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Abstract

This article is dedicated to geometric structure of the Lorentz and Marcinkiewicz
spaces in case of the pure atomic measure. We study complete criteria for order con-
tinuity, the Fatou property, strict monotonicity, and strict convexity in the sequence
Lorentz spaces yp, . Next, we present a full characterization of extreme points of the
unit ball in the sequence Lorentz space y1,,,. We also establish a complete descrip-
tion up to isometry of the dual and predual spaces of the sequence Lorentz spaces
y1,w Written in terms of the Marcinkiewicz spaces. Finally, we show a fundamental
application of geometric structure of y; ,, to one-complemented subspaces of y1 .

Keywords Lorentz and Marcinkiewicz spaces - Strict monotonicity - Strict
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1 Introduction

Geometric structures with application of the Lorentz spaces I'j, ,, and Marcinkiewicz
spaces My in case of the nonatomic measure have been investigated extensively by
many authors [3,5,6,12,13]. In contrast to the nonatomic case, there are only few papers
concerning geometric structure of sequence Lorentz and Marcinkiewicz spaces. The
first crucial paper devoted to the Marcinkiewicz spaces appeared in 2004 [9], where
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authors have studied the biduals and order continuous ideals of the Marcinkiewicz
spaces for the pure atomic measure. The next significant paper was published in 2009
[10], in which there has been investigated, among others, strict monotonicity, smooth
points, and extreme points with application to one-complemented subspaces. For other
results concerning the issue devoted to one-complemented subspaces please see, e.g.,
[7.8,11].

The purpose of this article is to explore geometric properties of the sequence Lorentz
spaces ¥p, and its dual and predual spaces. It is worth mentioning that we present
an application of geometric properties to a characterization of one-complemented
subspaces in the Lorentz spaces v, in case of the pure atomic measure. Itis necessary
to mention that a characterization of geometric structure of the sequence Lorentz and
Marcinkiewicz spaces does not follow immediately as a consequence of well-known
results from the case of nonatomic measure in general.

The paper is organized as follows. In Sect. 2, we present the needed terminology.
In Sect. 3, we show an auxiliary result devoted to a relationship between the global
convergence in measure of a sequence (x,) C £° and the pointwise convergence of
its sequence of decreasing rearrangements (x,7). In case of the pure atomic measure,
we also establish a correspondence between an identity of signs of the values for two
different sequences in £° and an additivity of the decreasing rearrangement operation
for these sequences. Section 4 is devoted to an investigation of geometric structure of
sequence Lorentz spaces ¥, .. Namely, we focus on complete criteria for order conti-
nuity and the Fatou property in Lorentz spaces for the pure atomic measure. Next, we
present a characterization of strict monotonicity and strict convexity of y ,, written in
terms of the weight sequence w. In spirit of the previous result, we describe an equiva-
lent condition for extreme points of the unit ball in the sequence Lorentz space y; 4. In
Sect. 5, we solve the essential problem showing a full description of the dual and pred-
ual spaces of the sequence Lorentz space y; ,,. First, we answer a crucial question under
which condition does an isometric isomorphism exist between the dual space of the
sequence Lorentz space y1 ,, and the sequence Marcinkiewicz space m. Next, we dis-
cuss complete criteria which guarantee that the predual space of the sequence Lorentz
space y1 4, coincides with the sequence Marcinkiewicz space mY. Additionally, we
investigate necessary condition for the isometry between the predual of y; ,, and the
Marcinkiewicz space mg. In Sect. 5, we present an application of geometric properties
of the sequence Lorentz space yj 4, to a characterization of one-complemented sub-
spaces. Namely, using an isometry between the classical Lorentz space d; ,, and the
Lorentz space y1,,,, we prove that there exists norm one projection on any nontrivial
existence subspace of y; . Additionally, by the previous investigation and in view
of [10], we establish a full characterization of smooth points in the sequence Lorentz
space y1,,, and its predual and dual spaces. Finally, we study an equivalent condition
for extreme points in the dual space of the sequence Lorentz space yj .

2 Preliminaries

Let R, R, and N be the sets of reals, nonnegative reals, and positive integers, respec-
tively. A mapping ¢ : N — R™ is said to be quasiconcave if ¢ (t) is increasing and
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¢ (t)/t is decreasing on N and also ¢ (n) > O for all n € N. Denote by 20 the set of
all real sequences, and by Sx (resp. Bx) the unit sphere (resp. the closed unit ball) in
a Banach space (X, [|-|ly). Let us denote by (el)""1 a standard basis in R*°. A quasi-
Banach lattice E C £° equipped with a quasi-norm || - || is called a quasi-Banach
sequence space (or a quasi-Kothe sequence space) if the following conditions hold

(1) Ifx €€, y e E,and |x| < |y|, thenx € E and | x|z < ||y &.
(2) There exists a strictly positive x € E.

For simplicity let us use the short symbol ET = {x € E : x > 0}. Anelementx € E
is called a point of order continuity, shortly x € Eg, if for any sequence (x,) C E™
such that x, < |x| and x, — O pointwise we have ||x,||r — 0. A quasi-Banach
sequence space E is said to be order continuous, shortly E € (OC), if any element
x € E is apoint of order continuity. Given a quasi-Banach sequence space E is said to
have the Fatou property if for all (x,) C ET, sup,cy lxXzllE < occandx, 1 x € 29,
then x € E and ||x,||g 1 ||x||g (see [2,16]). We say that E is strictly monotone if for
any x, y € ET such that x < y and x # y we have Ixllg < lylg-

Let (X, |I-ly) be a Banach space. Recall that x € Sy is an extreme point of By if
for any y, z € Sx such that x = (y 4+ z)/2 we have x = y = z. A Banach space X is
called rotund or strictly convex if any x € Sy is an extreme point of Bx. An element
x € X is called a smooth point of X if there exists a unique linear bounded functional
f € Sx+ such that f(x) = [lx|ly .

The distribution for any sequence x € £° is defined by

dy(A) =card{k e N : |x(k)| > A}, A>0.
For any sequence x € £° its decreasing rearrangement is given by
x*m)=inf (A >0:d,(A) <n—1}, neN.

In this article we use the notation x*(0c0) = lim,_, o0 x*(n). For any sequence x € 20
we denote the maximal sequence of x* by

1 n
x**(n) = - > x ).
i=1

It is easy to notice that for any point x € £°, x* < x™*, x™ is decreasing and
subadditive. For more details of d,, x*, and x™* see [2,14].

We say that two sequences x, y € 29 are equimeasurable, shortly x ~ y, ifd, =
dy. A quasi-Banach sequence space (E, ||| ) is called symmetric or rearrangement
invariant (r.. for short) if whenever x € £° and y € Esuchthatx ~ y, thenx € E
and ||x||g = ||yl g. The fundamental sequence ¢ of a symmetric space E we define
as follows ¢g(n) = | x(ieN:i<n}llE for any n € N (see [2]). Let 0 < p < oo and
w = (w(n)),en be a nonnegative real sequence and let for any n € N

W) = ZUJ(I) and W,(n) = n? Z w(l)

i=n+1
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For short notation the sequence w is called a nonnegative weight sequence. In the whole
paper, unless we say otherwise we suppose that w a nonnegative weight sequence is
nontrivial, i.e., there is n € N such that w(n) > 0. Let 0 < p < oo. Now, we recall
the sequence Lorentz space d), ,, which is a subspace of 0 such that for any sequence
x = (x(n))neN € dp,w We have

00 I/p
lxla,, = (Zx*ﬂ(n)w(n)) < oo,

i=1

It is well known that the Lorentz space d ,, is a norm space if and only if w is
decreasing (see [17]). Furthermore, for any 0 < p < oo, ||- || - is a quasi-norm if
and only if W satisfies condition A,, thatis W(2n) < KW (n) for any n € N and for
some K > 0 (see [13,20]). Additionally, if W satisfies condition A, and W (oc0) =

then for any 0 < p < oo the space dj,, is a separable r.i. quasi-Banach sequence
space (see [13]). Recall, the sequence Lorentz space y, ,, is a collection of all real
sequences x = (x(n)),enN such that

00 1/p
Ixll,, , = (Z(x**(n))/’w(n)) < co.

i=1

Let us notice that for any nonnegative sequence w = (w(n)),en the sequence Lorentz
space yp,y 18 a r.i. (quasi-)Banach sequence space equipped with the (quasi-)norm
II- || . Additionally, note that the space y), ., is a Banach space if 1 < p < oo. Itis
easy "o observe that the fundamental sequence of the Lorentz space y), ,, is given by

B () = |Xtiznieny [, = W) + Wp@)'/?
for every n € N. Clearly, since x* < x**, we have y, ,, C d), forany 0 < p < oo.
Moreover, it is well known that d), y, = yp,w for any 0 < p < oo if and only if w
satisfies B, i.e., there exists A > 0O such that for every n € N we have W, (n) <
AW (n) (for more details see [12,13]).

Let ¢ be a quasiconcave sequence. The Marcinkiewicz space m¢ and (resp. mg)
consists of all real sequences x = (x(n)),en such that

el = suplr™ () (m)) < 00 (resp.mg Cmgand lim x**(n)¢(n) = 0) .
nEN n—oo

Recall that my and mg are symmetric spaces equipped with the norm |||, . (for more
details see [9]).

3 Properties of Decreasing Rearrangement for a Pure Atomic Measure

In this section, first we present an auxiliary lemma devoted to a correspondence
between the global convergence in measure on N of an arbitrary sequence of ele-
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Sequence Lorentz Spaces and Their Geometric Structure 1933

ments in £° to an element in £° and the pointwise convergence of their decreasing
rearrangements. Although the similar result emerges in case of the nonatomic mea-
sure space (see [14]), the proof of it is not valid in case of the pure atomic measure
space. It is worth mentioning that in the pure atomic measure space the proof of the
wanted result is quite long and requires new techniques.

Lemma 3.1 Let x,,, x € £° for all m € N. Assume that x,, converges to x globally in
measure, that is for any € > 0

lim card{n € N: |x,,(n) — x(n)| > €} = 0.
m—00

Then, x, (n) converges to x*(n) for every n € N.

Proof Let (x,,) C £°, x € £° be such that x,,, — x globally in measure. Since for any
€ > 0and m € N we have

card{n € N : |x,,(n) —x(n)| > €} > card{n € N : ||x,,(n)| — |x(n)|| > €},
without loss of generality, we may assume that x > 0 and x,, > O for all » € N.

Let B = {b;} be a set of all values for a function x : N — R™. Define for any
iefl,...,card(B)},

i
Ni={neN:x(n) =b;}, and ¢; = anrd(Nj), co = 0.
j=I

Without loss of generality we may assume that (b;) is strictly decreasing. Now we
present the proof in three cases.

Case 1 Suppose that card(N1) = oo. Then, it is easy to see that x*(n) = by xn. If
b1 = 0 then for all m > Ms, we have

dy, (61) =card{n e N : |x,,(n)| > 81} < L.
Hence, since dyx (81) = dy,, (81) for every m > Ms,, we get x; — 0 globally in
measure, whence we infer that x, — 0 pointwise. In case when B = {b;} then we
take b, = 0. Denote §; = (b; — by)/4. Since x,, — x globally in measure, there
exists M5, € N such that for all m > Ms,,

card{n e N : |x;,(n) —x(n)| > 81} < 1. (D

Now, we claim that for any n € N, x» (n) — x*(n). Indeed, by (1) we conclude that
forany m > M;, andn € N,

lx(n) — x(n)| < 81.
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1934 M. Ciesielski and G. Lewicki

If card(N \ N1) = 0, then we are done. Otherwise, for any n € Nj and k € N\ N
we observe that

3(by — b
Xm(n) >x(n) —8; =b; + ¥ = b1 4+ 351 > x(k) + 381 > xp,(k) + 284

for all m > Ms,. Consequently, for every m > Ms, we obtain x,; = (x,xn,)" and
also |by — x;,(n)| < 81 for each n € Nj. Therefore, for all m > Ms, and n € Nitis
easy to notice that

81> |br — xp ()| = |x*(n) — x5, ()] .

Case 2 Assume that there exists bj, € B\ {0} such that card(N;)) = oo and 0 <
card(Nj) < oo forany j € {1, ..., jo — 1}. Then, we have

. k .
Jo Jo
Xy =Y bixn; | ()= bjXiieNe, +1=i<e;) (). )
j=1 j=1

In case when card (B) = jo then we assume that bj,11 = 0. Denote for any i €

{1,...,card(B)},
8 = 77 and 8= min {8i}.
4 1<i<jo

Since x,,, — x globally in measure, there exists Ms € N such that for all m > Mj,
card{n e N : |x,,(n) —x(n)| > §} < 1.
Therefore, for any m > Ms and n; € N; where 1| <i < jy we have
§ = [x(ni) — xm(ni)| = 1bi — xpm ()] . (3)
Hence, for all m > M5 and n; € N; where 1 <i < jo — 1 we easily observe
Xm(ni) =bi —8 = biy1 +38 > xp(njy1) + 26.
In consequence, by (3) we get for every m > Mg andn € N,

* .
Jo

Jo
xmnm) =D xwan; | ) =D (omxn;) " (r—cj D xiiene, 11<i<e) (). (4)
j=1 Jj=1

Clearly, there exists o : N — Ujozl N a permutation such that x*(n) = x (o (n)) for
all n € N. Thus, for any n € N there exists j € {1, ..., jo} such that o (n) € N; and
by (3) we obtain
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Sequence Lorentz Spaces and Their Geometric Structure 1935

8 > [xm(o () —x(a(m)| = lxm(o(n)) —bj| = |(xmxn;)*(n —cj—1) — bj
for all m > M. Therefore, by (2) and (4) we infer that

Jjo
() =" (xmxan;)" (0 = cj ) XieNe;_y +1<ie;) ()
j=1
Jo
- ijX{ieN:cj_1+1gi5c,}(n) =x"(n).
j=1

Case 3 Suppose that for any b; € B \ {0} we have card(N;) < oo. If card(B) < oo
then without loss of generality we may assume that jo = card(B) and b, = 0. Next,
letting forany i € {1, ..., jo — 1},

b._b.
§i=——""1 and 5= min (5},
4 I=i<jo—1

and proceeding analogously as in case 2 we may show that x,; — x* on N, in case
when card(B) < oo. Now, assume that card(B) = oo. Then, since (b;) is strictly
decreasing and bounded we conclude

lim b =b > 0.

j—o0

First, let us consider that » = 0. Let € > 0. Then, there exists jo € N such that for all
Jj = jo we have

0<b,-<§ and bjo_lzz. ®)
Define for any i € {1, ..., jo},
b — b 4—b;
6;‘:1—14_1 and S:min{e/—m, min {Si}}'
4 4 1<i<jo

Similarly as in case 2 there is Ms € N such that for all m > Ms, n € N, and
kelUjsj, Nj we get

() —x(m)] <8 and xu(k) <8 +x(k) <8+bj, <8+ 2 < % 6)
Moreover, we may observe that
Xm(ni) = Xm(niv1) + 28
for every m > Ms and n; € N; where i € {l1,..., jo — 1}. Next, assuming that

o:N— U?‘;l N is a permutation such that x*(n) = x(o (n)) for all n € N, then
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for any n € N with n < cj,_ there exists j € {1,..., jo — 1} such that o (n) € N;
and by (6) we obtain

€ >8> |xpom) —x(o(m)| = |xu(o®m) — bjl
Jo—1
= |(Xmxn,) (n —cj-1) = bj| = Z Xmxn; | (n) —b;
j=1

*

for all m > Mjs. On the other hand, if n > cj,—1 then there is j > jo such that
o(n) € N; and by (5) and (6) it follows that

Z xmxn; | (n=cjy—1) = x* ()| = |xm (0 (m) x; (0 (n)) — x (o (n))|
J=Jo

= |xm(o(n)) —bj| <€

for all m > Mjs. Now, let us notice that for every n € N,

o0
X*(n) =Y " bjX(ieNe;_y+1<ize;) ()

j=1

and .
_— )

. ( g meN,-) (n) ifn <cj,—1,
xm(n) = .S * .
(Zj:jo meNj) (n—cjy—1) ifn > cj_1.

Hence, we infer that for any m > M;s and n € N,
xp(n) = x*(n).
Now, we assume that » > 0. Then, it is easy to see that x*(co0) = b > 0. Next, taking

Y = X Xsupp(x) + DXM\supp(r)  and Y = X Xsupp(x) + D XN\supp(x)

for all m € N, we may show that x* = y* and x;;, = y;, for sufficiently large m € N.
Next, passing to subsequence and relabeling if necessary, it is enough to prove that
v — y* on N. Clearly, by definition of y and y,, for all m € N we may observe that
ym — b converges y — b globally in measure and (y — b)*(co) = 0. Finally, using
analogous technique as previously, in case 3 for b = 0, we finish the proof. O

Remark 3.2 Let us notice that using analogous techniques as in the proof in [14, prop-
erty 9°] and by the property 7° in [14] (see pp. 64—65), in view of [2, Theorem 2.7
and Proposition 3.3] we are able to show the below assertion.

For any two sequences x and y with x*(co) = 0 and y*(co) = 0 the following
conditions are equivalent.
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Sequence Lorentz Spaces and Their Geometric Structure 1937

(1) Foranyi € N,
(x 4+ »)*@) = x*(@) + y* (@).

(i1) sgn(x(i)) = sgn(y(i)) for any i € N and there exists (E,),en a countable
collection of subsets of N such that for every n € N we have card(E,) = n and

1 1
W) =~ 3 @) and Yo =~ 3 1yG)]

iek, i€k,

4 Geometric Structure of Sequence Lorentz Spaces ¥p w

In this section, we discuss complete criteria for order continuity, the Fatou property,
strict monotonicity and strict convexity, and also extreme points of the unit ball in the
sequence Lorentz space v, .

Theorem 4.1 Let w be a nonnegative weight sequence and O < p < oco. The Lorentz
space yp y is order continuous if and only if W (00) = oo.

Proof Necessity Suppose that y,, ,, is not order continuous. Then, there exists (x,,) C
y;fw \ {0} such that x,,, | O pointwise and d = inf, <y ||xm||ylw > 0. Next, passing
to subsequence and relabeling if necessary we may assume that ||x,, ||yp_w J d. Since
W (00) = oo we claim that dy (1) < coforall A > 0 and x € y,, . Indeed, assuming
for a contrary that there is x € yp , such that x*(c0) = lim,_ 00 x*(n) > 0 we
obtain £*° < y, . Define z = xn. Then, we have z** = z € y, , and also
||z||prw = W(o0) = oo, which gives us a contradiction and proves the claim. Let
€ > 0. Define two sets

Ei={neN:xi(n) >¢€} and E, =N\ Ej.

Now, since xj(00) = 0t is easy to notice card(E1) = dy,(€) < ooand E1 N E; = 0.
Therefore, since x,, | 0 pointwise we have

dy, () =card{n e N: x,,(n) > €} - 0 asm — oo.

Hence, by Lemma3.1 it follows that x,; — O pointwise on N. Consequently, since
x| Yo < OO andx™*(n) < ooforalln € N, applying twice the Lebesgue Dominated
Convergence Theorem we conclude ||x;, ”y,, . — 0.

Sufficiency Assume for a contrary that W(oco) < oo. Then, it is easy to see that
X = XN € Vpw, X = x, and ||x||vaw = W(o0). Define x,, = xjien:i=m) for any
m € N. Clearly, we have x,, | 0 and x,, < x pointwise for every m € N. Moreover,
we observe that x* = x** for any m € N. Hence, we get | x,, ”)/p,w = W(oc0) > 0 for
all n € N, which contradicts with assumption that y,, ,, is order continuous. O
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Remark 4.2 First, let us recall that for any symmetric Banach function space X over
[0, oo) with the fundamental function ¢x we have X < My, and the embedding has

norm 1, where
t t
My = {x : sup{¢X( ) / x*(s)ds} < oo}
>0 t 0

(for more details see [2, Proposition 5.9]). Now, observe that for any symmetric Banach
sequence space E over N, in [2, Proposition 5.9] is also satisfied. Namely, using
analogous technique as in [2] we are able to show that for any symmetric Banach
sequence space E the embedding E < mg holds with constant 1, i.e., forallx € E,
we have

%11, = sup{x™ (m)pe(m)} < llxl g,

where ¢ is the fundamental sequence of E on N. Next, assuming that £ a symmetric
Banach sequence space with the Fatou property, in view of [4, Remark 3.2] we obtain
that ¢ (00) = oo if and only if x*(c0) = 0 for any x € E.

Lemma4.3 Let w be a nonnegative weight sequence and 0 < p < oo. The Lorentz
space yp . has the Fatou property.

Proof Let (x,,) C y;fw, x € £0 and x,, 1 x pointwise and sup,, <y ||xm||yp.w < 0.
Immediately, by [2, Proposition 1.7] it follows that x;; 1 x*. Next, applying twice
Lebesgue Monotone Convergence Theorem [19] we get ||x,, ||yp,w M lx ”yp,w . Finally,
since sup,, <y ||xm||yp,w < oo it follows that x € yp 4. O

Theorem 4.4 Let w be a nonnegative weight sequence and 0 < p < 0o. The Lorentz
space yp y is strictly monotone if and only if W (c0) = o0.

Proof Necessity Assume for a contrary that W(oo) < oo. Then, we may show that
£ — y), . Next, defining two sequences

X = X{ieN:i=1) and y = xy
we easily observe that x < y, x # y, and x** = y** = y. Consequently, ||x||ypw =

, which contradicts with assumption that the Lorentz space w 18 strictl
Yy, p p Vp, y
monotone.

Sufficiency Letx, y € y;fw, x < y,andx # y. Since x # y there exists ng € N such
that x(ng) < y(np). Define

80 = max{y(ng)/2, x(np)} and No={n e N:ymn) > d}.

Since W (00) = 00, by the proof of Theorem 4.1 it follows that y*(c0) = x*(c0) = 0.
Hence, since ng € No we get

0 < card(Ng) = dy(8p) < oo.
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Sequence Lorentz Spaces and Their Geometric Structure 1939

Now, we claim that there exists mq € {1, ..., card(Ny)} such that x*(mg) < y*(mo).
Indeed, if it is not true then for all n € {1, ..., card(Ny)} we have x*(n) = y*(n).
Moreover, there is a permutation o : N — N such that 0 (n) € Ny and y*(n) =
y(o(n)) forevery n € {1, ..., card(Ny)}. So, we have

x*(n) = y*(n) = y(o(n)) = x(o'(n))

foranyn € {1, ..., card(Ny)}. Letmg € {1, ..., card(Np)} be such that o (mg) = ng.
Then, we observe that

x*(mg) = y*(mo) = y(o(mo)) = y(ng) > x(no).

Therefore, we obtain
x*(mo) > x(ng) = x (o (mo)),

which implies that there exists kg € N \ Ng such that x(kg) = y(np). On the other
hand, it is well known that x (ko) < y(ko), whence

y(ko) = x(ko) = y(no) = y*(mo).

In consequence, by definition of Ny this yields that ky € Ny and gives us a contradic-
tion. Now, since x*(n) < y*(n) for any n € N and x*(ng) < y*(ng) for some ng € N
it follows that

k k
() <y () and Y x*G) < Y yH()
i=l1 i=1

foralln € Nand k > ng. Finally, by assumption that W (co0) = oo there exists (nx) C
N such that w(ng) > 0 for every k € N. Hence, we infer that ||x||yp.w < ||y||yp ,- O

The immediate consequence of the previous theorem and Proposition 2.1 in [10] is
the following result.

Corollary 4.5 Let w > 0 be a weight sequence such that W (oo) = coandlet1 < p <
00. An element x € S, , is an extreme point of B if and only if x* is an extreme
point of B

Yp.w

Ypow*

Next, we show that the Lorentz space y, ,, is strictly convex for 1 < p < oo and
w a positive weight sequence such that W(oo) = co. In some parts of the proof of
the following theorem, we use the similar techniques to [6, Theorem 3.1] (see also [5,
Theorem 2.3]). For the sake of completeness and reader’s convenience we show all
details of the proof.

Theorem 4.6 Let w be a nonnegative weight sequence. The Lorentz space yp y is

strictly convex if and only if 1 < p < oo and w(n) > 0 for any n € N and also
W(oc0) = o0.
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Proof Necessity Assume that y,, ,, is strictly convex. For a contrary we suppose that
p=1Letx,yeSs, . and ||x + yllyp.w = 2. Without loss of generality we may
assume that x = x* and y = y*. Then, we have (x + y)** = x™* + y** and also

lx+yll,,, =lxl,, +ixl,, =2

Yp.w Yp,w

Consequently, since x and y are arbitrary and y, ,, is strictly convex we conclude a
contradiction. Now, assume that W (oc0) < 0o. Define

X = mmzn:nel\l} and y = WXN-

Clearly, we have for any n € N,

XM (n) = y*(n) = ;

W (c0)1/P
Moreover, we observe that
- 1 ok 2
x+y)" )= W o) /7 (2X@nneny + Xn—1meny)” (n) = Woo) 77
for any n € N. Hence, we get
Ixly,., = Iylly,, = w =

Therefore, by assumption that y), ,, is strictly convex we obtain a contradiction. Now,
let us suppose for a contrary that there is ng € N such that w(ng) = 0. If ng = 1, then
take € € (0, 1/¢y,,‘w (2)) and define

1 1 1
X = X{,2y and y = +e ) xm + —€| x2.
Gy @2 TS (%.wa) ) w (ebyp,w(z) ) e

It is easy to see that x # y and

x*(n) = Xi1,2y(n) + XN\(1,2) (1)

1 2
by, (2) ngy, ,(2)

and also

1 1 2
*% — + + 4+ — .
y7(n) <¢yp‘w(2) 6) xq1y(n) PRG) X2y () w6y, Q) XN\(1, 2y (1)
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Therefore, since w(1) = 0, we have

]

1 2P w(n)
Ixl,,, = yll,, = (—( 7 O Gy Z o )

n=

(W) +W,2)"" =1

)

Furthermore, we observe that

» ~ 2 > B *k
x+y)") = <<¢y,,,w(2) + e) Xy + ((%w D) 6) X{2}> (n)

2 4
B <¢’yp‘w @ " 6) X+ gy e

Hence, since w(l) = 0, we get

= wm)”” 2 =)
J— = ! np
Ix+yly,, = <(¢y,,w(2)> 2 np ) e <w(2)+2 Z np )

n=2

2 1/p
== _(WQ)+ W, =2.
PYG) (W©2) + W,(2)

So, in case when w(1) = 0, it follows that y), ,, is not strictly convex. Assume that
no > 1. Define

1 1 1
X =——X, and y=—(X1, “n+zx ,+1>-
¢yp,w (n0) [1, no] ¢yp,w (n0) [1,no—1] ) {no,no+1}

Then, we easily observe that x # y and ||x ||Vp Y= 1. Moreover, we have

1 1 if n < ng,
T = =12y =
“ by, (10) | 0" i = no,
’ 7 ifn > no,
and
Gy = —— (2 FEN -
y - ¢Vp,w(n0) X[1,n9—1] 2X{n0} 2X{n0+]}

1 if n < no,

- il VLT A

no )

Pron(10) nn_o if n > no.
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Hence, since w(ng) = 0, we conclude that

llx + )’”y 1 1/
Iyvll, = LY = W(ng — 1) + Wp(ng)) " = 1.
Ypow 2 ¢pr“) (n()) ( p )

In consequence, by assumption that y,, , is strictly convex we get a contradiction.
Sufficiency Letx, y € Sy, and x # y. We consider the proof in two cases.

Case 1 Assume that there exists ng € N such that x**(ng) # y**(ng). Then, by strict
convexity of the power function u? for 1 < p < oo we have

1 1 P 1
<§x**("0) + Ey**(no)) < zx**"(no) + zy**”(no)-

Therefore, since for any n € N,

lX**(n) + ly**(n) = lX’“*”(n) + ly**”(n)
2 2 ~2 2

by assumption that w(n) > 0 for all n € N we infer that ||x + y”]/p,w < 2.

Case 2 Suppose that x**(n) = y**(n) for every n € N. Thus, we have x*(n) = y*(n)
for any n € N. We claim that there exists ng € N such that

(x + )™ (no) < x™(ng) + y**(no).

Indeed, assuming that it is not true it follows that (x 4+ y)*(n) = x*(n) + y*(n) for
all n € N. Consequently, since W(oco) = 0o, by Remark 3.2 we obtain |x + y|(n) =
|x(n)|+ |y(n)| for all » € N and there exists (E,) an increasing sequence of sets such
that card(E,) = n for every n € N and also

Dolkl=) x* =) "y = Iyl
1 i=1

ickE, i= i ick,

In consequence, |x(n)| = |y(n)| for any n € N and so x(n) = y(n) for every n € N.
Therefore, in view of assumption x # y we get a contradiction. Finally, applying the
triangle inequality for the maximal function we infer that

xX+y P
2

1 1
—_ P _ p —
<3 I, +5 105, =1

Yp.w
O

Finally, we present a complete criteria for an extreme point in the ball of the Lorentz
space y1.,. It is worth mentioning that in some parts of the proof we use similar
technique to the proof in [ 10, Theorem 2.6]. For the sake of completeness and reader’s
convenience, we present all details of the proof of the following theorem.
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Theorem 4.7 Let w > 0 be a weight sequence such that W(o0) = 0. An element
X € Sy, is an extreme point of By, , if and only if there exists ng € N such that

1
x* = d)—(no))({ieN:isno} @)
Yiw

and in case whenng > 1, W(ng — 1) > 0.

Proof Letting x € S, ,, by Corollary 4.5 we may consider that x = x™ is an extreme
point of By, . Denote

no = sup{n € N: x*(n) = x*(1)}.

Since W (00) = oo and ¢y, ,(n) = W(n) + Wi (n) for any n € N, by Lemma4.3 and
by Remark 4.2 it follows that x*(c0) = O and song € N. We claim that x*(ng+1) = 0.
Suppose on the contrary that x*(ng + 1) > 0 and denote

ny =card{n € N: x*(n) = x*(ng + 1)}

and
d =min{x*(1) —x*(ng + 1), x*(ng+ 1) — x*(ng +n1 + D}.

First, notice that¢,, , (n+1) > ¢, , (n) > Oforanyn € N.Indeed, since W (0c0) = 0o
we infer that ¢, , (n) > 0 for all n € N. Now, assuming for a contrary that there is
n € Nsuch that ¢, , (n + 1) = ¢y, , (n), we easily obtain

win+ D =—@m+1 Y wi) _ .

i=n+2

Hence, since w(n 4+ 1) > 0 we get a contradiction. Now, we are able to find a, b €
(0, d) such that
¢V1,w (n() + }’l]) - ¢V1,w (”0)

¢V1 w (nO)

b=a

®)

Define
y = x* - bX{ieN:ifno} + A X{ieNing<i<ng+ni}

and
2= X" 4+ bx{ieNi<ng) — AX{icNng<i<no+n}-

Clearly, y # z and x = (y 4+ z)/2. Since y = y* and z = z*, by (8) we have
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Iyl , =Yy mw)

n=1

o0 n
w(n) : : .
= E . E (x*(J) = bxtieni<ng)(J) + ax{ieNng<i<no+m)(J))
n=1 j=1

= Zx**(n)w(n) —b Zow(n) + no Z wfln)
n=lI n=I

n=no+1
no+ni

iy Z w:ln) (n — o) + 1 Z w}(;l)

n=np+1 n=no+ni+1
= llxll,,, — b, (10) +a (b, (10 + 1) — by, (10)

= lxll,,, = 1.

Similarly, we may show that ”Z”J/I,w = 1. Therefore, in view of assumption that x is
an extreme point of By, , we conclude a contradiction, which proves our claim. In
case when ng > 1 we assume that w(n) = O foralln € {1, ..., ng9 — 1}. Then, for
a € (0, x*(ng)) we define

y=x"Faxuy —axp and z=x" —axu +axm)-

Next, it is clearly observe that y # z, x = (y +2)/2, y* =y = z* and

o0 n
w(n) . . .
2l = 1yl = 22 == 2 (G +axm () = axmy () = 1.
n=ng j=I1

Consequently, by assumption that x is an extreme point of By, ,, we have a contradic-
tion. So, this implies thatif ng > 1 thenitis needed W(ngo—1) > 0.. Now, assume that
X € Y14 and satisfies (7). For simplicity of our notation we denote ¢ = 1/y1 4, (ng).
If ngp = 1, then by Theorem4.4 we conclude that x is an extreme point of By, .
Consider that ng > 1. Suppose that y, z € Sy, ,, ¥y # zand x = (y +2)/2. We claim
that y(i) = z(i) = O for all i > ng. Indeed, if y(i) > O for some i > ng, then it is
obvious that z(i) = —y(i) < 0 for some i > ng. Next, defining two elements

U= YyX{ieNi<noy} and v = ZX{ieN:i<no)

we have x = (u + v)/2. On the other hand, by Theorem 4.4 we infer that ||u||y1‘w <

”y”nw = 1 and ||v||y1’m < ”Z”]/I,w = 1. In consequence, we get
I el + llll,,
L=, = 5 et oll,, < —o =1 <1,
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which yields a contradiction and proves our claim. Now, define

I ={i e N, i <ng; y@i) > c},
L ={ieN,i<ng; yi) =c},
Iy ={i eN, i <ng; y(i) <c}.

We can easily notice that y, z € ylfw. Indeed, if it is not true then we may define
u, v € y such that u < |y|, u # |yl and v < |z], v # |z| and also x = (4 +
v)/2. Therefore by Theorem 4.4 we obtain a contradiction. Next, since y ,, is strictly
monotone and y € Sy, ,, ¥ # x we observe that card(/;) > 0 and card(/3) > 0,
whence y(1) > y(ng). Without loss of generality we may assume that y = y*. Then,
we have

no—1

1= Z y**(n)w(n)+2y< > i ©)
n=ng
no—1 n w(n)
P IPRCE +Z 0y
n=1 i=lI n=ng

Moreover, by assumption that z € S, , and x = (y + z)/2 it follows that z(i) =
2c — y(i) forany i € {1,...,np} and z(i) = O for all i > ng. Thus, we obtain

2" (n) = 2c — y(no + 1 — 1)) x{ieN:i<no) (1)

for every n € N. Consequently, we have

I—Zz**(n)w(n)—i-Zz(l) Z w(”)

n=ngp+1
( ) 4 ) = wn)
_Z 2cn—2y(n0+1—l) ZCno—Zy(z) Z
i=1 n=nop+1 n
W) N e w(n)
= 2¢y, , (n0) —ZZy(no+ T=D===2 50 Y —=
n=1i=1 i=1 n=no+1

Hence, by definition of ¢ we obtain that

no—1 n
=Y Y o1 +Z <)Z“’(”) (10)
n=1 i=1 n=ngo
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Furthermore, since y = y* and y(1) > y(ng), we infer that for every n < ny,
n n
Y oy =Y ymo+1-10).
i=1 i=1
In consequence, since W(ng — 1) > 0, by (9) and (10) we conclude

no—1 n

=" "y0)

W) s s w(n)
nn ~|—Zy(l) Z wnn

n=1 i=lI i=1 n=ng
no—1 n no 00
. w(n) ) w(n)
> D Yyt I=D==4) yb ) == =1
n=1 i=1 n i=1 n=n n
which gives us a contradiction and finishes the proof. O

5 Application

This section is devoted to a relationship between the existence set and one-
complemented subspaces of the sequence Lorentz space y; .. Next, we investigate
complete criteria for the dual and predual spaces of the Lorentz space y1,,. Moreover,
we present a complete characterization of smooth points in the sequence Lorentz space
¥1,w» and its dual space and predual space. Finally, we show full criteria for extreme
points in the dual space of the sequence Lorentz space yj 4.

First, let us recall some basic definitions and notations that corresponds to the best
approximation. Let X be a Banach space and C C X be a nonempty set. A continuous
surjective mapping P : X — C is called a projection onto C, whenever P|c = Id,
ie., P2 = P. Given a subspace V of a Banach space X, by P(X, V) we denote
the set of all linear bounded projections from X onto V. Let us recall that a closed
subspace V of a Banach space X is said to be one-complemented if there exists a norm
one projection P € P(X, V). Aset C C X is said to be an existence set of the best
approximation if for any x € X we have

Re(x) = {y €C:llx—ylix =CH€1£ IIX—CIIX} # 0.

It is obvious that any one-complemented subspace is an existence set. The converse in
general is not true. By a deep result of Lindenstrauss [15] there exists a Banach space
X and a linear subspace V of X such that V is an existence set in X and V is not
one-complemented in X. However, if X is a smooth Banach space both notions are
equivalent see [1, Proposition 5]). It is worth noticing that one can find in the literature
concerning one-complemented subspaces a survey paper [18]. We will show that both
notions are equivalent in y; ,,, which is obviously not a smooth space.

First, we establish an identity between the sequence Lorentz spaces yj 4, and d ,
for some nonnegative sequences w and v.
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Remark 5.1 Assuming that w = (w(n)),cN is a nonnegative weight sequence, we may
easily observe that the identity / is a surjective isometry from the sequence Lorentz
space y1,, onto the sequence Lorentz space di ,,, where v = (v(n)),en is given by

v(i):Z# for anyi € N. (11)

n=i

Indeed, taking x € y,, we observe that

ey, = 32 i = 3w 0 3 P = 3 e = il
n=1 i=1 i=1 n=i n=1

On the other hand, assuming that v = (v(n)),en is a decreasing sequence such that
lim,_, o v(n) = 0 we may define a sequence w by

w(n) =n(wn) —v(n+1)) foranyn € N
and show analogously that the identity / is a surjective isometry from dj , onto yp .

Theorem 5.2 Let w be a nonnegative weight sequence and let V- C y1 4, V # {0} be
a linear subspace. If V is an existence set, then V is one-complemented.

Proof Let v be a nonnegative sequence given by (11). Then, by Remark 5.1 we get
that the identity [ is a surjective isometry between y; ., and d; ,. Hence, since V is an
existence set in yj 4, by [10, Lemma 3.4] it follows that V' # {0} is an existence set
in d . In consequence, by [10, Theorem 3.10] we infer that V' is one-complemented
in d1 . Finally, applying again [10, Lemma 3.4] we get that V is one-complemented
mn yi w. O

Now, we present the necessary and sufficient condition for the dual space of the
Lorentz space y ,, and the isometric isomorphism between the Marcinkiewicz space
and the dual space of y 4. It is worth mentioning that in case of the Lorentz space
di y the similar result (see [14, Theorem 5.2]) was established under assumption that
d1 .y 1s separable.

Theorem 5.3 Let w = (w(n))ueN be a nonnegative weight sequence and let ¢, ,, be

the fundamental sequence of the sequence Lorentz space yi . Then W(00) = oo if
and only if every linear bounded functional f on y) v, has the form

f@) =Y x(ym) forany x €yiw. and |l =15l .

n=1

where y € my and y(n) =n/¢y, ,(n) for everyn € N.
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Proof Sufficiency Suppose that W(co) < oco. We claim that £*° — y ,,. Indeed,
taking x = y it is easy to see that x** = x and ||x||y|_w = W(o0) < 00, which
implies our claim. Let f € yfi - Then, by assumption there exists y € my such that

1 n
1, = Dl 25— D v" )
’ Yiw i=1

for all n € N. Next, in view of the inequality
W(n) < ¢y, ,(n) < W(oo) < 00

for every n € N, it follows that ¢, , (00) = W(00) < oo. Thus , we have
o0
S0 ) [ flle =Dy (R,
Ti=l

whence y € ¢!, Therefore, we observe that My <> 21, Moreover, since Y1,w and my,
are symmetric by [2, Corollary 6.8] we conclude that y; ,, < £° and AN my.
Hence, since £°° is the dual space of 2! (see [16]) we have a contradiction.

Necessity Since W (00) = oo, by Theorem 4.1 it follows that y ,, is order continuous.
Next, in view of Remark 5.1 the identity is a surjective isometry between y ,, and d ,
where v is given by (11). Finally, by [14, Theorem 5.2] we finish the proof. O

We research a complete characterization of the predual space of the Lorentz space
¥1,w- It is worth noticing that the first part of the proof of the next theorem is an
immediate consequence of [9, Theorem 3.4], in which authors have proved that the
Marcinkiewicz space my, is the bidual space of m% if and only if ¥ (c0) = oo.
Additionally, we answer the essential question under which condition does the iso-
metric isomorphism exist between the Lorentz space y; ,, and the dual space of the

Marcinkiewicz space m?”.

Theorem 5.4 Let w be a nonnegative weight sequence. The Marcinkiewicz space m?p

is the predual of the sequence Lorentz space y\ y, if and only if W (00) = oo, where

Y(n) =

n
forany n e N.
¢yl,w (n)

Additionally, if W(co) = oo then there exists an isometry between the sequence

Lorentz space y) v, and the dual space (m?b)* of the Marcinkiewicz space m?//.

Proof First, we define for any i € N,
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Clearly, (v(i));eN is a decreasing sequence and 0 < v(i) < oo for all i € N. Hence,
by Remark 5.1 we obtain that

n
rw® = xvml,,, = lxwmly,, =2 v6)

i=1

for all n € N. Next, since ¥(n) = n/¢,, , (n) for each n € N, we have

my = {x = (x(M)nen : sup{x™ (MY ()} < OO}

neN
SR e R

Thus, by [9, Theorem 3.4] it follows that my, is the bidual of m?// if and only if
Dy (00) = 00. Now, we claim that W(oo) = oo if and only if ¢, , (00) = oo.
Indeed, it is easy to see that for any n € N,

n

W) <y, (1) <Y w(i)+n

i=1 i=n+1

2D _ oo,
n

which implies our claim. Therefore, according to Theorem 5.3 we obtain that the
Marcinkiewicz space m?p is the predual of the sequence Lorentz space yj ,, if and

only if W(o0) = oco. Now, we show that there exists an isometry between (m%)* and

Y1,w- First, since ¢y, , (00) = 00, in view of [9, Theorem 3.2] it follows that mY is
a nontrivial subspace of all order continuous elements of my . Then, defining for any
X € y1,» the linear mapping fx by

fe) =) x(my(n) forany yemy,

n=1

and proceeding analogously as in Theorem 5.3 we are able to show that
e < 5l 20, (12)

forany y € mow. On the other hand, it is well known that there exists 0 : N — Na
permutation such that x*(n) = |x o o(n)| for all n € N. Define

[ sen(x(m)v(e~(n)) ifn eo(N),
y(m) = {O otherwise,
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for any n € N. Then, we have

L) =) xmym) = Y |xmpoo ') =Y x*mvm) = |xl,

neo(N)
whence, according to (12) we finish the proof. O

We investigate a full criteria for smooth points in the sequence Lorentz space y1
and its dual and predual spaces. First, let us notice that by [10, Theorem 1.10] and by
Remark 5.1, the next theorem follows immediately.

Theorem 5.5 Let w be a nonnegative weight sequence and let x € Sy, . Then, an
element x is a smooth point in y ,, if and only if the following conditions are satisfied

(1) card(supp(x)) = 0o
(ii) If there is n € N such that w(n) > 0, then x*(n) > x*(n 4+ 1).

Theorem 5.6 Let w be a nonnegative weight sequence and Y (n) = n/¢,, , (n) for
anyn € Nand x € Sm?z/' Then, an element x is a smooth point in m?p if and only if

card{n € N: x*(m)y(n) = 1} = 1.

Proof Let v be a sequence given by (11) and let V(n) Y7 v(i). Then, by Remark
5.1 we easily observe that V(n) = ¢, , (n) = 0] (n) for every n € N and

m?// = {x Emy : nl;n;o V(n) Zx (i) = O}

Hence, in view of [10, Theorem 1.5] we complete the proof. O

Directly, by [10, Theorem 1.9] and Remark 5.1 and also Theorem 5.3 we infer the
following theorem.

Theorem 5.7 Let w be a nonnegative weight sequence and y(n) = n/¢,, ,(n) for
anyn € Nand x € SVl*w' Then, an element x is a smooth point in By« if and only if
there exists ng € N such that

X (o) (ng) = 1 > S;lp X ()¢ (n)}.
n#ngo

The last essential application of Theorem 5.3 and Remark 5.1, in view of [10, The-
orem 2.2], is the next result which presents an equivalent condition for extreme points
in the dual space yl’ﬁw of the sequence Lorentz space yj 4.

Theorem 5.8 Let w be a nonnegative weight sequence. Then, x € Sy Is an extreme

point of By« if and only if x*(n) = Y 72, wl(l) foralln € N.

1
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Remark 5.9 Although applying [10, Theorem 2.6] and Remark 5.1 we are able to find
successfully an equivalent condition for an extreme point in the sequence Lorentz space
¥1,w» With w a nonnegative weight sequence, we present the proof of this problem with
all details (see Theorem 4.7). It is worth mentioning that the techniques, that were
presented in the proof of Theorem 4.7, might be interesting for readers and applicable
to search a complete characteristic of an extreme point in y,, ,, with 1 < p < co.
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