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Abstract

The regularity of solutions to the Dirichlet problem for the quaternionic Monge—
Ampere equation is discussed. We prove that the solution to the Dirichlet problem is
Holder continuous under some conditions on the boundary values and the quaternionic
Monge—Ampere density from L?(2) for p > 2. As a step towards the proof, we
provide a refined version of stability for the weak solutions to this equation.
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1 Introduction

The theory of quaternionic plurisubharmonic functions in H"” was initiated by Alesker
in [1]. He points out there that actually the definition of quaternionic plurisubharmonic
function was suggested by Henkin. In particular, the quaternionic Monge—Ampere
operator was defined in [1] for continuous functions. In the case of smooth functions,
this is the Moore determinant, cf. [17], of the quaternionic Hessian. This will be
explained in details in Preliminaries. In [2], the Dirichlet problem for this operator was
solved for the right-hand side continuous up to the boundary and a continuous boundary
data. It involved the methods based on the approach of Bedford and Taylor [6,7]. Later,
the theory was further generalized to the case of hypercomplex manifolds by Alesker
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and Verbitsky, cf. [4], and resulted in posting the, still unsolved, quaternionic Calabi
Conjecture on HKT-manifolds, cf. [S]. Recently, the Bedford and Taylor theory was
adopted to the quaternionic setting by Wan and Wang in [23]. This was achieved
by introducing the formal operators dp, d; in H" being analogues, in many ways,
of to 8, 3 from C”. This approach was continued in [22,24] and allowed to obtain
many results known from the plurisubharmonic setting, most notably the comparison
principle which is the main tool of the pluripotential theory.

On H", one naturally defines differential operators d and 9 appearing for example
in the quaternionic Dolbeault complex on any hypercomplex manifold, cf. [21]. For
this reason, the second-named author studied in [20] the relation between dy, d; and
d, d; showing that they agree and thus the theory developed by Alesker is compatible
with the one introduced in [23]. Another result of [20] is the solvability of the Dirichlet
problem for densities from L? for any p > 2 and a continuous boundary condition.
Furthermore, this bound on the exponent was shown to be optimal and thus constitutes
the analogue of first author’s result on the complex Monge—Ampere equation, cf.
[14,16]. In the meantime, Zhu has shown in [25] that when the initial data, i.e. a
density and the boundary condition are smooth the solution is smooth as well. The
methods of that paper are based on the classical paper by Caffarelli et al. [8].

Let us also mention that an alternative direction of generalizing the pluripotential
theory was developed by Harvey and Lawson in [12,13] for calibrated manifolds. In
the case of H", their approach agrees with the one described above, cf. [3].

In this note, we show Holder regularity for the weak solutions obtained in [20].
This is the content of Theorem 3 below, stating that when the boundary condition is in
C'1(32) and the quaternionic Monge—Ampeére density is bounded near the boundary
then the solution is @ —Holder continuous and a bound on « is provided. The method
of the proof is based on the one presented in [11] for the complex Monge—Ampere
equation and further developed in [18] for the complex Hessian equation. It requires
the refined version of a stability estimate, cf. Proposition 4 in [20], which we prove in
Sect. 3. The proof of the regularity theorem is presented in Sect. 4. All the necessary
facts from quaternionic pluripotential theory are presented in the section below.

2 Preliminaries

We treat H" = {(qo,...,qn—1) | ¢i € H} as a right H module, where H = {xo +
x1i+ x2j + x38 | x; € R} and i? = j> = €% = ijt = —1. We often use the following
identifications

. -1 -1 _ 2
H" 5 (z2i +jz2i+1)j2g > (2))75, € C™

4n—1 4n
j=o €R™.

H" 5 (x4; + x4i411 + x4i42) + x4i+39)7;01 > (x;)

We also treat H" as a hypercomplex manifold with the complex structures 7, J, K
induced by the right multiplication by i, j, €, respectively (see [20] for details).

A function f in a domain 2 C H" is called quaternionic plurisubharmonic, qpsh

for short, if it is upper-semi-continuous and subharmonic when restricted to any slice
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of Q2 by a right quaternionic line. The set of qpsh functions in €2 will be denoted by
QPSH(L2). These functions were introduced and studied in [1]. For a smooth function
f and the differential operators

of af . of . of af
= = +i j +t
g  Oxar  OXary1  OXak+2  0X4k43

of _af _af _ af . af . af

= = — i j
dqr  Oq  Ox4  Ox441 X4y’ OX4i43

being gpsh is equivalent to the fact that the matrix [ o f ] is non-negative which

9qkdqi k.l

means that ﬁagi—gwrl > 0 for all p,r € H". More details and references for the
quaternionic linear algebra may be found in [1].

It is well known, cf. [1], that there is no determinant function defined on the set
of all quaternionic matrices having all the properties of determinants of real or com-
plex matrices. This causes the problem since it is tempting to define the quaternionic

3% f
9qkdq1
consider the so-called Deieudonné or Study determinants but these are, among other
disadvantages, always non-negative. Luckily, the matrix we obtain is hyperhermitian

in the sense
— T
i ), = [t
dqdqr Iy Loqrdqn Iy,

For such matrices Moore, cf. [17], has defined the notion of a determinant, we
denote it by detjs, which reflects enough properties of the determinant function. The
original definition of quaternionic Monge—Ampere operator for smooth f was just

Monge—Ampere operator of f as a determinant of [ ]k v One may for instance

a2
dety [#afql]k ; cf. [1]. It was extended to continuous f by a measure theoretic

construction performed originally in the complex case in [6].

In [23] pluripotential theory was adopted to the quaternionic setting using methods
from [6,7] and two formal operators dy, di. As it was shown in [20] after a suitable
choice in [23] they coincide with 9, the (1, 0) part with respect to the complex structure
I of an exterior differential d in H", and the differential operator d; defined by

a;=J"'0d0J.

This operators were studied in the context of the quaternionic Monge—Ampere equation
for example in [5]. Because the operators d, d; are standard we use them in what
follows.

Coming back to the content of [23], for a locally bounded u € QPSH(S2) a closed
positive current 99 yu was defined. This uses the notion of positivity, introduced by
Alesker and Verbitsky in [4,5], for the forms « in H" of a type (2k, 0) with respect
to I such that J(«) = «. For us it is sufficient to know that Z?;(; dzoi A dzaig1
(corresponding to Y dz; A dz; from the complex setting) and 2, = dzo Adzi A+ - A
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dzon—2 A dzon—1 are positive forms. The quaternionic Monge—Ampere operator for
locally bounded functions is then defined by (d0;u)" which is a Borel measure in €2.
This definition actually gives a multiple of the operator defined by Alesker since, as
checked for example in [4],

@oyu)" = " det [ 9% } Q
J - M .
4n Oqi0q; Iy !

This also explains the convention to integrate (2n, 0) forms with respect to 7 in H",
namely for @ € A7"(Q) we define [, o := [, fdL* if @« = fS,. The details
concerning this approach can be found in [22-24].

For the rest of the paper, we denote by 2 a fixed quaternionic strictly pseudoconvex
domain i.e. a C>—smoothly bounded domain such that there exists p € QPSH(U) N
C2(U),QccU,Q={p <0},dp #0o0ndand (9d;p)" > 2, on U. We will
also use the notion of quaternionic capacity, which we denote by cap, introduced in
[24]. For a compact set, K it is given by

cap(K, Q) = sup {/ @9 u)" |u e QPSH(Q), 0 <u < 1} ,
K

while for a Borel set E
cap(E, Q) = sup{cap(K) | K is compact in 2},

see [24] for details. Let 0 < o < _1, we denote Ey Lipy (§) the space of a-Holder
continues functions i.e. f € Lipy(2) if f € C%Q) and

I f lip,c=supf+  sup L) = fla) Il -

o +OO
3 pacs ptg P =4l

In the next two sections we perform many estimates. We use the notation C(-, e, . . .)
for a constant depending only on the quantities -, e, . .. . In particular C’s depending
on the same set of variables may vary from line to line.

3 Stability of Solutions to the Quaternionic Monge-Ampeére Equation

In this section, we prove a version of the stability estimate for the quaternionic Monge—
Ampere equation. In [20] it was proven that the uniform norm of the difference of
solutions is under control of the uniform norm of the difference of boundary data and
the L9 norm of the difference of Monge—Ampere densities when they belong to L?
for g > 2, cf. Proposition 4 in [20]. Our goal here is to prove that the uniform norm
of the difference of solutions is under control of the L” norm of that difference for
appropriate p, cf. Theorem 1 below.

For the purposes of this section we set the following convention. Whenever u €
QPSH(L) is locally bounded then writing || (30;u)" ||, automatically implies that
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we assume the Borel measure (ddyu)" has a density with respect to the Lebesgue
measure £** and this density is in L”(2). We will need the following comparison of
quaternionic capacity and Lebesgue measure. Its proof uses first author’s C? estimate
for the complex Monge—Ampere equation which in turn uses the comparison of the
complex capacity and the Lebesgue measure, cf. [15,16].

Lemma 1 ([20]) For a fixed p € (1, 2) there exists a constant C(p, R) such that for
any Q C B(0, R) and any Borel set E C Q

LY(E) < C(p, R)cap? (E, Q).
Remark In the given reference this lemma is shown for compact sets but then the
inequality follows easily for any Borel set with the same constant.

Another technical result which we need is the lemma below. It was used implicitly
back in [14], since then it turned out to be very useful while performing pluripotential
estimates. Its form below is a combination of Lemma 1.5 in [11] and Lemma 2.4 in
[9]. In [19] it was attributed to De Giorgi.

Lemma 2 (De Giorgi) Suppose that a non-increasing, right continuous function f :
[0, 00) — [0, oo] such that lim f(x) = 0 satisfies
X—>00

() tf(t+s) < Bf(s)'*

foranys >0, t € [0, 1] and some a, B > 0. There exists soo, depending on o, B and
so such that f(sg) < %, satisfying f(s) = 0 for any s > sxo. In fact one can choose

Soo to be equal sy + 2?{ éi‘)f If in addition (x) holds for all s, t > 0 then one can take
_ 2Bf(O)*
even Soo = T3a -

Now, we show the main technical fact needed for the proof of Theorem 1. The
reasoning we perform in the rest of the section is based on the one presented in [11].
Proposition 1 Fixco > Oand p > 2. Let u, v € QPSH(2) N LS () be such that

loc

liminf(u — v)(g) > 0 for any qo € 022,
9—q0
I (@d,u)" |lLr(@) < co-

For0 < a < pn—_2 there exists a constant C(cq, o, diam(S2)), depending on cy, o and
the diameter of 2, such that for any € > 0

sup(v — u) < € + C(co, a, diam(Q)) (cap({u — v < —¢€}, Q)%

Proof Define
Ue(s) ={u —v < —e — s} and be(s) = (cap(Ue(s), Q))%

for s > 0 and € > 0. Firstly, note that for all , s > 0, € > 0 and w € QPSH(R2)
such that 0 < w < 1 one obtains from inclusions of sets, super-additivity and the
comparison principle, cf. Theorem 1.2 in [24],
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" / (39, w)"
Ue(s+1)

=/ (88](lu)—t—s—6))"=/ B3, (tw —t — 5 — €))"
Ue (s+1)

{u<v—s—tr—e}

5/ @09;(tw —t —s —e))"
fu<v—s+tw—t—e}

5/ @Bdy(v+tw—1t—s—¢€))
{u<v—s+tw—r—e}

< / (80,u)" < / (89u)" = / @3u)".
{u<v—s+tw—t—e} {u<v—s—e} Ue(s)

From the Holder inequality we obtain

[ (90u)"
Ue(s)

IA

| @310" lry (£ Wesn)”

C(q’, diam(2))co (cap(Uc(s), Q))%
= C(co, o, diam(£2))(be (s))n(l+na)

IA

where q € (1, 2) depends only on p Wthh is the conjugate of p and we choose it so

that &, = 1 + na. Since 1 + na < 2 this is always possible. Taking the supremum
over all w and n’th root of both sides gives

the(s + 1) < C(co, o, diam(2))(be(s)) ¢

for any s, r > 0 and € > 0. One easily checks, as in [19], that the function b satisfies
all the assumptions of Lemma 2. This gives

2C(cg, a, diam(L2))

no Q =0.
b (0], @) =0

cap(fu —v < —e —

From the comparison of volume and capacity (see Lemma 1) it follows that v — u <
€+C(co, a, diam(2))b (0)"* almost everywhere in 2. Since u and v are subharmonic
we obtain that this holds in 2, i.e.

sup(v — u) < € + C(cg, a, diam(2))(cap (U (0), 2))“.
Q

We are ready to prove the announced stability of weak solutions.

Theorem 1 Fixco > O0and p > 2. Letu, v € QPSH(RQ) N L () be such that

loc

liminf(u — v)(g) > 0 for any qo € 012,
q9—>490
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| (007u)" |lLr(@) < co.

r

- r
r+np’+f,f’2’

C(co, v, diam(S2)), depending only on cq, y and the diameter of 2, such that

For any r > 1 and 0 < y < y, there exists a constant

sgp(v —u) < C(co, y> diam(Q)) | v =)+ |1}, q) -

Proof First of all, we may assume that || (v — u)+ ||z ()7 O because otherwise the
inequality holds with any constant C(cq, y, diam(£2)). Arguing as in the beginning
of the proof of Proposition 1 we obtain for any € > 0

cap({u —v < —2¢}, Q) < e_"/ 00;u)".

{lu—v<—e¢}

|5

Since on the set {u — v < —e} the function ((”;“L) " is bigger than 1, due to
Holder’s inequality we may further estimate

e " f (005u)"
{u—v<—e}

<"V / w—uw? @3u)"
Q

x

1 I
<"V @00 e (( /Q (v — u)+>’> )

r

<e TV @) e | 0 =g g

r

<e Vol 0=—wi lIfrg, -
Applying Proposition 1 we get

sup(v — u) < 2¢ + C(co, a0, diam(2)) (cap({u — v < —2¢}, Q))*
Q

ra

an—"% 7
v Cg | (v—u)y ”Zf(Q)

< 2e 4+ C(co, a, diam(2))e

) . .
forany 0 < o < pn—p. Putting € =|| (v —u)+ ||Z,(Q) gives

14 : o ya(—n—ﬁ)—&-%
Sgp(v —u) <2 (v—w)+ ”L’(Q) +C(co, «, dlam(Q))c() I (v—u)t ”Lr(Q)
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r

Choosing « such that y = - (which is always possible since when « varies in

/+L

r+np’+;

(O, E) the quantity —~— varies in (0, y,)) results in
np r+n[,/+%

sgp(v —u) < C(co, y» diam(Q)) | (v =)+ |1}, g

_p T ro _ —an — 9r ore ) _ _ar o
because ya(—n p,)+p,—y( an p,—f-yp,)—y( an p,+p,(r+

np/—i-%/)) =y. O

4 Holder Continuity of Weak Solutions

In this section, we proceed to proving regularity of solutions to the Dirichlet problem
for the quaternionic Monge—Ampere equation under the conditions on the boundary
data and the density. This is the content of Theorem 3. For that goal we first consider a
more general situation in Theorem 2 below and then check that under the assumptions
of Theorem 3 one can apply Theorem 2.

Theorem2 Let Q C H" be a quaternionic strictly pseudoconvex domain. Suppose
p > 2, f € LP(Q) is a non-negative function, ¢ € C(02) and u is the solution to
the Dirichlet problem

u e OPSH(Q) NC(Q)
@0yuw)" = fQ

Upe = ¢

such that Au(S2) is finite. If there exists_() <v<landb e Lip,,(ﬁ) such thatb < u
inQandb = ¢ on dQ2thenu € Lip,(2) for any 0 < o < min{v, 2y1}.

Remark Let us just emphasize that in the whole section we denote by Au, for a
locally bounded u, the distributional Laplacian. Since qpsh functions are in particular
subharmonic for them Au is a positive distribution thus a measure and so it makes
sense to write Au(2).

We introduce the notation needed for the proof of this theorem. This approach is
similar to the one presented in [18]. For a fixed number 6 > 0 and a subharmonic u
we consider

Qs ={q € Q|dist(q, Q) > 8}
us(q) = sup u(q + p), forq € Qs
lpll<é
1

L[‘S(q) = £4”(B(0, l))84”

/ u(p)dLY (p), forq € Qs.
lg—pli<é
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2860 S. Kotodziej, M. Sroka

The lemma below is a composition of Lemmas 4.2 and 4.3 in [11]. As was noted by
Nguyen in [18] proofs given originally in [11] for plurisubharmonic functions used
only subharmonicity.

Lemma 3 Let u be a subharmonic function in Q. For a fixed 0 < o < 1 the following
are equivalent

(i) there exists 8o, A > 0 such that for any 0 < § < §y
us —u < As* in Qg

(ii) there exists 81, B > 0 such that for any 0 < § < &1
s —u < A8 in Q5.

Moreover, there exists a constant ¢, depending only on the dimension n, such that for
all § > 0 sufficiently small

/Q (65(@) — u(@) dLY (@) < cAu(R)8>,
b

Lemmad4 Let u and b be as in Theorem 2. There exists a constant c, such that for all
0 < dandq € 095

us(q) < u(g) + cnd".

Proof Denote by / the harmonic extension of bjyo to 2. By the Proposition 2.4 in
[18] we know that h € Lipv(ﬁ). Fix g € 09 and take p, po € H" such that
Il 2 II=ll poll=8,us(qg) =u(p+q)and g + po € Q. Since b < u < h in Q, with
equalities on d€2, we obtain the following string of inequalities

us(q) —u(q) =u(p+q)—ulq) <h(p+q)—u(q) <h(p+q)—>bg)
=h(p+q) —h(q) +h(q) —b(q) = h @ 8" +hq)

~h(g + po) + b + po) = b@) = (21 1 1, @

b @) 8"

Proof of Theorem 2 Fix 0 < y < yj and consider the function

max{is(q), u(q) + cn8"}, forq € Qs

i = _
2(@) {u(q) 4+ ¢,8Y, forg € Q\ Qs,

which by Lemma 4, is gpsh in €2, as s < ugs (cf. Proposition 2.1(4) in [22]); and
continuous in Q2. Applying Theorem 1 for u# + ¢, 8", 5 and r = 1 we obtain

sup(iy — u = ¢8") < C (I f llp- v diam(@) | (s —u = en8") 1 11 -
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From the construction of i it follows that the last inequality is equivalent to

sup(its —u — cn8") < C (Il f llp. v diam(Q) || (s —u — a8+ ] g, -
Qs

Estimating further, by Lemma 3 and the trivial estimate (it — u — ¢,6")+ < s — u,
we obtain for sufficiently small § > 0

sup(iis — u — c,8") <V C (Il £ lp, v, diam(Q)) (Au(S2))” 8%
Qs

This results in

sup(its — u) < C(|| £ llp» v, diam(2), Au(R), ¢, c,) ™27
Qs

for all § sufficiently small. Since the constant C is independent of § we obtain, again
due to Lemma 3, that u € Lipmin{v,2}(£2). Since y was arbitrary in (0, y1) this gives
our claim. O

Theorem 3 Let Q C H" be a quaternionic strictly pseudoconvex domain. Suppose
p > 2, f € LP(R2) is a non-negative function bounded in a neighborhood of 02 and
¢ € CL1(9Q). Then the Dirichlet problem

u e QPSH(Q) NC(Q)
@ yu)" = 2,
upo = ¢

is solvable and the unique solution is in Lipy(Q) for any 0 < o < 2y1.

Proof The continuous solution u exists and is unique as was shown in [20]. We need
to check the assumptions of Theorem 2. For that goal, we construct a function b as in
Theorem 2 having in addition the properties that it is subharmonic and the Laplacian
of it has finite total mass. This will of course imply that the Laplacian of u has finite
total mass since b and u, both subharmonic, will agree on 02 and b < u in Q2. Take &
to be the solution to the Dirichlet problem

h e QPSH() NC(RQ)
33,h)" =0
hjpe = ¢.

By the comparison principle, cf. Theorem 1.2 in [24], itis above any v € QPSH(2)N
C () such that vj3q = ¢.

We will show that / is Lipschitz in & and its Laplacian has finite total mass in 2.
Suppose U is a neighborhood of Q2 such that ¢ is extendable to a function <13 e cLL().
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2862 S. Kotodziej, M. Sroka

That is always possible due to Lemmas 6.37 and 6.38 in [10]. Consider a defining
function p of  in the neighborhood of U i.e.

p € QPSH(U) N C*(U),
Q={p <0}, 0p0=0,do #00n0dLQ,
(3370)" > Q, on Q.
We take A big enough such that Ap + $ and Ap — ¢ are in QPSH(U). Note that
Ap 4+ ¢ < hin Q from the deﬁnitipn of h. This shows that the Laplacian of h has a
finite total mass in €2 since Ap + ¢ has this property and that the function A defined
by

) h(g), forg € Q

i) = 7 _
D=1 4p(@) +d(q), forqg e T\ @

belongs to QPSH(U) N C_‘O (U), cf. Proposition 2.1(4) in [22]. Take € > 0 such that
Q) ={q e H" |dist(q, Q) < e} CcC U.Forany p € 32 and g such that || ¢ || < €
we have

h(p+q) < ¢(p) + max{| Ap £ ¢ 1)} | 4 1= ¢(p)
+max{]| Ap £ ¢ iy} ¢ |l
due to the mean value theorem and because i = h < q3 — Apin 2 (as the subharmonic

function h — dAJ + Ap attains its maximum (equal zero) on the boundary of £2). Thus
for C = max{|| Ap £ ¢ ”CI(U)}’ every p € 02 and || ¢ ||< € we have

h(p+49)—=Cl qll<¢p).
From the properties of / it means that for any || g ||< €
h(r+q)—C |l q |<h(r) forall r € Q.
Forr € Qand || g ||< € such that r 4+ g € Q we thus obtain

h(r+q)—h(r)=h(r+q)—h() <Cllq |,
hr+q—q)—h(r+q)=h(@r)—h(r+q) <C| —q |,

what results in
| h(r+¢q)—h(@)|<C |l q| forr e Qand | g ||< € such thatr +¢q € Q.

This shows that % is locally Lipschitz continuous in Q and consequently Lipschitz
continuous.
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By the assumptions for some M > O we have f < M away from a compact K C €.
Let u be the continuous solution to our Dirichlet problem. Take B big enough for the
function Bp + & to be below u in a neighborhood of K and such that B” > M. Then
by supper-additivity

(09;(Bp +h)" = (39, Bp)" = fQy

atleastin 2\ K. The comparison principle, cf. [24], implies that Bp+h < uin 2\ K
since the inequality holds on the boundary of this set.

We define b = Bp + h. It is Lipschitz continuous and its Laplacian has finite total
mass in €2 since & has these properties. O
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