The Journal of Geometric Analysis (2021) 31:3351-3404
https://doi.org/10.1007/s12220-020-00399-x

®

Check for
updates

Ricci de Turck Flow on Singular Manifolds

Boris Vertman'

Received: 13 January 2018 / Published online: 20 April 2020
© The Author(s) 2020

Abstract

In this paper, we prove local existence of a Ricci de Turck flow starting at a space
with incomplete edge singularities and flowing for a short time within a class of
incomplete edge manifolds. We derive regularity properties for the corresponding
family of Riemannian metrics and discuss boundedness of the Ricci curvature along the
flow. For Riemannian metrics that are sufficiently close to a flatincomplete edge metric,
we prove long-time existence of the Ricci de Turck flow. Under certain conditions,
our results yield existence of Ricci flow on spaces with incomplete edge singularities.
The proof works by a careful analysis of the Lichnerowicz Laplacian and the Ricci de
Turck flow equation.
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1 Introduction and Statement of the Main Result

Geometric flows have attracted considerable interest and have been in the focus of
extensive research in recent years, among all most notably the Ricci flow which pro-
vided the decisive tool in the proof of Thurston’s geometrization and the Poincare
conjectures. In the present discussion, we are interested in the Ricci flow g(¢) of an
incomplete manifold (M, go) with an incomplete edge singular Riemannian metric gg
satisfying the Ricci flow equation

9:8(1) = —2Ric(g(®)), &(0) = go. (1.1)

Such singular Ricci flows, which stay in a class of singular spaces, have been con-
sidered on Kédhler manifolds in connection to a recent resolution of the Calabi—Yau
conjecture for Kihler edge spaces by Jeffres et al. [26]. That paper arose in connection
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to the recent resolution of the Tian—Yau—Donaldson conjecture by Chen et al. [11-13]
and Tian [41]. We also refer the reader to the survey by Rubinstein [39] on the back-
ground of the two conjectures. In relation to very interesting developments, Chen and
Wang [10], Wang [43], Liu and Zhang [32] study existence and various properties of
the conical Kidhler Ricci flow.

In two dimensions, Ricci flow reduces to the Yamabe flow and has been studied by
Mazzeo et al. [35] and Yin [44]. Yamabe flow of singular edge manifolds in general
dimension has been studied by the author in a joint work with Bahuaud in [4]. In
the subsequent paper [5], we study the long time behaviour of Yamabe flow of edge
manifolds and solve the Yamabe problem for incomplete edge metrics with a nega-
tive Yamabe invariant. Yamabe problem using elliptic methods has been studied by
Akutagawa and Botvinnik [1] in case of isolated conical singularities, as well as by
Akutagawa et al. [2] on edge manifolds.

In the singular setting, Ricci flow need not be unique and alternatively to our
treatment, Giesen-Topping [18,19] obtained a solution to the Ricci flow on surfaces
starting at a singular metric that becomes instantaneously complete. Moreover, Simon
[40] studied Ricci flow in dimension two and three, where the singularity is smoothed
out for positive times.

The setting of singular edge manifolds of dimension higher than two, which are not
necessarily Kéhler, is complicated since the Ricci flow equation does not reduce to a
scalar equation and one is forced to study an equation of tensors. The present paper
provides a first step into this direction and establishes short-time existence of Ricci de
Turck flow starting at and preserving a class of incomplete edge metrics. We point out
that our analysis in particular applies to the setting of isolated conical singularities.

We now proceed with an introduction into basic geometry of incomplete edge
spaces, definition of Holder spaces on incomplete edge spaces, outline the basic argu-
ment for short-time existence of the Ricci de Turck flow and formulation of the main
results.

1.1 Incomplete Edge Singularities

Definition 1.1 Consider an open interior M of a compact manifold M with boundary
oM. LetU = (0, 1)y x aM be a tubular neighborhood of the boundary in M with
the radial function x : &/ — (0, 1). Assume dM is the total space of a fibration ¢ :
dM — B with the base B and fibre F being compact smooth manifolds, dim F > 1.
Consider a smooth Riemannian metric gp on the base manifold B and a symmetric
2-tensor gz on dM which restricts to a fixed! Riemannian metric on the fibres. We
write g for the Riemannian metrics on fibres as well. An incomplete edge metric g
on M is defined here to be a smooth Riemannian metric such that g = g + & with
|hlg = O(x) and

! In fact, the condition that g F restricts to a fixed metric on fibres is not necessary and is imposed here
for simplicity. Either one only assumes that the metrics on the fibres are isospectral with respect to the
tangential operator of the Lichnerowicz Laplacian, or more generally one has to deal with a heat kernel that
is only partially polyhomogeneous, see Remark 3.3 below.
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Fig.1 Incomplete edge as a cone bundle over B
- — d 2 2 *
g lu=dx"+x"gr + ¢ gp.

The singular neighborhood U/ of such an incomplete edge space M is illustrated
in Fig. 1. If dim B = 0, the “edge” reduces to a finite collection of isolated conical
singularities.

We call such an edge metric admissible if the fibration ¢ : (0M, gr + ¢*gp) —
(B, gp) is a Riemannian submersion. More precisely, we may split the tangent bundle
T, 0 M into vertical and horizontal subspaces Tpv oM d Tlf’ dM as follows. The vertical
subspace TPVBM is the tangent space to the fibre of ¢ through p, and the horizontal
subspace Tlfl dM is the annihilator of the subbundle TpVBM agt c T*3M (L denotes
contraction). Then, ¢ is a Riemannian submersion if g restricted to T;I d M vanishes.

Any level set ({x} x dM, x2gr + ¢*gp) is then a Riemannian submersion as well.

Other conditions on the metric g will be added below and are related to the assump-
tion of in a certain sense bounded curvature as well as the spectral analysis of the
associated Laplace Beltrami and the Lichnerowicz Laplace operators.

1.2 Geometry of Incomplete Edge Spaces

Choose local coordinates in the singular neighborhood U as follows. Consider local
coordinates (y) on B, lifted to d M with respect to ¢, and then extended radially to
U. Let coordinates (z) restrict to local coordinates on fibres F. This defines local
coordinates (x, y, z) in the neighborhood /.

Consider the Lie algebra of edge vector fields V,, which by definition are smooth
over M and at the boundary 8 M tangent to the fibres of the fibration. In local coordi-
nates, V, is locally generated by (we write b := dim B and f := dim F)
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0 0 0 0 0
X— X0y =|x—,...,x— |, 0, = —...., — ,
ax dy1 ayp 9z1 dzf

with coefficients in the linear combinations of the derivatives being by definition
smooth on M. The vector bundle ¢T M over M is defined by requiring that the edge
vector fields ), form a spanning set of sections V, = C (M, €T M). The dual vector
bundle of ¢T'M is denoted by ¢T*M and is generated locally by the following one-
forms

dx d d
{—,ﬂ,...,ﬂ,dzl,...,dzf}. (1.2)
X X X

These differential one-forms, though singular in the usual sense, are smooth as
sections of ¢T*M. We extend the radial function x : &4/ — (0, 1) smoothly to
x € C®(M, [0, 00)) such that x~'({0}) = 9M and dx | M # 0. We define
the vector bundle T M by asking? xC® (M, *TM) = C®(M, °T M). Its dual, the
vector bundle “*T*M, is related to ¢T*M by 3 C®(M,T*M) = xC®(M,°T*M),
and is spanned locally by

ldx,dyi.....dyp, xdzy, ... . xdzy}. (1.3)

Construction of these vector bundles does not require a choice of a Riemannian metric
on M. Rather the vector bundles ¢7*M and ¢T* M allow us to express the structure
of the complete edge metric x ~2g and the incomplete edge metric g, as well as the
corresponding curvatures in a convenient way.

The complete edge metric x ~2g can be viewed as a smooth section of the symmetric
2-tensors on ¢T* M, which we write as x 2 g€ Sym2 (°T*M). Therefore, we refer to
¢TM and °T*M as the complete tangent and cotangent bundles, respectively.

The incomplete edge metric g can be viewed as a smooth section of the symmetric
2-tensors on ¢T*M, which we write as g € Symz(ieT*M ). Therefore, we refer to
T M and “T*M as the incomplete tangent and cotangent bundles, respectively. We
adopt such a convention of incomplete Riemannian edge metrics viewed as sections
of Sym?(*T*M) from now whenever we don’t say otherwise. Note also that the
generators of T M and ¢ T* M are of bounded length with respect to the Riemannian
metric g and its inverse, respectively.

The Riemannian curvature (0,4) tensor R(g) acting on X, X», X3, X4 €
C®(M, T M) is generically R(g)[X1, X2, X3, X4] € x2C®M) = {x? - u |
u € C®(M)}. We say in short that R(g) acting on T M is generically of order
O(x %) asx — 0. Similarly, the Ricci curvature tensor Ric(g) acting on T M, as
well as the scalar curvature scal(g), are generically of order O(x~%)asx — 0. How-
ever, there are geometrically interesting situations, where the Ricci curvature tensor
on T M is bounded up to x = 0.

First of all, there is of course the example of a flat cone over S/. A second less
trivial example is the case of a codimension two singularity, where the normal bundle

2 We write x C®°(M,®TM) :={x-u | u € C®°(M, T M))}.
3 We write x C°(M, ¢T*M) = {x -u | u € C®°(M,°T*M)).
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N B of B inside T M is a fibre bundle over B with the fibre being a two-dimensional
disc D?. The involution on D? defines a global action o on the normal bundle N B,
which may now be viewed as a branched covering of itself. Any o -invariant smooth
metric on N B descends to a singular edge metric on N B/, and extends smoothly
to M. This defines an orbifold metric with incomplete edge singularity and bounded
geometry. In a more general setting, any singularity covered by a smooth branched
covering space admits a singular metric of bounded Ricci curvature.

The previous paragraph provides two explicit examples of spaces, which have
bounded Ricci curvature despite having isolated conical or edge singularities. In both
cases, the singularity arises as an orbifold singularity. Another class of examples for
singular spaces with bounded Ricci curvature has been provided by Hein and Sun [24],
who constructed the first examples of compact Ricci flat manifolds with non-orbifold
isolated conical singularities.

Another quite explicit example is the case of a knot S! embedded into S? or any
other orientable 3-manifold. The normal bundle of S! may be equipped with an edge
metric of any given angle. The fibres of the normal bundle are flat two-dimensional
cones and the resulting metric, smoothly extended away from the singularity, is of
bounded geometry.

Let us point out the assumption of a bounded geometry is obviously satisfied in the
geometric setting of g|;; being a higher-order perturbation of a Ricci-flat incomplete
edge metric.

1.3 Holder Spaces on Singular Manifolds

Definition 1.2 The Holder space Cit(M x [0, T]), @ € (0, 1), consists of functions
u(p, t) that are continuous on M x [0, T] with finite a-th Holder norm*

lu(p,t) —u(p’, 1)) ) -
du(p, pHe + 1t —1'|3

lulle := llulloo + sup ( 00, (1.4)

where the distance function dy;(p, p’) between any two points p, p’ € M is defined
with respect to the incomplete edge metric g, and in terms of the local coordinates
(x, y, z) in the singular neighborhood I/ given equivalently by

1

Ay (5,7, 2, 5 ) = (15 =P )z = 2P Ly =y P)
The supremum is taken over all (p, p’, 1) € M 2 % [0, T]. We also introduce the Holder
space of time-independent functions (and suppress [0, T'] in the notation)

CE(M) :={u € CL(M x [0, T]) | u(-, 1) is independent of r € [0, T'1}. (1.5)

We wish to explain in what way the Holder space C{ introduced above, may be
defined locally. Consider any finite cover {U;};cs of M by open coordinate charts and

4 Finiteness of the Holder norm lullq in particular implies that u is continuous on the closure M up to the

edge singularity, and the supremum may be taken over (p, p’, 1) € Mz x [0, T].
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a partition of unity {¢;}jc; subordinate to that cover. We can define a Holder norm
by

lull? == " llgjul (1.6)

jeJ

Such anorm is equivalent to our original Holder norm, since for any tuple (p, p’) € M?
with distance dy; (p, p’) > & bounded away from zero, the quotient in the second sum-
mand of the formula (1.4) is bounded by 287! ||u||«. Consequently, we may assume
without loss of generality that the tuples (p, p’) € M? are always taken from within
the same coordinate patch of a given atlas.

We also need a notion of Holder spaces with values in the vector bundle § =
Sym?(*T* M) of symmetric 2-tensors. with a fibrewise inner product gg, induced by
the Riemannian metric g.

Definition 1.3 Denote by % a fibrewise inner product on S = Sym”(*¢T*M) induced
by the Riemannian metric g. The Holder space Cit(M x [0, T], S) consists of all
sections w of S which are continuous on M x [0, T'], such that for any local orthonormal
frame {s;} of §, the scalar functions gs(w, s;) are Ci"é(M x [0, T]).

The «-th Hélder norm of @ is defined using a partition of unity {¢;} jcs subordinate
to a cover of local trivializations of S, with a local orthonormal frame {s;;} over
supp(¢;) for each j € J. We put

ol =" " gs@j@, 5 la- (1.7)

jeJ k

As before in (1.6), norms corresponding to different choices of ({¢;}, {s;x}) are
equivalent and we may drop the upper index (¢, s) from notation. The supremum
norm |||« is defined similarly.

We now define the weighted and higher-order Holder spaces.

Definition 1.4 (i) The weighted Holder space for y € Ris

xVCEM x [0,T],S) :={x"w|weCi(M x[0,T],S)},

(]
with Holder norm [|x7 @|lq,y = |@]la-

(i1) The hybrid weighted Holder space for y € R is

Ce (M x [0, T],8) :=x?CE(M x [0, T]. S) N x”*CLM x [0, T]. S)

e

with Holder norm (||, , =[xV llg + 1x 77 ™| 0o

(iii) Let CK(M x[0, T], S) denote the space of S-sections that are k-times continuously
differentiable in the open interior M of M. We identify the local expressions
{x0y, xdy, 0;} over U with their smooth extensions to vector fields over M. Then
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the weighted Holder spaces of order k € N are defined for any weight y € R as
subspaces of

CEY(M x [0, T1, S),

={wect, NC 1 {V/o(x®3) 0 e Cl , forany j +2¢ <k},

CL“(M x [0, T1, 5),
={uecncC* | {Ve/o(x?3)" }u e x¥CZ forany j +2¢ <k,
if there is at least one (xd,) or d;derivative included in Vej o (xzat)‘f,

otherwise Ve/ o (x28)‘u = (x,)7 o (x?8,) u € x™nlr-i+2tce 1,

(iv) In case of y = 0 we just write Cike’a =ckem x [0, T7, S)g.

ie
(v) The weighted Holder spaces of time-independent functions are given by>

Cike’a(M, S)y = {u IS Cike’a(M x [0,T1], )y | u(-, t) is independent of 7 € [0, T]},
Co*(M, $)) = {u € C*(M x [0, T), )", | u(-, 1) is independent of ¢ € [0, T}.

To define the Holder norms for Cike’a(M x[0,T], S), and Ci];’a (M x[0,T], $)2, we
consider as before any finite cover {U, };cy of M by open coordinate charts, which we
may assume to trivialize S by appropriate refinement, and a partition of unity {¢;} e,
subordinate to that cover. By a small abuse of notation we now identify V, with a finite
set of generating edge vector fields, when applied to sections with compact support
in U; and write V, for any local orthonormal frame of vector fields, when applied
to sections with compact support in a coordinate chart with distance bounded from
below away from the edge singularity. We may now introduce D := {V./ o (x28,)¢ |
Jj +2¢ < k} and can now write the Holder norms on the higher order Holder spaces
as follows

lolleray = 3 3 IX@jo)l,, + lol,,. onCM x [0,T1,5),,
jeJ XeD
(1.8)

lolktay =Y Y 1X@j®)lay + l@lla. onCL*(M x [0,T],5),
jeJ XeD

where in the second definition we replace ||X(¢>ja))||;,y by ||X(¢jw)||;’min{y’j+2£} if

X =(x ay)./ o (x29,)¢. Any different choice of coordinate charts and the subordinate
partition of unity, as well as different choices of generating vector fields V, define
equivalent Holder norms.

For sections w compactly supported away from d M, the Holder norms above are
equivalent to the classical parabolic Holder norms introduced by Ladyzhenskaya,
Solonnikov and Ural’tseva [30].

5 Regularity under differentiation by d; becomes irrelevant in this case.
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The vector bundle S decomposes into a direct sum of sub-bundles
S =50 i1, (1.9)

where the sub-bundle Sy = Sym%(ieT*M ) is the space of trace-free (with respect to
the fixed metric g) symmetric 2-tensors, and S is the space of pure trace (with respect
to the fixed metric g) symmetric 2-tensors. The sub bundle S is trivial real vector
bundle over M of rank 1. Definition 1.4 extends verbatim to sections of Sy and Sj.
Since the sub-bundle S| is a trivial rank one real vector bundle, its sections correspond
to scalar functions. Hence, we may omit S| from the notation and simply write e.g.

Clo(M x [0, T1), := CL“(M x [0, T1, $1)5,

(1.10)
Clo® (M), = CL® (M, $1)b.

not the same. They are 1gldapted to the mapping properties of the heat operators for
the Laplace Beltrami operator A and the Lichnerowicz Laplacian Ay with the former
satisfying stochastic completeness. We will address the analytic reason for using such
spaces in Remark 4.2.

Moreover, we refer the reader to the Appendix 11 for a detailed comparison of
the various Holder spaces on singular incomplete edge manifolds that appear in the
literature, foremost the spaces in [4,26].

We conclude the subsection with a definition of a Holder regular geometry.

The Holder spaces CX*(M x [0, T]);’, and Cike’a(M x [0, T1, S), are similar but

Definition 1.5 Let « € (0, 1),k € Ny and y > 0. An admissible edge space (M, g)
is («, y, k)-Holder regular if the following two conditions are satisfied

(i) For th_e curvature (0, 4) tensor R(g) acting on any sections X1, X2, X3, X4 €
C®(M,"™TM)

—2 ~k,
R(®[X1, X2, X3, X4] € x2C2*(M).
(ii) scal(g) € x~2T7CL* (M) and the trace-free part of Ric(g) is Ci* (M, So)—2+, -

1.4 Existence of the Singular Ricci Flow

Given a compact smooth Riemannian manifold (M, gp), the Ricci flow of g¢ is by
definition a family g(¢), ¢t € [0, T] of Riemannian metrics on M, satisfying the Ricci
flow equation

9g(1) = —2Ric(g(®)), &(0) = go. (1.11)

Ricci flow is not a parabolic equation due to its diffeomorphism invariance. Therefore,
existence of solutions does not follow directly from the classical parabolic theory. This
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problem is resolved using the so-called de Turck trick [16]. The de Turck trick leads
to an equivalent Ricci de Turck flow g(#), which is given by the following equation.

9:8(1) = —2Ric(g(®) + Lwng®), 8(0) = go, (1.12)

where W (z) is the de Turck vector field defined in terms of the Christoffel symbols
for the metrics g(r) and a reference metric g°

Wk =g (Il e~ T5@). (1.13)

The de Turck vector field W (¢) yields a one parameter family of diffeomorphisms
¢ (¢) and the pullback ¢ (¢)*g(¢) solves the Ricci flow (1.11). Ricci de Turck flow is a
parabolic equation and existence of its solution can be easily obtained by the following
argument. The equation (1.12) is linearized by writing g(z) = v(¢) + go, which leads
to a non-linear parabolic equation for v(#)

(8 + Ap)v(r) = =2Ric(go) + O2(v(1)), v(0) =0, (1.14)

where Ay is the Lichnerowicz Laplacian on symmetric two-tensors and Oz (v(?)) is
a sum of terms which are at least quadratic in v(¢) and its first- and second-order
derivatives. Clearly, the solution v(¢) is a fixed point of the following map

d:CPYM x [0,T]) — C>*(M x [0, T)),

t ~ 1.15
U / "D AL (=2 Ric(go) + O2(u(@))) . -
0

where e~" 2L is the heat operator of the Lichnerowicz Laplacian A; and C** are

the usual parabolic Holder spaces with @ € (0, 1) and k € Ny. Classical Schauder
estimates of Ladyzhenskaya et al. [30] essentially prove the mapping property of the
heat operator (acting with a convolution in time)

e AL O (M % [0, T]) — C**(M x [0, T)),

t ~ _ (1.16)
u|—>/ e_(t_’)ALu(fjdt,
0

and imply that ® is bounded, since O,(u(@) € C%% foru e C>%. A simple argument
shows that for u > 0 sufficiently small, ® is a contraction on

Zur = {u € C*M x [0, TD | llul2.a < u}, (1.17)
mapping Z, 7 to itself for y, T > O sufficiently small. Consequently, by the Banach

fixed-point theorem there exists a fixed point v(¢) of ®, which is a solution to the Ricci
de Turck flow by construction.

6 The reference metric ¢ is often taken as the initial metric § = g.
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While on smooth compact manifolds, Ricci flow continues to be a focal point of
intensive research, on singular spaces even existence of Ricci flow is an open problem.
If the manifold (M .g) is singular, the argument outlined above may break down. The
major difficulty hereby is whether some analogue of parabolic Schauder estimates as
derived in [30] can be established in the singular setting. The purpose of the present
work is to study the Ricci de Turck flow on a singular edge manifolds. We derive
parabolic Schauder estimates in this setting and prove short time existence of Ricci de
Turck flow.

Our first main result establishes short time existence of Ricci de Turck flow starting
at an admissible incomplete edge metric of Holder regular geometry and flowing
through the space of singular metrics, which preserves the admissible edge structure
and Holder regular geometry. The result holds under an additional assumption of
tangential stability, which is a spectral condition imposed upon the Lichnerowicz
Laplace operator introduced below in Definition 2.1 and discussed in detail in Theorem
2.2. Let us point out that [29, Theorem 1.4] provides an extensive list of explicit
examples, where tangential stability is satisfied.

Theorem 1.6 Consider an incomplete edge manifold (M, g) with an admissible edge
metric and Holder-regular geometry, satisfying the assumption of tangential stability.
Then, for short-time g may be evolved under the Ricci de Turck flow into a family
of Riemannian metrics g(t) within the space of admissible edge metrics of Holder
regular geometry for some finite time T > 0.

We will also address the relation between the Ricci de Turck and the Ricci flow,
which is intricate in terms of regularity.

Our second main result concerns Ricci flow starting at metrics that are in a certain
sense higher order small perturbations of flat incomplete edge metrics. In that case,
we actually obtain long time existence.

Theorem 1.7 Consider an incomplete edge manifold (M, h) of Holder regular geome-
try with an admissible flat edge metric, satisfying the assumption of tangential stability.
If go is a higher order sufficiently small perturbation of h, then a Ricci de Turck flow
g(t) of admissible incomplete edge metrics of Holder regular geometry, starting at g,
exists for all time and stays in a small e-neighborhood of h, uniformly in t > Q.

In a joint paper with Kroncke [29], we discuss stability of the Ricci de Turck flow
for small perturbations of Ricci flat (not necessarily flat) singular metrics, assuming
certain integrability conditions outside of the scope of the present paper.

In fact, Ricci flow through singular metrics has been studied by various authors
in dimension two, e.g. by Mazzeo et al. [35], our work jointly with Bahuaud in [4].
Somewhat different from the approach taken here, is the work by Giesen and Topping
on instantaneously complete Ricci flow in [18,19]. Another alternative approach has
been taken by Miles Simon in [40], where Ricci flow smoothens out any Lipschitz
singularity instantly.

The idea of the proof for both Theorems 1.6 and 1.7 is, exactly as in the compact
smooth case, to linearize the Ricci de Turck flow and apply Banach fixed-point theorem
in appropriate Holder spaces. This requires mapping properties of the heat operator for
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the Lichnerowicz Laplacian. The bulk of the paper is, therefore, devoted to deriving
these mapping properties in the singular setting.

This paper is organized as follows. We begin with the analysis of the Lichnerowicz
Laplace operator in Sect. 2 and construct a solution to its heat equation as a polyho-
mogeneous conormal distribution on a blown up heat space. In Sect. 4 we establish
various mapping properties of the heat operator for the Lichnerowicz and the Laplace
Beltrami operators. We employ these mapping properties to establish existence of a
solution to the Ricci de Turck flow in Sect. 5 and show in Sect. 6 that this flow is
indeed a flow of admissible incomplete edge metrics. Then, Sect. 7 explains how to
pass from the Ricci de Turck solution to the corresponding solution of the Ricci flow,
along with a change in regularity. In Sect. 8 we discuss Holder regularity of the Ricci
de Turck flow for positive times, an aspect which will be crucial in subsequent maxi-
mum principle arguments. We conclude this paper with a long time existence result in
Sect. 9 for Ricci flow of metrics that are sufficiently small perturbations of flat edge
metrics.

2 Lichnerowicz Laplacian on 2-Tensors of an Exact Cone

In this section, we study the rough and the Lichnerowicz Laplace operators acting on
symmetric 2-tensors over an exact cone C(F) := (0, 1) x F with an exact conical
metric g = dx? @ x>gr. We provide explicit formulae and formulate assumptions
that are necessary for the subsequent analytic arguments.

Consider for the moment any Riemannian manifold (M, g) of dimension m. We
will specify M to be an exact cone C(F) right after the general definition. Let L denote
any vector bundle associated to 7*M, for instance the bundle S of symmetric trace-
free 2-tensors Symé(T*M ). Let V denote the induced Levi-Civita connection acting
on smooth compactly supported sections as

V:CPM, L) — C(M, L T*M),
V2 CPM, L) - CPM,LRT*M ® T*M).

The rough Laplacian A, acting on smooth compactly supported sections of L, is then
defined as follows. Consider the pointwise inner product on fibres of L, induced by
the Riemannian metric g on M. Let {¢;};"_; denote a local orthonormal frame of 7'M,
where m is the dimension of M. The rough Laplacian is given by

m
A== V2, = -V, 2.1
i=1

The Lichnerowicz Laplacian on symmetric covariant 2-tensors is defined in terms of
the rough Laplacian A and additional curvature terms by

Ay := A + 2(Ric — Riem), 2.2)
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where for any symmetric covariant 2-tensor w on any Riemannian manifold (M, g),
with the corresponding curvature tensor Riem(g) and the Ricci curvature tensor Ric(g),
we have

(Ricw);j = (Ric(e)ut 8" we; + Ric(g) jx ¢ wni) /2,

(Riem w);; := Riem(g)xj¢ gF g wy,.

(2.3)

Let us now specify the action of Ay in case of an exact cone. Let M = C(F) :=
(0, 1) x F be an exact cone with an exact conical metric g = dx* @ ngp. Let
L = Syrn2 (‘¢T*C(F)) be the bundle of symmetric covariant 2-tensors on the cone.
We may decompose

CGo(C(F), L) = CF(C(F), Sym*(“T*C(F))) = C*(C(F))g & C3°(C(F), So)

into the pure trace and the trace-free parts with respect to the Riemannian edge metric
g. This decomposition is preserved under the Lichnerowicz Laplacian. By a minor
abuse of notation, Ay shall refer to the Lichnerowicz Laplacian on the trace-free part,
while A’ denotes its action on the pure trace component. A’ is given by the action
of the Laplace Beltrami operator with (f = dim F)

1
A (u-g) = <—8§u - faxu + ) ’Lu> - g, (2.4)

where [} is the Laplace Beltrami operator of (F, gr). The action of A on the
trace-free component has been computed by Delay [15, Lemma 4.2] and Guillarmou,
Moroianu and Schlenker [21, 7.4]. Let {z} denote local coordinates on F. We write
for any symmetric trace-free 2-tensor w € C3°(C(F), Sp)

Ory = 00, 0), Org =00, x7'0,), wap =00, x710,);

Wy = 00, ) = X Orgn Wy 1= 0(Dz,,. 04) = X 0p.

For simplicity of notation, we denote the scalar function wy, by n, the (1, 0)-tensor
(@) by &', and the symmetric 2-tensor (), ﬂ)aﬂ on the cross-section of the cone by
«’. Clearly, our convention is to use greek letters for components corresponding to the
cross-section F. Operators and quantities referring to the cross-section (£, gr) of the
cone C(F) are denoted with an additional index F.Then we obtain as in [15, Lemma
4.2] and [21, 7.4]
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(2L (ar 4
(AL = (—ax — o+ (AL +2r+ 2)) n— —50rE.

1 2 f_2 1 F 1 2 2 ’
(Aro), = (=08 - 0+ (AL ny +2) & = ~0,n + —50rK,
f—4 1
(ALw)yp = ( a7 — Ta + = (AF 4) Kop —218Lg

2
+ x—2(t1‘gFK/)g5/3 - FEups

where A f acting on h refers to the Lichnerowicz Laplacian acting on symmetric
2-forms over F' and moreover, we have introduced the following notation

Afni=Apn=0pn. 8p8 =g (V]
ALEL = (VEVFE)a + g} Rlcﬂaé;, 8kl = g3 (V5K Yy
(658 ap = (Vo ENp + (V5 Ea.

The formulae become more transparent if we switch to the action on (wxy, Wxa, ®ap)-
We denote the (1, 0)-tensor (wyq ) by &, and the symmetric 2-tensor (wgg)epg On the
cross-section of the cone by k. Clearly, & = x& and k' = x?«. The action of the
Lichnerowicz Laplacian with respect to that rescaling is now given by

! 4
(ALw)u = ( 2~ Lot (s +2r +2)) 1= 20NE

X

5 1 2
(Aron = (-2 - Lo, —2( +4) ) = S0.,0+ 8rk.
A =(-0% - —(Af+2-2 _ 2t
(ALw)ap = ) ) kap 72 1 8ap
2 F *
+ x_z(trgFK)g(xﬁ - x_zaFS(Xﬂy
Identifying any trace-free @ with the vector of its (wyx, Wy« , Weg) cOmponents,

CS(C(F), So) — C§°((0, 1), C®(F) x QL(F) x Sym*(T*F)),

® = (Wyx, Oxa> Wap),

(2.5)

where Q! (F) denotes differential 1-forms on F, we arrive at the following expression
for the action of the Lichnerowicz Laplacian on @ = (wxx, Wxqa, ©ap)

1
ALw = (—af — gax +— DL> o, (2.6)
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where the action of [y, is given by

AF+2f+2 —45p 0
O, = | —20. A +4 25 . QD
—2¢F —28% AP 42 -2f +2gptry,

We may now introduce the assumption of tangential stability.

Definition 2.1 We call an admissible edge manifold (M, g) tangentially stable with
lower bounds ug, u1 > 0, if min(Spec ;) = uo and min(Spec [} \{0}) = u;.

In the follow-up joint work with Kroncke [29, Theorem 1.3] we characterize tangen-
tial stability explicitly in terms of the spectrum of the Einstein and the Hodge Laplace
operators on the cross-section (F, gr). We state the result here for completeness.

Theorem 2.2 Let (F, gr) be a compact Einstein manifold of dimension f > 3 with
the Einstein constant (f — 1). We write Ag for its Einstein operator, and denote
the Laplace Beltrami operator by A. Then, tangential stability holds if and only if
Spec(Ag|rr) > 0 and Spec(A) \ {0} N (f,2(f + D] = 2.

We also identify in [29, Theorem 1.4] an extensive list of explicit examples, where
tangential stability is satisfied. This includes e.g. certain simple Lie groups and rank-1
symmetric spaces of compact type. The actual statement in [29] also identifies the
cases where tangential stability fails. Moreover [29] shows that the only example
where (F, gr) is weakly tangentially stable in the sense of Definition 9.1, but not
tangentially stable is the case of a sphere.

3 Heat Operator of the Lichnerowicz Laplacian

We consider the Lichnerowicz Laplacian Ay, acting on trace-free symmetric two-
tensors on an admissible incomplete edge manifold (M, g). In this subsection, we
consider the homogeneous or the inhomogeneous heat equations

(0 + AL) @hom (1, p) =0, whom (0, p) = wo(p),

3.1
(0 + AL) ®inhom (7, p) = v(Z, p), Winhom (0, p) =0,

and obtain their fundamental solutions, following the heat kernel construction of [34].
The solutions are given in terms of an integral convolution operator acting on com-
pactly supported sections such that

nan(t, ) = (¢4 0n) @ p) = [ (720 (0. ) 00 (), dvoly ()
! ) (3.2)

®inhom (, p) = (e_tALv) (t, p) = / / (e_(’_Z)AL (p, D), v(t, [3)) dvoly (P)dr.
o) m g

In both cases we denote the fundamental solution by e~/ which acts by time con-
volution on time-dependent sections.
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Under the additional assumption Az > 0 on smooth compactly supported sections
of Sp, the fundamental solution e /A~ can be identified with the heat operator of the
Friedrichs self-adjoint extension of the Lichnerowicz Laplacian. This will be explained
below in Theorem 3.5 and is crucial later on for the argument on the long-time existence
of the Ricci flow starting at small perturbations of flat metrics.

3.1 Heat Kernel of a Model Operator

Before we proceed with an asymptotic analysis of the fundamental solution for the
Lichnerowicz Laplacian Ay on an admissible edge manifold (M, g), we consider a
model operator which already comprises all the central properties of Ay . Let us write
R4+ := (0, 00). Consider for any ;> 0 the model operator

d? d 1 —1\?
€, = S + — (MZ — (f—) ) CCPRy) — CP(Ry),  (3.3)

Cds? sds | s? 2

acting on compactly supported smooth test functions C;5° (R ). This operator is sym-
metric with respect to the inner product of L>(R_, s/ ds). It can be conveniently
studied under the unitary rescaling transformation @ : L2(R+, st 'ds) — LZ(R+, ds)
with ®(u) = s//%u. Then

2
dotyoot=—t (2 1y (3.4)
" Tae T \M )T e '

is a symmetric operator in L>(R ., ds). Consider the maximal and minimal domains
for L,, acting on C§°(R4)
Diax (L) = {o € L*(R4) | Lyw € L*(R4)},

Dmin(Ly) == {a) € Dmax(Ly) | Iwy) C C(?O(R+) : 3.5)

L? L?
wp, — o, Lyw, — Lﬂw},

where L, o € L2(R+) onw € LZ(R+) is understood in the distributional sense. The
maximal (minimal) domain of £, is defined similarly and the domains are related by
the unitary transformation ®

Dmax(zu) = cD_leax(Lu)a Dmin(gu) = q)_l’Dmin(Lu)-

By explicit computations, see for example [42, Proposition 2.10], any @ € Dpmax (L)
admits an asymptotic expansion

wzcz(a))x%—l—c;(w)x%log(x)—i—ﬁ, if w =0,
W= cz(a)) xhts + c;(a))x_’H% + o, ifpe(0,1), (3.6)
w =

@, ifp>1,
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with coefficients cff(a)) € Cand w € Diin(Ly). Hence, any @ € Dyax(£y) =
O ' Dpax (L ) admits an asymptotic expansion

w=c+(a))x —l—c (a))x log(x)—l—a) if u =0,
a)—c+(w)x“ e + ¢, (@) x™ =t —i—w if © € (0, 1), (3.7

w=0, ifu>1,

with coefficients ¢ () € C and @ € Dpin(£,,). We set ¢ (@) = 0 for u > 1. For
any o, v € Dpax(£,,) we compute using integration by parts

(LMQDa), ¢U)L2(R+,ds) - (CDL(), LM¢U)L2(R+,dS)

= (0, V) 2@, s ds) — (@5 L) 2R, tds) = Cu (c;(w)c;(v) e (@i (v))
(3.8)

where ¢, = —1for u = 0and ¢;, = 24 otherwise. From this formula it becomes clear
that boundary conditions need to be imposed on the coefficients cf (w) to obtain a self-
adjoint extension of £, and L, In case u > 1, £,, and L, are essentially self-adjoint,
since no boundary terms appear after integration by parts in (3.8).

Existence of a self-adjoint extension of L, and £, with the same lower bound as
L, and ¢,,, respectively, both acting on C8°(R+), is due to Friedrichs and Stone, see
Riesz and Nagy [38, Theorem on p. 330], who introduced the so-called Friedrichs
self-adjoint extension. Providing the functional analytic construction of the Friedrichs
extension is out of scope of the present discussion. However the Friedrichs extension
ij of L, as well as the Friedrichs extension ZZ: of £,, can be explicitly characterized
as follows

D(Lf) = {0 € Dnax (L) | ¢;; (@) =0},

3.9
D(6]) = {w € Dmax(€y) | ¢ () = 0}. (39)

Both extensions are related by the unitary transformation
F_ F -l F\_ o-1p(1F
Ly =®ot;, o®', D(t;) =0 'D(Ly).

The heat kernel H), of the Friedrichs extension Ll]f is well-known and [31, Proposition
2.3.9] provided its explicit expression in terms of the modified Bessel function 1, of
first kind

s2 3:2
Hyu(t,s.%) = —(ﬂl/21 <Z>e—$. (3.10)
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Hence, the heat kernel e~ %x of Kl]f is given by (s3)~//? H,(t,s,5), so that we obtain

S:; 52452

1 5243
e—tzu(s’s — Z_I(S:S:‘)(l_f)/zlﬂ <2_t) e~ 4 (3.11)

3.2 Microlocal Construction of a Fundamental Solution

The Lichnerowicz Laplacian writes in local coordinates (x, y, z) in the singular neigh-
borhood U, which is locally a fibration of cones C(F) over B, as a sum of the
Lichnerowicz Laplacian AE on the cone C(F) and the Lichnerowicz Laplacian in
y € R?, plus higher order terms.

The fundamental solution e "L will be a distribution on M }% =RT x Mz, taking
values in So X Sy, which is a vector bundle over Mz with the fibre S , x S, 4 for

any (p,q) € M. Consider the local coordinates near the corner in M}% given by
, (x,y,2), X, 5,2)), where (x,y,z) and (X,V,Z) are two copies of coordinates
on M near the boundary. The kernel e *2L (¢, (x, y, z), (X, ¥,Z)) has non-uniform
behaviour at the submanifolds

A={(t,(x, 5,2, FF2NeM |t=0,x=%=0, y =7},
D={(tp P eM|t=0,p=p)

which requires an appropriate blowup of the heat space M7, such that the corresponding
heat kernel lifts to a polyhomogeneous distribution in the sense of the following
definition, which we cite from [34] and [37].

Definition 3.1 Let 20 be a manifold with corners and {(H;, ,o,')}fv= | an enumeration of
its (embedded) boundaries with the corresponding defining functions. For any multi-
index J = (by,...,by) € CN we write p’ = ,of‘ ...pZN. Denote by V;,(20) the
smooth vector fields on 27 lying tangent to all boundary faces.

(i) A distribution w on 2 is said to be conormal, if w is a restriction of a distribution
across the boundary faces of 20, @ € p’ L% (20) for some J € CV and
Vi...Viw € p? L°(20) for all V; € V,(20) and for every ¢ > 0.

(i1) Anindex set E; = {(y, p)} C C x Ny satisfies the following hypotheses:

(a) Re(y) accumulates only at +o0,
(b) for each y there exists P, € Ny, such that (y, p) € E; forall p < P,
(c) if (y, p) € Ej, then (y + j, p’) € E; forall j e Ngand 0 < p’ < p.

(iii)) Anindex family E = (Ey, ..., Ey) is an N-tuple of index sets.

(iv) Finally, we define the notion of polyhomogeneous conormal distributions iter-
atively in the dimension of 20. We say that a conormal distribution w is
polyhomogeneous on 20 with index family E, we write @ € Aghg(ﬂﬁ), if
w is conormal and if in addition, near each H;,

w~ Y ay,p] (ogp)’, aspi — 0,
(v.p)EE;
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Fig.2 The heat-space M%

with coefficients a, , conormal on H;, polyhomogeneous with index E; at any
intersection H; N H; of hypersurfaces. In the firstiteration step, where dim 20 =
1 and each boundary hypersurface H; is given by a point, the coefficients a,,
are complex numbers.

Blowing up submanifolds A and D is a geometric procedure of introducing polar
coordinates on M }% around the submanifolds together with the minimal differential
structure which turns polar coordinates into smooth functions on the blowup. A detailed
account on the blowup procedure is given e.g. in [20,37]. Here, we only give a basic
idea and refer the reader to these references for an explicit account.

First, we blow up parabolically (i.e. we treat /7 as a smooth variable) the submani-
fold A. This defines [M?2, A] as the disjoint union of M }%\A with the interior spherical
normal bundle of A in M,%, equipped with the minimal differential structure such that
smooth functions in the interior of M,% and polar coordinates on M ,% around A are
smooth. The interior spherical normal bundle of A defines a new boundary hypersur-
face — the front face ff in addition to the previous boundary faces {x = 0}, {x = 0}
and {r = 0}, which lift to rf (the right face), If (the left face) and tf (the temporal face),
respectively.

The actual heat-space M% is obtained by a second parabolic blowup of [M?, A]
along the diagonal D, lifted to a submanifold of [M?2, A]. We proceed as before by
cutting out the lift of D and replacing it with its spherical normal bundle, which
introduces a new boundary face — the temporal diagonal td. The heat-space M%

comes with the blowdown map S : M% — RT x Mz, which is a diffeomorphism
from the interior of Mfl onto (0, 00) x M?. The heat space M% and the lift of a curve
starting at the corner of M}% is illustrated in Fig. 2. The base point of the lifted curve
at the front face indicates the angle under which the curve approaches the corner of
(0, 00) x M? before the lift.

We now describe projective coordinates in a neighborhood of the front face ff in
M%, which are used often as a convenient replacement for the polar coordinates. The
drawback it that projective coordinates are not globally defined over the entire front
face. Near the top corner of the front face ff, projective coordinates are given by
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ff ={p =0}

Fig.3 The heat-space M%

.2, Y, 2. 3.12)

With respect to these coordinates, p, g,E are in fact the defining functions of the
boundary faces ff, rf and If, respectively. For the bottom right corner of the front face,
projective coordinates are given by

t
‘L’:.x~—2,s:

y—=y
X

~

NS .2, X, Y, 7, (3.13)

=) =

where in these coordinates t, s, X are the defining functions of tf, rf and ff, respectively.
For the bottom left corner of the front face, projective coordinates are obtained by
interchanging the roles of x and X. We illustrate some of these projective coordinates
in the Fig. 3.

Projective coordinates on M%l near temporal diagonal are given by

Vi (x = %) y—y Xz—2) ~ ~ ~
=—, S , U= , L= L, X, Y, 2. 3.14
=% NG NG 7o hre G

In these coordinates, tf is defined as the limit |(S, U, Z)| — oo, ff and td are defined
by X, n, respectively. The blow-down map S : M% — M,% is in local coordinates
simply the coordinate change back to (¢, (x, y, z), (X, ¥,7)).

The fundamental solution e ~*2 of the Lichnerowicz Laplacian A; is constructed
exactly as in [34].To indicate the basic idea, consider the lift 8 *(sz L) of x2A; to
the heat-space M% This amounts to writing the differential operator e.g. in projective
coordinates (3.13). The restriction of 8*(x2A ) to the front face does not differentiate
in ¥ € B, which can be viewed as a parameter’ and is given for each fixed 7 by the
so-called normal operator

b
NGEAL == B (2AL) | ff = 52 (Af,; + A“,ﬁ;) , (3.15)

7 In fact ff is a fibration over B and we consider the restriction of B *(sz 1) to the fibres of ff.
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where AE is the Lichnerowicz Laplacian on the model cone C (F') acting in the variables
(s, z) and defined with respect to the metric ds* + s?gr. The other summand A%E

is the Lichnerowicz Laplacian acting in the variable u € R? = T3 B, defined with
respect to the metric g% (3) on T5B.

b . . . .
The heat kernel of Aﬂf yactingonu € R? is constructed in the classical way. The

heat kernel of Ag on the model cone is obtained as follows. Ag is computed in (2.6)
and reduces over A-eigenspaces E, = (¢, ) of the tangential operator [J;, to a scalar
multiplication operator, acting on u¢; with u € Cgo (0, 1) by

f

A
A% (ue,) = <—8S2 - ;85 + s_2> u- gy =: (L u)py, (3.16)

with u2 = A + (f — 1)2/4 > 0. Consequently, the heat kernel of A% is given by the
following sum

N (5,2,5.7) = Z et (5,3) ¢.(2) @ P (3). (3.17)

n()

From the explicit expression (3.11), we obtain its asymptotics as s — 08

_/AC - - _Ub .,
et L(s,z,5,2) ~ Z aA,k(l,S,Z,'Z)S“()‘) 12k

A€ Specdy

~ Z iax,k(t,ﬁ',z’g)sm_(le)ﬂk

A€ Specy k=0

(3.18)

Due to the direct sum decomposition in (3.15), the heat equation at the front face
admits a fundamental solution N (e’ AL)_V obtained exactly as in [34, (3.10)] as a

direct sum of the heat kernel for AE and the heat kernel of Ai&g

b
N 0)(z, 5,2, % w5 = e 20 (5, 2,5 = 1,9 e AL, i =0).  (3.19)

To construct the fundamental solution, the normal operator N (e’ AL); is extended
off the front face and corrected iteratively, which involves composition of Schwartz
kernels on M% Following the heat kernel construction in [34] verbatim, we arrive at
the following result.

Theorem 3.2 Let (M, g) be an incomplete edge manifold of dimension m with an
admissible edge metric g. Then the Lichnerowicz Laplacian A} acting on symmetric
trace-free 2-tensors admits a fundamental solution e "L to its heat equation, such
that the lift B*e™"2L is a polyhomogeneous function on ./\/l% taking values in So X Sp
with So = Sym%(ieT*M) and the index sets (—m + Ny, 0) at ff, (—m + Ny, 0) at td,

8 By symmetry the same asymptotics holds as s — 0.
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vanishing to infinite order at tf. The index set at rf and lf is given explicitly by E + Ny
where

2
E={pu= 0+ (%) - (%) | A € Spec(Ty) b . (3.20)

For convenience of the reader, let us note that e.g. in projective coordinates (3.13)
and (3.14) the index sets at the boundary faces ff, rf as well as td, indicate the following
asymptotic expansions

oo
Bre 1AL ~ Zaj(t, 5,2, u, MX " asX¥ — 0,
=0
o0
Bre A~ N "bi(S, U, Z,X. 5.5 n ", asn — 0, (3.21)
j=0

o0 =1\ _g=b
) o ()
Bre 1AL ~ Z Zc,\,j(t,s,z,i)s 2 2 ,ass — 0.

AeSpecy j=0

While we do not repeat the heat kernel construction of [34] here, let us indicate some
fundamental reasons for the asymptotics at the various boundary faces. The negative
leading order (—m) of asymptotics of the fundamental solution at the front face (as
X — 0) is a consequence of the fact that the heat kernel H on an the model edge
C(F) x R? with metric dx? + x2gr + dy? is homogeneous of order (—m) with
(r>0)

H(rt, rx,z,r%, 2, r(y—=Y)=r""H(t,x,2,%,2,(y = )).

The negative leading order (—m) of asymptotics of the fundamental solution at the
temporal diagonal (as » — 0) is due to the initial conditions at # = 0 of the homoge-
neous heat equation in (3.1). Finally, the expansion at rf comes from the asymptotics
(3.18).

Remark 3.3 In the case of the 2-tensor gr on dM restricting to a smooth variable
family of Riemannian metrics on fibres F, that is not necessarily isospectral with
respect to the tangential operator [y, the arguments and the main statements of this
work continue to hold. However, the statement of Theorem 3.2 has to be adapted in
that case: the fundamental solution e "2~ still admits a polyhomogeneous expansion
at the front face ff and the temporal diagonal td of same order as before, however has
a rather complicated behaviour at If and rf.

Similar result in [34] constructs the heat kernel of the Laplace Beltrami operator

on (M, g) as a polyhomogeneous function on M%l with an index set E’ + Ny at rf and
If, defined similarly in terms of the spectrum of [/ .
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Remark 3.4 Tangential stability introduced in Definition 2.1 is in fact equivalent to
asking for a lower bound of E and E’. More precisely, the minimal elements o € E
and pu; € E’\{0} are given by

_ 2 _ _ 2 _
e G2 (5 o () -(5)

(3.22)

Clearly, up = min(E + Np) = min E;f, however, in general 1 need not be equal to
the minimum of the index set E/\{0} = (E’ 4+ No)\{0}. In fact, u; = min E/;\{0}
without any restrictions only if © € (0, 1]. Otherwise, 1] is the minimal element of
the index set E/; of the heat kernel for the Laplace Beltrami operator at rf and 1f, if
the edge is a sufficiently higher order perturbation of a trivial fibration of exact cones.
To make this precise, recall the notation of Definition 1.1. Assume that oM = F x B
and the fibration ¢ : (0M, gr ® gp) — (B, gp) is the obvious projection onto the
second factor. Assume that in the tubular neighborhood &/ = C(F) x B of the edge
singularity, the edge metric is given by g = g + h with

g lu=dx* ® x’gr ® gs, (3.23)

and & a symmetric 2-tensor such that |h|g = O(x") as x — 0for some N € N. Let
us write Ny := {0}U{q € N | ¢ = N}. Then E/; = E’ 4+ Ny, since |h|g = O(xN) as
x — 0. Consequently, 1 = min E/;\{0} if |hlz = O(x") as x — O with N > p1.

We conclude the section with an observation that assuming non-negativity of the
Lichnerowicz Laplacian A, acting on symmetric trace-free 2-tensors, the fundamental
solution in Theorem 3.2 is the heat operator corresponding to the Friedrichs self-adjoint
extension of Ay .

Theorem 3.5 Assume that (M, g) is tangentially stable and A acting on Cgo (M, So)
is non-negative. Then the Friedrichs self-adjoint extension of Ay is non-negative as
well and the fundamental solution e™'®L is the corresponding heat operator.

Proof Consider the maximal and minimal domains for A acting on C3°(M, So)

Dmax(AL) = {w € LA(M, So) | Apw € L*(M, Sp)},

Din(AL) := {® € Dnax(AL) | Iwn) C CFF (M, Sp) : (3.24)
L?* L?*
wy, — 0, ALw, — ALa)].

Exactly as worked out in the joint work of the author with Mazzeo [34, Lemma 2.2],
see also (3.7) for the explicit model cone case, any @ € Dpax(Ar) admits a weak
asymptotic expansion

(=D U=
= Z c;'(a)))c”(}‘)_T + Z ;. (w)x MW= 77 4 5,
w(R)EEN[O,1) w()EEN[0,1)
(3.25)
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where x € (0, 1), E is the index set defined in (3.20), @ € Dunin(Ar) and the
coefficients c;—L are of negative regularity, i.e. there is an expansion of the pair-
ing wa(x, v, 2)¢ (y)dy for any test function ¢ € C°°(B). The expansion above
is simpler than the one in [34, Lemma 2.2] due tangential stability, so that each
uw) € ENO,1) = EN[up, 1) is positive.

Assuming that Ay, acting on C3°(M, Sp) is non-negative, symmetric and densely
defined, there exists its Friedrichs self-adjoint extension A{ with the same lower
bound, which is due to Friedrichs and Stone, see Riesz and Nagy [38, Theorem on p.
330]. The domain of Af has been identified in [34, Proposition 2.5] by specifying
coefficients cit (w) as follows (see (3.9) for the explicit model cone case)

D(AT) = {0 € Dmax(AL) | ¢ (@) =0, for u(h) € ENO, D).  (3.26)

Using the asymptotic description of the Schwartz kernel for e /22, one finds that
the fundamental solution maps into D(Af ) for any fixed + > 0. Now, a verbatim
repetition of the arguments for [34, Proposition 3.4] proves the statement. O

We remark that by following the argument of Gell-Redmann and Swoboda [17,
Proposition 13] one may deduce that Ay, is essentially self-adjoint if ug > dim F
from the mapping properties of the fundamental solution. This can be intuitively
expected, since the condition u¢ > dim F translates to po > 1 in view of (3.22), and
the operators £, are in the limit point case at x = 0 for > o > 1.

4 Mapping Properties of the Lichnerowicz Heat Operator

We continue under the assumption of tangential stability introduced in Definition 2.1
and study Ay acting on trace-free symmetric 2-tensors w € CgO(M x [0, T], So) =
Sym(z) (‘¢T*M). We denote its fundamental solution (also referred to as the heat oper-
ator) by H. We also fix any § > 0. Our main result in this section is the following
theorem.

Theorem 4.1 Consider an edge manifold (M, g) with an admissible edge metric g
satisfying tangential stability as in Definition 2.1. Consider the index set at the right
and left face as in Theorem 3.2, with the minimal element puo > 0. Fix any y €
(1 —dim F, wo) and any Holder exponento = 1/N € (0, uo—y)N(0, 1), for N € N
sufficiently large. Recall the notation Sy = Sym%(ieT*M ). Then the Lichnerowicz
heat operator defines a bounded mapping between weighted Holder spaces (for any
e e (0,1)

H : Cg®(M x [0, T1, So) 24y — Cie >“(M x [0, T1, So)y,

k+1 £ Ak+2 (41)
H : Cie ’a(M X [07 T]’ S0)72+V+6 - tjcie ’a(M X [0’ T]’ SO)y,

C-k+27a

wheret%Cikefyz’a ={wl3ue ey o(t, p) = t3ult, »}
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Proof The statement is proved using the microlocal properties of the heat kernel lifted
to the blowup space M2, where 0+« shall denote a defining function of the boundary
face * in M%

We mimic a similar statement in [4] which is proved using stochastic completeness
for the heat kernel of the Laplace Beltrami operator. We consider here the Lichnerowicz
Laplacian and are not aware of any equivalent of stochastic completeness on tensors.
This requires to some extent different analytic arguments. We do not write out the
argument for the second statement, which follows by similar estimates, since better
x-weight and higher regularity of the starting space yield additional (o pfr)® < CJr.

When performing the estimates we will use Corollary 10.2 and pretend notationally
that F and B are one-dimensional. The estimates in the general case are performed
verbatim. Moreover, we will always denote uniform positive constants appearing in
our estimates by C > 0, even though they might differ from estimate to estimate.
We only use derivatives in space, since due to the heat equation, differentiation of the
heat kernel in time can be replaced by the Lichnerowicz Laplacian. Finally, we will
assume without loss of generality that k = 0. General k € N affects estimates near td,
where we may pass derivatives of the heat kernel to derivatives of the section using
integration by parts.

Let X denote the operator acting on symmetric 2-tensors by multiplication with
the radial function x : &/ — [0, 1), extended smoothly to M such that x [ M\U > 1.
Then, the first mapping in (4.1) with k = 0, is bounded if and only if

X7V oe Ao XTHY L CE(M x [0, T1, So)o — C2*(M x [0, T], So)o.  (4.2)

€
Consider any v € Cit(M x [0, T'], Sp)o. Then, in view of the Definition 1.4, the map

in (4.2) is bounded if and only if for @ := X7 o e™"AL o X ~2*7y the supremum and
the Holder norms

- - —a 2 2
X" @lloos 1X™% Ve 0lloo, X Ve~ @lloos [@llas | Ve @llas I| Ve~ @llas

are bounded by the norm of v, up to a constant that depends only on Ay . Here V, refers
to differentiation given by edge vector fields. It suffices to bound || X~ V.? || oo and
|| Vo2 @la, since the other norms with only first order or no differentiation at all, are
estimated along the same lines.

Set G := XV o V.2e AL o X217 Then, by definition || V.2 w|lq is bounded
if and only if in addition to the supremum norms, for any local coordinate patch U,
which is also a trivializing neighborhood of Sy, we have an estimate of the form

[Gu(p.t) — Gu(p', 1)
uxi0.11 dy(p, p)* + |t —1'|2

< Cllvllg.o, (4.3)

for some uniform constant C > 0, where we have refined the atlas of M, such that any
coordinate patch U is a trivializing neighborhood of Sy and the tuples (p, p’) € M?
lie inside the same coordinate patch U. Note that (4.3) holds if the following two
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estimates hold

|Gu(p. 1) = Gu(p'. )| < Cllvlly o dm(p, P,

. 44
[Gu(p. 1) = Gutp. 1) < Cllollo It — 15 @4

The proof is now structured as follows. In Sect. 4.1 we prove the first estimate of (4.4),
the so-called Holder estimate in space. In Sect. 4.2 we prove the second estimate
of (4.4), the so-called Holder estimate in time. In Sect. 4.3 we estimate the supre-
mum norm || X~ Ve || oo. At various steps in the estimates we are motivated by the
corresponding estimates in [30]. O

4.1 Holder Differences in Space

We can always arrange for either x [ U > 1/2 or U C U being of the form U =
O,1)xYwithY C oM and Sy | U = (0, 1) x Sy. We model our estimates after a
similar analysis in [4] and begin by introducing a notation

U+ = {’];E U | dM(p7 5) = dM(pv p/)}’
U-=1{p €U |du(p.p) = du(p, p)}

Given a coordinate patch U withx [ U > 1/2, which trivializes Sy by assumption, we
extend the restriction v(p) of the section v to the fibre over p € U to a constant function
over U. Otherwise U C U isthe forom U = (0, 1) x Yand Sy [ U = (0, 1) x Sy and
for p = (x, y,z) € U we extend the restriction v(x, y, z) € S, to all of U constantly
only in the (y, z) € Y direction. We may now write

Gu(p, 1) = Gu(p', 1)
'
[ [ (GC=Fp. = G~ P0G ) = o p) dFdvol, )
f
t
+ fof (Gt =T, p. P) = Gt =T, ps FNWGE B) — v(E. p)) didvol (§)
U-
t
+ /O/U(G(t —1.p,p) =Gt —=1,p', p)) v(t, p)didvoly (p)
t
tf [ Gu=p )= G =T ) v B didvol, ()
o mu
=: L1+ Ly+ L3+ Ly.
Note that the endomorphism G (-, p) can be applied to the vector v(7, p) only for p

and p lying in the same coordinate patch U with the corresponding local trivialization
of the vector bundle Sy. This explains why we have separated out the integral L4.

Remark 4.2 At this point, we would like to explain the reason for the definition of
spaces (1.4) with different weights assigned to the Holder and the supremum norms.
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Recall that v € Cfé,o =Cin x"‘Ci%. The terms L and L, contain differences of v,
and hence using Holder regularity v € C{; one obtains an improvement by pf in the
estimates of the integrands at the front face. However, in the terms L3 we do not have
differences of v and hence Holder regularity of v does not play a role in the estimates.
Rather, we use v € x“Ci?: and the x*-weight still provides an improvement by pf in
the estimates of the integrand at the front face.

The second-term L, is now estimated exactly as the term /3 in [4, §3.1]. In fact the
estimates here are even easier using Corollary 10.2 and better front face behaviour.
We rewrite the first term L as follows

'
L= /O/U G(t =T, p, ), p) — v(7, p)) di dvolg ()
+
t
) /O/U G(t =7, p'. @ ) — v p)) di dvol, (P)

t
- /O/U Gt —1, p', p)((, p') — v(, p))di dvolg(P)
i
=L+ Lip+ Lis.

Both L1 and L, are estimated precisely as the term /7 in [4, §3.1]. The third summand
L3 is estimated as the term I, in [4, §3.1].

It remains to estimate the terms L3 and L4 from above. We begin with the easier
term L4. Recall that for estimating the Holder norm, we may assume without loss
of generality that the two fixed points p = (x, y,z) and p’ = (x/,y’, Z’) lie in the
coordinate neighborhood U . Since the estimates away from the singular neighborhood
U are classical, we may also assume that U C /. Then we may write

t
L4=|x—x/|/f 0:G (1 —T.&. v, 2, P) v, ) di dvoly()
o) mu
t
+|y—y’|// 0,G(t —T.x',y.2. ) v(E, ) dFdvoly (5)
o mu
t
+|z—z’|// 8.G( —T.x', ¥ ¢. B) v, ) di dvoly(P).
o) mu

where (£, y,¢) is a point on the straight connecting line between (x, y, z) and
(x’,y', 7). Assume that p = (X, 5,%Z) € U\U. Then by construction, the distance
dp(Y,y) between Y and y is uniformly bounded from below for any Y € (y, y’, ¥).
Consequently, we find for the integrands in the various coordinate systems (3.12),
(3.13) and (3.14) that for some uniform positive constant C > 0 we have

prt = luldpg(Y, ) ~' < Clul, (prrpwa) ™" = |UIdp(Y, )" < C|U|.

Since the heat kernel is bounded as |u| and |U| tend to infinity, we conclude that
each integrand above vanishes to infinite order at the front and temporal diagonal
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faces. Consequently, L4 may be bounded in terms of the supremum norm of v and
dy (p, p) up to some uniform constant. If p ¢ U/, then the heat kernels in the integrals
above are supported away from the front and temporal diagonal faces in M%l, so that
the estimates are classical in the same spirit as before.

It remains to estimate L3 which occupies the remainder of the subsection. It is here
that we need to use Corollary 10.2. Note that while the previous estimates employed
Holder regularity of v, estimation of L3 uses only the x"‘(,’ioe bound of v = x%w €
C(M x [0, T], Sp)o C x"‘Ci%. Hence we consider an operator G’ := G o X% of the
following asymptotics

2 2 po—y  —2+uo+y+
B*G' = m +a/0tdm ,050 yplf oy apt?og, (4.5)

where G is a bounded polyhomogeneous distribution on M% The notation pg° indi-
cates that the kernel 8*G’ is vanishing to infinite order at the temporal face tf and
hence the equation (4.5) holds with p3° replaced by pt’f( for any K € N. We obtain
from Corollary 10.2 for « = 1/N with N sufficiently large

IL3ldp((x, y,2), (&', ¥y, 2N

! Nel o~
< EN G (t—1,8 v,z
o) U

! ~ N-—1 ~ —
+H/ / ly =3I~ 0,G'(t —=1,x", y.2,%,7.2)
oJ U

t
| ff e
0J U

=L+ Db+,

We assume x < x’ without loss of generality, otherwise just rename the variables.

In view of the heat kernel asymptotics established in Theorem 3.2 'ﬂnd 1Hn view of
V y

the particular fact that the heat kernel is exponentially vanishing for going to
infinity, we find
N-1 - 2+po+y +
/3*(5 N 8§Gl) _pffm 2ptdm 3[0&0 Y= Olplf roty+a ooG
~y N=L —m— 2+po+y+
B (ly =317 8,G") = o 2" ol o O R Ga, (46)

-4 —m—2 3 24po+y +
ﬂ*(x/ NafG/) =" e e e T T G,

where the kernels G, G2 and G3 are uniformly bounded at all boundary faces of the
heat space blowup ./\/lﬁ We proceed with estimates of 17, I and I3 by assuming that
the heat kernel is compactly supported near the corresponding corners of the front face
in M% In order to deal with each integral in a uniform notation, we write X := &,
when dealing with 7} and X := x’ otherwise. We write Y := y when dealing with I,
Y := y when dealing with I; and Y := y’ when dealing with I3. Similarly, we write
Z := ¢ when dealing with I3 and Z := z otherwise.
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For the purpose of brevity, we omit the estimates at the top corner of ff and just point
out that the estimates are parallel to those near the lower right corner with same front
face behaviour. We write out the optimal estimates which yield additional weights.

4.1.1 Estimates Near the Lower Left Corner of the Front Face

Let us assume that the heat kernel H is compactly supported near the lower left corner
of the front face. Its asymptotic behaviour is appropriately described in the following
projective coordinates

YV xv 2z 4.7
- X’ s s s <y .

N

where in these coordinates t, s, x are the defining functions of tf, If and ff respectively.
The coordinates are valid whenever (t, s) are bounded as (r —7, x, X) approach zero.
For the transformation rule of the volume form we compute

B*(dT dvoly(X, ¥,2)) = h - X" 25/ dv ds du dZ,

where A is a bounded distribution on M%l Hence, using (4.6) we arrive after cancel-
lations at the estimates (j = 1, 2, 3)

I; < |ollc /s’“f*““”“h Gjdtdsdud? < C |0l

for some uniform constant C > 0. Summing up, we conclude

[ + I + I3] < Cllo]leo. (4.8)

4.1.2 Estimates Near the Lower Right Corner of the Front Face

Let us assume that the heat kernel H is compactly supported near the lower right
corner of the front face. Its asymptotic behaviour is appropriately described in the
following projective coordinates

s u=—-,272,x,7Y, 7,

X Y -
X X

where in these coordinates t, s, X are the defining functions of tf, rf and ff, respectively.
The coordinates are valid whenever (, s) are bounded as (1 — 7, x, ¥) approach zero.
For the transformation rule of the volume form we compute

B*(dTdvoly(X, ¥,2) = h - X" dt d¥ du dZ,
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where h is a bounded distribution on M% Hence, we obtain using (4.6) and o <
(mo — y) after cancellations (j = 1, 2, 3)

1y < oll [ 4077570 G e d du 2
< wlloo X107 / 1= G . 47 dF du dF

o0
< C lofjoo X7 / FI 0T g% < C oo,
X

for some uniform constant C > 0. Summing up, we conclude
i+ L+ 5] < Clola 4.9)

4.1.3 Estimates Where the Diagonal Meets the Front Face

We assume that the heat kernel H is compactly supported near the intersection of
the temporal diagonal td and the front face. Its asymptotic behaviour is conveniently
described using the following projective coordinates

o t—T (x = %) y—y x(z—=72) -
=— S=—  U=—"——=,7Z=—w0—,x, Y, Z (4.10)
" x? Vi—1 Vi—1 Ji—1 Y

In these coordinates, tf is the face in the limit |(S, U, Z)| — oo, ff and td are defined
by x, n, respectively. For the transformation rule of the volume form we compute

B*(dfdvoly (¥, ¥,2)) = h - x" 2" ldndS du dz,

where % is a bounded distribution on ./\/l%t Consequently, using Theorem 3.2 (j =
1,2,3)

I; < /n‘sz(x,n, S, U,Z,5, Do, x,y,2)dndSdUdZ,

where G ; is uniformly bounded at the boundary faces of M% Since the heat kernel
is integrated against a constant w (x, y, z), the singularity in  can be cancelled using
integration by parts near td, as in the estimate of I in [4, §3.1]. This leads to an
estimate

[+ I + 3] < Cllolloo-

4.2 Holder Differences in Time

Consider in the previously set notation v € CZ(M x [0, T], So)o and the integral
operator G. For any two fixed time points 7 and ¢’ (we shall assume ¢ > ¢ without loss
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of generality), as well as any fixed space point p € M we will establish the following
estimate

|Gup. 1) = Gu(p. )| < Cllvllyolt — 11, (4.11)

for some uniform constant C > 0. We model our estimates after a similar analysis in
[4]. We write

Gv(p,t) — Gu(p, 1)
t
- /O/MG(z —T.p. DY@, p) — v(T, p)) di dvol, (p)

t/

_ [()/MG(Z/ =1, p. P)((7, p) — v(7, p)) di dvolg(P)
t

+/ / G(t — 1., p. p) v(z, p)dt dvoly(p)
0J M

t/
[ [ G0 =75 v p drevol, .
0J M

Let us first assume ¢ > 2¢’. Then ¢,¢’ < 2|t — t'| and we may estimate the first
two integrals exactly as J{ and J; in [4]. For the last two integrals we note that the
estimates at the boundary faces of M% yield additional powers of (/)% and (V1)
Using the fact that 7, ¢’ < 2|t — t’|, we obtain the estimate (4.11) as well. Let us now
assume t’ < t < 2¢'. Note that then (2t — ¢) is smaller than ¢ and ¢’. We introduce the
following notation

Ty :=[2t' —t,1), T,:=[2t"—¢t,1'], T-:=10,2t —1].

We can now decompose the integrals above accordingly and obtain

Gv(p,t) — Guv(p,t)

= /T /M(G(t —T.p.p)—G({t' =7, p, (T, p) — v, p)) di dvoly(P)
+/ / G(t =1, p, (@, p) — v(F, p)) di dvoly(p)
T,) M
- / / G(t' —7, p, P)((, p) — v(@, p)) di dvoly(p)
T, M
+ /T /M(G(’ —1,p,p) = G(' =T, p, p)) v(z, p) di dvolg(p)

+ [ [ 6a=Tp. G p disvl, )
T.J M
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—/ / G(t' =T, p, p) v(7, p) di dvolg(p)
) M

=: K1+ K> + K3 + K4 + K5 + Kg.

Note that as in Remark 4.2, with v € Cioé,o =Ci N x“Ci%, we use the Holder
regularity v € Cioé in the estimates of K, K7, K3, and use an additional x*-weight in
v e x“Ci% in the estimates of K4, K5, Kg.

The first-term K is estimated exactly as the terms J3 in [4, §3.2]. The second-term
K> is estimated exactly as the term J; in [4, §3.2]. The third-term K3 is estimated
exactly as the term J; in [4, §3.2]. It remains to estimate the other terms K4, K5, K¢.

Note that for K4 and some 6 € (¢/, ) we obtain with @« = 1/N as in Lemma 10.1

2" —t
Ki=1r - t’|ff / 6 —D'"20,(G)(O — 7. p. ) (T, p) di dvoly().
0 M

We proceed in the notation of the previous subsection. The estimates use only the
x"‘CiOe bound of v = x%w € CL(M x [0, T], S)o C x"‘Ci%. For the purpose of brevity,
we omit the estimates at the top corner of ff and just point out that the estimates are
parallel to those near the lower right corner with same front face behaviour.

4.2.1 Estimates Near the Lower Left Corner of the Front Face

Note that near the left lower corner of the front face, x> > (8 — 7). Consequently,
x72 < (0@ — D! and in particular for any § > 0 we find

/xz_‘sdt - /x_‘sd'fg f(e — 34T (4.12)

We compute after cancellations using (4.5)

|K4l < Clt —1'|2 ||w||oo/G4drds dud? < Clt —1'|? |0] o>

t
K5l < Clolls [+ Gsdvdsdudz < Cloll [ @ =774
2t —t

/

t
Kol < cnwuoofx“ Gedr ds du d < cnwnoo/ O =71+ dr,

2t —t

where all kernels G ; are bounded at the boundary faces of the heat space ./\/li From
there we conclude using (10.4)

|Kal + |K5| + | K¢l < Clt — 1|2 ||@]loo-
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4.2.2 Estimates Near the Lower Right Corner of the Front Face

We compute after cancellations
|K4| < Clt — 1|2 ||w||oo/3c"ls“°”’G4 dtdXdud?
|Ks| < C||w||00/)7_1+as”°_7’G5 drdXdud?

|Keg| < Cllwlloo/.f_l+“s“°_VG6dr dX du dz,

where all kernels G ; are bounded at the boundary faces of the heat space Mi Observe
that near the lower right corner we may estimate

/ ‘;—1—(/10—1)5“0_1Gj‘d)7 < const.

Consequently, we obtain as in (4.12)

|Ka| < Clt — 1|7 [|@lloos

t o
|Ks| < cnwnoo/ 6 -T2 df,

2t —t

t "
|Ke| < cnwnoo/ 6 —-1"""1dr

2t —t

From there we conclude using (10.4)
|Kal + |Ks| + |Ke| < Clt — 1|2 0] co-
4.2.3 Estimates Where the Diagonal Meets the Front Face
We compute after cancellations
|[K4| < Clt — t/l%/nflfaG4(x, .8, U,Z,5, D) w(, x,y,2)dndSdU dZ,
|Ks| < C/x"‘ " 'Gs(x,n,8,U, 2,5, 2 0@ x,y,2)dndSdU dZ,

Kol < C/Xa N 'Ge(x,n, S, U, Z,5, D@ x,y,2)dndSdU dZ.

where all kernels G ; are bounded at the boundary faces of the heat space M% Since
the heat kernel is integrated against a constant w(x, y, z), the singularity in n can be
cancelled using integration by parts near td, as in the estimate of /4 in [4, §3.1]. This
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leads to an estimate
(Kl = Clr =¥l [ 170 Gix 0. $,U. 2.5, D dndS dU dz.
|Ks5| < C||w||mfx“ G/S(x, n,S,U,Z,9,2)dndSdUdZ,

|Keg| < C||w||oo/x“ Ge(x,n,8,U,Z,5,2)dndSdU dZ,

where all kernels G’; are still bounded at the boundary faces of the heat space /\/1%
The estimates now follow along the lines of the estimates of Ji, J> and J3 in [4, §3.2]
near td.

4.3 Estimates of the Supremum

Consider as before w € Cioe (M x [0, T], Sp). In this subsection we estimate the supre-
mum norm of the following integral

t
J ::/ / G'(t -1, p, p)o(t, p)df dvolg(p),
o) m

where G/ = XV o V.2 e 1AL o X~ 2tr+e  Ag before, we assume that the kernel G is
compactly supported near the various corners of the front face in the heat space blowup
M%, where for convenience we write out the corresponding projective coordinates
once again. The estimates are classical away from the front face and hence we may
assume that p = (x, y, z) € U. Moreover, as before it suffices to integrate over the
singular neighborhood U with p = (w, ¥, %), replacing the integration region M in
the integral J by U.

4.3.1 Estimates Near the Lower Left Corner of the Front Face

Assume that the integral kernel G’ is compactly supported near the lower left corner
of the front face. We employ as before the following projective coordinates

t—7
T="5

u =

X y—75 ~
, 8§ =, , X, Y, 2, 2.
X

X

where in these coordinates t, s, x are the defining functions of tf, If and ff, respectively.
For the transformation rule of the volume form we compute

B*(didvoly(X,¥,7)) = h x5 dr ds du dZ,

where & is a bounded distribution on M}zl Hence, using (4.6) we arrive for any w € C,
after cancellations at the estimates

VE ||w||oo/x“G”(s, Tty x, v, 2, T ds dud < Cx¥ olloc,

@ Springer



3384 B. Vertman

for some uniform constant C > 0 and bounded function G” on M%
4.3.2 Estimates Near the Lower Right Corner of the Front Face

Assume that the heat kernel H is compactly supported near the lower right corner of
the front face. We employ as before the following projective coordinates
y=y ~

’

s Vs 2, 2

=
=

where in these coordinates 7, s, x are the defining functions of tf, rf and ff, respectively.
For the transformation rule of the volume form we compute

B*(dT dvoly(X, ¥,2)) = h - ¥ dt dX du dZ,

where £ is a bounded distribution on /\/l%l Hence, using (4.6) and the fact that x < X
near the lower right corner, we arrive for any w € C{ after cancellations at the estimates

VE ||w||oo/f*‘+“sﬂofyc;"<s, ey D) de R du d

o0
< C lloc "7 f FI G < O oo,
X

for some uniform constant C > 0 and bounded function G” on Mﬁ Note that we
used @ < (o — y) in the estimate above.

4.3.3 Estimates Near the Top Corner of the Front Face

Assume that the heat kernel H is compactly supported near the top corner of the front
face. We employ as before the following projective coordinates

y—y

p=Vt-T,E== == u= sV T, 2

| =

X
0

where in these coordinates, p, &, '5 are the defining functions of the boundary faces ff,
rf and If respectively. For the transformation rule of the volume form we compute

B¥(dT dvoly(R, ¥,2) = h - p"ES dp dE du dZ,

where & is a bounded distribution on M% Hence, using (4.6) and the fact that x < p
near the lower right corner, we arrive for any w € C after cancellations at the estimates

] < ||w||oofp—1+“§“°—yG”(p, 65wy 2.7 dpdE duds

o0
< C [wlloo x40 / IR G < C o] o,

X
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for some uniform constant C > 0 and bounded function G” on M% Note that we
used @ < (up — y) in the estimate above.

4.3.4 Estimates Where the Diagonal Meets the Front Face

Assume that the heat kernel H is compactly supported where the temporal diagonal
meets the front face. Before we begin with the estimate, let us rewrite J in following
way

t
J:// Gt =Toxy, 2, B 5. D@E RT3 — o, x, v, )dFdvoly X, 5,7)
0J U
t
+// G(t—T1xy2%5 Dol x,y )dl dvoly(¥,5,2) = Ji + Jo.
0J U

We employ as before the following projective coordinates

, =T (x = %) y—y x(z—73)
n=—,8= , U= , Z = , X, Yy, 2.
x2 r—71 r—71 Vi—1

where in these coordinates tf is the face in the limit [(S, U, Z)|] — oo, ff and td
are defined by x, n, respectively. For the transformation rule of the volume form we
compute

B*(dT dvoly (X, ¥,2) = h - x" 2" dndSdU dZ,

where / is a bounded distribution on M% Note that in these coordinates

dy((x, v, ), F.5.2) = xny/ ISP+ [UP + 2 — n8)|Z2.

Hence, using (4.6) we arrive for any w € CZ after cancellations at the estimates
Il = IIwIIa/xzanfwaG”(x, ».2,1,8,U, Z)dndSdU dZ < Cx* ||olla,

for some uniform constant C > 0 and bounded function G” on M% Estimating
similarly for J; leads to a singular n~! behaviour at td, due to derivatives of the form
n’lag, n’lay and n’laz. Due to the fact that J, is comprised of the heat kernel
integrated against w(¢, x, y, z) which does not depend on (S, U, Z), we obtain after
integrating by parts for some bounded function G” on ./\/l% (assumee.g. X = n_zaﬁ)

| 12| < /x"‘ G w(t,x,y,2)0:h(x —xnS,y —xnU,z —nZ)dndSdU dZ|

< Cx% [lolloo-

O
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We conclude the section with stating the mapping properties for the Laplace Bel-
trami operator A acting on smooth functions over M. We identify A with its Friedrichs
self-adjoint extension. Under stronger assumptions other than admissibility of the edge
metric, mapping properties of the heat operator have been established in our joint work
with Bahuaud [4, Theorem 3.2]. Here, following the arguments of the previous The-
orem 4.1 one easily proves the following result.

Theorem 4.3 Consider an edge manifold (M, g) with an admissible edge metric g
satisfying tangential stability as in Definition 2.1. Consider the index set at the right
and left face of the heat kernel lifted to M2, with the minimal element 1 > 0. Fix
anyy € (1 —dim F, u1). Then for a € (0, 1) N (0, o1 — y) the heat operator e 2
for the Friedrichs self-adjoint extension of the Laplace Beltrami operator A defines a
bounded mapping

e xR (M x [0, T — CEPR M x [0, T,

¢TI xTEIRE O L (A 5 [0, TT) — 12CETHU(M x [0, Ty

The proof proceed along the lines of Theorem 4.1. We point out that due to stochastic
completeness of the Laplace Beltrami heat operator, one can completely avoid terms
of the form L3, compare [4] for the estimate of the Holder differences. This allows
us to use CikC’“(M x [0, T]), spaces of scalar functions which are defined without
requiring better x-weight for the supremum norm, in contrast to the Holder space of
sections of Sy.

Another crucial difference to Theorem 4.1 is that the higher order asymptotics of
solutions in the target space C{:“z’a (M x [0, T1), arises only after differentiation. The
reason is the a(t, y) ,o?f leading order term in the asymptotics of the heat kernel e ~/2 at
the right face, which is independent of (x, z) and hence vanishes under differentiation
by (xdy) and 9, but not under (xd,) and x29,. This explains the peculiar definition of
the Holder space Cik;rz‘a (M x [0, T]), for scalar functions, which distinguishes the
weights depending on the derivatives applied. Apart from that, the estimates follow
along the lines of the corresponding argument for the Lichnerowicz Laplacian.

5 Short-Time Existence of the Ricci de Turck Flow

We proceed with the explicit analysis of the Ricci flow of an admissible («, y, k)-
Holder regular incomplete edge metric g, satisfying tangential stability introduced
in Definition 2.1. A particular consequence of the diffeomorphism invariance of the
Ricci tensor is the well-known fact that the Ricci flow is not a parabolic system. This
analytic difficulty is overcome using the standard de Turck trick with the background
metric chosen as the initial incomplete edge metric g € Sym?(“*T*M).

Writing the flow metric as (g + v) with v € Sym2(ieT*M) and v(0) = 0, we
can follow the linearization of the Ricci de Turck flow as e.g. in Bahuaud [3, 4.2] and
obtain a quasilinear parabolic system for v € Sym?(**T* M), where all indices refer to
the metric and curvature terms as tensors on ‘¢T*M. Let Ric(g) and R(g) denote the
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Ricci and Riemannian (4, 0) curvature tensors, respectively. Then the Ricci de Turck
flow can be written as

O + Ap)vij = (Thv)ij + (Tav)i; + (T3v)45,
(Ty)ij = ((g + VM — g (Vi Viv)yj,
(T3v)ij = (g +v) " * (g +v) "' % Vux Vu, (5.1)
(Thv)ij = —2Ric(8)ij + Q((g + V(g + V)ipg" ! R(2) jiqt)
+ 0((g + VM (g + ) jpg™ R(Q)ikq)).

where Q (x) is obtained by taking a linear formal expansion of () in v and picking those
terms that are at least quadratic in v. Moreover, A;, and V denote the Lichnerowicz
Laplacian and the Levi Civita covariant derivative, respectively, both defined with
respect to the initial metric g and acting on Sym?(**T*M).

We decompose v = ug @ w into pure trace and trace-free parts with respect to the
initial metric g. The Lichnerowicz Laplacian A respects the decomposition since
trg(ALv) = A(trg(v)) and A(ug) = (Au)g, where A on the right-hand side of the
latter equation is the Laplace Beltrami operator of g acting on functions.

We also note the following useful expansion as in [3, (4.1)]

ab al ,bm

ab _ ab __ 8 _ 88
g+v”=+ug+w) B ET R e

(1 +u)g + w)? gimgra
(14 u)?

a)ll,a)mq.

Plugging this expansion into 77 (v) we find

Ty = (== au— £28" 50
1v) = RER u (1+u)2wml aOblU

(14 u)g + )l gimgra
(a2 WpWmgdadptt | &
—u galgbm

Aw — V.V
+(1+u) w (l+u)2wml a VbW

(1 +u)g + w)Pgimgra
(1+u)?

@1pWing Va Vpw

Let us study the singular structure of 77 (v). Note that if the lower index a refers to the
radial coordinate x or to the edge coordinates y, then V, acts on Sy = Sym%(i eT*M)
as a combination of derivatives x ! V. and x ! times a smooth function on M, smooth
up to the boundary. If the lower index a refers to tangential coordinates z, then V,, acts
on Sp as a combination of derivatives V, and smooth functions on M. On the other
hand, any upper index a referring to the radial coordinate x or the edge coordinates y,
contributes no singular x factor due to the structure of the inverse metric g~!, while
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an upper index a referring to the tangential coordinates z contributes a factor x .

Counting the factors, we conclude

- 1
T)(v) = ((1 +”u) Au + ;ol(w)ol(vez u)> g
n —u
(14 u)

1
ALw+ = 0x(, Vew, Ve’ ),
X

where O (x) and O, (x) refers to any at least linear and at least quadratic combination
of the term (x) in the brackets, respectively. In each of the summands we do not indicate
notationally further factors which include just bounded combinations of smooth (up to
the boundary) functions, 1 and w, with at most edge Vg derivatives. Counting singular
x~!-factors as before we obtain

1 1
T>(v) = —2Ric(g) + ;01(0))01(”) + x—202(w),

1 1 1
X X X

where in case of 7> (v) we used the fact that components of the Riemannian curvature
(4, 0) tensor of an edge metric of Holder regular geometry are O (x ~2) as x — 0, when
acting on ieT M. We point out that 75 (v) does not admit terms of the form x"20,(u)
due to cancellations.

We decompose the Ricci curvature into the trace free component % g and the
trace-free part of the Ricci curvature tensor Ric’(g). Summarizing our analysis from
above we now obtain under the direct sum decomposition into pure trace and trace
free components (with respect to the initial edge metric g) the following structure of
the Ricci de Turck flow

O +ADAL) (UuDw)

u 1 scal(g)
= ((—1 n MAM + )?01(60)01(%2 u) + T)

(5.2)

“ . 1
® <_ (1 +u) Apw — 2Ric (g))) + x—202(w, Ve w, Vol )

1 1
+ 501, Vew)O1(u, Veu) + = 02(Veu) =: F(u, »).
x X

To set up a fixed point argument for that non-linear equation, we follow the outline
of [4, Theorem 4.1] and introduce the following Banach space for any yp, y; > 0 and
a e (0,1)

Hyy o= CEP2%(M x [0, T1),, ® CLT5* (M % [0, T1, So)yp- (5.3)
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We can always choose yp, y1, ¢ > 0 sufficiently small such that the following
algebraic relations are satisfied

@ e @, um), =2y, v<v,
() yi €O u), i<y, <y,
ifdimB > 0, thenyy <2min{l, y1}, y1 <2,

(i) o € (0, (ko — ) N (0, (u1 — y1))-

(5.4)

Theorem 5.1 Consider an admissible («, y, k + 1)-Holder regular edge manifold
(M, g) with an edge singularity at B, satisfying tangential stability introduced in
Definition 2.1 with minimal elements |10, [t1 > 0 of the index sets at the right and left
faces. Then the Riemannian metric g may be evolved under the Ricci de Turck flow
as® g() = (1 + u) ® w within the Banach space Hy; ,, on some finite time interval
[0, T'], where yy, y1, @ > 0 are sufficiently small and satisfy (5.4).

Proof Consider first the linearization of the Ricci de Turck flow in (5.2). Consider
(, w) € Hyy . Then, in view of the Definition 1.4, the regularity of the individual
terms in the expression for F(u, w) is as follows (according to the ordering of terms
in the expression (5.2))

F(u,w) € (x—2+m1n{2,y1}cike,a +x—2+y0+m1n{2,y1}cikéot +x—2+ycilz+1,a)
@ (x72F0ck 4 72t 4 a2t nCke (55)

+x—2+yocike,0( + x—2+2mln{l,y1}cike,0(.

In case of dim B = 0, there are no xd, derivatives and we may replace min{2, y;} and
min{l, y1} by y1 in (5.5). Using the algebraic relations (5.4) we conclude that

F (Hyy) S (x_zwlcike’a(M x [0, T])) ® CLY(M % [0, T1, So) -2y,
Using the mapping properties of Theorems 4.1 and 4.3, we find
D= (e "2 @e ") 0 F: Hypy — Hyy -

Solution to the Ricci de Turck flow is by construction a fixed point of ®. To prove
existence of such a fixed point, we restrict ¢ to a subset of H,, ,, and define

Zy ={(u, w) € Hyyy, | I, D)1y, =}, > 0.

The terms in the linearization (5.2) are either quadratic in (u, ) or constant given
by the summands scal(g) and Ric’(g) depending only on the initial metric. Using the
second mapping properties in Theorems 4.1 and 4.3, the H,, ,, norm of e~ Ascal(g) ®

9 The decomposition g(t) = (1 + u) @ w into pure trace and trace-free components is with respect to
g(0) =g.
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e 'ALRic/(g) can be made smaller than /2 if T > 0 is sufficiently small. Since the
other terms in F(u, w) are quadratic in (4, w), we find that ® maps Z,, to itself for
T > 0 and n > O sufficiently small. Moreover, for u > 0 sufficiently small, ®
satisfies the contraction mapping property

D, ) — D', Nl , < gl ) — @),

with some positive ¢ < 1 for all (4, w) and (', ') € Z,. Hence, repeating the
argument of [4, Theorem 4.1] verbatim, the fixed point exists in Z,, C Hy, ;. O

6 Singular Edge Structure of the Ricci de Turck Flow

In this section, we explain in what sense the evolved Ricci de Turck metric g(¢) remains
an admissible incomplete edge metric. Recall g(¢) = (14+u)g+w, where g is the initial
admissible edge metric, u € Cl.">*(M x [0, T1),, and @ € CLT>%(M x [0, T, So)
is a higher order trace-free (with respect to g) term. Consider first how the conformal
transformation of g into (1 + u)g affects the incomplete edge structure of the metric.
The argument is worked out in [5] as well.

Choose local coordinates (x, y, z) near the singularity as before. Due to the fact that
an element of Cj; must be independent of z at x = 0, we may write ug(y) := u(0, y, z).

Since u € ClkeJ’yzl“ we may apply the mean value theorem and find as in Corollary 10.2

that x " (u(x, y,z) — uo(y)) = § " (&0e)u(&, y,z) with & € (0, x), and hence is
bounded up to the edge singularity. Consequently, we obtain a partial asymptotic
expansion of u asx — 0

u(x,y,z) =uog(y) + 0x").

Now, we substitute X = (1 + uo)%x. For small ug this defines a new boundary
defining function, which varies along the edge. Consider the leading order term g of
g, which is given by g |yy= dx? 4+ x%gr + ¢*gp over the singular neighborhood U/.
We compute

(14 u)(dx> + ¢* g8 + x2g")
= (1 +ug)dx® + ¢*((1 + up)g®) + (1 + up)x’g" + 0" (6.1
= d3% + ¢*((1 +uo)g?) + 2¢F + o(x™).

The key point here is that up to a conformal transformation of the base metric on B,
the leading term of the metric has the same rigid edge structure in the new choice
of a boundary defining function X. The trace-free term w is of higher order O (x??)
as x — 0. Consequently, up to a change of a boundary defining function and up to
higher order terms, g(¢) is again an admissible edge metric in the sense of Definition
1.1, extended to allow for the metric along the edge to be only Holder regular and not
necessarily smooth, and to include higher order terms & with |i|; = o(1) as x — 0
that are only Holder regular but not necessarily smooth.
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7 Passing from the Ricci de Turck to the Ricci Flow

The solution g(¢) of the Ricci de Turck flow is related to the actual Ricci flow by a
diffeomorphism, a meanwhile classical trick of de Turck which we now make explicit,
cf. [14]. We employ the Einstein notational convention for summation of indices and
define the time-dependent de Turck vector field W (#), given in a choice of local
coordinates by the following expression

WO =g (T (8(0) = T ()

where F{,q (g(?)) and Ff,q (g) denote the Christoffel symbols of the Ricci de Turck
flow metric g(¢) and the initial admissible edge metric g, respectively. The Christof-
fel symbols are not coordinate invariant and are given in the fixed choice of local
coordinates by

4 1 .
Fiyq(g) = Eg]m (apgmq + 8qgmp - 3mgpq) ,

with F{;q (g) obviously defined by the same expression with g replaced by g(¢). From
the expressions above it is clear that the de Turck vector field W (¢) is a linear combi-

nation of vector fields x ! V. with x’]JJCikeH’a regular coefficients; where

y =min{yo, y1}, if dim B =0, a0
¥ = min{yp, y1, 1}, if dim B > 0, '

due to possible 9, derivatives.

The de Turck vector field defines the corresponding one-parameter family of dif-
feomorphisms ¢ (¢) : M — M, with x_1+7Cike+l’a regular components with respect
to the local coordinates (x, y, z) near the edge. However, a priori we do not have a
uniform existence time for ¢ () the closer we get to the singularity. This is due to the
fact that the 9, component of the de Turck vector field need not be inward pointing at
x = 0, unless we require that y > 1. In view of (7.1), ¥ > 1 can only be satisfied in
case of conical singularities dim B = 0.

Assuming for the moment that ¢ (¢) exists for a short-time uniformly up to the edge
singularity, we obtain a solution g’(¢) to the Ricci flow by setting g’ () := ¢ (¢1)*g(t) =
g(dol-1, do[-]). Due to additional derivatives, we conclude

¢ € xTHTCEN(M x [0, T, Sym?(“T*M)). (7.2)
This proves the following short time existence statement.

Theorem 7.1 Consider an admissible («, y,k + 1)-Holder regular edge manifold
(M, g), satisfying tangential stability with minimal elements (o, L1). Assume that
the de Turck vector field is inward pointing at x = 0. This is true e.g. if dim B = 0
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and the minimal elements Lo, ;L1 > 1, so that we may choose yy, y1 > 1 subject to
the algebraic relations (5.4) and consequently y = min{yp, y1} > 1.
Then, the Riemannian metric g may be evolved under the Ricci flow with

g (1) e x7TVCE* (M % [0, T], S) (1.3)

on some finite time interval t € [0, T). If o, w1 > 2 so that we may choose yy, y1 > 2,
then g’ € Cike’a acts boundedly on x~' V. vector fields and is in that sense an edge
metric.

8 Evolution of the Riemannian Curvature Tensor Along the Flow

In this section, we prove that the Riemannian curvature tensor of the Ricci flow metric
g'(¢) is bounded along the flow for ¢ € (0, T'] when starting at an admissible Holder
regular edge manifold (M, g) with bounded Riemannian curvature. More precisely,
we prove the following theorem.

Theorem 8.1 Consider an admissible («, y,k + 1)-Holder regular edge manifold
(M, g) satisfying tangential stability. Consider the Ricci de Turck flow solution
g(t) = (1 4+ u)g + w, where w trace-free with respect to g and

(, @) € Hyy = Co 2% (M x [0, Ty, @ CLT>*(M x [0, T1, S0)

subject to the algebraic relations (5.4), where in particular y > max{yp, y1}. Then
g() is (v, ¥, k)-Holder regular for each fixed t € [0, T] withy = min{yp, y1} < y.

Proof We need to check regularity of the various curvatures in the sense of Defini-
tion 1.5. We will only write out the argument for the Riemannian curvature tensor. The
argument for the Ricci curvature tensor is similar. Recall the following transformation
rule for the Riemannian curvature tensor under conformal transformations

1
R(e*g) = &% (R(g) - [g A (Va¢ — 3 - 3¢ + 5||V¢||2g>]) : (8.1)

where A refers here to the KulkarniNomizu product. Setting ¢>? := (1 + u), we
conclude from u € Ci]sz’a (M x [0,T]),, that the components of R((1 + u)g) —
(1 + u)R(g) acting on x~ !V, vector fields are in x~n Cike’a. Now, consider the
full solution g(¢) = (1 4+ u)g +  with the higher order term w € Cike+2’“(M X
[0, T1, So)y,. Then, R((1 + u)g + w) — R((1 + u)g) is an intricate combination of

u and o, involving their second-order x ~2 V.2 derivatives and hence its components
are in x~2tminto.ylche i
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9 Small Perturbation of Flat Edge Metrics

Let (M, h) be an admissible incomplete edge manifold. Assume that % is flat!®, which
is equivalent to Ricci flatness in dimension three and is true in case of flat orbifolds.
Long-time existence and stability of Ricci flow for small perturbations of Ricci flat
metrics that are not flat, requires an integrability condition and other intricate geometric
arguments. This has been the focus of the joint work with Kroncke [29].

In the flat setting, we redefine the Holder spaces in Definition 1.4 by replacing all
edge derivatives V. by Vy, , where V is the covariant derivative on § induced by the
Levi Civita connection. We also relax the condition of tangential stability.

Definition 9.1 We say that an admissible edge manifold (M, h) is weakly tangentially
stable with bound u if

SpecOr >0, Specd; >0,

) , 9.1

u = min { Spec 07\ {0}, Spec 07 \{0} } .

In a joint follow-up work with Kroncke [29, Theorem 1.7] weak tangential stability

has been explicitly characterized in terms of the spectral data on the cross-section as
follows.

Theorem 9.2 Let (F, gr) be a compact Einstein manifold of dimension f > 3 with
the Einstein constant (f — 1). We write Ag for its Einstein operator, and denote the
Laplace Beltrami operator by A. Then, weak tangential stability holds if and only if
Spec(AEg|rr) = 0and Spec(A)\ {0} N (f,2(f+ 1)) = @.

The basic examples of spaces that are weakly tangentially stable but not tangentially
stable are spaces with cross-sections S/ and RP/, or quotients of these. We refer to
our work [29] for further details.

Under the assumption of weak tangential stability with bound u# we define

p— 2 p—
wi=.lu+ (%) - (%) . 9.2)

Note that here we do not treat the pure-trace and the trace-free components S = So® S
separately with different weights. We also set for any y > 0 and a fixed integer k € Ny

H, = C™* (M x [0, 00), 5)?.

Theorem 9.3 Let (M, h) be an admissible flat incomplete edge manifold, which is
weakly tangentially stable with bound u. Consider any y € (0, u), where u is defined

10 Note that a flat edge metric & is automatically Holder regular with any («, k, ).
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by (9.2). Then for any o € (0, 1t — ) N (0, 1) the fundamental solution e 'L admits
the following mapping property

1AL :x—2+ycike»“(M x [0, 00), S)b — Ci]?'z’“(M x [0, c0), S))l; =H,,

9.3)
—tAL . pk+2,a b k+2,a b

e 7L G (M, S)V CH, = G, (M x [0, 00), S)y =H,,
where the first operator involves convolution in time, while the second operator acts
without convolution in time.

Proof Since (M, h) is flat, Oy, is the rough Laplacian on (F, gr) and ker (J;, consists
of elements that are parallel along F and hence vanish under application of Vy_. This
corresponds precisely to the scalar case, where Ay reduces to the Laplace Beltrami
operator and [y is the Laplace Beltrami operator of (F, gr). In that case, ker [y,
also consists of constant functions that vanish under the application of d,. Hence the
first statement can be obtained along the lines of the estimates for the scalar Laplace
Beltrami operator in Theorem 4.3.

For the second statement, note that without convolution in time, a missing dt inte-
gration leads to two orders less at ff and td in the estimates of Theorems 4.1 and 4.3.
This is, however, offset by the fact that the heat operator acts on Ci]:rz’a M, S )i’, instead

of the more singular space x_2+VCike’a (M x [0, 00), S)b . Thus, we may deduce the
second statement again as in Theorem 4.3. O

Proposition 9.4 Assume that Ay acting on C3°(M, S) is non-negative and denote its
Friedrichs self-adjoint extension by Ay again. Then, A is discrete, non-negative and

VkeNo: ker A € CLP (M, ), € H,. 9.4)

Proof By Theorem 3.5, the heat operator e ~'AZ coincides with the fundamental solu-
tion constructed in Theorem 3.2. One can easily check from the microlocal description
that the Schwartz kernel of e =/ is square-integrable on M x M for fixed > 0. Hence
e~'AL is Hilbert Schmidt and due to the semi-group property in fact trace-class. Con-
sequently, the Friedrichs extension A7 admits discrete spectrum. Its non-negativity
follows from non-negativity of Ay on C5°(M, S).

For fixed t > 0 we may employ the heat kernel asymptotics to conclude that
e~'AL maps L*(M, S) to C2(M, S). Since e 'L | ker Ay, = 1d!'!, we conclude that
ker Ay C (M, S) and iteratively, using (9.3) and e 'AL | ker Ay = Id find that

ker AL € CLP (M. S)) C H,. 9.5)

O

Theorem 9.5 Let (M, h) be an admissible flat incomplete edge manifold, which is
weakly tangentially stable with bound u. Consider any y € (0, u), where [ is defined

1 Indeed, A . is discrete and hence the heat operator acts as identity on the kernel of Ay .
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by (9.2), and a € (0, u — y) N (0, 1). Assume that Ay, acting on C°(M, S) is non-
negative and denote its Friedrichs extension by A again. Consider the orthogonal
decomposition

L*(M,S) =ker Ay @ (ker Ap)™*,

9.6

v=v=Dv]. ©-6)

Then, for Ao > 0 being the first non-zero eigenvalue of Ay there exists C > 0 such
that

k+2, b . —tA —tA
Vel "M, S)y  le” vl llkta,y < Ce™ ™ VL lkta,y- 9.7

Proof The proof is an adaptation of the corresponding argument in the follow-up work
jointly with Kréoncke [29]. For any v € Ci™ (M, S)’, € L*(M, S), we conclude by
Proposition 9.4

v—,vi €PN M, S C Hy. 9.8)

Hence eyt = oAyt € H, by the mapping properties (9.3), and it makes
sense to estimate its norm. Denote the set of eigenvalues and eigentensors of the
Friedrichs extension Ay by {X, v,}. Assume the eigenvalues {A} are ordered in the
ascending order and Ag denotes the first non-zero eigenvalue. By discreteness of the
spectrum, the heat kernel can be written in terms of eigenvalues and eigentensors for

any (p,q) € M x M by

e (p,q) =) e Mui(p) ® va(g),

2>0
1 9.9)

e AL(p g) =Y e ui(p) @ vilg).
A>Ao

Consider any D € {Id, Vy, }. The notation (D o D>)e™" AL indicates that the operator
D is applied once in the first spacial variable of e ~/~Z and once in the second spacial
variable. By Theorem 3.2, the lifted kernel *(D; o D2)e™"2L is bounded at the left
and right face of the heat space M%l Consequently, for a fixed 7y > 0, the pointwise
trace tr,(Dq o Dy)e 1AL (p, p) is bounded uniformly in p € M. By Proposition 9.4,
same holds for e A% and hence there exists C’ (to) > 0 such that (we denote the
pointwise norm on fibres of S by || - |)

_ 1 _
C'(to) = trp(D1 o Dy)e 2L (p, p) = Y e | Dvs(p)|?
A>Ao
=0 N T AR Duy (p) P =1 e - K (10, p).
A>Ao

(9.10)

@ Springer



3396 B. Vertman

Note that each (A — o) in the sum above is non-negative. Hence each e’ (A=%0) a5 well
as K (t, p) are monotonically decreasing as t — oo by construction. Consequently,
for any t > #p and any p € M, we conclude

K(t, p) < C'(tp)e"*" =: C(to). (9.11)
Hence we can estimate for any ¢ > #p and p € M
try(D1 0 Dy)e AL (p, p) = e ™ - K(1, p) < Cltg)e™™. 9.12)

We conclude with the following intermediate estimate

1D (p, )l = Y eI Dua(p)] - vr (@)

A>Ao
t

—1A
=Y S IDumI+ Y,

A>Ao A>Ao

(9.13)

e—tA 5
2 o (@I < C(tg)e ™.

From there the statement follows for ¢ > 7 for some fixed 7y > 0. By (9.3), the norm
of e ALy, is bounded up to a constant by the norm of v uniformly for ¢ € [0, #y].
Hence the statement follows for all # > 0 after a change of constants. O

Definition 9.6 Let ¢ > 0. An incomplete edge metric g on M is said to be an e-close
higher order perturbation of 4 in H,,, if (¢ — h) € H, with the Holder norm smaller
than or equal to €.

Note that such a higher order perturbation g of an admissible edge metric % is
automatically admissible as well, by the argument in Sect. 6.

We study Ricci flow of g, and in slight difference to Sect. 5 apply the Ricci de Turck
trick with & as the background metric. This leads to the linearized parabolic equation
as in (5.2) with scal() and Ric’ (k) being trivially zero for the Ricci flat metric £, and
T3(v) = 0O since A is actually assumed to be flat. Writing v = u ® w, A and V for the
Lichnerowicz Laplacian and the Levi Civita covariant derivative on §, defined with
respect to i, we obtain

u
J A = —
@ +Ap)v g

“Arv+ x7201(Vy,0) 01 (v, Vy,v) =: F(v). (9.14)
We seek to find a solution g(¢) = (1 + u)h @ w to that equation with initial condition
g(0) = g. Here, as before (1 4+ u)h & w denotes the decomposition into pure trace
and trace-free components with respect to 4. We prove the following theorem.

Theorem 9.7 Consider an admissible flat edge manifold (M, h) with an edge singu-
larity at B, satisfying weak tangential stability with bound u. Assume that A acting
on C3°(M, S) is non-negative and denote its Friedrichs self-adjoint extension by A
again. Then there exists ¢ > 0 sufficiently small such that if g is an ¢-close higher
order perturbation of h, with

(g —h) Lker Ay C L>(M, S), (9.15)
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the Riemannian metric g may be evolved under the Ricci de Turck flow as g(t) =
(14+u) ® w within the Banach space H,, for all times, provided the following algebraic
relations are satisfied

y € (0,n), andif dim B > O theny < 2, (9.16)

anda € (0, (w—y)). Moreover there exists u(e) > O sufficiently small, with u(¢) — 0
as & goes to zero, such that the Holder norm of (g(t) — h) in H,, is smaller or equal
to p(e), uniformly in time t € [0, 00).

Proof The Ricci de Turck flow g(¢) with & as background metric and g(0) = g as
initial condition exists is a fixed point of the following map

\Il:vzzg(t)—heHy»—>e_’AL*F(v)+e_’AL(g—h)eH ,

where Ay is the Friedrichs self adjoint extension of the Lichnerowicz Laplacian on
S, e~!AL is the corresponding heat operator, x refers to the action of the heat operator
with convolution in time, and in e~'AL(g — h) the heat operator is applied without
convolution in time. The fact that ¥ maps H,, to itself follows from

(g—h) € Hy, F()ex 27Ch*M x [0, 00), 5)°, (9.17)
for v € H,, and the mapping properties (9.3).
Consider the orthogonal decomposition (9.6). We fix any B € (0, Ag). To prove

existence of a fixed point for W, we consider any § > 0 and restrict W to a subset of
the Banach space H,,

Zs = {v € Hy | L Ollktay <827 oo () llksay < 8).

Note that on flat manifolds A; = V*V and hence
ker A, =kerV C L*(M, S). (9.18)
Note thatx_2+VCike’a(M x [0, 00), $)? c L?(M, S), since we always assume dim F >
1. Since in F (v) all terms are quadratic in v and admit at least one component of the
form Vv = Vv, we conclude for any v € Zs and some uniform constants C, C’ > 0
IF @2 < CIIF @) llita, 24y < CC'8%e"C07F), (9.19)
Consider the discrete set {A, v;} of eigenvalues and eigentensors of the Friedrichs

extension Az. As in (9.9), we may now decompose the heat kernel for any (p, q) €
M x M as follows:

e (p.g) =Y u(P)@uilg) + Y e M uil(p) ® va(g)
=0 2>

AL
= T(p,q) +e 2L (p, q).
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Clearly, IT is the orthogonal projection of L?(M, S) onto ker Az, while e1AL s

the composition of the heat operator with the orthogonal projection onto (ker Az ).
Hence we find for any v € H,, (recall, F(v) € L*(M, S))

(7"« Fv))_ =T F(), (e *F@)), = eI F(v).

In view of (9.19) we may estimate the action of I1 for any v € Z; as follows

13
(e % F)_ ity = < ) Ioallktany / @ F@)aldr

A=0

t
<Y lvalletay vall 2 / JFQEDILd!
A=0

t
<C / §2e~ "GPl gy < €52,
0

where C, C’ > 0 are some uniform constants. To obtain a similar estimate for the

. L . .
action of e 'A%, note that by the pointwise estimate (9.13), the Schwartz kernel of

1 . . L
e~'AL can be written as e %0 times a kernel G of same asymptotics in the heat space

M., which is uniform as 1 — co. Hence we may write (e 'A% x F(v)) | as follows

t
[ [ e G~ pg (7P F @) ) di dvoly o).
0J M

We now estimate for any v € Zs the H),-norm and find using (9.19)

t
(72 % F)) | llktany < e @077 / / G(t—1', p,g)x
oJ M

y (et’(/\o—ﬁ)p(v)(t’, q)) dt'dvoly (@) lk-+e.y
< C§2e~ !B

for some uniform constant C > 0. Note also that by assumption, (g — k) L ker Ap
with H,,-norm bounded by ¢. Hence, by Theorem 9.7

_ AL _
(e 28 = M) | lktay = lle”1(g = h)llkya,y < Cee™™.

Summarizing we have shown that there exists a uniform constant C > 0 such that for
any v € Zs

| (W) ety = C (82 42) eS| (o) ke = €62 (9.20)
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Taking (e, ) sufficiently small (proportionally to each other) ensures that ¥ maps Zs
to itself. Moreover, since F(v) is quadratic in v, we find that W is a contraction

W) —W@)lla, <qllv—"1"ln,

with some positive ¢ < 1, for all v, v" € Z;. Hence a fixed point exists in Zs C H,,.
Note that § > 0 can be taken smaller the smaller we choose ¢ > 0.

Note that in contrast to Theorem 5.1, we do not need to restrict to a finite time
interval [0, 7] with T > O sufficiently small and set up the fixed point argument in the
Holder space H,, for all times. This is due to the fact that all terms in the linearization
of the Ricci de Turck flow (9.14) are at least quadratic and hence W maps Z; to itself
for § > O sufficiently small without additional restrictions on time. O

Note that as explained in Sect. 6, the Ricci de Turck flow g(¢) is an admissible edge
metric with the same leading term as & up to a conformal transformation of the metric
along the edge singularity and a change of the boundary defining function x.
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10 Appendix: Mean Value Theorem on Edge Manifolds

The subsequent section on mapping properties of the heat kernel for the Lichnerowicz
Laplacian requires an estimate of the corresponding Holder differences. This will be
somewhat different from similar estimates performed in [4], since the Lichnerowicz
Laplacian on symmetric 2-tensors does not satisfy stochastic completeness. Therefore
we will use some different argument, which is developed in the present section. We
begin with the following consequence of the mean value theorem for Banach-valued
functions of a single variable.

Lemma 10.1 Consider any Banach space B withnorm ||-|| andanyn, o' € R contained
in a compact convex subset K C R. Assume n < n'. Consider some continuously
differentiable function w : K — B. Then for and any fixed odd integer N € N, there
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exists a uniform constant C > 0 and some 8 € [n, '] such that

Nt (d
5w (—a)) (a)H (10.1)
dn

Proof Define o := n% e Rand o' := n’% € R for any 1, n” € R. By the mean value

1
lw(m) — @@l < Cln—n'I¥

1
theorem in Banach spaces, there exists some § € [, '] (we write § := §7)

d
(70‘*’) @H

lom) — 0@l = ™) =™ < lo - |

(10.2)
1 v (d
- ()]
dn
One computes using I’Hospital for any N > 1
(¥ = n'%) g - (g-D°¥
lim = lim = lim =0. (10.3)

/ 1 1 1
U O I L AN In i /A D LA nt N L

Consequently, for any 1, n” € R contained in a compact convex subset K C R and
any N > 1 there exists a uniform constant C = C(N, K) > 0 such that

L L L
Nin¥ —n'¥| < Cln—n'|¥. (10.4)

Taking Hilbert space norm on both sides of (10.2) proves the statement of the lemma
using the estimate (10.4). O

As a consequence of the previous lemma we conclude with the following corollary,
where for simplicity we assume that the edge B as well as the fibre F are one-
dimensional. The general case is discussed verbatim.

Corollary 10.2 Consider any continuously differentiable section w € F(Sym(z)(ieT*M ).
Consider two copies of local coordinates (x,y, z), (x',y',7) € U. Consider any

Y € B lying in the same (convex) coordinate chart as y and y'. Then there exist

& € (0, 1) lying in the line segment between x and x'; y lying in the line segment

between y and y'; and ¢ € F lying in the line segment connecting z, 7' € F, as well

as a constant C > 0 depending only on the choice of local coordinate charts and the

odd integer N € N, such that

”CU(.X,y _y, Z) —C()(.X/, y/ _;v Z/)”
dp((x, 3. 2), (&, Y/ )W
N1
= (I (&, v. 2|

~y NoL , ~

+ly = I 10,06, y = 5,2
1 ~

+ IV o,y = 5.0l
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Proof We write the difference w(x,y — v, 2) — w(x’, y' — ¥, ') as follows

wx,y—75,2) —o@,y =5,7)
=0, y—52 -0, y—-52)
+w(x’,y—§,z) —a)(x',y’—i,z)
+oi,y =52 -,y =732

As a direct application of Lemma 10.1 we obtain

lwCe,y =¥,2) — oG,y =5, 2

1 N-1
<Clx—X|V|EF d:w(&, v, 2
<C| l,”i gf}&v;ly )i / ) (10.5)
+Cly=yIlI¥ly =yI'¥ 1oy, y =y, 2l

+Cllz =0 0(x", y =5, Ol

for some uniform constant C > 0. From here the statement of the theorem follows. O

11 Appendix: Comparison of Various Holder Spaces

Holder spaces on spaces with incomplete edge singularities have been an important
tool in studying Kéhler-Einstein edge metrics in [26], as well as in the discussion of
the Yamabe flow in [4].

We shall provide a brief overview how the spaces here and in [4,26] are related. Let
us start with the definition of the wedge Holder spaces (of time-independent scalar
functions) as in [26].

Definition 11.1 The wedge Holder space Cg’“(M ), € (0, 1), consists of functions
u(p) that are continuous on M with finite o-th Holder norm

lu(p) — u(ﬂ)l) - (LD

= 4+ su
lulle == llulloo p( o (p. )"

where the distance function dy;(p, p’) between any two points p, p’ € M is defined
with respect to the incomplete edge metric g. The higher order wedge Holder spaces
are defined for any order k € N by
chomy = e oy nckm)y | 7 Ve)u e 0% (M) forany j < k). (11.2)
The weighted wedge Holder spaces are defined for any weight y € R by
xVCRA (M) = (x7u | u e CK¥(M)). (11.3)

[26] also introduces the edge Holder spaces of time-independent scalar functions,
which are defined with respect to a complete edge metric and different derivatives.
More precisely, we have the following.
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Definition 11.2 The edge Holder space CS (M), a € (0, 1), consists of functions
u(p) that are continuous on M with finite o-th Holder norm

lu(p) — u(p’)l) s (11.4)

= su
lulle := llulloo + p( D (p. p)°

where the distance function Dy (p, p’) between any two points p, p’ € M is defined
with respect to the complete edge metric x ~2g. The higher order edge Holder spaces
are defined for any order k € N by

CEU (M) := {u € CO¥(M) N CK(M) | Vel u € CQ*(M) forany j < k}. (11.5)
The weighted edge Holder spaces are defined for any weight y € R by
A CUM) = a7 u | w € CEY (M), (11.6)

As explained in [26, §2.6.3], the wedge and the edge Holder spaces of Defini-
tions 11.1 and 11.2 are related by Cclf;‘"(M) C Cf’“(M). The present work also
features Holder spaces of time-independent scalar functions Cike’a (M), , that are closely
related to the wedge Holder spaces of Definition 11.1. Namely, we clearly have
C(M), = x”Cg’“ (M). That equality does not extend to higher order spaces. however.

In fact for any u € Cik‘a(M)o we find (x "' Vo)lu € x_ng*“(M). Thus

(<

k
el )y, = () x7 I che ). (11.7)
j=0
In the work [4], we have introduced another type of Holder spaces, built upon CZ (M x
[0, T']) by requiring Holder regularity under iterative differentiation by a subset of
x~1'Ve. More precisely, [4] defines the following.

Definition 11.3 Let A denote the Laplace-Beltrami operator of (M, g).

CLF*(M x [0, T]) = {u € CE(M x [0, T]) | x " Veu € CL(M x [0, T},

e

CEH(M x [0, T1) = {u € CE(M x [0, T1) | Au, x"Vou, dyu € CE(M x [0, T},

CHHIF (M % [0, T]) = {u € CLT*(M x [0, T1) | Alu e CLT*(M x [0, T)), j <k},
CXEEDY (M % [0, T]) = {u € CEF(M x [0, T]) | Alu € CEF(M x [0, T1), j < k.

ie

The restricted set of derivatives that appear in the Definition 11.3 simplified various
heat kernel estimates in [4]. The relation to the Holder spaces above is as follows.
Extending Definition 11.1 to include Holder regularity in time, we find

clre (M x [0, T]) = CcL*(M x [0, T]),

(11.8)
CLT(M x [0, T1) C C5* (M x [0, T1). k = 2.

@ Springer



Ricci de Turck Flow on Singular Manifolds 3403

References

10.

11.

12.

14.
15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

. Akutagawa, K., Botvinnik, B.: Yamabe metrics on cylindrical manifolds. Geom. Funct. Anal. 13(2),

259-333 (2003)

. Akutagawa, K., Carron, G., Mazzeo, R.: The Yamabe problem on stratified spaces, arXiv:1210.8054

[math.DG] (2012)

. Bahuaud, E.: Ricci flow of conformally compact metrics, arXiv:1011.2999 [math.AP] (2010)
. Bahuaud, E., Vertman, B.: Yamabe flow on manifolds with edges. Math. Nachr. 287(23), 127-159

(2014)

. Bahuaud, E., Vertman, B.: Long time existence of the edge Yamabe flow, in preparation (2016)
. Bahuaud, E., Dryden, E., Vertman, B.: Mapping properties of the heat operator on edge manifolds.

Math. Nachr. 288(2), 126-361 (2015)

. Besse, A.L.: Einstein Manifolds, Classics in Mathematics. Springer, Berlin (2008) (Reprint of the

1987 edition)

. Bohm, C., Wilking, B.: Nonnegatively curved manifolds with finite fundamental groups admit metrics

with positive Ricci curvature. GAFA 17, 665-681 (2007)

. Bohm, C., Wilking, B.: Manifolds with positive curvature operators are space forms. Ann. Math. 167,

1079-1097 (2008)

Chen, X., Wang, Y.: Bessel functions, heat kernel and the conical Kdhler—Ricci flow. J. Funct. Anal.
269(2), 551-632 (2015)

Chen, X., Donaldson, S., Sun, S.: Kéhler-Einstein metrics on Fano manifolds. I: Approximation of
metrics with cone singularities. J. Am. Math. Soc. 28(1), 183-197 (2015)

Chen, X., Donaldson, S., Sun, S.: Kihler-Einstein metrics on Fano manifolds. II: Limits with cone
angle less than 27. J. Am. Math. Soc. 28(1), 199-234 (2015)

. Chen, X., Donaldson, S., Sun, S.: Kéhler-Einstein metrics on Fano manifolds. III: Limits as cone angle

approaches 27t and completion of the main proof. J. Am. Math. Soc. 28(1), 235-278 (2015)

Chow, B., Lu, P,, Ni, L.: Hamilton’s Ricci Flow AMS, Grad. Studies Math, vol. 77 (2006)

Delay, E.: TT-eigentensors for the Lichnerowicz Laplacian on some asymptotically hyperbolic mani-
folds with warped product metrics (2006)

de Turck, D.: Deforming metrics in the direction of their Ricci tensors. In: Cao, H.D., Chow, B.,
Chu, S.C., Yau, S.T. (eds.) Collected Papers on Ricci Flow, Series in Geometry and Toplogy, vol. 37.
International Press, Cambridge (2003)

Gell-Redman, J., Swoboda, J.: Spectral and Hodge theory of ‘Witt’ incomplete cusp edge spaces,
arXiv:1509.06359 [math.AP] (2015)

Giesen, G., Topping, Peter M.: Ricci flow of negatively curved incomplete surfaces. Calc. Var. Partial
Differ. Equ. 38(3-4), 357-367 (2010)

Giesen, G., Topping, Peter M.: Existence of Ricci flows of incomplete surfaces. Commun. Partial
Differ. Equ. 36(10), 1860-1880 (2011)

Grieser, D.: Basics of the b-calculus, approaches to singular analysis. Oper. Theory Adv. Appl.
125(2001), 30-84 (1999)

Guillarmou, C., Moroianu, S., Schlenker, Jean-M.: The renormalized volume and uniformization of
conformal structures, preprint arXiv:1211.6705 [math.DG] (2012)

Hamilton, R.: Four-manifolds with positive curvature operator. J. Differ. Geom. 24(2), 153-179 (1986)
Hamilton, R.: The Ricci Flow on Surfaces, Math. and General Relativity, Contemp. Math., vol. 71, pp.
237-262. AMS, Providence, RI (1988)

Hein, H.-J., Sun, S.: Calabi-Yau manifolds with isolated conical singularities preprint on
arXiv:1607.02940 [math.DG] (2016)

Jeffres, T.: A maximum principle for parabolic equations on manifolds with cone singularities. Adv.
Geom. 5(2), 319-323 (2005)

Jeffres, T., Mazzeo, R., Rubinstein, Y.: Kihler-Einstein metrics with edge singularities,
arXiv:1105.5216 [math.DG] (2011)

Kirsten, K., Loya, P., Park, J.: Exotic expansions and pathological properties of ¢-functions on conic
manifolds, with an appendix by B. Vertman. J. Geom. Anal. 18(3), 835-888 (2008)

Kroncke, K.: Stable and unstable Einstein warped products, preprint on arXiv:1507.01782v1
[math.DG] (2015)

Kroncke, K., Vertman, B.: Stability of Ricci flow on singular spaces, preprint (2017)

@ Springer


http://arxiv.org/abs/1210.8054
http://arxiv.org/abs/1011.2999
http://arxiv.org/abs/1509.06359
http://arxiv.org/abs/1211.6705
http://arxiv.org/abs/1607.02940
http://arxiv.org/abs/1105.5216
http://arxiv.org/abs/1507.01782v1

3404 B. Vertman

30. Ladyzhenskaya, O.A., Solonnikov, V.A., Ural’tseva, N.N.: Linear and Quasilinear Equations of
Parabolic Type, Transl. Math. Monographs, vol. 23. Amer. Math. Soc, Providence, RI (1968)

31. Lesch, M.: Operators of Fuchs Type, Conical Singularities, and Asymptotic Methods, Teubner-Texte
zur Mathematik [Teubner Texts in Mathematics], vol. 136. B. G. Teubner Verlagsgesellschaft mbH,
Stuttgart (1997)

32. Liu, J., Zhang, X.: The conical Kéhler-Ricci flow on Fano manifolds, arXiv:1402.1832 [math.DG]
(2014)

33. Mazzeo, R.: Elliptic theory of differential edge operators. I. Commun. Partial Differ. Equ. 16(10),
1615-1664 (1991)

34. Mazzeo, R., Vertman, B.: Analytic torsion on manifolds with edges. Adv. Math. 231(2), 1000-1040
(2012)

35. Mazzeo,R.,Rubinstein, Y., Sesum, N.: Ricci flow on surfaces with conic singularities, arXiv:1306.6688
[math.DG](2013)

36. Melrose, R.B.: Calculus of conormal distributions on manifolds with corners. Intl. Math. Res. Not. 3,
51-61 (1992)

37. Melrose, R.B.: The Atiyah-Patodi-Singer Index Theorem, Research Notes in Mathematics, vol. 4. A
K Peters Ltd., Wellesley, MA (1993)

38. Riesz, F., Sz.-Nagy, B.: Functional Analysis. Translated from the second French edition by Leo F.
Boron. Reprint of the 1955 original. Dover Books on Advanced Mathematics. Dover Publications,
Inc., New York (1990). ISBN: 0-486-66289-6

39. Rubinstein, Y.A.: Smooth and Singular Kihler-Einstein Metrics Geometric and Spectral Analysis,
Contemp. Math., vol. 630, pp. 45-138. Centre Rech. Math. Proc., Amer. Math. Soc., Providence, RI
(2014)

40. Simon, M.: Local smoothing results for the Ricci flow in dimensions two and three. Geom. Topol.
17(4), 2263-2287 (2013)

41. Tian, G.: K-stability and Kéhler-Einstein metrics. Commun. Pure Appl. Math. 68(7), 1085-1156 (2015)

42. Vertman, B.: Zeta determinants for regular-singular Laplace-type operators. J. Math. Phys. 50(8),
083515 (2009)

43. Wang, Y.: Smooth approximations of the conical Kéhler—Ricci flows. published online at Math. Ann.
(2015)

44. Yin, H.: Ricci flow on surfaces with conical singularities, II, arXiv:1305.4355v2 [math.DG]

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1402.1832
http://arxiv.org/abs/1306.6688
http://arxiv.org/abs/1305.4355v2

	Ricci de Turck Flow on Singular Manifolds
	Abstract
	1 Introduction and Statement of the Main Result
	1.1 Incomplete Edge Singularities
	1.2 Geometry of Incomplete Edge Spaces
	1.3 Hölder Spaces on Singular Manifolds
	1.4 Existence of the Singular Ricci Flow

	2 Lichnerowicz Laplacian on 2-Tensors of an Exact Cone
	3 Heat Operator of the Lichnerowicz Laplacian
	3.1 Heat Kernel of a Model Operator
	3.2 Microlocal Construction of a Fundamental Solution

	4 Mapping Properties of the Lichnerowicz Heat Operator
	4.1 Hölder Differences in Space
	4.1.1 Estimates Near the Lower Left Corner of the Front Face
	4.1.2 Estimates Near the Lower Right Corner of the Front Face
	4.1.3 Estimates Where the Diagonal Meets the Front Face

	4.2 Hölder Differences in Time
	4.2.1 Estimates Near the Lower Left Corner of the Front Face
	4.2.2 Estimates Near the Lower Right Corner of the Front Face
	4.2.3 Estimates Where the Diagonal Meets the Front Face

	4.3 Estimates of the Supremum
	4.3.1 Estimates Near the Lower Left Corner of the Front Face
	4.3.2 Estimates Near the Lower Right Corner of the Front Face
	4.3.3 Estimates Near the Top Corner of the Front Face
	4.3.4 Estimates Where the Diagonal Meets the Front Face


	5 Short-Time Existence of the Ricci de Turck Flow
	6 Singular Edge Structure of the Ricci de Turck Flow
	7 Passing from the Ricci de Turck to the Ricci Flow
	8 Evolution of the Riemannian Curvature Tensor Along the Flow
	9 Small Perturbation of Flat Edge Metrics
	Acknowledgements
	10 Appendix: Mean Value Theorem on Edge Manifolds
	11 Appendix: Comparison of Various Hölder Spaces
	References




