomic decomposition
of martingale H'! with atoms satisfying simultaneous cancellation condition (3).
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1 Introduction

Let f € L'(R). We say that f € H' (dyadic martingale Hardy space) if

1
Mf(x) = sup _’/If\ eL',  Iflgw = IMflp, )

I :xel |I|

where the supremum is taken over all dyadic intervals / containing x. The basic
property of Hardy spaces is the so called atomic decomposition. We say that a function
ay is a (dyadic) atom, or an H! - atom, associated with a dyadic interval I if

e suppajy C I,
o llasl= < i,
[ ] f(l[ =0.
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Any function f € H' admits a decomposition

f=Y xra;. inH ()
I

where a; are atoms and

D Il < ClIf -
1

The martingale Hardy spaces were first introduced in [3], with atomic decomposition
implicitly appearing in [4], and the explicit proof appearing in [1]. More on the subject
of atomic decompositions in the martingale setting can be found in [8]. Classical intro-
duction to Hardy spaces can be found in [7]. Atomic decompositions in the classical
case were developed in [2] and [5]. In this note we address the following question:
Suppose we are given two weights wi, w> on R and f € H' satisfying

l<w; <C, wi- -feH, i=12.

Can one obtain a decomposition (2) with atoms a; satisfying simultaneously

/al-w1=/a1~w2:07 3)

One of the main results of this note is a negative answer to this natural question.
We also give a maximal function characterization of those f € H! which admit
decomposition (2) with atoms a; satisfying (3).

The Results

Given a weight function w we call wH' the space {f : w - f € H'} with norm
I/l = lw - fllg- A function a is called a wH! atom if w - a is an atom. Since
the weights w we consider are bounded and bounded away from 0, the only difference
between an atom and a wH' atom is in the cancellation condition.

Theorem 1 There exist weights 1 = wi < wy < ¢ and a function f with wy f € H'
and wy f € H', which does not have a joint atomic decomposition, that is it does not
have a decomposition

£= nobo. Y lrol = Comax {|l fllym. I fllyym }- (4)

with by being both wiH and woH! atoms.

Remark Theorem is stated for w; = 1. It is clear, that the same construction can be
applied to the case of arbitrary w; ~ 1. That is for any weight w; ~ 1 there exists a
wy satisfying w; < wy < C, such that the theorem holds.
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8868 M. Paluszynski, J. Zienkiewicz

Proof Consider the interval [0, 1] and arbitrary n € N. Let I; be consecutive, adjacent
intervals of length 27

2k 2 2k
Ikzl:z—k,T:I, k:1,2,...,n.

Each of these intervals is an element of the standard dyadic grid. The left half of I; is
denoted by [ k+ and the right half by 7,":

1*’—-[2k_'2 2k-3/2] 4,__[2k-3/2 Zk——l]
k= 2k 2k ’ k= 2k Y :
We define:
k—1
2(1+1) ‘x eI,
k—1
A=) 214 1) T ixer,
0 ix ¢ I.

The functions ay, satisfy:
e supp ay, C I,

* fa =0, 1\k—1
w1 A4+ ) e
o lagles =25(1+3)" = —— = 7o

n

that is they are e - multiples of H' atoms. We let

n
fo=) ay,
k=1

and thus

n
I follen <Y llagllgn < Cn.

k=1

Let us define the weight wy

(1+3)y wxer, k=12,

n

um”:{l x eI

We obtain the decomposition
I\n n—1

@ Springer



A Remark on Atomic Decompositions of Martingale Hardy’s Spaces 8869

where
=17 UIL,
and
k 1k . —
2F(1+3) xel,
by (x) = 12K (1 + }l)k ‘x € Iktrl,
0 2 [

Observe, that b, are 3e/2 multiples of H' atoms.

e supp by, = Ji,
o [by =40+ HF+ha+ b =0,
31+ %)k _ 3e

o lbsllee =200+ ) = =A== oo

Note that

ot =i 2 LI P
k=17 Ul =] - S _zk+2]c[ =Y | =

where J is an element of the standard dyadic grid, with length comparable to that of
Jk

- 1
[kl = ==

Ikl = T

ok+2’

Thus

n—1
| 20
k=1

n—1
.- > |bs g < Cn.
k=1

To account for the remaining parts of w; - fy we extend fo to [1, 2] and modify wy
there. Let

e _l 1<1+1)n l<aq< 1
o = 0w2_2 ) . <0< .

n

For x € [1, 2] we let

i :xE[la%]’
wZ(X)_{(l‘F%) ;xe(%,zL
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and

Jox) :x€[0,1],

20n x e|l, 3],

f(x) = 3 2

—2an :x € (5,2],

0 cx ¢ [0,2].
Then

I f g < I follgt + 2laln < Cn.

Moreover w» - f decomposes as

n—1
wy - f =Y by +A,

k=1

where

A= 21111+ — 2"(1 + %)nﬂln— + 2anly1 32 — Zom(l + %)1(3/2,2].

It is a straightforward argument to show that || Al < Cn. Similar straightforward
computation shows the same estimate holds for the classical, non-martingale Hardy’s

space. We will comment on this later. Thus

n—1
lwa fllg = | Db
k=1

We have just shown

1Al = Cn, N flly,m < Cn.

Consider the function

g(x) = n(wi(x) —wa(x)) - f(x)

2+ Lt v ern, k=12,

= { 2an tx e (3,2,
0 . otherwise.

We will show, that
gl = IMgll1 > Cn®.
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Let us consider x € [, . Immediate dyadic parents of I, are
I, [1—=271],i=0,1,....,k—1.
We compute the average of g over I = [1 —2~*=D 1],

i—1

1 1y / i 1
|I|/Ig(y)dy—2 ; ;2 <1+n) dy
n

— k-1 Zz—(i+l)2i<l + l)i_l
n
i=k

=22 i (1+1)i
n

i=k—1
S (1) - (4 )
Thus

‘o 1\n 1\k-1 -
Mg(x) > 2 n<<l+—) —(1+—) ) xel.
n n

Integrating M g we obtain

M . 2 (0 Y - (e DTy 2
- _ _ —_ = —.
=D "((+n) (U) ) 8

k=1

In fact, we can show a stronger estimate, namely || g |/ > C n?, where the norm is in
the classical Hardy’s space. We will comment on that in a remark below. To see this
stronger estimate, let us fix a test function

T, = @ < 1(-3,2,3/2].

Then

n

D, g(x) = (q>, X 2k<1 n %)k_lﬂ,;)(x) 4 (opt * (2an11(3/2,2]))(x)

bl
—_—

(cb, % F)(x) + (cb, % G)(x),

1 [y x—y 1[rta xX—y
- o(* " Vryay+ - o Gy d
t[x (;)(y)Ht/_g[(r)(y)y

3
—5t X
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where

n
supp F = U I c[1=3-27"2711], supp G = (3/2,2].
k=n/2

Now, take x € [0,1 — 3 - 2’”/2] (n > 4),and t = 1 — x. Then the second integral
vanishes due to disjoint supports. Thus

1 X+5t XxX—y 1 x+t
g =1 [ o)y =1 [ Foa

—t

Sincet =1 —x,wehavex +¢t=1landx —¢r=2x—1 <1—3-2""271 5o the

integration interval covers the entire support of F. Thus, in the chosen range of x

Mg = [ @1 5|

1 1
7 / F(y)dy
— X Jox—1

1 " I\k=1 1
— 1 _) 2
l—xz(+n 2

k=n/2

v

1 n

l—x 4

v

Consequently,

1-3.271/2
Mgl = f Mg(x)] dx
0

n /1—3-2-"/2 dx
> —
4 0 1—x

n

= i (%10g2—10g3)

Cn?.

v

We continue with the proof of the theorem. Suppose f does have a decomposition
[ =) _hobo.
0

where b are both wiH! and wyH! atoms, as in the statement of the theorem. Then,
by estimates above

> lrgl = Cn.
0
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A Remark on Atomic Decompositions of Martingale Hardy’s Spaces 8873

This would imply
lglln = [n(wi —w) Y 2o ol
0

<Y lol - In(wi — w2)bo
0
<Cn,

since each n(wy — w2)bg is an H! atom:

e supp n(w; — wa)bgp C O,
° fn(wl — wz)bQ = 0,

o lIn(wi — w)bolle < lbglle < o

Thus, since the constants are independent of n, we have obtained a contradiction
2
n” S gl S n.

We call just constructed function f;,, and the weight w”. Both are localized on [0, 2].
It is now routine to appropriately H'-scale and shift thus constructed f,,’s, together
with w™’s (both operations necessarily dyadic), so they are all localized within [0, 1],

with disjoint supports. The sum of n=3 Jfa’s over a dyadic n’s, together with weight
w, being the sum of w™’s is the required example for which the condition (4) cannot
hold. This completes the proof. O

Remark Observe, that the above theorem is also valid in the case of classical Hardy’s
space.

We point to another possible construction of the weight w from Theorem 1, very
much in the spirit of tweaks known from the theory of Cauchy Integral. Let I C [0, 1]
be dyadic. We let w” be given by (5) below (modified weight from the above theorem),
and denote by w’ this weight re-scaled and translated to /. Suppose {n;} is a sequence
of naturals increasing to infinity sufficiently fast. We construct a sequence of weights
ok

(i) Weputw! = wfol’“.
(ii) Assume o', ..., o have already been constructed. Let Iy, ;, j =1,...,[ be
the maximal dyadic intervals on which w* = ¢ ; is constant. Then, for x € I ;

we put o t1(x) = ck,ijf;fl (x). Observe that by construction [ J; I, j = [0, 1]
(i) We put w(x) = limg— o ok (x).
The weight obviously satisfies requirements of the Theorem 1 (together with the
function f, which consists of parts constructed in the proof, but summed differently).

We also point out (we leave the proof to the reader), that it satisfies the condition (6)
below.
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We will now prove a maximal function characterization of those functions on [0, 1]
that do admit atomic decomposition with atoms satisfying double cancellation condi-
tion. From now on we fix n and the weights w; = 1 and wy = w on [0, 1] constructed
in the proof of Theorem 1. Let us recall

(1+1) sxer . k=12,

1 x ¢ JI7, ©)

wx) =

(we do no restrict k to be < n, thus suppw = [0, 1]). We will state a quantitative
version of our result for these weights. The argument clearly extends to any pair
wi, wy satisfying condition (6) below, with w = wzwl_l. Typical examples of such
weights are those defined by lacunary Fourier series or positive polynomials. See
Corollary following Theorem 2.

Let us recall that we are working in the setting of the standard dyadic martingale
on R. Our aim is to define a maximal function which would characterize an atomic
space with atoms simultaneously orthogonal to both 1 and w. We put

Ar(x) =1;(x)(Br — w(x))
with the constant 8; chosen so that f A7 = 0. Obviously,

1;(x) Ap(x)
[1]1/2° 1ALl 2y

are orthonormal functions in L?(I), obtained by Gramm-Schmidt orthogonalization
of weights 1; and 1; - w on /. We define the following maximal operator

1
Mf@ = sup | [ 1 @-w).
1€10.11-dyad. ]l —wllLoe(r)

It is immediate that M f < CMpyy f, where Mg f is the standard Hardy-Littlewood
maximal function on [0, 1]. We will use the following

Lemma Let I C [0, 1]. Then, for some constant C independent on n, we have

A1(36)

A <CM
|A1|| /f I fx)

Proof The lemma follows immediately from the following condition satisfied by the
weight @ — w: there is the constant C independent of « and n such that for any dyadic
interval I we have

1]l = wlZeoy < Clle — wli3, (6)

To see this, suppose I C [0, 1] is a dyadic interval. Since Ukz] I = [0, 1) one of
the following cases has to hold.
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(i) There exists a k such that I C Iy properly. Then I C I,  or I C IkJr and o — w
is constant on /.
(i) There exists a k such that / = I;. Then @ — w is constant on both 7, 1, ,j .
(iii) There exists a k such that Iy C I properly. We denote by kyp minimal such k.

Let J# denote the immediate dyadic parent of J. Then I,fi) = [21;0,;2, 1]cI.If

I,ﬁ) C [ properly, than Iy, C (Ik#O y# C I, contradicting the definition of k.

Hence I = I,f:), Iy, C 1, 2|1, | = |I] and o — w takes exactly two values on .
We note that both values are taken on / k_o v/ ,;g .

To summarize, I either is contained within some I, or contains a number of I;’s in
their entirety. In either case the function &« — w on [ is constant, or assumes exactly 2
values, spread over sets of equal measure. In any case, the norm equivalence condition
(6) is immediate. O

The following two theorems have motivated the construction of the counterexample
in Theorem 1. We recall that we work with the weight w constructed for a fixed n.

Theorem 2 If M f € L'([0,1]), supp f C [0, 1], [ f = [wf = O, then f admits
decomposition

f= Z Arap,

I —dyad.

where, for some constant C independent on n

Yl = CcMf| .

1

and ay are atoms, satisfying double cancellation condition

/a1=/a1w=0.

Proof We note that the argument we use in the proof is standard, the only difference
is in the cancellation statements involved. We begin with a definition of an auxiliary
maximal operator M*, playing the role of the classical grand maximal operator.

1 X
Mf(x) = sup 101 () \/f-(a—w)).
110,11 - dyad ] |la —wllremy ! Jr

It is an easy consequence of the definition of M and M* that
|{x MFf(x) > k}| < 10|{x T Mf(x) > A}’.

If x € {x : M*f(x) > A} than x € 10/ for some dyadic interval I such that
I C {x: Mf(x)> A}. Now, if we write

{x:Mf(x)>A}=UI~
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8876 M. Paluszynski, J. Zienkiewicz

where I are maximal dyadic. Thus each I C I for some I and consequently
[{x : M* f(x) > A} < 10[{x : M f(x) > A}
The immediate corollary is
IM*fllgr < CIM Sl

For the dyadic interval I we denote by P;(f) the orthonormal projection of f onto
the space spanned by the weights 1; and 1; - w

1;(x)
]

Ajp(x)

P =
1 (F)(0) A,

/If(y)dy+ flf(y)Az(y)dy. @)

We observe that

(Pr(f), ) =(f-11,1), and (Pr(f), w) = (fl;, w),

directly by the definition (7). Denote by Ay the set {M*f(x) > 2°} and let
Ay = U,, I, be the Whitney decomposition. Since by the construction As41 C Ay
so we can choose the Whitney decomposition Ay = U”J2 I, r, in such a way
that 1, ,, C I,,. We continue this process, obtaining of a tree of dyadic intervals
{Lry, - Ly rgs - -+ 1. We write

=Y 3 ((111,],,2,,..,&(@—ZL,I,,Z_....,.J,,W ) - 00—

S TT2, T Fs+1

— Pl D@+ P (f)(x))

Fs+1

Each component

Bhpryns @) = (L 00 = D Uiy @)+ 00—

Fs+1

= Pl (D + D P ()

Ts+1

satisfies

b1,y ()] < C2°

S 2y S CIM flip

§ r1,r2,0 T

By 1) =00 by, Af) =0 @®)
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This means that

blrl JYe TS ()C)

Al gy X)) = S
r1ar.rs 25|1r1!r2’...,rx|

are double cancellation atoms and

FOY= Myl gy (),

where

D Iy | < CIM* fll

The theorem follows. O

We leave it to the reader to extend Theorem 2 to any pair wi, wy having the property
that w = wy wl_1 satisfies (6).

Corollary Assume that wy, wy are polynomials satisfying 1 < wy, wy < C on [0, 1]
and that f € H', supp f C [0, 1] is simultaneously orthogonal to wy and wy. Then
f admits an atomic decomposition with atoms simultaneously orthogonal to w1, w».

Proof The proof is based on standard norm-comparison properties for polynomials .
We need to check the assumption of the Theorem 2 for polynomials w; and w».

If J C [0, 1] is an interval, |[J| = R and w is a polynomial of degree d (here
w = awi — wy), then

d
sup [w(x)| ~ Y RF[w® (a)] ©)
xeJ k=0

The implied constants in (9) do not depend on R and a € J. Hence, forany I C J, we
have sup,; lw(x)| > CRsup,; |w (x)| again with the constant C independent of
I and J. With this observation the estimate for Ma, a being a classical H! atom, is
an application of the standard cancellation argument. We note, that the proof of the
corollary can be made independent of Theorem 2. We leave details to the reader. 0O

We present one more result.

J; — finite, s € N} and a tree of dyadic intervals {I,, ,,
with inclusions

.....

Y R X A S

such that f admits atomic decompositions
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where the atoms are given by

i 1
] = —-———— .
brl,rz,...,rs (x) = )\rl o (f ]11,1,.._1,S\UrHl Iy rgg (x)
- <f)lr1 ..... rgsWj + Z ]llrl,...,r_erl (‘x)<f>1r1,...,rx+l’wj)’
Fs+1

and

1
i = mflf-w-

We omit the proof which is similar to the classical case of dyadic atomic decomposition.
The argument yielding Theorem 2 can be adapted here as well. The only change
required is to consider level sets of M7 (wy - f) + MJ (w2 - f), for M7 being the
dyadic grand maximal operator

M F() = sup 1101()6)‘/1]0)'

1C[0.1],I-dyad. |1]
acR

We leave details to the reader.
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