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Abstract

We study the density of polynomials in H>(E, ¢), the space of square integrable
functions with respect to e~?dm and holomorphic on the interior of E in C, where ¢
is a subharmonic function and dm is a measure on E. We give a result where E is the
union of a Lipschitz graph and a Carathéodory domain, which we state as a weighted
L>-version of the Mergelyan theorem. We also prove a weighted L>-version of the
Carleman theorem.
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1 Introduction

Let E C C be a measurable set, m a measure on E and ¢ a measurable function,
locally bounded above on E. Denote by L(E, ¢) the space of measurable functions
f in E which are square integrable with respect to the measure e~ ¥dm i.e.,

LA(E.¢) = {f 1122 g = /E f12e ¥ dm < oo}.

Set
H*(E,9) = L*(E, ) N O(E)

where O(E) stands for the space of holomorphic functions on the interior of E.

In this paper, we generalize the classical holomorphic approximation theorems to
weighted L?-spaces. The theory of holomorphic approximation started in 1885 with
two now classical theorems: the Weierstrass theorem and the Runge theorem. The first
one states that a continuous function on a bounded interval of R can be approximated
arbitrarily well by polynomials for the uniform convergence on the interval. We prove
the following weighted L2-version of the Weierstrass theorem:

Theorem 1.1 Let y be a Lipschitz graph over a bounded interval and ¢ a subharmonic
function in a neighborhood of y in C. Then polynomials are dense in L*(y, ¢).

Recall that a Carathéodory domain €2 is a simply-connected bounded planar domain
whose boundary 9€2 is also the boundary of an unbounded domain. Combined with
Theorem 1.3 from [2], it leads us to the following weighted L2-version of the
Mergelyan theorem:

Theorem 1.2 Let Q C C be a Carathéodory domainandy C C a Lipschitz graph with
one endpoint p in Q, the rest of y be in the unbounded component of the complement
of Q. Assume that the boundary of Q is C* near p. Let ¢ be a subharmonic function
in a neighborhood of Q U y. Then polynomials are dense in H*(Q U y, ¢).

Here,
H*(QU y, @) :={f is measurable on QU y with f|g € O(RQ)

and / |f(2)]?e ?@da, +/ | f1?e™%ds < oo} ,
g ¥

where d; is the Lebesgue measure on €2 and ds is the arc length element.
We can even generalize to
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Weighted L2 Version of Mergelyan and Carleman Approximation 3891

Fig.1 Case avoided: the arc K ;
is in the bounded component of
K ,'C where K; is the outer snake

Theorem 1.3 We use the previous notations and assumptions. If K¢, £ =1, ..., N is
either a Lipschitz graph or a bounded Carathéodory domain in C as in Theoreml.2

such that C \ (Uév: 1 K g) is connected, K; and K_j have at most one common point

{pij} and K is outside of the relatively compact connected component of K- for
each i # j. Let ¢ be a subharmonic function in a neighborhood of U?’:l K. Then
polynomials are dense in HZ(UQIZl K¢, ¢) (Fig. 1).

Let I" be the graph of a locally Lipschitz function over the real axis in C. We may
assume I' = {(¢, ¢ (¢))} with ¢ : R — R a locally Lipschitz continuous function.

Thanks to Theorem 1.1, we prove the following weighted L2-version of the Carle-
man theorem:

Theorem 1.4 Let ' be the graph of a locally Lipschitz function over the real axis in C
and ¢ a subharmonic function in a neighborhood of I'. Denote by T',,, n € Z the part
of the graph T over the interval [n,n + 11. Then for any f € L*(y, ¢) and for any
positive numbers &,, there exists an entire function F, so that for each n € Z,

/ |F — fl’e %ds < &,.
Ty

The paper is organized as follows: In Sect. 2, we give a necessary and sufficient
condition in terms of Lelong number for the exponential e~¥ to be integrable on an arc
in C. In Sect. 3, we prove Theorem 1.1. In Sect. 4, we prove Theorem 1.2. In Sect. 5,
we prove Theorem 1.4. In the last section, we give an example which shows that there
are no non-zero polynomials in L2(y, ¢) for some rectifiable non-Lipschitz arc y and
some subharmonic function ¢.

2 “Exponential Integrability” on Arcs in C

In the following, we assume that ¢ is subharmonic on C, even though it is enough to
assume it to be subharmonic in a neighborhood of the given subset. This fact relies on
the following lemmas.

Lemma 2.1 Let i > 0 be a measure on C with finite mass on each compact set. Then
there exists a subharmonic function ¢ on C so that Ap = .
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3892 S. Biard et al.

Proof Set
00
H= Zﬂna Mn = /"L‘(n—lilzkn}'
n=1

Let ¢,(2) = flog |z — ¢|du, (¢). Then ¢, (z) is harmonic on {z : |z| < n — 1}. Thus
there exists a holomorphic function 1, (z) on {z : |z| < n—1}sothatg,(z) = Re h,(z).
By using the classical Mergelyan theorem to %, (z) on {z : |z| < n — 2} there exists a
polynomial P,(z) so that

1hn(2) = Pa(2)] < zi,, on {|z] =n—2}

o0
Then ¢(z) = Y_ Re(h,(z) — P,(z)) is subharmonic on C and Ag = u. O
n=1

Lemma 2.2 Let U CC V be two open sets and ¢ a subharmonic function on V. Then
there exists a subharmonic function ¥ on C so that ¢ = ¥ + h on U, where h is
harmonic on U.

Proof Choose a smooth cut off function y : C — [0, 1] so that x = 1 on a neigh-
borhood of U and suppyx C V. Then i := (Ag) - x is a positive measure with finite
mass on each compact set in C. By Lemma 2.1 there is a globally defined subharmonic
function ¥ such that Ay = . Butthen ¢ = 1 +h on U for some harmonic function
h. O

Since A is uniformly bounded on U, as a direct consequence, we get

Lemma23 Let E CC U and ¢, be as in Lemma 2.2. Then the Hilbert spaces
L*(E, Q) = L*(E, Yr) and the norms are “equivalent”, i.e., there exist positive con-
stants C1, Cy so that

Cillflli2e.p) = W2y = C2ll fllL2e,p)-
We prove similar statements to those in Section 2 of [5] but on an arc y. Those
results will allow us to prove at the end of the section the local integrability of the
exponential e~% at a point x € y if and only if the Lelong number v(¢)(x) is strictly

less than 1.

Definition 2.4 A function f : E — R, E C R, is said to be L—Lipschitz, L > 0, if

| f(t) — f()] < Lt — o]

for every pair of points (1, #) € E x E. We say that a function is Lipschitz if it is
L—Lipschitz for some L.
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Lemma 2.5 (Chapter 5 of [13]) If f : [a, b] — R is a Lipschitz function, then f is
differentiable at almost every point in [a, b] and

b
Fb) = fla) = / Flndr.

Let y be the graph of a Lipschitz function y(¢) : [a, b] — R. In the following, we
say that y is a Lipschitz graph if y is the graph of an L-Lipschitz function y on [a, b],
a,b < oo. Locally Lipschitz graph means that for each point p € y, there exists a
neighborhood U where the graph is Lipschitz, up to a rotation of . We denote by |y |
the arc length of y, defined as follows

b
Iyl :=/ds=/ ly'(1)|dz,
y a

where |y/(1)| = /14 (v (1))2.

Letzg = (f9, y0) € Cand 0 < 8 < 1.

Lemma 2.6 Let y be a graph, then |y (t) — zo| > |t — to| on [a, b].

Lemma 2.7 Let y be a Lipschitz graph, then
b 1
————|y/(t)|dt < Constr 4.p 5.
/a 7 (@) = 20l? o

Proof By Lemma 2.6 we have

b 1 ) b 1
—|y<r)|dzs<L+1>/ LN
fa ly (1) — zolP o It —10lP

If 79 > b, then

b b
<L+1>/ dtS(L+1)/ L
a a |t_b|ﬂ

|t — 1ol
B b=
=(L+ I)T
_ (b_a)(l—ﬁ).
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3894 S. Biard et al.

If tp < a, then

b
(L+1)/ Fdr < (L +
a
t—a) =P
=L+1)——F*
(Lt D=
(b —a)1=P
=(L+ 1)—;
- B
Ifa <ty < b, then
b
L+1 dt L+1 —dt
(+>f - vt [
(10 )1_ (1 to)l_
<L+ 1)—5 Iy +(L + 1)—ﬂ 4
b —-a)d=p
<2(L+1)———
SAL+DT
Thus no matter whatever the condition on #y, we have that
b 1
————|y/(t)|dt < Consty 4.p 5.
/a |y (1) — z0lP “bp
O

We generalize the previous Lemma to a product

Lemma 2.8 Let y be a Lipschitz graph. Suppose z; € C, i > 0, fori =1,...,m
and Y ! Bi = B < 1. Then

p m 1 ,Bi ,
[ T (a=a) o < comstians
a - !

Proof According to Corollary 2.3 in [5] we know that

(=) =25 Ga=a)
ly (1) — zil - B \ly@®) — zl .

By Lemma 2.7, we finally have

p m 1 ﬂi ,
[ (e =a) o < comstvans
a - !
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Let y be a Lipschitz graph. We take an arc length parametrization of y that we
denote by s. Let / be a function on y, define

b
/ hds = / hy )y (0)de.
y a

From Lemma 2.8, we are able to prove

Theorem 2.9 Let y be a Lipschitz graph. Let ju be any nonnegative measure with total
mass B < 1 on an open set U in C containing y. If p(z) = [log|z — ¢|du(¢), then
we have

/e_‘pds <CLab
Y

where Cp, g q.p > 0 is a constant depending on L, B, a, b.

Proof Define ¥, (z, ¢) = max{log|z — ¢|, —n} and
©n(2) =/1/fn(z,§)dlt(§)

Then ¢, is continuous and ¢, \ ¢ pointwise. Hence e #»() 7 ¢=¢() Therefore, it
is enough to show

_ 1
e ¥nds < Crgap+ —-
y n

We fix n. Let § > 0. Since ¥, is continuous, by Lemma 2.4 in [5], there exist {; € U
such that the measure u, = er‘n=1 Bid;; has total mass B < 1 and |@, — @, < 4,
where

G (2) —/Wz ) () = Zﬁ,wn(z G) = Zﬁ, log |z — &l

i=1 i=1

Hence, we get

/e Pnds <65fe Pnds
%

b m
3
e / ) e (t) Y Ol @D

i=1

IA

By Lemma 2.8, we get

f]"[w) Y 014t < CLpa. 22)
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3896 S. Biard et al.

Hence, by combining (2.1) and (2.2) and by choosing § small enough, we get

_ 1
e ¥nds < CL,ﬂ,a,b + —.
y n

]

Corollary 2.10 Theorem 2.9 holds with possibly larger constant for subharmonics

1

Sfunction ¢ on a neighborhood U of y in C with . := Z—A(p|U being of total mass on
b4

U strictly less than 1.

Proof By Riesz decomposition theorem (see for example Theorem 3.7.9 in [12]), we
can decompose any subharmonic function as ¢(z) = fU log|z — ¢ldu(¢) + h(z)
where & is harmonic. Because % is bounded on U, Theorem 2.9 gives the result with
a constant depending, in addition, on /. O

We recall now the definition of the Lelong number v(¢) of a subharmonic function ¢
at a point z in C, where ¢ # —o0, that is equal to the mass of the “Riesz” measure

1
uw= 2—A<p at the point z. Below is an equivalent definition given by [8,9],
b4

V(@)@ = lim TXezl=r &)
r—0+ logr
From this definition, Kiselman [8], Theorem 4.1 proves thatif e™¥ is locally integrable
at z in C" then v(p)(z) < 2n.

We recall the following result which is a converse of the previous property in
complex dimension one:

Theorem 2.11 If ¢ # —o0 is subharmonic and v(p)(z) < 2 for a point z, then e~%
is locally integrable in a neighborhood of z.

Proof We refer to the note at top of p. 99 in Hérmander’s book [7]. This is also a
consequence of Theorem 2.5 in [5]. We also refer to Proposition 7.1 in [14] for a

generalization to higher dimensions'. O

Now we state the previous Theorem for points in a Lipschitz graph.

Theorem 2.12 Let y be a Lipschitz graph and ¢ # —oo a subharmonic function on
C. Then v(p)(y(t)) < 1 for a point y(t) € y if and only if e=% is locally integrable
in a neighborhood of y (t) on y.

1

Proof =) By hypothesis, v(¢)(y(t)) = 3
T

quence of Corollary 2.10.
<) If there exists zo = (fo, yo) € y so that v(¢)(zo) > 1, then we have
%A(p(z()) > 1. Therefore we have %A(p — 6z, = 0 on C. Hence we may find a

A@p(y(t)) < 1 so this is a direct conse-

1 Many authors refer to this result as “Skoda’s exponential integrability”
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subharmonic function ¥ on C such that %Aw = %A(p — 8, Up to a harmonic

function we may write ¢ = log |z — zo| + ¥. Thus

1
/ e Yds = / e Vds, Y is locally bounded above near z
Uzo)Ny Uzo)ny 12 = 20

1
zC/ ds
Uzo)ny 12 — 2ol

o+n 1

>C

> —dt
-y N1+ L%t — 1]
1 /to 1 /t()+17 1 )
=C dr + dr
\/1+L2<t0—nt0_t 1o t_to

1 ( fo—e ] fotn
=C———|( lim / dr + lim dt)
N1+ L2 \e—0t Jyy—y o —1 e>0t Jygre 1 — 1o

1
=2C——— lim (Inn —In¢)

V14 L2 e—0t

:oo,

where 7 is a sufficiently small constant. O

Let ¢ > 0. We will write v(p) < « to mean that v(¢)(z) < « for all points z in the
given subset. However, v(¢) > « should be understood as there exist at least one point
z such that v(¢)(z) > «.

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 which generalizes the Weierstrass theorem to
weighted L2-spaces on Lipschitz graphs. The particularity here is to allow the weight ¢
to have singularities on the given set. We will then carefully take the local integrability
of e7% (Sect. 2) into account.

We first recall some classical results

Theorem 3.1 (Weierstrass 1883 [15]) Suppose f is a continuous function on a closed
bounded interval [a, b] C R. For each ¢ > 0 there exists a polynomial P such that

|[f(x) — P(x)] <e, Vxé€la,b]
Theorem 3.2 (Lavrent’ev, 1936 [10]) Let K C C be compact with C \ K connected.
Suppose that f is continuous on K. If K = 0, then for each ¢ > 0 there exists a

polynomial P such that

|f(x) — P(x)]<e, VxeKk.
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3898 S. Biard et al.

Theorem 3.3 (Mergelyan, 1951 [11]) Let K C C be compact with C \ K connected.
Suppose that f is continuous on K and holomorphic on K. Then, for each ¢ > 0 there
exists a polynomial P such that

|lf(x) = P(x)| <&, VxeKkK.

In order to prove Theorem 1.1, we first prove

Theorem 3.4 Let y be a Lipschitz graph over |a, b). Suppose that ¢ is measurable on

y and that
/ e ?ds < oo.
14

Then polynomials are dense in L*(y, ¢).

In order to prove this theorem we need the following Lemma.
For each nonnegative real valued f € L?(y, ), define f, = min{f, n}.

Lemma3.5 f, — finL*(y,¢)asn 7 oo.

Proof We need to prove that fy | f — fnl?e=%ds — 0.Now | f|?e~% is an L' function

and |f — ful?e™¥ < |f|?e~%. Moreover |f — fu|?e™¥ — 0 ae.. Hence by the
Lebesgue dominated convergence theorem, we have that

/ |f — ful’e¢ds — 0.
Y

O

Proof of Theorem 3.4 Let f be such that [ y | f1?e~%ds < oo. To approximate f by
polynomials, it suffices to consider the case when f > 0. If P is any polynomial, then
1P = fllz2g,e) = IP = fallL2¢y,0) + 1 fn — fliL2¢y,¢)- S0 by Lemma 3.5, it suffices
to approximate nonnegative bounded measurable functions f;,, by polynomials.

Each bounded measurable function f; can be uniformly approximated by simple
functions on y. Since fy e %ds < oo, this approximation also holds in the weighted

normof L2(y, ¢). Each simple function is the finite linear combination of characteristic
functions on measurable sets in y, hence it suffices to approximate a characteristic
function by polynomials on measurable sets in y. Since e ™% is L' integrable, there
exists for any € > 0 a constant § > 0 so that if £ is any measurable set in y with
Lebesgue measure |E| < 8, then || g€ “ds < e. For any measurable set F' there
exists a finite union of graphs over intervals I so that |F \ I|,|I \ F| < §/2. Hence
I xF — x1llz2(F,p) < € Then it suffices to approximate a characteristic function of a
graph over an interval in [a, b] in y.

Let / be a graph over an interval in y and 8 > 0. There exists f € C°(1, C) so that

1)
B:={seC| f(s) # xs(s)} has a Lebesgue measure less than 3
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So

/lf — x1’e™¥ds < / e ?ds <e.
1 B

By the Lavrent’ev theorem, it suffices to approximate a continuous function by
polynomials, and then we are done. O

Remark 3.6 Theorem 3.4 holds for non-Lipschitz rectifiable graphs.

Theorem 1.1 generalizes Theorem 3.4 by relaxing the assumption on the integra-
bility of e™% on y. To prove this generalization, we need the following result.

Theorem 3.7 Let y be a Lipschitz graph over [a, b] and ¢ a subharmonic function
on C. Then polynomials are dense in L*>(y, @) if and only if the function /Q can be
approximated arbitrarily well by polynomials in L*(y, ¢) where Q is a polynomial
vanishing at the points y (t) to order [v(p)(y (t))] with Lelong number v(p)(y (¢)) > 1.

Here [v(p)(y (2))] := max{m € Z | v(p)(y(t)) > m} is also called the floor function
of v(p) at y (7).

Proof By Theorems 2.12 and 3.4, it suffices to consider v(¢) > 1. Then there exist
finitely many points y (t1), ..., y () such that v(¢)(y(#;)) > 1 fort; € [a,b],i =
1,...,n and Q which can be expressed as Q(z) = ]_['}zl(z — y ()@ )] We
may then choose a subharmonic function v so that ¢ = v + log |Q| with v(¢/) < 1
ony.

=) Remark that /O € L?(y, ) by Theorem 2.12:

/l\/apef‘pds =/ |\/§|2e"/’*log|Q‘ds=/e*¢ds < 0.
y y y

Then by assumption, there exists a polynomial that approximates arbitrarily well ./Q.
<) Remark that f € L%(y, ¢) is equivalent to

J

So L € L*(y, ¥) and by Theorem 3.4, for each ¢ > 0, there exists a polynomial

/o
J

P so that
Thus if »/Q can be approximated arbitrarily well by polynomials in L>(y, ¢), then f
can be approximated by polynomials in L(y, ¢). O

2
e Vds < oo.

f

Vo

J b

2
e Vds = / | f — P\/a|2e_‘pds <e.
Jo y
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Proof of Theorem 1.1 By Theorem 2.12 again, it suffices to consider v(¢) > 1. Let Q
and ¢ be as in the proof of Theorem 3.7. We prove that for every ¢ > 0, there is a
polynomial P that vanishes at y (#;) to order [v(¢)(y (¢;))] so that

2
e Vds <& (3.1

| — —

Vo

/y ‘\/é— P‘ze_‘/’ds =/V

For convenience, we look for P such as

P@)=0@) PR)=]]Gc—yu)"Pr. P).
j=1

Then (3.1) is equivalent to find some polynomial P so that

J

1
v 0O(2)
at y(#;). We can make g continuous and |/ Q(z)g(z)| < 1 on such arcs of length 25.
Then

0 P

11— ==

Vo

e Vds < e (3.2)

Let§ > 0. Set g(z) =

except on the arcs [; on y with length 26 and center

/)1—\/6g)2e—‘/’ds 542”:/ e~Vds
14 i=1 Y1

= 4/ e Vds. (3.3)
Ui &

Since | JI_, I; is a measurable set of measure 26n and e~V € L! , we may choose §
sufficiently small in order for (3.3) to be < ¢. Since g € L2(y,¥), by Theorem 3.4,
there exists a polynomial A satisfying

/|g—A|2e—‘/’ds < ¢ -
7 (max IQ(J/(t))|>
y(t)ey

Then by Cauchy—Schwarz and the previous estimate,
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Fig.2 Example of a situation
that might happen in Theorem
4.2 where Q21 and 27 are outer
snakes with no common point

91
/ IVOI’lg — Ale Vds
Y
1/2 1/2
< (f VOlIlg - A|2e—‘”ds) (f I8 —A|2e—vfds> ,
Y Y
2
< (max|Q|) [ e = arevas,
v y
<é&. 3.4
Combine (3.3) and (3.4), we may choose P =A. O

Remark 3.8 In fact we show that P N L?(y, ¢) is dense in L*(y, ¢) where P is the set
of all polynomials. If v(¢) > 1, not all polynomials are in L(y, ¢),e.g. 1 ¢ L%(y, ).

4 Proof of Theorem 1.2

In this section, we give a weighted L2-version of the Mergelyan theorem for compact
sets in C that are the union of bounded Carathéodory domains and Lipschitz graphs.
Recall the following theorem

Theorem 4.1 (Theorem 1.3 in [2]) Let Q@ C C be a Carathéodory domain and ¢ a
subharmonic function in C. Then polynomials are dense in H*(2, ¢).

One generalization of Theorem 4.1 is the following

Theorem 4.2 Let 21 C Cbe a Carathéodory domain, let Q2 be another Carathéodory
domain which is inside of a bounded component of Q°. Let ¢ be a subharmonic
function in C. Then polynomials are dense in H*(Q21 U Q2, ¢) (Fig. 2).
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3902 S. Biard et al.

In order to prove this theorem we need the following proposition which can be
easily deduced from the proof of Proposition 1.2 in [2].

Proposition 4.3 Let Q2 be a bounded Carathéodory domain and ¢ a subharmonic
function in C. Then for each f € H*(S2, @) there exist functions f, € H*(Qp, @)
suchthat || fn — flli12@.0) = 0and |l full 12@,\0.¢) = 0asn — oo, where 2, D Q
is a sequence of bounded simply-connected domains so that <2, converges to 052 in

the sense of the Hausdorff distance.

Proof of Theorem 4.2 First we consider the case
v(p) <2 on QUQ. “4.1)

By Theorem 4.1, for each & > 0 there exists a holomorphic polynomial P; so that

_ £
/ |f — Pi|%e %dA, < R 4.2)
Q

Put

f—P1 on Ql
&= 0 on .

Since 2;, i = 1, 2 is a Carathéodory domain, there exists a sequence {€2; ,, } of Jordan
domains such that €; C Q; pand §,~,,H_ 1 C 2; » and the Hausdorff distance between
982 , and 0€2; tends to zero as n — oo (see Chapter I, Section 3 of [6]). Let n be
sufficiently large so that 1 N Q; , = 0.

Since g € H?(Q1, ¢), by using Proposition 4.3 on 1, for each ¢ > 0 we get for
large enough n functions g1, € HZ(SZM, ¢) so that

£
lgin — g”Lz(Ql,(p) < 2% (4.3)
and
&
Ig1nllz2(@) \Q1.0) < % 4.4)

By Theorem 4.1, for each n there exists a polynomial Q,, so that

_ &
/Q lg1.n — Qul’e ¥dA < % (4.5)
1,n
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Thus for sufficiently large n we have

/ |f — P1 — Qul*e%d2,
Q)

<2 / f = P — g1aPe ¥, +2 / 10 — OnPe¥dA,
Q

Qi
_ £
<2 / 8 = gLale Pdic by (43)
Q)

<2 by 3,
=13 y (4.9);

and
/ |f — P1 — Qul*e %dA,
Q)
< 2f |f — Pi|*e %dA. + 2/ |0y 12e™%dA,
Qz QZ

2¢e _ _
%y / 100 — g1aPedA, +4 / lgal?edh. by (42)
Q> Q)

26

Se
< & by (4.4), (4.5).

Next we consider the case v(¢) > 2. Then there exist finitely many points z; €
Q1 UQ), 1 < j < N sothat v(p) > 2 at those points. We may find a polynomial Q
with zeros at those points, subharmonic function ¥ satisfying ¢ = ¥ + 2log| Q| and
v() <20n Q] UQs. Let f € O(2 UQ) UL*(Q U, @),

é € O U Q) N LA U, ).

Then by the first case, é can be approximated by a polynomial P in L?(2; U, /).
Thus f can be approximated by the polynomial P - Q in L*(2; U Q7, ¢). O

The proof of the main theorem of this section, Theorem 1.2, is divided into 3 cases
that correspond to the locus of the zeros of the polynomial Q in the decomposition of
the weight function ¢ = ¥ + log | Q|. We will then need the following result:

Theorem 4.4 Let 2 be a Carathéodory domain and ¢ a subharmonic function in
C. Suppose P is a polynomial with fQ |P|?e™%dA < oo. Let p € 92 and a disc
A C Q€ with p € dA. Then we can approximate P by P which is holomorphic on a
neighborhood of  with ﬁ(p) = 0 in the norm of L*>(2, ¢).
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Proof Set M = fQ |P(z)|>¢~#®@dx.. Then for each & > 0 there exists a small neigh-
borhood U (p) of p so that

&
/ |P(2))%e *@da, < =.
U(p)nQ 2

n
Take h, (z) = (%) , choose n sufficiently large so that

(D) < ﬁ on (U(p)*NQ and |h,(z)]> < 1onU(p) N K.

Now fix such 7. §et F(z) = ({1 —-hu()) - P(z),then Pis holomorphic on a neighbor-
hood of @ with P(p) = 0 satisfying

/ |P(z) — P(2)|%e *Pdn, = / |ha(2) P (2)[*e*@d, +
Q U(p)NQ
/ I (2) P () Pe @i,
Q\U(p)

< max |hn(Z)|2 / |P(Z)|267¢(Z)dkz
zeU(p)NQ2 U(p)nQ

+  max  |ha(2))? / |P(2)Pe ¥@da,
ze(U(p)°NQ2 U(p)Ng

£
< -+ =

€
22

O

Remark 4.5 The assumption on the existence of such a disc on the boundary of € is
verified when 8 is C2.

Proof of Theorem 1.2 First we consider: Case 1:
v(p) <1 on y and v(p) <2 on Q.

Let f € O(Q)ULz(QUy, ¢).By Theorem4.1, foreach ¢ > 0, there exists polynomial
P so that

£
/ 1f@) — PL@)Pe #@dr, < — (4.6)
Q 16
By the Theorem 1.1, there exists polynomial P; so that
2 — I
|f — Pl7e™%ds < —. 4.7)
v 16
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Since €2 is a Carathéodory domain, there exists a sequence {€2;} of bounded simply-
connected domains such that @ C Q; and Q41 C €2, and the Hausdorff distance
between 9€2; and 92 tends to zero as j — oo. By Corollary 2.10 we may choose j
sufficiently large so that

max / | fPe™¥ds, / |P|? e %ds <= (4.8)
Y& yN&; 64

Now fix such j. Let x : C — [0, 1] be a smooth function with x = 1 on Q41 and
x = 0 outside of €2;. Set

h(z) = x(2)P1(2) + (1 — x(2)) P2(2).

Then /(z) is holomorphic on €2, continuous on Q U y. Set

M:/ e_“’(Z)dAZ—f—/e_‘pds.
Q2 Y

By Mergelyan approximation theorem, there exists a polynomial P so that

|P—h|2< on QU y.

£
16M
Then

I/ = P2y
<20 = hl2quy g + 200 = Pl 2guy )

<2 / @) — Pu@)Pe*Odi, +2 / \f — PafPeds
Q (@) ny
+2/ \f — h2e%ds + &
yN; 8
3
< 2/ [f = x- P — (1= ) PyPe¥ds + 25 by (4.6), (4.7)
yNQ; 8
J
< 4/ \f — PiPx%eds
yﬂQj
2 2,— 3e
vaf f = PPa— e tds + 2
yNQ; 8
5
< 8[ | f2eds + Sf 1PLPe%ds + 25 by (4.7)
}/ﬁQj yﬂQj 8

7
< g by (4.8).
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Now we consider Case 2:
1 <v(p)<2ony and v(p)(z) <2 on Q.
Then there exist finitely many points y (#;) € y, t; € [a, b], 1 <i < N such that
H<h<t3<...<ty and 1 <v(p)(y()) <2,

a polynomial Q and a subharmonic function v satisfying ¢ = ¥ + log | Q| where Q
vanishes only at y(#;) and v(y/) < 1 on y. Since the polynomial Q has no zeros on

Q\ {y(@)}, v(¥)(2) = v(9)(2) for each z € Q\ {y (@)}
We need now to distinguish two subcases depending on the nature of p := y (a):

Subcase A: If 11 = a. Let f € O(Q) U L*(Q U y, ¢). Then by Theorem 4.1 there
exists a polynomial Pj satisfying

||f — P] ||L2(Q,(,0) < €.

Since the boundary of € is C? near p, by Theorem 4.4, we may choose a holomorphic
function P; on €2; satisfying

£
Pi(p) =0 and [If = PillL2q) < 16 4.9)

By the construction in the proof of Theorem 1.1, there exists a polynomial P, so that

&

e (4.10)

[ 17 = p2oPevas <
Y

Set M = / e V@an, + / e Vds. Since f € O(Q) U L2(Q Uy, ¢), by (4.9) we
Q

may choose j sufficiently large so that y (#;) € (2;)¢,2 <i < N and

max / |fl7e™%ds, / |P1I? e “ds <L 4.11)
yNQ; YN, 64

Now fix such j. Choose x be as above and

h(z) = x(2)P1(z) + (1 — x(2)) P2(2) O(2).

Then h and % are holomorphic on €2, continuous on Q_] U y. By Theorem 3.3 there
exists a polynomial G so that

2

h _
——-G| < S on QUy.
0 32M - max | Q)

Q;Uy
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Then

2
”f -G Q”LZ(QU}/,(/))

f 2
|-oo
Y L2<QUV )
-G- \F
H Vo \/_ \/_ L2(QUy.y)
f 2 ’ h 2
_2H——— +2|l—=-G-V0
Vo Vo L2(QUy, %) Vo L2(QUYy, %)
h 2
<2|f - hlle(QUyw)+2M Igj;cIQI Iélj;( E_G
< 2/ Q) = Pi@)P e *@da, + 2/ f = P O e~ds
2 yNR))¢

2 I
+2 |f —h|"e %ds + —
yAQ\R) 16

5
§2f 1 — xPr— (1= )Pr- QP e ¥ds + 25 by (4.9), (4.10)
YN, 16

Se
54/ |f—7’1|2x2e_“’ds+4/ If = Pr- QP (1 — )% ¥ds + =
Y yNQ; 16

9
< Sf |f2e%ds + 8/ P12e~%ds + — by (4.10)
yNQ; YN, 16

<1 @
16 y . .

Subcase B: If y (1) # p. We may choose j sufficiently large so that y (#;) € (2;)° N
y,1 <i < N and the formula (4.11) also holds. Then the following proof is similar
to subcase A.

Finally we consider: Case 3: v(p) > 2. There exist finitely many points z; € Q,
y(tj) € y sothat v(p) > 2 at those points. We may find a polynomial Q; with zeros
at those points, subharmonic function ¥ satisfying ¢ = ¢ +2log|Q1| and v(y) < 2
onQUy.Let f e O(QUL*QUY, ¢),

L O@QNLY>(QUY, ¥).
01

Then by Case 1 or 2, é can be approximated by a polynomial P in L>(Q U y, ).
Thus f can be approximated by the polynomial P - Q1 in L>(Q U y, ¢). O
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5 Proof of Theorem 1.4

The classical Carleman approximation theorem applies to continuous function f on
R. Let ¢(x) > 0 be a continuous function.

Theorem 5.1 ( [3]) There exists an entire function F so that |F(x) — f(x)| < &(x)
onR.

This theorem is equivalent to the following corollary

Corollary 5.2 Let f be a continuous function on R. For any {e,}02 _ with &, > 0,

there exists an entire function F so that for each n,
[F(x) — f(x)| <&,, Vxe[nn+1].

It was pointed out by Alexander [1] that Carleman’s proof actually gives

Theorem5.3 ([1,3]) If y : R — C, y is a locally rectifiable curve and properly
embedded, then for each continuous function f on y and continuous function ¢ > 0,
there exists an entire function F so that |F — f| < eony.

We prove below Theorem 1.4 which is a weighted L2- version of this generalization
for Lipschitz graphs.

Let I" be the graph of a locally Lipschitz function over the real axis in C. We may
assume I' = {(¢, ¢(¢))} with ¢ : R — R alocally Lipschitz continuous function. For
each [n,n + 1], T, :={(t, ¢ ()| n <t < n + 1} is a Lipschitz graph.
Proof of Theorem 1.4 Case 1: v(¢) < 1 on I'. Let f € L*(T, ¢). By Theorem 3.4,
there exists a continuous function g, on J, := {(¢, ¢(¢))| n — 1 <t < n+ 2} so that

_ I 1
/Jn lf —8n|2e ?ds < %mm{sn_l,gmgnH} < Egn'

Choose a partition of unity {x,},ez of ' so that x, > Oon I', x, = 0 outside of J,
and ), x, =lonl.Letg =), xu8n- Then g is continuous on I" and for each n,

|f — gl’e™¥ds
Ty

= A [Xn=1(f — &n=1) + xu(f — &n) + Xns1(f — gn+1)|zeﬂpds

<2 11 (f = gn=1) + xn(f — g)Pe™?ds +2 | X1 (f — gus1) P ¥ds

r, Ty
<4 / et ( — goo1)2e~%ds + 4 / n(f — gn)Pe*ds
r, Ty
2 [ xns1 (f — gnsD)|Pe™¥ds
'y
1
< Zé‘n.

(5.1
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By using Theorem 5.3 on the continuous function g of I', we can find an entire function
F so that for each n

En

Fogle—"
| 8l 4an e~¢ds

on [,

Thus
/ lg — F|?e~*ds < .
r, 4

Hence we have

|f — F|*e %ds
1_‘l‘l
52/|f—m%WM+2/|g—ﬂ%Wm
ry I,
< &j.

Now we consider: Case 2: v(p) > 1. We may list the points {I'(¢;)}; with
v(p)(I'(¢;)) > 1, where I'(z;) = (¢, ¢(t;)). Then there exists an entire func-
tion Q which vanishes at each I'(¢;) to exact order [v(p)(I'(z;))]. We may define
/O to be continuous on I, without loss of generality we may set Q(z) = [[(z —

J
I'(t j))[”(‘p)(r(t-f))]el’-f @, where p ;j(z) are entire functions. Then there exists a subhar-
monic function ¥ such that ¢ = ¥ +1log |Q| withv(y¥) < 1onT. Let f € L*(T, ¢).
Then L € LZ(F, Y¥r). By Case 1, there exists an entire function F so that for each n

Vo
J.

Thus it suffices to find an entire function H vanishing at I'(¢;) to order [v(¢@)(I'(;))]
so that for each n

Julve-nfera=]

J _r

2
N e Vds = /F If — F-J/0e %ds < 2. (5.2)

&
4

2

e
e Vds < "

4 max |F(I'(1))
I(1)el,

1 — —

5 (5.3)

We look for H for convenience as

H(z) = 0(z) - ﬁ(Z) — H(Z _ l‘*(tj))[v(w)(r(tj))]el’j(z) . ﬁ(Z)
Jj=1
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The estimate (5.3) is then equivalent to find an entire function H so that

0 -HI

£
1— —vd u , Vn. 5.4
/,, Jo | ° Y T dmax (Fope " G
r@elr,
Let$; > 0. Set g(z) ! t [V of I' with length 28 ; and center at
(&) i > U.Del g(z) = except on arcs (6] w1 eng i and center a
’ VO@) /

I"(¢;). We can make g continuous and [v/O - g| < 1 onsuch arcs of length 26 ;- Then

/‘1—\/6-g‘26_‘/’ds§4 Z /‘e_‘/’ds.
r‘n I/

(1)) el

1

Since |J TV isameasurable setande ¥ Lo

r (t J VEJn
small in order to

we may choose §; sufficiently

2 /‘_wd“ 32 8|nF(F<t)>|2'
raped, ' A

Since g is continuous on I', by the classical Carleman approximation theorem there
exists an entire function A satisfying for each n

€
— AP < - , VIO(1) eTy.
8 "= 8 max |Q(I'(1)|- max |[F(T'(t)?- [ e Vds (@) €T
r(1)el, I(1)el, "

Then by Cauchy-Schwarz and the previous estimate, for each n,

[ WPl - apevas
I
=/r VOPlg — APe " ds

1 1
(f WOl s - A|2e—”’ds)2 ~ (/ g — Alze_“’ds> :
In r,

max |Q(I'(1))] / lg — AlPeVds
T()el, r,
< En )
~ 8 max |F(['(1)))?
(el

IA

IA
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By taking H = A, we get (5.4) and then (5.3). Hence there exist entire functions
F, Q, A so that for each n

|f —F-Q-Al%e %ds

Iy

52/ If—F\/leef“’derZ/ |IFVQ —F-Q-Ale ¥ds
Ty r,

By

-2 2

= &y.

6 Rectifiable Non-Lipschitz Arcs

Here we construct a rectifiable non-Lipschitz arc y and a subharmonic function ¢ in a
neighborhood of y so that the conclusion of Theorem 1.1 does not hold. To find such
an arc, we first look at the vertical arcs y, = {(a, it), |t| <a}.Let0 <a < 1,79 = 0.
We then notice that

IYal =2a ~ a,

and
d “ 1
I L —
ve 12 = o0l —a ( /a2 +t2)
Since
2 a 1
cal™® 5/ — _dr<2a'™®
NG ~ (Va1 7?)
we get that || v szdﬁ ~ a'=® uniformly in c.
Letb, € [0,1],n = 1,2,3,---, be a decreasing sequence which tends to 0. We
oo
will fix b, later. We remark that by setting ¢(z) = Zl oy log Z_zh" , where o, = nl}
n=
a rapidly then ¢ is subharmonic on A(0,2 — by): ¢ is the limit of the decreasing
k
sequence {¢x} of subharmonic functions, ¢ = ) «, log Z_zb 2 |. Now let’s build a
n=1

rectifiable non-Lipschitz arc y such that

(1) |yl < oo
) fyn e ¥¢ds = oo.
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Here y,, is a curve with endpoints (b1, 0) and (b,,, 0) and y consists of the union of

the y,, and the origin. Define ¢, so that

1
[
Cn n+ —

On4+1 1
l—apy1 n2((n+13-1)

1
n2

We define {b,} by the following conditions:

! 1

b _b _Clan+]:—
. n2 ((n+ 13— 1)

add the requirement that b, — 0. Then we have that

o o0 ]
b= L= b =2 sy

Now define bﬁ € [by+1, by] satisfying

T C

—b + 1 1\ T=ent1
T (13— 1) \k

6.1)

Then b,’j — bp+1ask — ocoand b,ll = b, . Finally, we define y,, = (U,fily,{‘)UTnUSn,

where

= bk +iy,0 <y <X —b,11),

T, = UX O{yx—b,,ﬂ p2+2 < x <2 Yand S, = UR {y = 0, p2F! < x < b2

which connect the yn making y, an arc. Then |yn | = (b,’j —but1), |T,] < \/_(bn —

buy1) = ﬁ(b}l —by41) and |S,| < by — by41. Then, we have

ly| = Zm

fimwiwam

n=1 k=1 n=1
<D By —barD) + Z(ﬁ+ Dby = bur1)
n=1 k=1 n=1
e 1 '0‘n+1
- I 1
;;nz (n+1)3 )() + 2+ )Z 2 ((n
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Since
00 1 (t+1)3
1 l—ay o0 1 n 3_
Z(Z) HN/ <_><H) fdr=(+ 1)’ -1
k=1 LA
we know that
1
<C — +W2+1 —_— < 0. 6.2
lyl < X{ ( )Z P (A (6.2)

Thus y is a rectifiable non-Lipschitz arc.
On the other hand, we have

¢
e
~
S
S =
:
+
C/
Q
B
£

— 00, Vn. 6.3)

Now we will prove that polynomials are not dense in L>(y, ¢). By contradiction, for
each f € L*(y, ¢), if there exists a sequence of polynomials Py so that

f |f — Pyle”%ds — 0, if N - oo,
Y

then by (6.3) we have Py (b,) = 0 for any n if N is sufficiently large. Since b,, — 0 by
uniqueness property of holomorphic function we know Py = 0. Thus [ v |12 %ds =

0. Thatis f = 0 a.e. on y. Thus Lz(y, ¢) = {0}. On the other hand f(z) := e’ =

on
1|22 ™ € L2(y. ). This is a contradiction.

Remark 6.1 In this example, there are no non-zero polynomials in L?(y, ¢) and poly-
nomials are not dense in L%(y, ¢). The key to this example is that Theorem 2.12
does not hold for rectifiable non-Lipschitz arcs. However, we don’t know if there
exists a rectifiable non-Lipschitz arc y and a subharmonic function ¢ so that all the
polynomials are in L?(y, ¢) but not dense in it.
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