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Abstract

We discuss an alternative approach to the uniformisation problem on surfaces with
boundary by representing conformal structures on surfaces M of general type by
hyperbolic metrics with boundary curves of constant positive geodesic curvature. In
contrast to existing approaches to this problem, the boundary curves of our surfaces
(M, g) cannot collapse as the conformal structure degenerates which is important in
applications in which (M, g) serves as domain of a PDE with boundary conditions.
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1 Introduction

Given a surface M, there are many interesting questions with regard to representing a
given conformal structure by a Riemannian metric.

A classical question in this context, for M = S known as Nirenberg’s problem, asks
what functions can occur as Gauss curvatures of such metrics on closed surfaces, and
over the past decades this problem has been studied by many different authors, we refer
in particularto[1,6,13,24,25] as well as the more recent work of [2,7] and the references
therein for an overview of existing results. We also note that the corresponding problem
on surfaces with boundary was investigated in [8] .

Another classical problem in this context, but of a quite different flavour, is to
ask how to ‘best’ represent a given conformal structure by a Riemannian metric. For
closed surfaces this problem is addressed by the classical uniformisation theorem that
allows us to represent every conformal structure by a (unique for genus at least 2)
metric of constant Gauss curvature K, = 1, 0, —1, while for complete surfaces this
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problem was addressed by Mazzeo and Taylor in [15]. On surfaces with boundary,
Osgood, Philips and Sarnak introduced in [17] two different notions of uniformisation,
with uniform metrics of type I characterised by having constant Gauss curvature and
geodesic boundary curves, while uniform metrics of type II are flat and have boundary
curves of constant geodesic curvature. The corresponding heat flows were analysed
by Brendle in [3], who proved that these flows admit global solutions which converge
to the corresponding uniform metric in the given conformal class. As observed by
Brendle in [4], for the two different types of uniform metrics introduced in [17], only
one of the terms on the left-hand side of the Gauss—Bonnet formula

/Kdvg—i-/ kedSe =21 x (M)
M oM

gives a contribution and so the two types of uniform metrics can be seen the opposite
ends of a whole family of metrics for which all terms in the above formula have the
same sign. Brendle [4] proved also in this more general setting that solutions of the
corresponding heat flows exist for all times and converge, now to metrics with K, = K
and kg = k, where the signs of K and k both agree with the sign of x (M). We note
that the same restriction on the signs of the curvatures is also present in the work of
Cherrier [8].

Here we propose an alternative way of representing conformal structures on surfaces
of general type with boundary which is motivated by applications to geometric flows,
such as Teichmiiller harmonic map flow [19,23] or Ricci-harmonic map flow [16], in
which the surface (M, g) plays the role of a time dependent domain on which a further
PDE is solved. For this purpose the described ways of uniformisation on surfaces with
boundary suffer the serious drawback that a degeneration of the conformal structure,
which can occur even for curves of metrics with finite length, can lead to a degeneration
of the metric near the boundary curves, with boundary curves turning into punctures
in the limit, so that the very set on which the boundary condition is imposed can be
lost.

To resolve this problem, we propose to represent conformal classes on surfaces of
general type instead by hyperbolic metrics for which each boundary curve is a curve of
positive constant geodesic curvature, chosen so that each of the boundary curves gives
a fixed positive contribution to the Gauss—Bonnet formula. As we shall see below,
this alternative approach has the advantage that the resulting metrics will remain well
controlled near the boundary even if the conformal class degenerates in a way that
would cause the boundary curves of the corresponding uniform metrics of type I or
II to collapse. The existence of a unique representative of each conformal class with
these desired properties is ensured by our first main result.

Theorem 1.1 Let M be a compact oriented surface of genus y with boundary curves
I'1, .., Tk and negative Euler characteristic and letd > 0 be any fixed number. Then for
any conformal structure c on M, there exists a unique hyperbolic metric g compatible
with c for which

kelr; - Lg(I'y) =d on T foreveryi =1.. k. (1.1)
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Denoting by M‘il the set of all hyperbolic metrics on M satisfying (1.1), we further-
more have that for every g € M‘il and every i € {1,...,k}, there exists a unique
simple closed geodesic y; in the interior of M which is homotopic to T'; and this
geodesic is surrounded by a collar neighbourhood C(y;) that is described in Lemma 3.2
and its length is related to the length of the corresponding boundary curve by

Lo(T)? — Lg(yi)* = d°. (1.2)

For hyperbolic surfaces with boundary curves of constant geodesic curvature kg, the
relation (1.2) between the lengths of a boundary curve and the corresponding geodesic
is equivalent to (1.1) and we note that (1.1) implies that the area of the region enclosed
by I'; and y; is always equal to d. We remark that the quantity (1.2) appears also
naturally if one studies horizontal curves of metrics on closed surfaces, that is curves
of hyperbolic metrics which move L? orthogonally to the action of diffeomorphisms, as
for such curves, the analogue of (1.2) is valid at the infinitesimal level, see Remark 3.4
for details.

While the uniform metrics of type I could be viewed as the extremal case d = 0 of
M‘il , the resulting compactifications of the moduli space are very different. For our
class of metrics, the analogue of the Deligne—Mumford compactness theorem takes
the following form.

Theorem 1.2 Let M be a compact oriented surface of genus y with boundary curves
I'y, .., T'x and negative Euler characteristic, let M‘il, d > 0, be the set of all hyperbolic
metrics on M for which (1.1) is satisfied and suppose that g\ is a sequence in M‘il
for which the lengths of the boundary curves are bounded above uniformly.

Then, after passing to a subsequence, (M, g'/)) converges to a complete hyperbolic
surface (X, goo) With the same number of boundary curves, all satisfying (1.1), where
Y is obtained from M by removing a collection & = {0/, j = 1,...,k} of k €
{0,...,3(y — 1) 4+ 2k} pairwise disjoint homotopically non-trivial simple closed
curves in the interior of M and the convergence is to be understood as follows:

For each j, there exists a collection EWD = {al.(j),i = 1,...,k} of pairwise

disjoint simple closed geodesics in (M, g'7) of length Lo (al.(j)) — 0asj —> o0
and a diffeomorphism f;j : ¥ — M \ Uleai(j ) such that

fj?kg(/) — g® smoothly locally on %.

The above results assure that the metrics are well controlled near the boundary even
if the conformal structure degenerates, see also Remark 3.3, and that in particular no
boundary curve can be ‘lost’. Both of these properties are crucial in applications where
(M, g) plays the role of the domain of a PDE with prescribed boundary conditions,
e.g. if one wants to extend ideas of Teichmiiller harmonic map flow, introduced for
maps from tori by Ding, Li and Liu in [9] and in the joint work [19] of Topping and
the author for maps from general closed surfaces, to the setting of maps from general
surfaces with boundary in order to flow to solutions of the Douglas—Plateau problem.

In particular, if one hopes to prove global existence results, as obtained for closed
surfaces in [20] and [21] for Teichmiiller harmonic map flow and in [5] for Ricci-
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harmonic map flow, for geometric flows on surfaces with boundary, it is important
that the most delicate region for the PDE, i.e. the boundary region, and the most
delicate region for the evolution of the domain metric, which for hyperbolic metrics
are sets of small injectivity radius, do not overlap but are instead far apart as is the
case for our class of metrics Mil.

This paper is organised as follows. In Sect. 2 we consider the problem of finding
hyperbolic metrics in a given conformal class with prescribed positive geodesic cur-
vatures kg |r; = ¢; and analyse the properties of such metrics. The main difficulty
here lies in the fact that for ¢; > 0, the boundary condition has the wrong sign to
apply known existence results as found, e.g. in [8] and the corresponding variational
problems contain negative boundary terms that have to be analysed carefully. Based
on the results and estimates proven in Sect. 2, we will then give the proofs of the main
results in Sect. 3.

2 Hyperbolic Surfaces with Boundary Curves of Prescribed Positive
Curvature

In this section we prove the existence and uniqueness of hyperbolic metrics for which
the boundary curves have prescribed positive constant geodesic curvature and establish
several key properties of these metrics, which will be the basis of the proofs of our
main results given in Sect. 3. We show in particular.

Lemma 2.1 Let M be an oriented surface with boundary oM = Uf;l I withx (M) =
2(1 —y) —k < 0 and let c be any conformal structure on M. Then for any ¢ =
(c1, .., cx) € [0, D, there exists a unique metric g. on M compatible with c so that

{Kg(’,:—l in M (21)

kgc =¢ on Fi, i = 1, ,k

This result is of course true also for ¢; < 0, and in that case is indeed easier to
prove as the boundary term in the corresponding variational integral has the right sign.
We are, however, not interested in the properties of representatives with ¢; < 0 as
their boundary curves can collapse if the conformal structure degenerates, the very
feature of the existing approaches of uniformisation that we want to avoid with our
construction.

We recall that under a conformal change g = g the Gauss curvature transforms
by

Ky = e 2 (Kgy — Agytt) (2.2)

while, denoting by 7, the outer unit normal of (M, go), the geodesic curvature kg is

characterised by
du

ong,

+ kg, = kg - €". (2.3)
In the following we let go be the unique metric so that (M, go) is hyperbolic with

geodesic boundary curves (which can, e.g. be obtained by doubling the surface and
applying the classical uniformisation theorem), and write for short n = ng,.
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Thus g = e?*gg satisfies (2.1) if and only if

du (2.4)

—Agu =1~ e in M

I =cie” OIIF,', i:l,..,k.
Lemma 2.1 is hence an immediate consequence of the following more refined result
on solutions of the above PDE that we will prove in the present section.

Proposition 2.2 Let (M, go) be an oriented hyperbolic surface with geodesic boundary
curves I'y, ..., Tx. Then for any ¢ = (cy, ..., cr) € [0, l)k the equation (2.4) has a
unique weak solution u. € H' (M, go) and this solution is smooth up to the boundary
of M. In addition, the map

[0, D 5 ¢ > u. € HY(M, g0)

is of class C.

We begin by establishing the existence of solutions to (2.4) based on the direct
method of calculus of variations. Solutions of (2.4) correspond to critical points of

I.(u) = / |duly, + e — 2udvg, — > 2c; / e"dSy,, (2.5)
M - r;
l

i

which is well defined on H'!(M, go) as the Moser—Trudinger inequality [26] and its
trace versions, see, e.g. [14], ensure in particular that for any ¢ < 0o

sup / el dug, +/ elllds,, < oco. (2.6)
WEH (M, g0),l 1 3y g0y <1/ M oM

A well-known consequence of this estimate is that for every 1 < p < oo, the maps

HY(M, go) > ur>e" € LP(M, go) and H' (M, go) 3 ur>tryp(e") € LP(OM, go)
2.7
are compact operators: Any bounded sequence in H'! has a subsequence which con-
verges weakly in H', strongly in L? and whose traces converge strongly in L. The
corresponding sequences e and tryys (") hence converge in measure and, thanks to
(2.6) (applied, e.g. for ¢ = 2p), are p-equiintegrable so converge strongly in L? by
Vitali’s convergence theorem.

An immediate consequence of the compactness of the operators in (2.7) is that I
is weakly lower semicontinuous on H (M, go). Hence, to establish the existence of
a minimiser of 1. in H'(M, 80), and thus a solution of (2.4), it suffices to prove that
1. is also coercive on H'! (M, go). To deal with the negative boundary terms, we will
use that on hyperbolic surfaces with geodesic boundary curves, the trace theorem is
valid in the following form, in particular with leading order term on the right-hand
side appearing with a factor of 1.
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3122 M. Rupflin

Lemma 2.3 For any L < oo, there exists a constant C; = C1(L) < 0o so that the
estimate
/ lw|dSg, < / |[dw|g,dvg, + C1/ |lw|dvg, 2.8)
oM M M

holds true for any oriented hyperbolic surface (M, go) with geodesic boundary curves
of length Le,(I';) < L,i=1,...,k andevery w € whim, £0)-

Proof of Lemma 2.3 We derive this estimate from the corresponding trace estimate

X X
/ |w|d9§/ / |8sw|d9ds+X’l/ / |w|d6ds (2.9)
{0}x S! 0o Js! 0o Js!

on Euclidean cylinders [0, X] x S! and the properties of hyperbolic collars as follows.
We first recall that the classical Collar lemma of Keen—Randol [18] yields the existence
of pairwise disjoint neighbourhoods C(T';) of the boundary curves which are isometric
to the cylinders (—X(¢;), 0] x sl equipped with py, (s)2(a’s2 + d@z), where ¢; =
Lg,(I';) and where

pe(s) = 5=(cos(5=5)) " and X (¢) = Z (5 — arctan(sinh(5))), (2.10)

with the boundary curve I'; corresponding to {0} x S'. We hence obtain from (2.9)

that
X(¢;)
ledes/ / o 195w p} dods
{0} x S! 0 st !

1 X (&) )
+ —/ / lw|p;. dOds
X () pe; (0) Jo st 4

-1
5/ |dw|g0dvg0+ci / [w|dvg,,
C(Ty) C(Ty)

for every i, where we use that pg(s) > p;(0) > % for some ¢; > Oand £ € (0, L.
As the collars are disjoint, this implies the claim of the lemma. O

/ [w|dSg, = p; (0)
I

Returning to the proof of the first part of Proposition 2.2, and hence of the coercivity
of I, defined in (2.5), we now set ¢ := max{c;} < 1 and apply Lemma 2.3 to bound

1
Zci/ e"dSy, SE/ e"dS,y, < 55/|du|§0+e2”dvg0 +C1/e”dvgo,
- r; M
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where all integrals are computed over M unless specified otherwise. Writing —2u =
2|u| — 4u™ for u™ = max{u, 0}, we can thus estimate

I.(u) > (1 —5)/|du|§0 + e*dvg, +2/|u|dvg0 —4/u+dvgo —2C1/e”dvgo
l(1-5)/|du|2 + e*dv +2/|u|dv
-2 20 80 80

+ / L1 =& —dut —2C1e" dug,

\

> 11— 5)/|du|§,0 + e dug, +2/ luldvg, — C

for a constant C that is allowed to depend on ¢ € [0,1), x(M), and hence
Area(M, g) = —2mx(M), and an upper bound L on the length of the boundary
curves of (M, go).

Coercivity of I now easily follows: If [[dun|l ;2 (s, 4) — 00 then clearly Ic(uy) —
oo while for sequences with ||”n||H1(M,g0) — o0 and ||d’4n||L2(M,g0) < C, the
Poincaré inequality implies that also | f u,dvg,| — 00, 50 I (tty) > 2 [ |up|dvg, —

C > 2Area(M, go) - | f updvg,| — C — oo.
This establishes the existence of a weak solution u, € H (M, go) to (2.4) for any

¢ € [0, D*. Since the non-linearity in the Neumann problem (2.4) is subcritical, the
regularity theorem [8, Théoreme 1] of Cherrier applies and yields that every weak
solution of (2.4) is indeed smooth up to the boundary. At the same time, we remark
that we could not have used the results of [8] to establish existence of solutions, as
our boundary data have the wrong sign.

Remark 2.4 As we only use that the geodesic curvature k, is strictly less than 1, the
above proof indeed shows that for any given functions k; € L?(I';), p > 1, for which
ki < cforsome ¢ < 1, there exists a hyperbolic metric g compatible to ¢ with k, = k;
onl;,i=1,...,k.

We will prove the other claims of Proposition 2.2 at the end of the section based on
the properties of the surfaces (M, g.) that we discuss now, including the following
version of the collar lemma.

Lemma 2.5 Let (M, g) be an oriented hyperbolic surface with boundary curves of
constant geodesic curvature kg|r; = ¢; € [0, 1). Then for eachi € {1, ..., k}, there
exists a unique simple closed geodesic y; in (M, g) that is homotopic to T'; and there
exist pairwise disjoint neighbourhoods C(I';) of the boundary curves T'; in (M, g)
which are isometric to cylinders
(=X (), Y (&, c)] x S with metric py, (s)*(ds* + d6?)

where pg; and X (€;) are given by (2.10), £; = L4 (y;), and where

Y, ;) = ZL,—” arcsin(c;). (2.11)

Inthese coordinates I'; correspondsto{Y ({;, ci)} xS Lyhile y; correspondsto {0} x S 1
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3124 M. Rupflin

Proof We note that since our surface is hyperbolic, the Dirichlet energy of maps
u:St—> M, g) has a unique minimiser in the homotopy class of I';, c.f. [10], which
coincides with I'; if ¢; = 0. Otherwise, I'; has positive geodesic curvature so the
image of this minimiser must lie in the interior of M and hence be the desired simple
closed geodesic.

We let C*(T';) be the connected component of M_; \ |, ; that is bounded by ; and
I'; and set M := M\Ui CH(T;). As (M, g) is hyperbolic with geodesic boundary, the
Collar lemma [ 18] gives disjoint neighbourhoods €~ (3;) of y; in M) that are isometric
to ((—X(£;), 01x S, pg, (s)(ds>+d6?)), with p; and X (¢) given by (2.10). The result-
ing disjoint neighbourhoods C(I';) := €~ (y;) UCT(I';) of I'; in our original surface M
are bounded by curves of constant geodesic curvature and are isometric to a subset of
the complete hyperbolic cylinder ((— 7@—?, %;) x S, pz (ds*+d 92)) around a geodesic
of length ¢;, where such an isometry can, e.g. be obtained by using the fibration of
C(T";) by the geodesics that cross y; orthogonally. We note that the only closed curves
of constant geodesic curvature in such a cylinder are circles {s} x S, whose curvature is

10 - i
kg = p7' 5 108(0() + kg = 285 = sin (575) @12)

compare (2.3); indeed, comparing the curvature of any other closed curve o with the
one of the circles {s+} x S! through points P+ = (si,6+) of o with extremal s
coordinate, we get

ke(0)(Py) = kg({s4) x S1) = sin (s554) > sin (s55-) > kg(o)(P-).

The collar neighbourhood C(I";) obtained above must hence be isometric to a cylinder
((=X,Y] x SL, Pez,- (ds? + db?)) where, by (2.12), X and Y are as described in the
lemma. O

We also use the following standard property of Riemann surfaces.

Remark 2.6 For any given oriented Riemann surface (M, c) with boundary curves
I'1, ... T, there exists a number 7 so that the following holds true. Let U be any
neighbourhood of one of the boundary curves I'; which is conformal to a cylinder
(0,Z] x S'.Then Z < Z.

For the sake of completeness, we include a short proof of this well-known fact in the
appendix. Combining it with Lemma 2.5, we get

Corollary 2.7 For any conformal structure c on M there exists § > 0 so that the fol-
lowing holds true. Let g be any hyperbolic metric on M for which kg|r; = ¢; € [0, 1),
i = 1...k, and let y; be the geodesics in (M, g) that are homotopic to the boundary
curves I';. Then

€ =Ly (vi) = 8 and Ly, (T;) = 2.13)

£ 8
> )
\/1 — ci2 \/1 — cl-2
in particular Ly (I';) — oo as ¢; 1 1.
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The bound on ¢; follows directly from Lemma 2.5 and Remark 2.6, applied for
Z = X({;) — oo as {; — 0, while the expression for Lg, (I';) follows from (2.10)
and (2.11).

For these surfaces, we can now prove the following version of the trace theorem.

Lemma 2.8 Let (M, g) be an oriented hyperbolic surface with boundary curves of
constant geodesic curvature kg|r;, = ¢; € [0, 1) and let CT(I;) be the subset of the
collar C(T';) described in Lemma 2.5 that is bounded by T'; and the corresponding
geodesic y;. Then

ci/ |lw|dS, 5/ |w|dvg+c,-/ |[dw]gdv, (2.14)
L; CT () CH(Ty)

holds true for any w € WYY (M, g). Furthermore, there exists ¢ > 0, allowed to
depend on both the lengths £; of the geodesics y; and the curvatures c;, so that for
everyw € WhI(M, g)

/ (kg +&)|wldS, < (1 — 8)/ |lwldvg + (1 — s)/ l[dw|gdv,. (2.15)
aM M M
We note that the above lemma assures in particular that if w € H'(M, g), then
/ (ke +e)w?dS, < (1 — e)/ |dwl; + 2wdv,. (2.16)
oM M

Proof of Lemma 2.8 From Gauss—Bonnet and (2.12) we obtain that for s € [0, Y;],
Yi=Y(,c)

N
/ P, (x)dx = 5= Areay ([0, 5] x S') = %/ kodS,
0 {s}xS1

= P¢; (S)kg|{s}><51 = Py; (s) Sin(f_;rs)’

(s, 0) collar coordinates on C(I";), in particular foyi p%[ = p¢; (Y;) - ¢;. Multiplying

Y
/ |w|d9:/ |w|d9+/ / ds|w|dOds, 2.17)
(Y;}x St {s0}xS! so JS!

with pg, (s0)? and integrating over sy € [0, ¥;] using Fubini hence gives the desired
bound of

Y;
ci/ |lw|dS, =/ |w|dvg+/ / ds|wl - pg, (5) sin(f—j"{s)dé?ds
I eH(ry) 0 N

(2.18)
5/ lwldvg + ¢ / l[dw]|gdv,.
CH(Iy) CH(Iy)
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3126 M. Rupflin

Multiplying (2.17) with pg, (Y;) and averaging over so € (—X;, 0], X; = X(¢;), also
yields

0 Y;
/ﬁmwﬁamm»Xﬂ/ /ﬁwwm+mﬂ®/ /ﬁmwwm
r; —X; Js! —X; J§!

SCQ/ |w|dvg+C3/ l[dw]|gdv,
CrH\CH(Ty) CTy)

i

(2.19)
now for constants C; 3 that depend both on ¢; = 27 min g, (-) and Lg(I';) =
27 p¢; (Y;). To obtain the second claim of the lemma, we now combine (2.18), multi-
plied by (1 —¢) for some ¢ € (0, 1) chosen below, and (2.19), multiplied by (1+¢;) ¢,
to conclude that

(ci +8)/ lw|dS, < (1 —¢) lwldvg + C2(1 +¢;) - 8/ lwldvg
I

CHT) CTH\CT(T)

+[c,~(1—£)+C3(1+ci)~8]/ l[dw|gdvg.
C(Ty)

For & > 0chosen small enough to ensure that2Cre < 1—eand2Cze < (1—¢;)(1—¢),
this yields the second claim (2.15) of the lemma as the collar neighbourhoods are
disjoint. O

We are now in a position to prove the following a priori bounds for PDEs related to
2.4)

Lemma 2.9 Let M be an oriented surface with boundary curves Ty, ..., Ty and let g
be a metric on M which satisfies (2.1) for some c € [0, Dk,

Then there exist constants Cy 5, allowed to depend both on c and the underlying
conformal structure, so that the following holds true for any f € L*(M,g) and
heL*dM,g).

() Suppose thatw € H' (M, g) is a weak solution of

5
—Agw=1—e"+f inM with a_w = ke(e” — 1)+ h on OM
ng

(2.20)
for which furthermore e* € H'(M, g). Then
/ ldulze” + (e — 1)*(e” + dvg +/ (e — 1)%dS,
M oM
< o (1 Bagurgr + 10122001 ) - (2.21)
(ii) There exists a unique solution v € H Y(M, g) of the linearised problem
) . v
—Agv+2v=f inM with P =kgv+honoM (2.22)
g
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and we have that
31 1.0 < C5U 120010+ 1A1T2 501 )- (223)

Proof of Lemma 2.9 Let w be as in the first part of the lemma and let ¢ > 0 be as in
Lemma 2.8. Testing (2.20) with e — 1 € H'(M, g), we may estimate

a
I:= / |dw|§,ew + (¥ — 1)%(e” + Ddvg = / _w(ew — DdS,
oM 8ng

+/f~(ew—1)dvg

=/ kg(e"” —1)* + h(e"” — 1)dSg +/f~(ew — Ddug
oM

S/ (kg—i-s)(ew—l)zng—%/ (ew—l)zng—i—%I
oM oM

+ 2l T2 00,00+ 1 13200100 )

By (2.15), the first term on the right is bounded by (1 —¢) f(] —e¥)2 4 2e" l[dw]|g|1—
e’|dvy, < (1 — &)1, so the first claim (2.21) of the lemma immediately follows.
To prove the second part of the lemma, we use that the variational integral

Fru(v) = / |dv|} + 20 + 2 fvdvg — / kqv* + 20hd S,
oM

associated with (2.22) is coercive, as (2.16) implies

Fraw) > ¢ / Aol +20%dvy = 20 Fll 2. - 19 2ang
— Wl 2ont, 10 2o, 2:24)

> el 0010 = CIEI2arg) + CUAN L2001 )1Vl 11 1)
Hence Fy j, has a minimiser v which is of course a solution of (2.22), and satisfies
Fr () < Fr(0) = 0 which, combined with (2.24), furthermore yields the claimed

a priori estimate (2.23). Finally, this solution of (2.22) is unique as the difference v of
two solutions of (2.22) satisfies

0= / |dv|§ + 2v%dv, — /aM kov?dS, > 8||U||§11(M,gy

again by (2.16), and must thus vanish.

As a next step towards completing the proof of Proposition 2.2, we show
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3128 M. Rupflin

Lemma 2.10 Let M be as in Lemma 2.9 and let g be any metric for which (2.1)
holds true for some ¢ € [0, l)k. Then there exist numbers 0 < &g < 1 — max ¢; and
Cs < 00 so that for any b € [—eg, e0]X and any hyperbolic metric § = ¢** g with
kzlr, =ci+bi, i =1,...,k we have

/ (€ + )(e” —1)* + e |dw|jdv, + ||w||§,1(M o =< Comax B>, (2.25)
” :

In particular, the solution of (2.1) is unique.

Proof Let b € [—sy, €0]¥, where g9 > 0 is determined later, set b = max |b;| and
suppose that g = €2V g is as in the lemma. From (2.2) and (2.3), we obtain that w
solves

9
—Agw=1-¢* inM with 8—’“ = k(¥ — 1)+ bie” on Ty,  (2.26)
ng

i.e. satisfies (2.20) for f = 0 and h|r; = b;e™. We note that " € H'(M, g), as we
may characterise w = u.4p — u, as difference of smooth solutions of (2.1), so we
may bound / := [}, |dw|§ew + (e + 1)(e” — 1)?dvg + [5,,(e” — 1)2dS, using the
first part of Lemma 2.9 by

1< c4||bew||iz(3M o = 2c4152Lg(aM)+2c4152/ (e¥ — 1)2dS, < Ch* + Cejl.
’ oM

For g9 > 0 sufficiently small, this gives the bound I < Cb? on I claimed in the lemma
and it remains to establish the analogue bound on the H!' norm of w. We first note that

e/ — 1”?11(1\4) = /%|dw|§,ew +(e"/? — 1)2dvy < I < CP?, (2.27)

where norms are computed with respect to g and integrals over M unless indi-
cated otherwise. In particular ||ew/2||H1(M) < C, and so of course ||e3w/2||L4(M) +
lle” ||L2(3M) < C, where all constants are allowed to depend on (M, g) but not on b.
Writing (2.26) in the form

—Agw = (1 —e"?) - (14" +e¥ + /%) on M,

9
2 i@ — 1)@+ 1) +bie” on T},
ong

and testing this equation with w — wy, wy = fM wdvg, thus allows us to bound
ldwii?s ) < Cllw = arll 20y 11— €l ary - L+ 1€ aary)
+llw — Wl 2an - (1€ = Uliaony - 1€/ + UlLagam

+blle” .2 5mp)]
< Cllw —wull g - [I1€”> = Uiy +B] < Ch - lldwll 24,
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Having thus shown that [[dwl;2h) =< Cb, it now remains to show that also

lwy| < C_‘l;, which of course follows if we prove that f|w|dvg < Cb. As
x| < 2~ Min&/2.0)1,%/2 _ 1| x e R, we already obtain from (2.27) that

/ lwldvg < 2e2/ e/ — 1]|dv, < Cb,
{w>—4} M

so it remains to bound the corresponding integral over {w < —4}. To this end we note
that as ||e“’/ 2 | LAy = C, we obtain from (2.27) that, after reducing ¢ if necessary,

_ 1
2 2 2 2 2
/(ew —1)2dv, < Clle®? - Ui < Cb* < Cej < EArea(M),

so Areay ({w < —3}) < Areag({(e” — 1) > 3}) < 3 [(e¥ —1)2dv, < %Area,(M).
Hence v = (w + 3)_ = max(—(w + 3), 0) vanishes on a set of measure at least
o= %Areag (M), so the variant of the Poincaré inequality

lvll2ny < ClldvllL2opys C=C(a,(M,g))

valid for such functions v implies that also
/ |lw|dvg < 4/ vdvg < Clldv|l2 < Clldw| 2 < Cbh,
{w<—4} {w<—4}

which completes the proof of the lemma. O

Lemmas 2.9 and 2.10 represent the main steps in the proof of the remaining claims
of Proposition 2.2, which now follow by the following standard argument.

Let S : ¢ u. € H' (M, go) be the map that assigns to each ¢ € [0, ¥ the
unique solution u. of (2.4). We claim that § is C! with dS(c)(b) = vep, for v p the
unique solutions of

9
—Agv+20=0in M, with — =cv+bion Ty ie{l ... kL (2.28)
ngc
Here and in the following g. = %< g is the unique metric satisfying (2.1).
Givenc € [0, DK, b € R¥ say with || = 1,and |¢] < 1—max ¢;, weletc, = c+eb
andsetw 1= S(c.)—S(c). As g, = €*5() gy = e*"= g is hyperbolic with k= c,
we have

We

— Agwe +e* —1=0inM with = (¢; + ebj)e™ —c; on Ty, (2.29)

Ng.

compare (2.3). Hence B; := S(c;) — S(c) — €vep = we — v solves (2.22) for
g=gc f =1+ 2w, —e®™e and hlr, = c;(e¥ — (1 + we)) + eb;(e¥s — 1), so for
functions with
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|1 <2625 - (we)* < 2(1 4+ ™) - w] and [h] < 5™t w] + s+ |w|

< (14" - [wf + 3¢7].

We recall from Lemma 2.10 that the H! norms of e%s, le] < &g, are uniformly
bounded, and hence so are ||e?s l 24 (ary and Jle™ || L4 (g pr)- Using (2.23) as well as that
we = B¢ + v, p we thus get

1Bell it g < CUFN 20,00 + 1l 2onr g0) < CHWEN L2 a1000

+ Clwi 3o, + C& < CllBel T ag. )
2

+CE(UH1ve bl 1 41 5. < ClBeN T (414, FCE

where we use in the last step that (2.23) yields a bound on the norm of v, that
is independent of b. As we know a priori that ||Bell g1 (p.e) = IWellgiar,g) +
ellve,pll g1 (m,g,) = Ce, compare Lemma 2.10, we thus conclude that [| B¢ | 1 (pa7,4,) <
Ce? and thus that S is indeed Fréchet differentiable in ¢ with df (¢)(b) = Vc.p @s
claimed.

We finally remark that v, , depends continuously on ¢ as can be readily seen by
using that gz = €2S©O=5) o view vz p as solution of (2.22) for g = g, f =
20(1 — *SO=5E) and hp, = b; + (5O — 1) (c;jv +b;) + 5O G — v
and applying Lemmas 2.9 and 2.10.

3 Proof of the Main Results

Based on the results of Sect. 2, we can now show the first part of Theorem 1.1 by
proving

Lemma 3.1 Let (M, c) be a compact oriented Riemann surface with boundary curves
I'1, ..., Tk and denote by g., c € [0, l)k, the unique metric compatible to c for which
(2.1) holds. Then the map f : ¢ > (c; - Lg, (I'})); is a diffeomorphism from (0, DK 70
(RHYK. In particular, for every d > O there exists a unique hyperbolic metric g that is
compatible with c and that satisfies (1.1).

Proof We first remark that f : ¢ = (¢; - Ly (T';)); isa c! map from [0, l)k to (R(‘)")k
as Proposition 2.2 establishes that ¢ + u,is C Uinto H', while the trace version of the
Moser—Trudinger inequality implies that H' (M, go) > u fl“i €"dSgy = Loougy(Ty)
isCl.

We now claim that f : (0, 1) — (R1)X is proper: To see this we first recall
that Corollary 2.7 assures that Ly (I';) — oo as ¢; — 1 and hence that the preimage
f_1 (K) of any compactset K C (R(‘)")k is a compact set in [0, 1)k. Asc > Lg (I'y)is
continuous on [0, 1)¥ we furthermore have a uniform upper bound on each L (I";) for
c e f~Y(K). For compact subsets K of (R*)¥ we hence obtain that the components
ciofce f —1(K) are bounded away from zero uniformly and hence that f LK) is
a compact subset of (0, 1) as required.

@ Springer



Hyperbolic Metrics on Surfaces with Boundary 3131

By Hadamard’s global inverse function theorem, see, e.g. [12, Chap. 6], the lemma
thus follows provided we show that

det(df (c)) # 0 for every ¢ € (0, l)k.

So suppose that there exists ¢ € (0, ¥ so that det(d f(c)) = 0. Hence there must be
some non-trivial element b of the kernel of df (c), i.e. b € R¥ \ {0} so that for every
i=1,...,k

0=df()(b)i =biLg (i) +c; / e T dS,) = biLg, (Ti) + ci / Ve,pd S, ,

i NCR))
where v. , = dS(c)(b) is characterised by (2.28). Testing (2.28) with v ;, and applying
the trace estimate (2.16) of Lemma 2.8 , however, yields that

/ |dvesl3, + 207 ydvg, = / ke, 07 ydSg. + Y bi / Ve.bdSg,
M aM ; T
<\ —8)/ ldve.3, + 20 dvg, +Zb,~/ Ve.bdSg,.
M i 1-‘i

Since v, ; cannot vanish identically as b # 0, there hence must be at least one i €
{1, ...k} with

sign(b,-)/ Ve, pdSg, >0
r;

which contradicts (3.1) as ¢; > 0. O

Having thus proven that each conformal class is represented by a unique metric
g e M |» we now obtain the remaining claims of Theorem 1.1 from the following
lemma which is based on Lemma 2.5 and Corollary 2.7.

Lemma 3.2 Let M be as in Theorem 1.1 and let g € M‘il, d > 0. Then there is a
unique geodesic y; in (M, g) homotopic to the boundary curve T';, its length ¢; is
related to the length of T'; by (1.2) and T'; is surrounded by a collar neighbourhood
that is isometric to

(=X (€), Xa(€)] x S, py, (ds? + d6?)) where Xq(£) = n <% — arctan <§>>

14
(3.2)
while X (£) and p; are as in (2.10).

Proof The existence of such a geodesic was proven in Lemma 2.5 and the relation
between £; = Lg(y;) and L; = L¢(I';) follows from Corollary 2.7 which implies that
€2 = (1 — (kglr,)*)L? = L? —d*. From Lemma 2.5 we then obtain that the boundary
curve is surrounded by a collar as described in the above lemma where we know that
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X4 must be so that kg|r, = sin(5= X4(¢;)). Combined with (2.13) this yields the
condition £ Relnbi tan(%yd (£:)), s0 X 4(£;) must be given by (3.2).

G Jimhglr, 2L

Remark 3.3 We remark that while X (£) and X 4 () have a similar asymptotic behaviour
as £ — 0 the behaviour of X (£) and X4(¢) as £ — oo is very different, with X (¢)
decaying exponentially, X (¢) < C¢~'e=%/?, while X 4(£) is of order £~ for large
£. This difference is significant due to its effect on the Teichmiiller space and its
completion with respect to the corresponding Weil-Petersson metric, which will be
discussed in more detail in future work. To illustrate this, we note that for the corre-
sponding metrics G, on cylinders (which were considered in [23] and are isometric
to ([—X4(0), Xq(0)] x S, p*(ds? + dH?)) the change of the length of the central
geodesic is controlled by % < CL|9; Gyl 2 if £ is large, which excludes the pos-
sibility that £ — oo along a curve of metrics of finite L>-length. In this case we
thus know that while the completion of the Teichmiiller space includes the punctured
limit obtained as £ — 0, it does not include any limiting object corresponding to £
becoming unbounded.

O

Remark 3.4 We note that the quantity L g(F,-)z —L g(yl-)z appears naturally also for
horizontal curves of hyperbolic metrics on closed surfaces, as considered in [22].
Such curves move orthogonally to the action of diffeomorphisms and hence satisfy
9;¢ = Re(2) for holomorphic quadratic differentials & on (M, g). Given a simple
closed geodesic y C (M, g) andaclosed curve I' C (C(y), &) with constant geodesic
curvature, which is hence described by some {s} x S 1'in collar coordinates, we can
use the Fourier expansion of 2 =} ;. b e/ F19d72 (o obtain that

d 9.2 53
—[Lgy(T)* = Ly ()] = Lg(T) ﬂd@ L) (3:8)o0

dt {s)xS' /&oo {s}xS' /8o
= —2nRe(ij(ejS - 1)/ é%ag) = 0.
) s1
J

do

We finally give the proof of the analogue of the Deligne—-Mumford compactness
result for our class of metrics that we stated in Theorem 1.2. This proof is based on
the proof of the corresponding result for surfaces with geodesic boundary curves as
carried out in [11, Sect. IV.5]. For part of this proof, it will be more convenient to
work with so-called Fermi coordinates (x, 6) instead of collar coordinates (s, #) on a
collar C(o) around a simple closed geodesic o. As indicated, the angular components
of these two different sets of coordinates agree, while the x coordinate of a point
p € C(o) is given as the signed distance x = x(s) = dist,(p,0) to 0.

Proof of Theorem 1.2 For (M, g/)) as in the theorem we denote by yl.(j), i=1,...,k,
the (unique) geodesics in (M, gfj )) that are homotopic to I';, and note that their lengths
are bounded from above by Z?j) = L) (y[(”) < Ly (T';) < C. We can thus pass

to subsequence so that El(j N Zf?o as j — ooforeachi = 1,...,k, where, after
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relabelling, wemayassumethat@i?O =0forl <i <kywhilet; > Oforx1+1 <i <k
for some k1 € {0, ..., k}. As above we let CH(I";, g/), i = 1, ..., k, be the half-
collars that are bounded by I'; and the corresponding geodesic yi(j ) ¢ (M, gy and
set M) := M\ |J; er @),

As (MY gDy is a sequence of hyperbolic surfaces with geodesic boundary, we
can apply the version of the Deligne-Mumford compactness theorem as found in
[11, Prop. 5.1], or alternatively first double the surface and then apply the version of
Deligne-Mumford for closed surfaces that is recalled, e.g. in [20, Prop. A.3]. After
passing to a subsequence we thus obtain a collection & D = {ai('/ ), i=1,...,k},
k2 € {0, ...,3(y — 1) +k}, of simple closed geodesics in the interior of (M), g()))
whose lengths tend to zero, so that for the surfaces X) = M) \ (Ufil ai(j 'y
U;q: | yi(j )), which have with «1 +2«» punctures, the following holds true: There exists
a complete hyperbolic metric g~ on 3 := £ and diffeomorphisms f; : & — £
so that

ffg(j ) — %o smoothly locally on & = %)

and so that the diffeomorphisms fAj map yl.(l) to yl.(j ), i > k141, while aneighbourhood
of each puncture (respectively, of each pair of punctures) of (£, go,) obtained by
collapsing one the yi(l), 1 < i < ki (respectively, one of the ai(l)) is mapped to
a neighbourhood of the corresponding puncture (respectively, pair of punctures) of
28

In addition, for j sufficiently large, we can modify these diffeomorphisms as
described in the proof of Claim 3 on p. 75 of [11] to ensure that f] : (f}, 8oo) —
(=), g1y is given in a neighbourhood of [ Jf_, 4 yl.(l) by the identity in the respec-
tive Fermi coordinates.

In slight abuse of notation we now denote by C*(¢), £ > 0, the unique hyperbolic
half-collar which has one boundary curve of constant geodesic curvature and length L,
where L? — ¢2 = d?, while the other boundary curve is a geodesic of length £ if £ > 0,
respectively, degenerated to a hyperbolic cusp if £ = 0. We then construct the limit
surface (X, goo) out of the limiting surface (=, 8o0) With geodesic boundary obtained
above and the half-collars C* (£°),i =1,...,k, by gluing the non-degenerate half-
collars CT(€°),i > ky + 1, to 3 along the corresponding non-collapsed boundary

curves of (f], 8c0), and adding the degenerate collars G+(£§’°), i < k1, as additional
connected components of (X, g~). As the connected components of M \ Uf‘: h y,.(j )
are given by M \ |;L, (‘3+(£§j )y and a collection {C* (El(j ))};.11 of degenerating half-
collars, we can now extend the diffeomorphisms f; obtained above to the required
diffeomorphisms

K1 KD
fi: % —> M\ (in(j)UUai('/))

i=1 i=1
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as follows: The degenerated connected components G*(Koo = 0), 1 <i <k,
which are isometric to ([0, o) X st pg 0(ds + do?)), po(s) = d+g, are mapped
to the degenerating half-collars €+(Z§] )) in (M, g) which are bounded by yi(j )
and l"i('j ) with fj chosen so that it is given in collar coordinates by a bijection from
[0, 00) x 8" t0 (0, X4(¢'”)] x §' with £ (s, 6) = (X4(¢'”") —s, 6) on domains which
exhaust [0, 00) x S!, say for s € [0, %Yd(ﬁgj))]. As pg()_(d(ﬁgj)) —-) = po(-) locally
uniformly on [0, co0) as £ — 0, this ensures that the pulled back metrics converge on
every compact subset of these connected components of the limit surface as required.

Finally we extend f; to the collars that we glued to 3 as follows: We let wi+ 00

and w.+’(j) i > k1 + 1, be the width of the half-collars €T (¢£,°) and G*(Z(j)), i.e. the

+(J) +,00

geodesic distance between the two boundary curves, and note that w; - w;

since E(] N £2°. We may thus choose smooth bijections ¢>(] ). 10, w®] — [0, w(J ]

which agree W1th the identity in a neighbourhood of 0 and converge to the 1dent1ty
as j — oo. Since f i T - 32U s glven by the identity in Fermi coordinates near

the boundary curves, we may extend fi  to a smooth diffeomorphism f; on X for
which f ;‘g(/) converges as claimed in Theorem 1.2 by defining f; on €% (£°) by

fi(x,0) = (¢ (x), 6) in Fermi coordinates. o
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Appendix

We finally include a proof of Remark 2.4, which uses that the Dirichlet energy
E() = % f |du|§,d v, is conformally invariant and hence well defined for functions
on Riemann surfaces.

Proof of Remark 2.4 1f M has at least two boundary curves, we use that the harmonic
function f which is 1 on I'; and zero on all other boundary components, minimises
E among all functions with the same Dirichlet boundary data. Given a cylindrical
neighbourhood of T'; as in the remark, we thus have E(f) = % >§:= E( f ) for the
function f which is linearon U ~ (0, Z] x § 1 and zero elsewhere, and thus Z < %

If M has only one boundary curve, we fix instead some curve o with distinct end-
points on the boundary curve I' so that o is homotopically non-trivial with respect to
variations by curves with endpoints on I'. Then there exists a simple closed curve y
in the interior of M so that any curve ¢’ which is homotopic to o (with endpoints on
') must intersect any curve y’ that is homotopic to . We claim that there exists some
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8 > 0 sothat E(f) > § for all functions f : M — R which are equal to 1 on I" and
for which there is a curve y’ homotopic to y so that f|,, < 0. As in the first case,
this will then imply that Z < %. To prove the claim, we fix a neighbourhood V of the
fixed curve o that is diffeomorphic (but not necessarily conformal) to some rectangle
R = [—c, c]x[—b, b], say with o corresponding to {0} x [—b, b] and with VNI corre-
sponding to [—c, c] X {—b}U[—c, c] x {b} for the chosen diffeomorphism¢ : R — V
and fix some smooth metric g on M that is compatible to c. Using that ¢* g is equivalent
to the Euclidean metric on R we obtain that there exists co > 0 (allowed to depend on

the above construction) so that forany f : M — R asconsidered above and f := fo¢

E(f)

v

1 ~ - -
3 /R A B ydugeg > ¢ /R 100 F 12 + 18y F12dx dy

2
cocb™"inf ( / |ay.f |dy) :
ael[—c,c] {a}x[—b,b]

As the curves ¢ ({a} x [—b, b)), a € [—c,~ c] are homotopic to o and thus intersect
the curve y’ for which f|,» < 0, while f(a,£b) = 1, we thus get E(f) > § :=
4coeb™ > 0 as claimed.

v
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