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Abstract

The short-time heat kernel expansion of elliptic operators provides a link between local
and global features of classical geometries. For many geometric structures related to
(non-)involutive distributions, the natural differential operators tend to be Rockland,
hence hypoelliptic. In this paper, we establish a universal heat kernel expansion for
formally self-adjoint non-negative Rockland differential operators on general closed
filtered manifolds. The main ingredient is the analysis of parametrices in a recently
constructed calculus adapted to these geometric structures. The heat expansion implies
that the new calculus, a more general version of the Heisenberg calculus, also has anon-
commutative residue. Many of the well-known implications of the heat expansion such
as, the structure of the complex powers, the heat trace asymptotics, the continuation
of the zeta function, as well as Weyl’s law for the eigenvalue asymptotics, can be
adapted to this calculus. Other consequences include a McKean—Singer type formula
for the index of Rockland differential operators. We illustrate some of these results
by providing a more explicit description of Weyl’s law for Rumin—Seshadri operators
associated with curved BGG sequences over 5-manifolds equipped with a rank-two
distribution of Cartan type.

Keywords Filtered manifold - Hypoelliptic operator - Heat kernel expansion - Zeta
function - Non-commutative residue - Generic rank-two distribution in dimension
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1 Introduction

Many geometric structures related to (non-)involutive distributions can be described
in terms of an underlying filtered manifold. These include contact structures, Engel
manifolds, and all regular parabolic geometries. Filtered analogues of classical (ellip-
tic) operators are usually hypoelliptic [21]. It is an old dream to link local and global
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aspects of filtered geometry with the spectrum and index of hypoelliptic operators
by studying the short-time asymptotics of heat kernels, similarly to the elliptic case.
Active research in this direction started in the 1970s, see [22,25,46], and was quite
popular in 1980s, see [3,26]. The main accomplishment had been the development
of the Heisenberg calculus [3,43,52] and its application to operators in contact and
CR geometries. On graded nilpotent Lie groups, the representation theory allowed a
harmonic analysis perspective of hypoellipticity [16,34,35].

The progress on these problems has been revived by the advent of new tangent
groupoid techniques to study analysis on these manifolds [15,54-57]. When the clas-
sical (elliptic) pseudodifferential calculus was described in [23] in a coordinate-free
way using the tangent groupoid, it facilitated the construction of a pseudodifferential
calculus on general filtered manifolds [56,57]. This calculus has helped resolve two
main hitherto unsurmountable challenges in analysis. It first allowed an explicit han-
dle on the parametrix of a hypoelliptic operator similar to the one familiar from the
elliptic case or nilpotent Lie groups as in [16]. The universality of this calculus and
the existence of the parametrix [21] provide a clean way to obtain a general short-time
heat kernel expansion for a large class of differential operators. Remarkably, this heat
expansion has the same structure as the one for elliptic operators, bringing back the
old expectation that the analysis should relate local geometric properties to global
invariants.

The differential operators we consider satisfy a pointwise Rockland condition,
a condition on their non-commutative principal symbols that guarantees that these
operators are hypoelliptic. We also present here several consequences of the heat
kernel asymptotics, which are well known for elliptic operators, but are not known for
Rockland operators in this generality. These include the explicit structure of complex
powers of the operators, Weyl’s asymptotic formula for the growth of eigenvalues,
the McKean—Singer index formula, the description of a non-commutative residue
for Heisenberg calculus, and the construction of a K-homology class associated to
Rockland operators.

Let us look at the manifolds, the operators, and their heat kernel expansions in more
detail.

1.1 Filtered Manifolds

Filtered manifolds provide a very general setup to study geometry [39,40]. These
geometries include foliations, contact manifolds, Engel structures on 4-manifolds,
graded nilpotent Lie groups, and all regular parabolic geometries. The equiregular
Carnot—Carathéodory spaces considered in [28] are also filtered manifolds.

A filtered manifold M has a naturally associated non-commutative tangent bundle,
that is, a simply connected nilpotent Lie group 7 M attached to each point x in M. The
harmonic analysis of this non-commutative tangent space 7 M is related to the analysis
of differential operators on M. An effective way to exhibit this relationship uses the
so-called Heisenberg tangent groupoid [15,57]. The pseudodifferential calculus on
filtered manifolds [56] was constructed using the Heisenberg tangent groupoid. It was
further studied in [21] where we show that a pointwise Rockland condition implies
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hypoellipticity. We remark that the idea of Heisenberg calculus is based on the work of
Debourd—Skandalis [23], who studied the standard pseudodifferential calculus using
Connes’ tangent groupoid construction.

The Heisenberg calculus can be globally defined on a filtered manifold M using
the Heisenberg tangent groupoid, TM. This is a groupoid that provides a deformation
of the pair groupoid M x M into the non-commutative tangent bundle 7 M, which is
obtained by giving

TM = (TM x {0}) u(M x M x R)

a smooth structure which makes all the groupoid maps smooth. There is an action of
R* := R\{0} on TM called the zoom action and the calculus is defined to be those
distributions on M x M that admit an essentially homogeneous extension to TM with
respect to the zoom action.

There is an equivalent local description of the kernels in suitably chosen coordinates.
In this paper, we will mostly work with the local version; however, the global descrip-
tion allows a neater formulation of the concept of holomorphic families described
below. In the local description, the kernels are described in a tubular neighborhood of
the diagonal and the germs of diffeomorphism of these tubular neighborhood to the
normal bundle is determined by the Euler-like vector field provided by the filtration
[30]. Here, we will stick to the original Heisenberg tangent groupoid description for
global invariance of the calculus.

1.2 Rockland Differential Operators

Let us briefly recall the kind of operators studied in this article. These are hypoelliptic
operators on filtered manifolds which are elliptic in the Heisenberg calculus described
above.

Let M be a closed filtered manifold and suppose E is a complex vector bundle
over M. Let A be a differential operator acting on sections of E. In coordinates
adapted to the filtration on M, we can assign a (co)symbol to A by freezing the
coefficients at a point x € M, thereby obtaining a left invariant differential operator
oy (A) on the osculating group 7, M. We require that each o (A) satisfies the Rockland
condition and furthermore A is symmetric and non-negative on L?(E). Examples
of such operators include the sub-Laplacian for many classes of sub-Riemannian
geometries, the Rumin—Seshadri operators associated with (ungraded) BGG operators
on parabolic geometries, and the square of the Connes—Moscovici transverse signature
operator [18]. On trivially filtered manifolds, these operators are elliptic in the usual
sense, and on contact or Heisenberg manifolds they are elliptic in the Heisenberg
calculus of [3,43].

1.3 Heat Kernel Asymptotics

In this paper, we study the kernel of ¢~’4 for r > 0 and the complex powers A%
where z € C for a differential operator A described in the paragraph above. Rather
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than using the standard approach by Seeley [50], we follow Beals—Greiner—Stanton [4]
who use a Volterra—Heisenberg calculus on M x R to describe the heat kernel on CR
manifolds, see also [43, Chapter 5]. In our general setting, however, no new calculus
has to be developed. Instead, we may regard M x R as a filtered manifold such that the
heat operator A + % becomes Rockland on M x R. The general Rockland theorem
established in [21, Theorem 3.13] thus yields a parametrix for the heat operator A + %
in the pseudodifferential operator calculus developed by van Erp and Yuncken in [56].
The asymptotic expansion of its Schwartz kernel along the diagonal immediately yields
the heat kernel asymptotics for A.

Let us emphasize that this approach to the heat kernel asymptotics seems to only
work for Rockland differential operators. For more general pseudodifferential opera-
tors P on the filtered manifold M, the corresponding heat operator % 4+ PonM xR
is no longer pseudolocal in general and hence not in the Heisenberg pseudodifferential
calculus. This implies that we can only investigate ungraded Rockland sequences in
the sense of [21] and, in particular, the results can be applied only to ungraded BGG
sequences. For example, the BGG sequences for Cartan geometries of generic rank-2
distributions in dimension five are always ungraded, and we will study them in greater
detail here.

We mention here two prominent features of the heat asymptotics of Rockland
differential operators.

As is well known in the classical (trivially filtered) case, certain terms in the heat
kernel asymptotics of elliptic pseudodifferential operators vanish for differential oper-
ators. We show that this continues to hold for Rockland differential operators on filtered
manifolds. Their expansion takes a form similar to the expansion of classical elliptic
differential operators. In particular, there are no log terms, and every other polynomial
term vanishes. To see this, we introduce the class of projective operators, see Defini-
tion 2, which have the desired asymptotic expansion and contain the parametrices of
Rockland differential operators.

Another key feature of the heat asymptotics of a non-negative elliptic operator is
the positivity of its leading term. This term has geometric significance: for instance,
the leading term in the heat trace expansion of a Laplace operator encodes the volume
of the corresponding Riemannian metric. Let us emphasize that this positivity of the
leading term remains true for non-negative Rockland differential operators. In particu-
lar, this permits to derive a Weyl law for the eigenvalue asymptotics using a Tauberian
theorem.

1.4 Applications

The heat kernel asymptotics of an elliptic operator has many important consequences.
We present here several analogous consequences for Rockland differential operators.
This requires adapting the results in the context of the Heisenberg pseudodifferential
calculus described above.

1. The structure of the complex powers A™% follows via Mellin transform from the
heat asymptotics in the usual way. Analogous to the celebrated result of Seeley
[50], the complex powers are pseudodifferential operators in the calculus of van
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Erp and Yuncken [56]. We interpret the notion of a holomorphic family of pseu-
dodifferential operators [43], in terms of an essential homogeneity criterion on the
Heisenberg tangent groupoid. As can be expected, A™* is a holomorphic family
for every non-negative Rockland differential operator A.

2. Taking the trace of a holomorphic family, whenever it is defined, produces a
holomorphic function. We will show that the various spectral zeta functions have
meromorphic continuation with simple poles. In particular, the algebra of integer-
order pseudodifferential operators on a filtered manifold admits a non-commutative
residue.

3. Weyl’s law for the eigenvalue asymptotics also follows from the positivity of
the constant term in the heat expansion, or from the position and residue at the
first pole of the spectral zeta function as usual. We will work out Weyl’s law
more explicitly for Cartan geometries in dimension five using suitable geometric
choices. Surprisingly, the constant in Weyl’s law is universal, depending only on
the irreducible representation defining the BGG sequence.

4. Rockland operators are hypoelliptic and hence on a closed manifold they are
Fredholm. In particular, we note two consequences towards the study of their
index, namely, the description of the K-homology class associated to them, and a
generalization of the McKean—Singer formula.

1.5 Structure of the Paper

The remaining part of the paper is organized as follows. In Sect. 2 we formulate our
main results: Theorem 1 on the heat kernel asymptotics and Theorem 2 on the structure
of complex powers. Furthermore, we derive several immediate consequences: Corol-
lary 1 on the heat trace expansion, Corollary 2 on the zeta function, Corollary 3 on
Weyl’s law, Corollary 4 on the McKean—Singer formula, as well as Corollary 5 on the
K-homology class. In Sect. 3, we briefly recall some background for the calculus of
pseudodifferential operators on filtered manifolds and introduce the class of projective
pseudodifferential operators of integral Heisenberg order, see Definition 2. In Sects. 4
and 5, we present proofs of Theorems 1 and 2 , respectively. In Sect. 6 we discuss holo-
morphic families of Heisenberg pseudodifferential operators. In Sect. 7, we construct
a non-commutative residue, see Corollary 6. In Sect. 8 we will work out Weyl’s law
more explicitly for Rumin—Seshadri operators, see Corollary 7, and specialize further
to BGG operators on 5-manifolds equipped with a rank-two distribution of Cartan
type, see Corollary 8.

We would like to thank an anonymous referee for helpful remarks and another
anonymous referee for thorough reading and many useful comments.

2 Statement of the Main Results

Recall that a filtered manifold [21,39-41] is a smooth manifold M together with a
filtration of the tangent bundle 7'M by smooth subbundles,

TM=T"M>.--.-D2T2*M2>2T 'M2>T1°M =0,
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which is compatible with the Lie bracket of vector fields in the following sense: If
X e T®(TPM)and Y € I'>®(T9M) then [X, Y] € T>°(TPt9IM). Putting t’ M :=
TP M /TP+! M, the Lie bracket induces a vector bundle homomorphism t’ M@t M —
tPT9 M referred to as Levi bracket. This turns the associated graded vector bundle
tM = P » VM into a bundle of graded nilpotent Lie algebras called the bundle of

osculating algebras. The Lie algebra structure on the fiber t, M = P » t! M depends
smoothly on the base pointx € M, butis not assumed to be locally trivial. In particular,
the Lie algebras t, M might be non-isomorphic for different x € M.

Using negative degrees, we are following a convention prevalent in parabolic geom-
etry, see [11,40] for instance. The other convention, where everything is concentrated
in positive degrees, is the one that has been adopted in [56,57].

For real A # 0, we let 8, : tM — tM denote the grading automorphism given by
multiplication with A~7 on the summand t” M. Note that 8 restricts to a Lie algebra
automorphism ) wx € Aut(t, M) for each x € M. We will denote the homogeneous
dimension of M by

—1
ni=— Y p-rank(t’M). (1)

p=—m

Its fundamental importance stems from the fact that a 1-density w on the vector space
ty M scales according to

G et = X", A #O. 2)

The filtration of the tangent bundle induces a Heisenberg filtration on differential
operators. More explicitly, if £ and F’ are two vector bundles over M, then a differential
operator '*°(E) — T'°°(F) is said to have Heisenberg order at most r if, locally,
it can be written as a finite sum of operators of the form ®Vy, --- Vyx, where ® €
I'*(hom(E, F)), V is a linear connection on E, and X; € I'*°(T?/ M) such that
—(p1 + --- + px) < r. Denoting the space of differential operators of Heisenberg
order at most r by DO" (E, F), we obtain a filtration

I (hom(E, F)) = DO°(E, F) C DOYE, F) CDO*(E,F)C---  (3)
which is compatible with composition and taking the formal adjoint. More precisely,
if A € DO"(E, F) and B € DO*(F, G) where G is another vector bundle, then

BA € DOY(E,G) and A* € DO’ (F, E). As usual, the formal adjoint is with
respect to standard L? inner products of the form

(1, ¥2)) !=/Mh(1/f1(X),¢z(X))dx, “)

where Y1, Y2 € I'S°(E). Here dx is a volume density on M and % is a fiberwise
Hermitian inner product on E. The formal adjoint can be characterized by the equation
(A*p, ¥ e = (¢, Ay ) forall Y € I°(E) and ¢ € I'°(F).
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A differential operator A € DO’ (E, F) has a Heisenberg principal symbol,
o (A) e U_,(t; M) ® hom(E,, Fy) at every point x € M. Here

U_r(teM) = [ X e UtM) | VA #0: 8 ,(X) = 1 X}

denotes the degree —r subspace in the universal enveloping algebra of the graded
nilpotent Lie algebra t, M. The Heisenberg principal symbol is compatible with com-
position and taking the formal adjoint, that is,

ot (BA) = 0f(B)ol(A) and ol (A*) =0l (A)*, 5)

forall A € DO"(E, F) and B € DO*(F, G). Actually, the Heisenberg principal
symbol provides a canonical short exact sequence,

0 > DO Y(E, F) > DO"(E, F) > T®(U_,(tM) ® hom(E, F)) — 0.

In particular, the Heisenberg principal symbol provides a canonical isomorphism
between the associated graded of the filtered algebra DO(E) with the Heisenberg
filtration (3), and the graded algebra "> (@ » Up(tM) ® end(E )). More details may
be found in [41, Sect. 1.2.5].

For x € M we let 7, M denote the osculating group at x, that is, the simply con-
nected nilpotent Lie group with Lie algebra t, M. The individual osculating groups can
be put together to form a bundle of nilpotent Lie groups 7 M over M such that the fiber-
wise exponential map, exp: tM — 7T M, becomes a diffeomorphism of locally trivial
bundles over M. The scaling automorphisms & Ax € Aut(ty M) integrate to Lie group
automorphisms 8, € Aut(Zy M) which combine to form bundle diffeomorphisms
8,: TM — TM such that §, o exp = exp od,. The Heisenberg principal symbol
o7 (A) of an operator A € DO’ (E, F) can be regarded as a left invariant differen-
tial operator on 7, M which is homogeneous of degree r. More precisely, regarding
0r(A): C®(IyM,E,) — C*®(1I;M, F,), we have g (A) o l;‘ = l;,‘ o o) (A) and
0y (A)o 8;7)( = )\’B;Lk’x oof(A)forallx € M, 1 #0and g € 7, M. Here l;," denotes
pull back along the left translation, /g : M — T.M,I ¢(h) := gh, and 5;\*» . denotes
pull back along 8§, ,: TeM — T, M.

A differential operator A € DO’ (E, F) is said to satisfy the Rockland condi-
tion [44] at x € M if, for every non-trivial irreducible unitary representation of
the osculating group, 7w: 7o M — U(H), on a Hilbert space H, the linear opera-
tor (0] (A)): Hoo ® Ex — Hoo ® Fy is injective. Here H, denotes the subspace
of smooth vectors in H. An operator is called a Rockland operator if it satisfies the
Rockland condition at every point x € M. We refer to [21, Sect. 2.3] for more details
and references.

According to [21, Theorem 3.13] every Rockland operator A € DO’ (E, F) admits
aproperly supported left parametrix B € \Ilp_rf)p(F , E) such that BA—id is asmoothing
operator. Here W™ denotes the class of pseudodifferential operators of Heisenberg
order —r which has recently been introduced by van Erp and Yuncken, see [56] and
Sect. 3. These are operators whose Schwartz kernels have a wave front set which is
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contained in the conormal of the diagonal. In particular, their kernels are smooth away
from the diagonal. Moreover, their kernels admit an asymptotic expansion along the
diagonal with respect to a tubular neighborhood which is adapted to the filtration. In
particular, the left parametrix B induces a continuous operator ['*°(F) — I'*°(E)
which extends continuously to a pseudolocal operator on distributional sections,
'~°(F) — I'"®°(E). Consequently, Rockland operators are hypoelliptic, that is,
if ¥ is a distributional section of E such that Ay is smooth on an open subset U of
M, then y was smooth on U, cf. [21, Corollary 2.10].

For the remaining part of this section, we will assume M to be closed. We consider
a Rockland differential operator A € DO (E) of Heisenberg order r > 1 which is
formally self-adjoint with respect to an L? inner product of the form (4), that is, for
all Yy, Yo € T°°(E) we have

(AY1, ¥2) = (1. AY).

Lemma 1 With the above hypotheses, A is essentially self-adjoint with compact resol-
vent on L2(E).

Proof Indeed, A is symmetric with dense domain I'*°(E) and thus closeable. By
regularity, the domain of its adjoint coincides with the Heisenberg Sobolev space
H"(E), see [21, Corollary 3.24]. To see that this coincides with the domain of the
closure, let A € W"(E) and A’ € W~"(E) such that R = A’A — id is a smoothing
operator." Given ¢ € H"(E), choose ¢; € I°(E) such that ¢; — A¢ in L%(E).
Since A’ and AA’ are both bounded on L%(E), see [21, Proposition 3.9(a)], we also
have A'¢; — A'A¢p and AA'¢p; — AN A¢ in L*(E). Putting ¢ := A'¢p; — R¢ €
['*°(E), we obtain ¥; — ¢ and Ay; — A¢ in L?(E), hence ¢ is in the domain
of the closure of A. The resolvent of A is compact, since A — z has a parametrix
in W7 (E) for every z € C, and these operators are compact on L%(E), see [21,
Proposition 3.9(b)]. O

Assuming, moreover, that A is non-negative, that is,

(¥, AY) =0

for all ¢y € T"*°(E), the spectral theorem [37, Sect. VI§5.3] permits to construct a
strongly differentiable semi-group e ' fort > 0. More precisely, foreach ¢ € L?(E)
the vector e~/ Aw is contained in the domain of A, and we have

D"y =—Ae "y aswellas }1\21(1) ey = ©)

Since A is non-negative, each e~'4 is a contraction on L?(E). According to the

Schwartz kernel theorem, it thus has a distributional kernel, k;, € I'"*°(E X E').

1 We could use A = A and a left parametrix A’ = B as above. Alternatively, we may assume R = 0, see
[21, Lemma 3.16].
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More explicitly, we have
(@, e My) = / b (ke (x, Y)Y (Y) ™
(x,y)eMxM

forallt > 0,y € I'*°(E), and ¢ € D(E) = I'°(E’). Here E' := E* @ |Ay]|
where | A 7| denotes the bundle of 1-densities on M and (—, —) denotes the canonical
pairing between D(E) and I'"°°(E) = D'(E). This pairing will also be denoted by
(@0.8) = [, 0& = [y ®®)E(x), where ¢ € D(E) and § € I'~°°(E). In particular,
the right-hand side in (7) denotes the canonical pairing of ¢ Xy € T®(E' K E) =
D(EX E"Ywithk, e TT°(EX E')=D'(EX E’).

One main aim of this paper is to establish the following heat kernel asymptotics,
generalizing a result of Beals—Greiner—Stanton for CR manifolds [4, Theorems 5.6
and 4.5], see also [43, Theorem 5.1.26 and Proposition 5.1.15].

Theorem 1 (Heat kernel asymptotics) Let E be a vector bundle over a closed filtered
manifold M. Suppose A € DO (E) is a Rockland differential operator of even?
Heisenberg orderr > 0whichis formally self-adjoint and non-negative with respect to
an L? inner product of the form (4), that is, ((AYr1, Y2)) = (Y1, Ayn) and (A, ) >
0, for all ¥, Y1, Yo € T(E). Then e~'4 is a smoothing operator for each t > 0,
and the corresponding heat kernels k, € T°°(E X E’) depend smoothly on t > 0.
Moreover, as t N\ 0, we have an asymptotic expansion

oo
ke (x,x) ~ Y 1Y),
=0

where q; € Foo(end(E) ® |AM|). More precisely, for every integer N we have
ki(x,x) = Zjv:_ol t(«/_")/’qj (x) + O N=N/") uniformly in x as t N\ 0. Moreover,
qj(x) =0 forall odd j, and go(x) > O inend(Ey) ® |Ap x| for each x € M.

The terms g; € Foo(end(E) R |A M|) in Theorem 1 are (in principle) locally
computable, they can be read off any parametrix for the heat operator A + %,
see Remark 2 for more details. The leading term go(x) can also be obtained by
evaluating the heat kernel of the Heisenberg principle symbol o/ (A) at the point
(0x, 1) € T, M x (0, 00), see (65). Here o, € 7 M denotes the neutral element of the
osculating group.

The spectral theorem also permits to construct complex powers A* for every z € C.
These are unbounded operators on L%(E) satisfying A% 722 = A% A% forall 71, zp €
C. The powers are defined such that A® vanishes on ker(A) and commutes with
the orthogonal projection onto ker(A). In particular, A? is the orthogonal projection
onto the orthogonal complement of ker(A), and A~! is the pseudoinverse of A. If
z € N, then A? coincides with the ordinary power, i.e., the z-fold product of A with
itself.

2 Note that there are no non-trivial formally self-adjoint and non-negative differential operators of odd
Heisenberg order.
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Another main goal of this paper is the following result about the structure of complex
powers generalizing [43, Theorems 5.3.1 and 5.3.4].

Theorem 2 (Complex powers) In the situation of Theorem 1, the complex power A™*
is a pseudodifferential operator of Heisenberg order —zr for every z € C, and these
powers constitute a holomorphic family of pseudodifferential operators, see Sect. 6.
In particular, the kernel k—:(x, y) is smooth on {x # y} x C and depends holo-
morphically on the variable z € C. If W(z) > n/r, then A™% has a continuous
kernel and its restriction to the diagonal, ko (x, x), provides a holomorphic family
inl'*> (end(E) Q|Aym |)f0r N(z) > n/r. This family can be extended meromorphically
to the entire complex plane with at most simple poles located at the arithmetic pro-
gression (n — j)/r where j € No. If (n — j)/r ¢ —Ny, then the residue of ks (x, x)
at (n — j)/r can be expressed as

qj(x)

_— i € Ny, 8
T(n—jyn Mo ®

reS;—(n—j)/r (kA—z (x, x)) =

where q; € Foo(end(E) ® |AM|) are as in Theorem 1. Moreover, k—:(x, x) is
holomorphic at the points in —N, taking the values

ky(x,x) = (=D'11g),,,(x), €N

Here q} (x) :=gqj(x)for j # nandq,(x) = q,(x)—p(x, x), where p € T*°(EXE'")
denotes the Schwartz kernel of the orthogonal projection onto ker(A).

Before turning to the proof of Theorems 1 and 2, we will now formulate several
immediate corollaries. The next one generalizes [4, Theorem 5.6], see also [43, Propo-
sition 6.1.1].

Corollary 1 (Heat trace asymptotics) In the situation of Theorem 1, the heat trace
admits an asymptotic expansion as t \ 0,

o0

tr(e_lA) ~ Z t(j_")/raj.

j=0

More precisely, for each integer N we have tr(e™'4) = Z;V:_Ol t(-/_")/’aj +
O WN=m/y ast N\, 0. Moreover, aj = fM trg(g;) where q; € Foo(end(E) ® |AM|)
is as in Theorem 1, aj = 0 for all odd j, and ay > 0.

tA

Proof Since e~'* is a smoothing operator, its trace can be expressed as

tr(e*’A) =/ trg(k, (x,x)), t>0.
xXeM

The asymptotic expansion of tr(e~4) thus follows from the asymptotic expansion for
k:(x, x) in Theorem 1. Clearly, ap > O since gp(x) > O ateach x € M. O

@ Springer



The Heat Asymptotics on Filtered Manifolds 347

Corollary 2 (Zeta function) In the situation of Theorem 1, the complex power A%
is trace class for R(z) > n/r, and {(z) = (A7) is a holomorphic function on
{M(z) > n/r}. This zeta function can be extended to a meromorphic function on the
entire complex plane with at most simple poles located at the arithmetic progression
(n — j)/r where j € No. If (n — j)/r ¢ —No, then the residue of {(z) at (n — j)/r
can be expressed as

aj

_— 7 N’
Fn—jpm 150

res—n—j)/r () =

where a;j are the constants from Corollary 1. Moreover, {(z) is holomorphic at the
points in —Ny, taking the values

¢(=)=(=D'1'a),,,, €N
Here a} :=aj for j # n and a), := a, — dimker(A).

Proof For 9(z) > n/r the operator A~ is trace class since it has a continuous kernel
according to Theorem 2. Moreover,

{(2) = / trg (kg (x, x))
xeM

depends holomorphically on z since the kernel k4-:(x, x), considered as a family
in I'*®(end(E) ® |Apy|), is holomorphic for R(z) > n/r. Since ky—:(x, x) can be
extended meromorphically to the entire complex plane, the same holds true for ¢ (z).
The pole structure, residues, and special values follow immediately from the corre-
sponding statements in Theorem 2. O

The next corollary generalizes [43, Proposition 6.1.2].

Corollary 3 (Weyl’s eigenvalue asymptotics) In the situation of Theorem 1, the oper-
ator A is essentially self-adjoint on L*>(E) with compact resolvent. There exists a
complete orthonormal system of smooth eigenvectors yr; € I'*°(E) with non-negative
eigenvalues ); > 0, that is, Ayrj = Ay for all j € N. Moreover,

tr(e_’A) = Ze‘t’\f and ¢(2) = Z)fz, 9)
j=1 j=1

fort > 0 and R(z) > n/r, respectively. Furthermore,

ag )Ln/r

ﬁ{jeN“»jS)»}Nm

as A — 00,

where ag > 0 is the constant from Corollary 1.
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Proof We have already shown that A is essentially self-adjoint with compact resolvent,
see Lemma 1. It is well known that the spectrum of these operators is discrete [37,
Theorem 6.29 in Chapter I11§6.8] and real [37, Chapter V§3.5]. Since A is non-
negative, each eigenvalue has to be non-negative. By hypoellipticity, its eigenfunctions
are smooth, see [21, Corollary 2.10]. Since e ' and A7 are trace class for ¢ >
0 and 9N(z) > n/r, respectively, the expressions (9) follow immediately, see [37,
Chapter X§1.4]. Using the Tauberian theorem of Karamata, see [33, Theorem 108] or
[51, Problem 14.2], Weyl’s law for the asymptotics of eigenvalues follows from the
heat trace asymptotics in Corollary 1. O

To formulate the next corollary, suppose E and F are two vector bundles over
a closed filtered manifold M and let D € DOK(E, F) be a differential operator of
Heisenberg order at most k > 1 such that D and D* are both Rockland. Then D induces
a Fredholm operator between Heisenberg Sobolev spaces, D: Hy(E) — H;_;(F),
for every real s, see [21, Corollary 3.28]. Moreover, its index does not depend on s
and can be expressed as

ind(D) = dim ker(D) — dim ker(D™). (10)

By hypoellipticity, we have ker(D) C T'°°(E) and ker(D*) € TI'*°(F), see [21,
Corollary 2.10].

Using (5) one readily checks that D*D and DD* are differential operators of
Heisenberg order at most 2k which satisfy the Rockland condition. Clearly, they are
formally self-adjoint and non-negative. According to Theorem 1, their heat kernels
admit asymptotic expansions as ¢ \ O,

o
=0

and

o0
KPP (e, x) ~ Y DIk P (),
j=0

respectively. Here qu*D € I'*®(end(E) @ |Ay|) and qf’D* € I'*®(end(F) @ |Ay)
denote the local quantities from Theorem 1 for the operators D* D and D D*, respec-
tively.

Corollary 4 (McKean-Singerindex formula) Let E and F be two vector bundles over a
closed filtered manifold M. Moreover, let D € DO*(E, F) be a differential operator
of Heisenberg order at most k > 1 such that D and D* both satisfy the Rockland
condition. Then

ind(D) =a,?*D —a,?D* (11
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where aP*P = [, ttp(gP P) and aPP" = [, trp(gPP"). In particular;, we have
ind(D) = 0 whenever the homogeneous dimension n is odd.

Proof The argument is the same as in the classical case. As usual,
o (i€ P"P) = tr(e™PP")) = w(D*De P P) — (D D% PP") = 0,

for we have De 'P"P = ¢~'PD" D and thus tr(D*De PPy = tr(DD*e'PP").
Hence, tr(e_’D*D) - tr(e"DD*) is constant in ¢ and Corollary 1 yields

(e P"P) — (e PPT) = aP"P — aPP", (12)

for all 1 > 0. On the other hand, e~*P"P converges to the orthogonal projection onto
ker(D* D) with respect to the trace norm, as t — o0o. This follows from Weyl’s law
in Corollary 3 or, more directly, from Lemma 5. Hence,

lim tr(e”'P"P) = dimker(D* D) = dimker(D). (13)

—0o0

Analogously, e~/PP : converges to the orthogonal projection onto ker(D D*) and
Jlim tr(e7'PP") = dimker(DD*) = dim ker(D*). (14)
—00

Combining (13) and (14) with (10), we obtain

lim (tr(e7/2°P) = tr(e™"PP") ) = ind(D).

t—00

Combining this with (12), we obtain the McKean—Singer index formula (11). If n is
odd, then anD D _ = a,? D* according to Corollary 1, whence ind(D) = 0. O

According to Atiyah [2] elliptic differential operators represent K-homology classes
of the underlying manifold, see also [36], [6, Sect. 17], or [45, Sect. 5]. We have the
following generalization for Rockland differential operators.

Corollary 5 (K-homology class) Let E and F be two vector bundles over a closed
filtered manifold M. Moreover, let D € DO*(E, F) be a differential operator of
Heisenberg order at most k > 1 such that D and D* both satisfy the Rockland
condition. Then the following holds true:

(@) P := D(idg +D*D)"Y? = (idp +DD*)"'2D is bounded from L*(E) to
L2(F).

(b) P*P —idg is compact on L*(E).

(c) PP* —idp is compact on L*(F).

(d) [f, P]is compact from L2(E) to Lz(F),f()r each f € C*(M, C).
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*

P O
of the C*-algebra C(M) by multiplication constitutes a graded Fredholm module,
representing a K-homology class in Ko(M) = KK (C(M), C).

Hence, the operator acting on L%*(E) ® L%(F) together with the action

Proof According to Theorem 2 we have (idg +D*D)"V2 ¢ Wk(E), and thus
P e WO(E, F). Hence, P represents a bounded operator L2(E) — L*(F), see
[21, Proposition 3.9(a)]. This shows (a).

Clearly, P*P—idg = —(idg +D*D)~' € W~2¥(E).Hence, P* P—idf represents
a compact operator on L2(E), see [21, Proposition 3.9(b)]. This shows (b), and (c)
can be proved analogously.

To see (d), we write

[f, Pl=1f,DI(idg +D*D)~'? + D[ f, (idg +D*D)~/?].

The first summand is contained in W~!(E, F), for we have [f, D] € W*1(E, F)
and (idg +D*D)~ /2 € W*(E). The second summand is in ¥~!(E, F) too, for
[f, (idg +D*D)~1/?] e W=*~1(E). Hence [ f, P] € W~ (E, F), and thus [ f, P] is
compact, see [21, Proposition 3.9(b)]. O

3 Pseudodifferential Operators on Filtered Manifolds

In this section, we will briefly recall van Erp and Yuncken’s pseudodifferential oper-
ator calculus on filtered manifolds, see [56] and [21]. Moreover, we will introduce a
subclass of operators of integral order, characterized by an additional symmetry, and
containing all differential operators. This class will be used to show that the heat ker-
nel expansion for a differential operator has no log terms, and every other polynomial
term vanishes.

Let M be a filtered manifold. For any two complex vector bundles E and F over
M, and every complex number s, there is a class of operators called pseudodiffer-
ential operators of Heisenberg order s and denoted by W*(E, F), mapping sections
of E to sections of F. Every A € WS(E, F) has a distributional Schwartz kernel
k € T7°°(F X E’) with wave front set contained in the conormal of the diagonal.
In particular, k is smooth away from the diagonal and A induces a continuous oper-
ator I'°(E) — I'°°(F) which extends continuously to a pseudolocal operator on
distributional sections, ', *°(E) — ['"°(F). Here E' := E* ® |Ay/| where E*
denotes the dual bundle and |A ;| is the line bundle of 1-densities on M. Moreover,
FXRE = p{F ® p;E" where p;: M x M — M denote the canonical projections,
i =1,2. Asusual,

6, AY) = / 6 Ok, VY ()

(x,y)eMxM

forall € I'°(E) and ¢ € D(F) = I'®(F’) where (—, —) denotes the canonical
pairing between D(F) = I'S°(F’) and I'*°(F). We will denote the space of these
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conormal kernels by (M x M; E, F). Moreover, we introduce the notation X (M x
M; E,F) := I'"°(F X E’) for the subspace of smooth kernels corresponding to
smoothing operators, denoted by O~ (E, F). The operators in the class W* (E, F) can
be characterized by having a conormal kernel which admits an asymptotic expansion
along the diagonal in carefully chosen coordinates.

The asymptotic expansion of the kernels can be formulated using tubular neigh-
borhoods of the diagonal adapted to the filtration of M. These are constructed using
two geometrical choices: (1) a splitting of the filtration on T M, i.e., a vector bundle
isomorphism S: tM — T M mapping t” M into T? M such that the composition with
the canonical projection T?M — TP M /TP M = t” M is the identity on t” M; and
(2) a linear connection V on T M preserving the decomposition TM = P » SHPM).
Denoting the corresponding exponential map by exp¥ : TM — M, we obtain a com-
mutative diagram:

™ v
M~ o — = oy T oy
ﬂljo ﬂtMij otM oM (inTM AC\LPII (15)
M M M M.

Here exp: tM — T M denotes the fiberwise exponential map, all downwards heading
vertical arrows indicate canonical bundle projections, and the upwards pointing vertical
arrows denote the corresponding zero (neutral) sections. In particular, A(x) = (x, x)
denotes the diagonal mapping, and pr; (x, y) = x. Using —S to identify tM with T M,
mediates between two common, yet conflicting, conventions we have adopted: The
Lie algebra of a Lie group is defined using /eft invariant vector fields, while the Lie
algebroid of a smooth Lie groupoid is defined using right invariant vector fields.

Restricting the composition in the top row of diagram (15) to a sufficiently small
neighborhood U of the zero section in 7 M, it gives rise to a diffeomorphism ¢: U —
V onto an open neighborhood V of the diagonal in M x M such that the rectangle at
the bottom of diagram (16) commutes:

(hom(T*E, 7+ F) ® @ )l —> (F R E')ly

i e

- |

M M.

(16)

R|s

TM D
7ly

Possibly shrinking U, there exists a vector bundle isomorphism ¢ over ¢ which restricts
to the tautological identification over the diagonal/zero section,

o*(hom(r*E, 7*F) ® Q) = hom(E, F) ® |Ay| = A*(F K E), (17)
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and such that the upper rectangle in diagram (16) commutes. Here €2;; is the line bundle
over 7 M obtained by applying the representation |det| to the frame bundle of the
vertical bundle ker(7 7). Note that the restriction £, |7; 37 is canonically isomorphic
to the 1-density bundle | A7, 5/ | over 7, M. Moreover, we have a canonical identification
0*Qn = |Awm| = | Aty used in (17). Every pair (¢, ¢) as above will be referred to
as exponential coordinates adapted to the filtration. Only the germ of (¢, ¢) along the
zero section is relevant for formulating the asymptotic expansion. We will occasionally
suppress the restriction to the neighborhoods U or V in our notation.

Put K®°(TM;,E, F) = Foo(hom(n*E, T*F) ® Qn), and let (T M; E, F)
denote the space of distributional sections of hom(n*E, 7*F) ® ©, with wave front
set contained in the conormal of the zero section o(M). In particular, elements in
K(TM; E, F) are assumed to be smooth away from the zero section. Equivalently,
these can be characterized as families a, € I'"*°(JA7, i) ® hom(E,, F,) which are
smooth away from the origin (regular) and depend smoothly on x € M.

Let s be a complex number. An element a € K(7 M; E, F) is called essentially
homogeneous of order s if (8;)sa = A*a mod K*°(7 M; E, F), for all A > 0. The
space of principal cosymbols of order s will be denoted by

K(TM; E, F)

S o —
Y (E, F) = {a € KRTME

1 (8;)%a = Maforall A > O} ,

cf. [56, Definition 34]. Our notation will often not distinguish between elements in
¥S(E, F) and the distributions in (7 M; E, F) representing them. Operators in
WS (E, F) can be characterized as those having a conormal Schwartz kernel k €
K(M x M; E, F) which admits an asymptotic expansion of the form

¢*(Kkly) ~ > k), (18)

j=0

where k; € ¢ ~J(E, F). More precisely, for every integer N there exists an integer
Jn such that ¢*(k|y) — Z;’l okj is of class C N _Strictly speaking, the right-hand side
of (18) involves distributions representing the classes k; € X° —J(E, F), restricted to
U. Clearly, the condition expressed in (18) does not depend on the choice of these
representatives. We will continue to suppress this in our notation in similar formulas
below.

It is a non-trivial fact that a kernel which admits an asymptotic expansion as above,
also has an asymptotic expansion of the same form with respect to any other exponential
coordinates adapted to the filtration, see [56] and [21, Remark 3.7]. Moreover, the
leading term, 0°(A) := ko € X°(E, F), is independent of the exponential coordinates
and referred to as Heisenberg principal symbol of A € W*(E, F). It provides a short
exact sequence

0 W UE, F)— W (E.F) %> S(E. F) — 0.
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The basic properties of the class W¥(E, F) and the Heisenberg principal symbol
have been established in [56] and are summarized in [21, Proposition 3.4]. Let us
mention a few. If A € WS(E, F) and B € W' (F, G), then BA € W' ™5(E, G) and
o' (BA) = 0" (B)o*(A), provided one of the two operators is properly supported.
Here the multiplication of cosymbols, =" (F, G) x %(E, F) — X' (E, G) is by
fiberwise convolution on 7 M. Moreover, A’ € WS(F’, E’) and 6°(A") = o°(A)!
where A’ denotes the formal transposed operator, and the transposed of o*(A) is
defined using the (fiberwise) inversion on 7 M. Assuming r € Ny, a differential
operator is contained in W' (E, F) if and only if it has Heisenberg order at most r in
the sense of Sect. 2, and in this case the Heisenberg principal symbol discussed in
Sect. 2 is related to the one introduced in the preceding paragraph by the canonical
inclusion

I (U-,(tM) ® hom(E, F)) € &' (E, F).

We have ﬁ?io WSTI(E, F) = O~%°(E, F), where the right-hand side denotes the
smoothing operators. The calculus is asymptotically complete. Hence, an operator
A € WS(E, F) admits a left parametrix B € \Ilp’rf)p(F, E), thatis to say, BA —idis a
smoothing operator, if and only if o* (A) admits a left inverse b € ¥ ~°(F, E), that is,
bos(A) = lin EO(E , E),see[56, Theorem 60]. The general Rockland theoremin [21,
Theorem 3.13] asserts that such a left inverse b for the principal symbol exists if and
only if o} (A) satisfies the Rockland condition at each point x € M. The operator class
WS gives rise to a Heisenberg Sobolev scale with the expected mapping properties,
see [21, Proposition 3.21] for details.

A more intrinsic characterization of W*(E, F') can be given in terms of the tangent
groupoid associated with a filtered manifold, see [15,56,57]. This is a smooth groupoid
with space of units M x R and arrows

TM = (T°°M x {0}) U (M x M x R¥),

defined such that the inclusions incy: 7°°M — TM and inc,: M x M — TM
for t # 0 are smooth maps of groupoids. Here we use the notation R* := R\{0}.
As with —S§ in diagram (15), the opposite groupoid 7°PM resolves two conflicting,
yet common, conventions we are following, one for Lie algebras of Lie groups, and
another for Lie algebroids of smooth groupoids. The smooth structure on TM can be
characterized using adapted exponential coordinates, see [57, Theorem 16]. Indeed,
if p: U — V is as above, then

(g,0) if =0, and

op ® =
TPMxR2O2U—VCTM, P(g.1): (003 ((g)). 1) i1 £0,

is a diffeomorphism from the open subset
U:= (TOPM X {0}) U {(g, 1) € TPM x R* : §,(v(g)) € U}
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onto the open subset V := (7°PM x {0}) U (V x R*). Here v denotes the inversion
on the osculating groupoid, i.e., the fiberwise inversion on 7 M, and may be regarded
as an isomorphism of smooth groupoids, v: 7°°M — 7T M, which intertwines the
dilation S)OLP on 7°P M with the dilation §; on 7 M. The group of automorphisms 8:1)
of 7°PM extends to a group of automorphisms of the tangent groupoid called the
zoom action by putting SEM (g,0) := (8§p(g), 0) and SRTM (x,y,1t) := (x,y,t/)) for
t € R* and all A # 0, see [56, Definition 17].
For two vector bundles E and F over M, we consider the vector bundle

hom(o*(E x R), ¥(F x R)) ® Q (19)

over TM, where o, 7: TM — M x R denote the source and target maps given by
0(g,0) = (7(g),0) = t(g,0), 0(x,y,t) = (y,¢), and 7(x, y,t) = (x,t) where
ge€TM,t € R*,and x, y € M. Moreover, 2; denotes the line bundle obtained by
applying the representation |det| to the frame bundle of the vertical bundle of 7. We let
K (TM; E, F) denote the space of smooth sections of the vector bundle (19), and we
let C(TM; E, F) denote the space of distributional sections of (19) with wave front set
conormal to the space of units in T M. The inclusions and the scaling automorphisms
give rise to a commutative diagram, ¢ € R* and 1 # 0,

K(TPM; E, F) <> K(TM; E, F) —> K(M x M; E, F)
J{ &57)x i &M, (20)

evp CVi/n

K(TPM; E, F) < K(TM; E, F) —2> K(M x M; E, F)

in which all maps are multiplicative, that is to say, compatible with the convolution
and transposition induced by the groupoid structures on 7°PM, TM, and M x M,
respectively.

A conormal kernel k € KK(M x M; E, F) corresponds to an operator in V¥ (E, F)
if and only if it admits an extension across the tangent groupoid which is essentially
homogeneous of order s. More precisely, iff there exists K € K(TM; E, F) such
that ev(K) = k and (SEM)*K = MK mod L®(TM; E, F) for all A > 0, see [56,
Definition 19] or [21, Definition 3.2]. In this case, we have o (A) = v*(evo(K)).

To express this more succinctly, let us introduce the notation

SCTM- : KA@M E, F) . <tm ;
EY(TM,E,F) = {Kem(% )*K=AYKf0rall)\>0
and
K(T°°M; E, F)

SY(T®M; E,F):= {a : (8,7)a = Aa for all » > 0} :

€ Ko (TPM:E. F)
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Then we have the following commutative diagram:

00— =W (E ) s W(EF)— % ~ SY(E,F) —0

| |

wI(E F) ¢ WS (E,F) ~ | s
O=(E,F) O~%(E,F) =V
CVITE evlT:
0—— >(Tm; E, F)H—ZX(TM E,F) ——=Y5(T°°M;E,F) ——0

2

The bottom row in (21) is exact in view of [56, Lemma 36 and Proposition 37]. The
vertical arrow labeled ev is onto by definition of the class W*(E, F). It follows from
[56, Lemma 32 and Proposition 37] that these vertical arrows are injective too. The
arrow labeled ¢ in (21) is induced by multiplication with the function r: TM — R
given by the composition of the source (or target) map TM — M x R with the
canonical projection onto R. Note that

evi(tK) =evi(K) and  (8) (K) = r(s;M) K (22)

forallA # 0and K € K(TM; E, F). These facts permit to define the principal symbol
map o’ such that the diagram becomes commutative. Moreover, the exactness of the
sequence in the top row of (21) follows from the exactness of the sequence at the
bottom.

By conormality, K has a Taylor expansion along 7°PM x {0}

*(Kly) ~ Z Kt/ (23)

where K; € £57/(T°PM; E, F) and K¢/ is considered as a distribution on 7°P M x
R. More precisely, for each integer N there exists an integer jy such that @*(Klv) —

j MoK t/ is of class CV. The coefficients are related to the terms in the asymptotic
expansmn (18) of k = ev(K) via

kj =v*(Kj). 24)

Let us now turn to the aforementioned subclass of W' (E, F') for integral r.

Definition 1 Suppose r € Z. A principal cosymbol a € (7 M; E, F) is said to be
essentially projectively homogeneous of order r if (8;)xa = A"amod K*°(TM; E, F)
holds for all A # 0. Correspondingly, we put

K(TM;E,F)

EZ(E’ F):= {a [S m

2 (8,)sa = M aforall A # 0} ,
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using the subscript 2 to indicate this additional Z; symmetry. Note that
THE,F)={ae X (E,F): (5_1)+a = (—1)a}. (25)
Let us also introduce the notation
P (TM;E,F):={aeK*(TM;E,F): (8).a=2Aaforall x> 0}. (26)

Clearly, P"(TM; E,F) = 0if —r —n ¢ Ny. For —r — n € Ny these are smooth
kernels which are polynomial along each fiber 7, M. In particular, the homogeneity
in (26) remains true for all A £ 0. As in [21, Lemma 3.8] one can show:

Lemma2 Suppose a € K(TM; E, F) and r € 7. Then a is essentially projectively
homogeneous of order r, i.e., represents an element in X5 (E, F), if and only if there
exist oo € K*°(TM; E,F),q € K(TM; E,F)and p € P"(TM; E, F) such that
a=daec +qand

8)«q = A g + A log|Alp, forall x #0.

Here q is only unique mod P" (T M; E, F), but p is without ambiguity.

Definition2 An operator A € W'(E, F) of integral order r € Z is called pro-
Jjective if its Schwartz kernel k admits an extension across the tangent groupoid,
K € K(TM; E, F), which is essentially projectively homogeneous of order r, that is,
evi(K) = k, and for all A # 0 we have (81“’1)*]1{ = AMKmod K*°(TM; E, F). We
will denote these operators by W5 (E, F).

Proposition 1 The class W} has the following properties:

(@) f A e Vi(E,F)and B € \IJé(F, G) then BA € \l—’éH(E, G), provided at least
one of A and B is properly supported.

(b) If A € Wi(E, F), then A" € Wi(F', E').

(c) If A e Wi(E, F), theno” (A) € L4(E, F). Moreover,

0— W NE, F) > W(E, F) 2> S5(E. F) — 0

is a natural short exact sequence.

(d) ez Y4(E, F) = O~(E, F), the smoothing operators.

(e) Forr € Nowe have DO"(E, F) =DO(E, F) N W) (E, F).

(f) If an operator in W) (E, F) admits a left parametrix in V™" (F, E), then it also
admits a left parametrix W, " (F, E). An analogous statement holds true for right
parametrices.

(g) Suppose A € V' (E, F) and let ¢*(k|y) ~ Z?iokj with k; € SIrI(E, F)
denote the asymptotic expansion of its kernel along the diagonal with respect
to adapted exponential coordinates. Then A € V5 (E, F) if and only if kj €

S, (E, F) forall j € No.
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Proof Parts (a) and (b) can be proved exactly as in [56], see also [21, Proposition 3.4].
Indeed, all maps in the commutative diagram (20) are multiplicative.
To see (c) put

SUTM; E,F) := {K € % : (SEM)*K = M'Kforall A # 0}
and note that
=5 (TM; E,F)={Ke X (TM; E,F) : ™)K = (—D'K}. 27
Moreover, introduce
K(T°°’M; E, F)

Y (T°M; E, F) = {a : (8;P)a = A a forall h # 0} ,

€ Ko (TPM; E, F)
and note that
SN(TPM; E, F)={a e X (T°M; E, F) : 6™).a = (—1)a}. (28)

Using the commutativity of the left square in (20) and (22) we see that (21) restricts
to a commutative diagram:

00— W, (B, F)——> W[(E, F) — %> SI(E, F) ——> 0
v N(EF) W5 (E,F) .
O~®(E,F) O~%(E,F) =|v

eV]TE evy] | =

0 —— %" (TM; E, F) ——= X(TM; E, F) —2> S5(T°M; E, F) — 0
(29)

Using (28), (27), and the averaging operator %(id +(=D~" (8?11"1 )*), one readily sees
that the bottom row in the diagram above is exact, for the same is true in (21). Conse-
quently, the top row in (29) is also exact, whence (c).

Part (d) follows immediately from (., ¥"(E, F) = O~*°(E, F), see [56, Corol-
lary 53] or [21, Proposition 3.4(c)], for we have the obvious inclusions O~°(E, F) €
Vi(E, F) SV (E,F).

The proof of [21, Proposition 3.4(f)] actually shows (e), see also [56, Sect. 10.3].

To see (f), consider A € Wi (E, F) and B € W™'(F, E) such that BA —idisa
smoothing operator. Choose K € X5 (TM; E, F) such that ev; (K) represents A mod
smoothing operators. Moreover, choose . € X7 (TM; F, E) such that ev| (L) rep-
resents B mod smoothing operators. Since ev| induces a multiplicative isomorphism
as indicated in (21), we conclude LK = 1 in £%(TM; E, E). Consider L:= %(]L +
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(=D @™),L) € =" (TM; F,E). In view of 1 = (8T¥),1 = ™), (LK) =
(EIO.L)(GI:K) = (EIDL)((=D'K) = (D" EID.L)K, we con-
clude LK = 1 in 2(2) (TM; E, E). Hence, ev (H:) gives rise to a left parametrix
Be W, "(F, E) such that BA —idisa smoothing operator.

To see (g), consider K € X" (TM; E, F) and suppose the kernel £ = ev(K)
represents the operator A € W' (E, F). From (23) we get

* (6T Kly) ~ > (=17 (8T (K )t/ (30)
j=0

since we have 8] M (®(g, 1)) = ®(8,7(g), t/2) for all A # 0. Now, A € W;(E, F)
iff ((SE”)*K = (—D'Kin 2" (TM; E, F), see (27). Comparing (23) with (30), we
conclude that this is the case iff (%)), K; = (—1)" /K, in 2"~/ (T M; E, F), for
all j. Using (28), we see that this holds iff K; € E;fj (T°°’M; E, F), for all j. In
view of (24), this is in turn equivalent to k; € E;fj (E, F),forall j. |

Remark 1 Proposition 1(b) implies that the class W3 is invariant under taking formal
adjoints too. More precisely, if A € W (E, F'), then A* € W} (F, E) where the formal
adjoint is with respect to inner products of the form (4).

4 Heat Kernel Asymptotics

The aim of this section is to prove Theorem 1. To this end let E be a vector bundle over
a closed filtered manifold M, and suppose A € DO’ (E) is a differential Rockland
operator of even Heisenberg order r > 0 which is formally self-adjoint and non-
negative with respect to the L inner product induced by a volume density dx on M
and a fiberwise Hermitian metric 4 on E, see (4).

We turn M x R into a filtered manifold by putting

TP(M x R) = {niT"M %fp > —r,and
n{TPM @ ;TR if p < —r.

Here 71: M x R — M and mp: M x R — R denote the canonical projections, and
we identify 7(M x R) = n{TM @ n; TR. We will regard A and % as operators over
M x R acting on sections of the pull back bundle E := 7 | E. The fiberwise Hermitian
metric 4 on E induces a fiberwise Hermitian metric /2 := nl*h onE. Furthermore, the
volume density dx on M and the standard volume density d7 on R provide a volume
density dxds on M x R. We will use the L2 inner product on sections of E induced
by dxdr and h, see (4).

This filtration on M x R is motivated by the fact that the heat operator A + %
becomes a Rockland operator. More precisely, we have:
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Lemma 3 The differential operator A+ % is a Rockland operator of Heisenberg order
. 3 P

r. The same is true for (A + 5,)* = A — 4.
Proof Clearly, % € I'®(T~"(M x R)), hence % is a differential operator of Heisen-
berg order at most » on M x R. Since 7{T?M < T?(M x R), the operator A has
Heisenberg order at most » when considered on M x R. Consequently, A + % has
Heisenberg order at most r.

For (x,1) € M x R, the canonical projections induce a canonical isomorphism of
osculating algebras,

tey(M xR) = t,M O R, 31)

where R is a central ideal in homogeneous degree —r. Correspondingly, we obtain a
canonical isomorphism of osculating groups,

Ty (M x R) = .M xR, (32)
such that the parabolic dilation becomes

T R
5, gy = (87 M (9). 4" 7). (33)
where g € .M, 1 € R, and A # 0.

Leto[(A) e U_,(t; M) ® end(Ey) denote[the Heisenberg principal symbol of A.
For the Heisenberg principal symbol of A + % we clearly have

oheny (A+E)=0[(A)+T, (34)
via the canonical isomorphism induced by (31),
U (t,n (M x R)) @ end(Ex,1)) = (Ut M) @ R[T])_, ® end(Ey).
Here R[T'] = U(RR) denotes the polynomial algebra in one variable 7 of homogeneous
degree —r.
To verify the Rockland condition, consider a non-trivial irreducible unitary repre-
sentation of the osculating group, 7 : 7, (M x R) — U(H), on a Hilbert space
‘H. Since the factor R in (31) is central, b := 7 (T) acts by a scalar on H, see [38,

Theorem 5 in Appendix V]. Hence, restricting 7 via (32), we obtain an irreducible
representation 7 : 7, M — U (H). Putting a := 7 (0] (A)), (34) gives

m (o] (A+ L)) =a+b. (35)
Let Hoo denote the space of smooth vectors for the representation 7, and note that this
coincides with the space of smooth vectors of 7. By unitarity, and since A is assumed

to be formally self-adjoint, we have a* = a and b* = —b, see (5), hence

(a—=>b)a+b)=a*a+b"b.
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By positivity, it thus suffices to show that a or b acts injectively on Heo, see (35).
If 7 is non-trivial, then a acts injectively for A is assumed to satisfy the Rockland
condition. If 77 is trivial, then b acts injectively, for it has to be a non-trivial scalar? O

In view of [21, Theorem 3.13] and Lemma 3, the operator A + % admits a properly

supported parametrix Q € \I!p_r{)p(E), see also [21, Remarks 3.18 and 3.19]. Hence,

there exist smoothing operators Ry and R, over M x R such that
O(A+Z)=id+R and (A+L)0=id+R,. (36)

By the definition of the class \I/p_rgp(E), see Sect. 3 or [21, Definition 3.2], Q has a

properly supported Schwartz kernel, k o € r p_rgg(E X E’), whose wave front set is
contained in the conormal of the diagonal. In particular, k 5 is smooth away from the
diagonal. Moreover, k o admits an asymptotic expansion along the diagonal.

To describe the asymptotic expansion of the kernel k o we will use adapted expo-
nential coordinates for M x R which are compatible with the product structure and
the translational invariance of the operator A + %. We start with adapted exponential
coordinates for M as described in Sect. 3 and summarized in the commutative diagram
(16). The exponential coordinates on M x R will be defined such that the following
diagram commutes:

(end(#*E) ® 23 )|y —— = (ER B,
T(MxR) DU d VC(MxR)x(MxR)
ﬁlf/\wﬁ AC\LPH
M x R M x R.

Hereﬁ :T(M x R) - M x R denotes the bundle projection, o is the zero section,
and A denotes the diagonal mapping. Moreover,

Vi={(x,s;y,1) € (M xR) x (M xR) : (x,y) € V}
Unys) =g 1) € Toy(M xR) =T,M xR : g € U}
Px.s) (85 1) = (x, 85 0x(8), s — 1) (37)
Blxs) (8 1) = Px(g) (38)

where (x,5) € M x Rand (g,1) € Ty s)(M x R) = T, M x R. Note that these
are exponential coordinates as described in Sect. 3 associated with the splitting of the
filtration T (M x R) = t(M x R) induced by the splitting T M = tM and the linear
connection on 7 (M x R) = 7{TM @ 7} TR induced from the linear connection on
T M and the trivial connection on TR.

3 H has to be one-dimensional in this case.
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_ Pulling back the Schwartz kernel of 0 with ¢, we obtain a distributional section
d*(k o |7) of the vector bundle end (7 * E) ® Q25 over U. According to Proposition 1(e)
and (f) , the parametrix Q may be assumed to be in the class W, " (E). Hence, see
Proposition 1(g), we have an asymptotic expansion of the form

o]

¢*(kgly) ~ D (39)

J=0

where g; € X, =i (E). More precisely, for every integer N there exists an integer jy
such that d;*(kQ ly) — Zj‘io qjisof clas~s cNonU. According to Lemma 2, we may
fix representatives g; € K (T(M x R); E ) satisfying

T(MxR)\ ~ —r—j= —r—j b
(674" 4y =27 a2 o By AAO (@)

where p; € P~"7/(T(M x R); E) is smooth and strictly homogeneous,
T(MxR ~ i~
(6 ), By =2 By £,

The representative §; satisfying (40) is unique mod P~"~/(7(M x R); E). The
logarithmic terms p ;, however, are without ambiguity.

The heat semi-group e /4 permits to invert the heat operator A + % over M x R.
Following [4, Sect. 5] we let C (R, L%(E)) denote the space of continuous functions
YR — L2(E) for which there exists 7y € R such that Y(t) = 0forall t < 19. We
consider the operator Q: C, (R, L*>(E)) — C4 (R, L?(E)) defined by

(QV)(s) == / s e Sy dr, ¢ e CL(R, LA(E)). (41)

—0o0
Since e~'4 is strongly continuous, the integrand e~ ¢4 () depends continu-
ously on t € (—o0, s], hence the integral converges and Qv € C4 (R, L%(E)),
cf. [37, Lemma 3.7 in Sect. II§3.1]. Since ¢4 is a contraction, the estimate
QYIS < Is — tol sup,epyy 51 1Y ()| holds for all ¥ € Ci (R, L*(E)) which
are supported on [fy, 00). This shows that Q is continuous, when Cy (R, L*(E)) =
1i_r)n Clip.00) (R, L*(E)) is equipped with the inductive limit topology over 7y € R, and
Clip.00) (R, L%(E)) denotes the subspace of continuous maps which are supported on
[0, 00) carrying the topology of uniform convergence on compact subsets. Compos-
ing O with the continuous inclusions T (E) € C4 (R, L?>(E)) and C (R, L*(E)) C
[~%(E), we may thus regard it as a continuous operator, Q: F?O(E) — I™(E).
By the Schwartz kernel theorem, Q has a distributional kernel, ko € I(ERE,
that is,

. 0V) =/ $(x. Dko(xrs: v DY) (42)

(x,8;y,H)e(MxR)x (M xR)
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for € T°(E) and ¢ € D(E) = I'>°(E’). From (6) and (41) we get
(A+2)ov =y =0(A+%)v (43)

in the distributional sense, for all Y € I’ C°°(E~ ), cf. [4, Eq. (5.12)].
Comparing (43) with (36) we obtain, as in [4, Sect. 5],

(id+R)QY = Oy = Q(d +R) ¥ (44)

forally € I'° (E). Note here, that O is properly supported, defining continuous oper-
ators on ' "*°(E) and ree (E).Moreover, R and R; are properly supported smoothing
operators, defining continuous operators FC_OO(E ) — I‘COO(E ) and T™®(E) —
['*°(E). The equality on the left-hand side in (44) implies that Q maps F‘C”(E ) con-
tinuously into I' % (E). Hence, QR, is a smoothing operator, for it maps I'; (E)
continuously into ' (E). Using the equality on the right-hand side of (44), we con-
clude that QO — Q is a smoothing operator.

Since Q differs from Q by a smoothing operator, kg is smooth away from the
diagonal and (39) gives an asymptotic expansion

¢*(koly) Zq, (45)

Using Taylor’s theorem, we may, by adding terms in P~"~/(7(M x R); E) to §;,
assume that for every integer N there exists an integer jy such that

¢*(koly) Zq, @ = 0(1z"). (46)

=0/ (x5

as g = O(xr,s) € T(x,5)(M x R), uniformly for (x, s) in compact subsets of M x R.
Here | — | denotes a fiberwise homogeneous norm on 7 (M x R). Comparing (7), (41),
and (42), we find

ki (x, y)dt fort > 0, and
ko(x,s;y,s —1t) = 47
S I fort < 0. “7)

In particular, k;(x, y) is smooth on M x M x (0, o). Furthermore, J’Ekx,s)(th?)
vanishes on 7, M x (—00,0) € T, M x R = T, 5)(M x R) and does not depend on
s, see (37) and (38). Combining this with (46) and (40), we conclude that

Gjx = {j (x,s) vanishes on T M x (=00, 0) € T(x 5)(M x R) (48)

and does not depend on s € R, for every j € Ng and all x € M. Note here that
T:M x (—o0,0) is invariant under scaling, see (33). Using (48) and (40), we see
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that p; (x5 vanishes on 7, M x (—o0, 0). Since p; () is polynomial, we conclude
Djxs) = 0forevery j € Ny and all (x,s) € M x R. This shows that there are no
log terms in the asymptotic expansion (45). In other words,

(TR o= Tig, A A0, (49)

*

Restricting (46) we obtain, using (37) and (33),

JN
ko(x,s:x,5 = 1) =Y b5 (@j.crs) (0, ) + O(1t1N7), (50)
j=0

as |t| — 0, uniformly in x. Using (49), (38), (33), and (2), where n has to be replaced
by the homogeneous dimension n + r of M x R, we obtain

q;(x,s) (éj,(x,s)(o)m t)) = t(jin)/rq'g(x,s) (Qj,(x,s)(OXs 1)) (51)

forallx € M,s € R, and t > 0. In Eq. (51) we are using (left) trivialization of
the 1-density bundle of the osculating group 7 (M x R) to identify the two sides.
Hence, defining g; € l"oo(end(E) ® |AM|) by

q; (At == Px.5)(d),(x.) (0x, D), (52)
we obtain from (47), (50), (51), and (52)

N-1
ki(x,x) = Z t(/—n)/rqj(x) + O(I(N—n)/r)’
j=0

as t \ 0, uniformly in x.
Using A = —1in (49) we see that G (x,5)(0x,1) = 0 for all odd j and ¢ # 0, see
(33) and (2). Hence, g (x) = 0 for all odd j, see (52).

Remark 2 The asymptotic term q; € Foo(end(E )® |[Aym |) in Theorem 1 can be read
off the homogeneous term g; € X" ~J(E) in the asymptotic expansion (39) of any
parametrix Q for the heat operator A + % on M x R. Indeed, the representative
gj € K(T(M x R); E) used in (52) is uniquely characterized by (51) and (48). Note
that these representatives are also translation invariant, corresponding precisely to the

homogeneous terms on which the Volterra—Heisenberg calculus is based on, see [4,
Sect. 3] and [43, Sect. 5.1].

To complete the proof of Theorem 1 it remains to show go(x) > 0. This will be

accomplished using the subsequent lemma concerning the heat kernel on the osculating
groups, cf. [43, Lemma 6.1.4].
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Lemma 4 Considerthe Heisenberg principal symbol o (A) as aleft invariant homoge-
neous differential operator acting on C*° (1, M, E ). The corresponding heat equation
admits a kernel (fundamental solution) in the Schwartz space of end(Ey)-valued 1-
densities on T, M. More precisely, there exists a family

oy (A)

ki S(IA7, m|) ® end(E,), (53)

depending smoothly on t > 0, which satisfies the heat equation, i.e.,

oy (A) _ o (A)

Dk —ol (A)k,* (54)
and the initial condition
lim k; KDy =y, (55)
forall y € S(Ty M) ® E. Moreover, this kernel is homogeneous, that is,
(STXM)* oy (A) k:i:,(A), (56)

forallt > 0 and ) # 0. Furthermore, k;’;(A)(ox) > 0in [A7.m,0, | ® end(Ey), for

eacht > 0. The heat kernel kf"r “ uniquely characterized by (54) in the following
sense: Every family of tempered distributions k' € S'(T,M) ® end(E,) which is
continuously differentiable in t > 0, satisfies the heat equation (54) and the initial

condition limy\ o k' = 8,, in 8'(Tu M) ® end(E), coincides with k, ‘(A)

Proof Sinc~e Qisa parametrix for A + %, we have G(’x,s)(A + %)U(;‘rs)(é) =1
in E?X!S)(E), for any fixed s € R. As O’(VX’S)(A + %) = o, (A) + % and gox =

qO,(x,s) = U(;’rs)(é)’ we get (G; (A)+ %)éo,x = S(UX,O) mod K™ (Q;M x R; Ex) By
homogeneity, see (49), we actually have

(01 (A) + 2)do.x = 0,.0)- (57)

Hence, restricting go  to 7, M x (0, 00) € 7, M xR = T(, ;)(M x R), more precisely,
defining

(A ~
KNt = Go Tyt >0, (58)

we obtain a smooth kernel satisfying the differential equation in (54). As Q is also a
left parametrix for A + %, a similar argument shows

B = 5 Wor(a), (59)
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where the right-hand side involves the convolution of the (smooth) kernel k:’*r (4) with
the (distributional) kernel of o] (A), a distribution on 7, M which is supported at the
unit element o,. The homogeneity formulated in (56) follows from (49), see also (33).

To show that kf‘ @ is in the Schwartz class, we fix a homogeneous norm | — |
and translation invariant volume density dg on 7, M. Writing kfx W _ k;dg and
do.x = q’dgdr, homogeneity implies

ki(g) = 1217"q' (8] (©)- 1g1 1), (60)

forallt > 0and oy # g € 7Tx M. Since g’ is smooth away from the origin in 7o M x R
and vanishes on 7, M x (—o0, 0), see (48), it vanishes to infinite order along 7, M x {0}.
Combining this with (60), we see that |g|"k/(g) tends to 0, as |g| — oo, for each
m € N. The same argument shows that this remains true if k; is replaced with Bk;
where B is some left invariant homogeneous differential operator on 7, M. This shows
that k; is indeed in the Schwartz space S(7, M) ® end(E,), whence (53).

By homogeneity, see (56), the integral fo I kf; s independent of ¢. Testing (57)
with x € I'°(R, Ey), considered as function on 7, M x R which is constant in 7, M,
we obtain

x(0) = (8(0,.0, x) = (04 (A) + &) Gox. x) = —(do.x. x')
- _/ k;’x’(*‘)f X (t)dt = ([ k)0,
.M 0 .M

see (48) and (58). Consequently,

fT kY —idp 61)
M

for all # > 0. Using (56), this readily implies the initial condition (55).
Let us now turn to the uniqueness of the heat kernel. The heat equation for k;" and

(59) imply that for fixed r > 0 the expression k?”g “ k", is independent of s € (0, 1).

Moreover, the initial condition for k; gives limy ~, ky* (A)k” ka <) , while the

initial condition (55) for k; ox () 1mphes limg o kg X(A)k”

ol (A)

= k;. Combining these

observations, we obtain k' =k, ", as well as the semi-group property

KWW D s>, (62)

- (A)) o7 (A)

Since A is formally self-adjoint, we also have (k * =k;* ", that s,

A

=K @), (63)
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for g € 7, M and ¢ > 0. Combining (62) and (63), we obtain

V(A "(A (A
KN (0) = / k(@) kP (g). (64)
geTLM
Using (61), we conclude k;;r(A)(ox) > 0in |A7 p,0, | ® end(Ey). O

From (52) and (58) we get, up to the canonical identification |A p x| = |A 7. p.,0, I

qo(x) = k7Y (0,). (65)

Hence, go(x) > 0 in |Apy x| ® end(E,), for we have kf*r(A)(ox) > 0 according to
Lemma 4. This completes the proof of Theorem 1.

5 Complex Powers

In this section, we will present a proof of Theorem 2 following the approach in [43,
Sect. 5.3]. Throughout this section E denotes a vector bundle over a closed filtered
manifold M, and A € DO’ (E) is a Rockland differential operator of even Heisenberg
order r > 0 which is formally self-adjoint and non-negative as in Theorem 1.

Recall that by hypoellipticity, ker(A) is a finite dimensional subspace of ['*°(E),
see [21, Corollary 2.10]. Let P denote the orthogonal projection onto ker(A). To
express the complex powers using the Mellin formula,

1 o
A= f FN e — Pydr, i) > 0, (66)
<) Jo

we need the following standard estimate for the heat kernel for large time.

Lemma5 Let p € I (E X E’) denote the Schwartz kernel of the orthogonal projec-
tion P onto ker(A). Then there exists € > 0 such that

ki(x,y) = p(x,y) + O(e™"®) (67)

ast — 00, uniformly with all derivatives in x and y.

Proof Since A is self-adjoint and non-negative, its spectrum is contained in [0, 00).
Moreover, since A has compact resolvent, zero is isolated in its spectrum. Hence, by
functional calculus, there exists ¢ > 0 such that

e—l‘A — P + 0(6—18)
as t — oo with respect to the operator norm topology on B(LZ(E )). Writing
—tA —A/2,~(=DA,~A/2

e =e
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—A/)2

and using the fact that e is a smoothing operator, we conclude

e =P+ 0(e") (68)

in £(F_°°(E), FOO(E)) with respect to the topology of uniform convergence on
bounded subsets of ' "*°(E), as t — o0. By nuclearity, and since ' "*°(E) is the
strong dual of ['*°(E’), we have canonical topological isomorphisms

L(D™(E),I™(E)) = T®(E)®T(E") = I (EX E'),
see [53, Egs. (50.17) and (51.4)]. Hence, (68) is equivalent to (67). O

Suppose N(z) > 0. In view of the remarks on the spectrum at the beginning of
the proof of Lemma 5, the integral on the right-hand side of the Mellin formula (66)
converges to A% with respect to the operator norm topology on L?(E). In particular,
A~% is a bounded operator on L2(E) and its distributional kernel can be expressed in
the form

1 oo
kp—z(x,y) = m/() tz_l(kt(x, y) — p(x, y))dt, N(z) > 0,

where the integral on the right-hand side converges in the distributional sense. Splitting
the integral as usual, we may rewrite this as

_ 1 11—1 1 px,y)
kA’Z(x9y)—m/(; t kt(x,y)dt—m -

+ % /lootz‘l(kt(x, V) = plep)d, (@) > 0. (69)

In view of (67) the second integral converges with respect to the C*°-topology and
defines a smooth function on M x M x C which depends holomorphically on z. If
x # y,then k;(x, y) vanishes to infinite order at r = 0, see (47), hence the first integral
in (69) converges in the C*°-topology and defines a smooth function on {x # y} x C
which depends holomorphically on z.

To study the behavior of

1
K (x,y) 1=/ ke (x, y)de, 9@ > 0, (70)
0

near the diagonal, we fix areal number s, use (47), and move to exponential coordinates,
see (37) and (38),

(6" K2)x(g) = / NG holp)) (& 1) @ =0, (TD)

te[0,1]
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where x € M, 8 € 7.M. Given an integer N, we choose an integer jy such that
¢*(koly) — Zjlio gj is of class CV, see (46), and rewrite (71) in the form

JN JN
(6" K2)(8)= f P kelp= 0| @t Ko (2

tel0, o .
j=0 (x,5) Jj=0

where K ; the distributional section of end(7* E) ® Q2 defined by

(Kz,)x(2) 1=/ 75 w8 ), R@) > —j/r. (73)

1€[0,1]

In view of (49) and (33) we have

((67M) Ko = 27T K ) () = 27 / L R

forall A > 1, and a similar formula holds forO < A < 1. Since the integral on the right-
hand side defines a smooth section of end(£) ® 2, we conclude K, ; € ¥ —T=J(E).
Since the integral term in (72) is of class C"V, we have an asymptotic expansion
¢*K, ~ Z?io K ;, provided %(z) > 0. Combining this with (69) and (70) we
obtain an asymptotic expansion

¢*(kp—s) ~ Z
=0

(75)

(z) '

This shows A7 € W™ (E), provided 9(z) > 0. Using A= = AFA~% and A* €
WK (E) for k € N, we see that this remains true for all complex z.

For 9(z) > n/r, the Heisenberg order of A™% has real part smaller than —n, hence
this power has a continuous kernel, see [21, Proposition 3.9(d)], and the Mellin formula
(66) gives

1 oo
ka—z(x,x) = —/ tzfl(kt(x,x) - p(x,x))dt, N(z) > n/r. (76)
I'(2) Jo
Splitting the integral as usual, we may write

px, x)
4

/oolz’l(kz(x,x) = plx,x))dt = /Ooﬂfl(kf(x’x) = P, x)dr —
0 1

1 N—1
—}—/0 M ke (x, x) — Z t(ffn)/rqj(x) dr
j=0

q;(x)
+Zz_n_1)/r (77)
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where g; € Foo(end(E ) ® |A Ml) are as in Theorem 1. In view of the estimate (67),
the first integral on the right-hand side of (77) converges for all complex z and defines
an entire function. In view of Theorem 1, the second integral on the right-hand side
of (77) converges for R(z) > (n — N)/r and defines a holomorphic function on
{N(z) > (n — N)/r}. Note that these considerations are all uniform in x. Combining
this with (76), we see that k 4 (x, x) can be extended meromorphically to all complex
z with poles and special values as specified in Theorem 2. Here we also use the classical
fact that 1/ T'(z) is an entire function with zero set —Ng and (1/T)' (=) = (=D1!
for all/ € Ny.

To complete the proof of Theorem 2, it remains to show that the powers A~* form a
holomorphic family of Heisenberg pseudodifferential operators in a sense analogous
to [43, Sect. 4]. This will be established in Sect. 6.

6 Holomorphic Families of Heisenberg Pseudodifferential Operators

In this section, we will extend the concept of a holomorphic family of pseudodifferen-
tial operators [43, Chapter 4] to the Heisenberg calculus on general filtered manifolds.
We will show that the complex powers discussed above do indeed form a holomorphic
family as stated in Theorem 2. Holomorphic families will also be used to construct a
non-commutative residue in Sect. 7.

Remark 3 Below we will use several spaces of distributions which are conormal to
certain closed submanifolds. It will be convenient to equip theses spaces with the
structure of a complete locally convex vector space. To describe this topology, suppose
& is a vector bundle over a smooth manifold N, and suppose S is a closed submanifold
of N. We let £ C I'"°°(&) denote the vector space of all distributional sections of &
whose wave front set is contained in the conormal of S. In particular, these distributions
are smooth on N\ S, hence we have a canonical map

K — TEIns). (78)

Weletr: T+S — S denote the normal bundle of S in N, thatis, T1S := TN|s/TS.
Suppose ¢ : T+S — W C N is a tubular neighborhood, i.e., a diffeomorphism onto
an open neighborhood W of § in N, which restricts to the identity along S. Moreover,
let ¢ be a vector bundle isomorphism 7*(&|s) = ¢*(&|w). If a € K, then ¢*a is a
distributional sections of 7 * (& |s) whose wave front set is conormal to the zero section
SCTLS. In particular, ¢*a is w-fibered. Hence, we obtain a map

¢ K — I (" (§ls)), (79)

where the right-hand side denotes the space of all -fibered distributional sections
of m*(£|s). Recall that elements a € I'_*°(7*(£]s)) can be considered as families
of distributions a, € C ’°°(TXLS , &x) on the fibers TxLS with values in &, which
depend smoothly on x € S. Every x € I'2°(Q2y) provides a map I' /(7 *(&[s)) —
' (&ls), a — my(ay), where , denotes integration along the fibers of 7. We equip
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I'°(r*(&]s)) with the weakest locally convex topology such that these maps are
all continuous. Finally, we equip K with the coarsest locally convex topology such
that the maps (78) and (79) become continuous. It is well known that K is complete.
Moreover, the topology does not depend on the choice of a tubular neighborhood.

Suppose E and F are two vector bundles over a filtered manifold M. Moreover,
let 2 be a domain in the complex plane and suppose s: & — C is a holomorphic
function. We intend to make precise when a family of operators A, € W@ (E, F),
parametrized by z € €2, is considered to be a holomorphic family.

Recall from Sect. 3 that IC(TM; E, F) denotes the space of all distributional sec-
tions of the vector bundle (19) whose wave front set is contained in the conormal
of the units, M x R € TM. We equip K(TM; E, F) with the topology described in
Remark 3, andlet o (TM; E, F) denote the space of holomorphic curves from €2 into
K(TM; E, F). Moreover, we let IC?{’(TM ; E, F) denote the space of holomorphic
curves from Q into KL (TM; E, F) where the latter space carries the C°°-topology.

Definition 3 Let ©2 be a domain in the complex plane and suppose s: @ — C is
a holomorphic function. A family of operators A, € W*@ (E, F), parametrized by
z € Q, is called a holomorphic family of Heisenberg pseudodifferential operators if
there exists a family K, € Kqo(TM; E, F) such that ev|(K;) is the Schwartz kernel
of A, for all z € Q, and K, is essentially homogeneous of order s(z) in the sense that
(6TM), K, — 2 @K, is a family in KX (TM; E, F), for all 1 > 0.

Lemma 6 Suppose A, € WO (E, F) and B, € W'O(F,G) are two holomorphic
families of Heisenberg pseudodifferential operators, where z € Q and s,t: Q2 — C.
Then B, A, € WUHQ(E | G) is a holomorphic family of Heisenberg pseudodifferen-
tial operators, provided at least one of the two families is properly supported (locally
uniformly in z). Moreover, the transpose AL € WS®) (F', E') is a holomorphic family
of Heisenberg pseudodifferential operators.

Proof Convolution and transposition induce bounded (bi)linear maps:

K(TM; F,G) x Kyop(TM; E, F) — K(TM; E, G)
K>(TM; F, G) x Kpiop(TM; E, F) — K*(TM; E, G)
K(TM; F,G) x IC;IOOP(']I‘M; E,F)— K®(TM; E, G)
K®(TM; F,G) x Kgfop(']I‘M; E,F) — K®(TM; E, G)
K(TM; E, F) — K(TM; F', E)

K®(TM; E,F) - K*(TM: F', E).

Since holomorphic curves remain holomorphic when composed with bounded
(bi)linear mappings, convolution, and transposition thus induce maps:

Kao(TM; F, G) x ’CQ,prop(TM; E,F)— Ko(TM; E, G)
KS(TM; F, G) x Kq prop(TM; E, F) - K& (TM; E, G)

Ko(TM; F,G) x IC?ﬁprOp(TM; E,F) - KJ(TM; E, G)
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5 (TM; F, G) x K3 pyop(TM; E, F) — K& (TM; E, G)
Kao(TM; E,F) - Ko(TM; F', E')
X(TM; E, F) — K(TM; F', E).

The lemma follows at once. O

Recall from Sect. 3 that (7 M; E, F) denotes the space of all distributional sec-
tions of the vector bundle hom(w*E, n*F) ® Q, over 7T M whose wave front set is
contained in the conormal of the units, M € 7 M. We equip K(7 M; E, F) with the
topology described in Remark 3, and let (7 M; E, F) denote the space of holo-
morphic curves from Q into (7 M; E, F). Moreover, we let K (7 M; E, F) denote
the space of holomorphic curves from Q into (7 M; E, F) where the latter space
carries the C°°-topology.

Definition 4 Let ©2 be a domain in the complex plane, and suppose s: @ — C is
a holomorphic function. A family k, € Kq(7 M; E, F) is called essentially homo-
geneous of order s(z) if (8)k, — A*k, € KS(TM; E, F), for all » > 0. This
generalizes [43, Definition 4.4.1] where the term almost homogeneous is used.

Lemma7 Lets: Q — C be a holomorphic function, consider a family of operators
A. € WQ(E, F) parametrized by z € S, and let k, denote the Schwartz kernel of
A;. Then the following are equivalent:

(a) A; is a holomorphic family of Heisenberg pseudodifferential operators.

(b) Away from the diagonal, the Schwartz kernels k; are smooth and depend holomor-
phically on z € Q. Moreover, with respect to some (and then every) exponential
coordinates adapted to the filtration as in Sect. 3, see (16), we have an asymptotic
expansion of the form

¢*(kelv) ~ > kj: (80)
=0

where k; ;, € Ko(TM; E, F) is an essentially homogeneous family of order
s(z) — J, cf. Definition 4. More precisely, for every zo € Q2 and every integer N
there exists a neighborhood W of zo in 2 such that, for sufficiently large J € N,
the expression ¢*(k;|y) — Z‘]];é kj , restricts to a holomorphic curve from W
into the space of C"N-sections of hom(n*E, 1*F) ® Qy over U.

(c) Away from the diagonal, the Schwartz kernels k,; are smooth and depend holomor-
phically on z € Q. Moreover, with respect to some (and then every) exponential
coordinates adapted to the filtration as in Sect. 3, see (16), and for some (and then
any) properly supported bump function y € CngP(TM ) with supp(x) € U and
x = 1 in a neighborhood of the zero section, the fiber wise Fourier transform,

F(x - ¢*k1v)) (&) = / e PEX) (0 9* (K |v)) (exp(X)), & € M,

XetyM
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is smooth on Q x t*M, depends holomorphically on z, and admits a uniform
asymptotic expansion of the form

Fx - ¢*tlv) ~ Y ki @81)

where 12, . € F°°(h0m(p*E P*F)|em\m) are homogeneous of order s(z) — J,
ie., (S)L)*k = A= fk] cforall » > 0. Here 8 denotes the grading automor-
phism on t*M dual to 8 on tM, and p: t*M — M denotes the vector bundle
projection. More precisely, foralla, N € N, and for every homogeneous differen-
tial operator D acting on T'*°(hom(p*E, p*F)), ie., (Si)*D = A’D, for every
compact K C R, and for some (and then every) fiberwise homogeneous norm on
t*M, and for some (and then every) fiberwise Hermitian metric on hom(E, F),
there exists a constant C > 0 such that

N-1

D F(x-¢*tklv)) = > kj | 6)] < Clgpr@—N-e (82)

j=0

holds for all z € K and all & € t*M with |§] > 1.

Proof To see (a)=>(b) assume A, is a holomorphic family of Heisenberg pseudod-
ifferential operators with Schwartz kernels k,. Choose K € Kq(TM; E, F) as in
Definition 3, i.e., evi(K;) = k; and (6] ™). K, — 2*@K, € K¥(TM; E, F) for all
A > 0. Away from the units, K, is smooth and depends holomorphically on z € .
Clearly, this implies that the same is true for k_, i.e., away from the diagonal k. is
smooth and depends holomorphically on z € Q2. Now consider adapted exponential
coordinates as in Sect. 3. By conormality, K has a Taylor expansion along 7 °P M x {0},

*(Kelv) ~ ZK, ot (83)

where K; ; € Ko(7°PM; E, F). By essential homogeneity of K, the family K; .
is essentially homogeneous of order s(z) — j, that is, (6)«K; ; — )\s(z)—jquz €
K& (TPM; E, F). For each J € N we have ®*(K_|y) — Z]J.;é Kj t/ =t'Ly,
where L; , € Kq(U; E, F) is essentially homogeneous of order s(z) — J on U. Let
W be an open subset with compact closure in €2, and suppose N € N. Then, for
sufficiently large J, the family LL; . restricts to a holomorphic curve from W into the
space of C"-sections over U. Indeed, this follows from a parametrized version of [56,
Theorem 52]. We conclude that ®* (Kz |V) - Z]J-;é K;, .t/ restricts to a holomorphic

curve from W into the space of C¥-sections over U. Evaluating at r = 1, we obtain
the asymptotic expansion (80) with k; ; = v*(K; ,).

To see (b)=(a) we observe that 1/ k i,z € Ka(U; E, F) is essentially homogeneous
of order s(z). Parametrizing the proof of [56, Theorem 59], we obtain a holomor-
phic family ., € Kq(U; E, F) which is essentially homogeneous of order s(z) and
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such that evy(IL;) ~ Z?‘;O kj , in the same sense as (80). Clearly, this implies that
¢*(k;|v) —evi(LL;) is a holomorphic curve into the space of smooth sections over U.
Adding atermin K& (U; E, F) toL;, we may, moreover, assume ¢* (k;|v) = evy(L;).
Using a bump function one readily constructs K, € Kq(TM; E, F), essentially homo-
geneous of order s(z), such that ®*(K;) coincides with IL, on neighborhood of M x R.
Hence, k, coincides with ev((K;) in a neighborhood of the diagonal. Clearly, this
implies (a).

Let us now turn to the implication (b)=>(c): Note first, that x - ¢*(k;|y) €
’CQ,prop(T M E, F), hence its fiberwise Fourier transform is smooth on t*M x Q
and depends holomorphically on z € 2. Fix a bump function p € C*(t*M) which
vanishes in a neighborhood of the zero section and such that p(§) = 1 whenever
|&] > 1. Since k,_; is essentially homogeneous of order s(z) — j, there exist unique
/Qj S F°°(h0m(p*E P F)|¢p\m), strictly homogeneous of order s (z) — j, such that

(]—'(X ky i) — ks, j) is in the fiberwise Schwartz space S(t*M; hom(p*E, p*F)).
More precisely, for every compact K C €2, every homogeneous differential operator
D, and every integer b € N, there exists a constant C > 0 such that

D(F(x kj2) — ki) ®)| = Clel ™

holds for all z € K and & € t*M with |§] > 1. In view of the expansion (80), we
conclude that for every compact K € 2, every b € N, every homogeneous differential
operator D, and every sufficiently large J € N, there exists a constant C > 0 such
that

D|F|x-|¢*klv)— Zk,z ®| < Clgl™

holds forallz € K and & € t*M with |£| > 1. Combining the preceding two estimates,
we see that for every compact K C , every b € N, every homogeneous differential
operator D, and every sufficiently large J € N, there exists a constant C > 0 such
that

D F(x-¢*kAv)) =D ki | &) < Clal™

holds forall z € K and & € t*M with |€] > 1. If D is homogeneous of degree a € N,
i.e., (8])«D = A%D, then |Dk; ,(£)| < CIEI@=~4 whence (81).

Let us now turn to the implication (c)=>(b): Note ﬁrst that the homogeneous terms
k .,z in the asymptotic expansion (81) depend holomorphically on z € 2. This follows
from (82), cf. [43, Remark 4.2.2]. Defining k; , := Flp - 12,-,2), we thus have
kj. e Ko(TM; E, F). Moreover, for each A > 0,

G)okj e = WOk = F (RO (%0 = p) ki)
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is a holomorphic curve in the fiberwise Schwartz space S(7 M; hom(7x*E, n*F) ®
Q). In particular, k; ; is essentially homogeneous of order s(z) — j. If W is an open
subset with compact closure in €2, then (82) implies that, for sufficiently large J € N,
the expression x - ¢*(k;|y) — Z}’;é kj ; is a holomorphic curve in the space of C N
sections, whence (80). O

Remark 4 As pointed outin the proof above, the homogeneous terms k j,z inthe asymp-
totic expansion (81) depend holomorphically on z € €.

The characterization in Lemma 7 shows that the concept of holomorphic families
considered here generalizes the definition for Heisenberg manifolds, see [43, Sect. 4].

Let us now complete the proof of Theorem 2 by establishing the following gener-
alization of [43, Theorem 5.3.1].

Lemma 8 The complex powers A~* € W~ (E) considered in Theorem 2 constitute
a holomorphic family.

Proof Writing A=% = A¥A~(+h and using Lemma 6, we see that it suffices to show
that the powers form a holomorphic family on Q = {M(z) > 0}. To prove this, we
will use the characterization in Lemma 7(b) and proceed as in [43, Lemma 5.3.2].
As observed above, away from the diagonal the Schwartz kernels k4-:, see (69),
are smooth and depend holomorphically on z € C. Moreover, the distributions K ;
defined in (73) form a family in (7 M; E, F) which is essentially homogeneous
of order —rz — j in the sense of Definition 4, see (74). Furthermore, the C N gections
defined by the integral in (72) depend holomorphically on z € Q. We conclude that
the asymptotic expansion (75) established above is in fact the asymptotic expansion
required in Lemma 7(b). O

7 Non-commutative Residue

In this section, we consider the analogue of Wodzicki’s non-commutative residue
[29,58] for filtered manifolds. Let E be a vector bundle over a closed filtered manifold
M of homogeneous dimension n. We will fix a strictly positive Rockland differential
operator D € DO’ (E) of even Heisenberg order r > 0. For a pseudodifferential
operator A € WX(E) of integer Heisenberg order k € Z, the operator AD™% €
WK=T2(E) is trace class for 98(z) > (n + k)/r and hence defines a holomorphic
function

ta(z) :==w(AD™),  R@ > m+hk/r,

see Theorem 2 and [21, Proposition 3.9(d)]. In view of Lemma 6, the subsequent
proposition can be applied to R(z) = AD™2.

We continue to use the canonical identification |A y7| = 0*Q, between the bundle
of 1-densities on M and the restriction along the zero section of the bundle of vertical
densities on 7 M, see Sect. 3. In particular, we will use the induced identification

F*°(Ay|®end(E)) =P "(TM; E, E). (84)
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Recall that the right-hand side in (84) denotes the space of smooth sections of
end(r*E) ® 2, which are homogeneous of degree —n and thus fiberwise translation
invariant (constant).

Proposition 2 Let E be a vector bundle over a closed filtered manifold M of homo-
geneous dimension n. Moreover, suppose r > 0 and let R(z) € W4 "*(E) be a
holomorphic family of Heisenberg pseudodifferential operators on M with Schwartz
kernels k. Then the restriction to the diagonal, k.(x, x), provides a holomorphic
curve in I'*®(end(E) ® |AM|) for N(z) > (n + d)/r. This curve can be extended
meromorphically to the entire complex plane with at most simple poles located at
zj = (n+d—j)/rwith j € No. Moreover, the residue at zj can be computed locally
by the expected formula,

pj(ax), (85)
r

1 A
IeSz=z; (kz(xvx)) = - ~/§et*M ‘S‘Zij,z]-(‘i:)dg =

r

where l%j,z are as in Lemma 7(c), and p; € P~"(TM; E, E) are characterized by
(83)skj z; = A7 "kj z; + 27" log|A| pj for A > O with kj ; as in Lemma 7(b).4

In particular, the function tr(R(z)) is analytic on the half plane R(z) > (n+d)/r,
and has a meromorphic continuation to all of the complex plane with only simple poles
possibly located at zj with j € No. Moreover,

1 A 1
reSz=z; tr(R(Z))=;f M/s et trE(kj,z_,(E))d€=—/M trg(pjlm).  (86)

r

Remark 5 The volume density d€ used in (85) and (86) is defined such thata 1-density
on t, M in the Schwartz class, k € S(|A¢, i1), and its Fourier transform, k € S(tiM),
a Schwartz class function on tj M, are related by

12(5):/ e 2MEX) . and k(X):/ AMEXk@E)de, (87
XetyM &M

where X € t,M and & € t{ M. Hence, d¢ is the translation invariant 1-density on
ty M with values in |A¢, y| corresponding to the canonical pairing between |A x|
and |A¢, m|. Given a homogeneous norm | — | on t, M, we may contract d§ with the
fundamental vector field of the dilation action, %| A= 13;\, and restrict to obtain a 1-
density on the unit sphere {£€ € t{ M : |&| = 1} with values in |A¢, js| which will also
be denoted by d& and can be characterized by

f(E)dé = f Arlan f £ (&)dé, (88)
tM 0 get:M,|E|=1

for all compactly supported smooth functions f on tfM\{0}.

4 By adding smooth cosymbols, the asymptotic terms & ; ;. may be chosen to have this property. They are
not unique, but p j is without ambiguity, cf. [21, Lemma 3.8] or Lemma 2.
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Proof of Proposition 2 To begin with, let 9i(z) > (n+4d)/r. We fix adapted exponential
coordinates and consider the corresponding asymptotic expansion of the kernel &,
along the diagonal as in Lemma 7(c), see (81). Using Fourier inversion formula, see
(87), we may write

ke (xax) = (6% (e lv)) (00) = / Fx - 6 (kalv)) (€)de.

t

Splitting the integral at the unit sphere in t{ M and using the asymptotic expansion in
(81) this may be rewritten in the form

ka(x, x) = / Fx - " (hely)) E)de
EetiM,|E|<1

N
+f Fl-o*telv) =Y ki | @©d (89)
EetiM g1>1 i

J

N
+y / kj.o(8)de.
j=0"%

EtiM, |g]>1

The continuation of the left-hand side in (89) can be achieved by studying the right-
hand side. Clearly, the first integral on the right-hand side of (89) converges and
defines a smooth section of end(E) ® | A /| which depends holomorphically on z €
2 for the integrand is smooth and analytic in z. The second integral converges for
N(z) > (d +n — N)/r and defines a smooth section of end(E) ® |Ay/| which
depends holomorphically on these z in view of the estimates (82). Using (88) and the
homogeneity of k j,z» We rewrite the remaining terms in the form

o0 . n
/ £ (E)de = / p=remin=1 g f Fi(E)de
SetiM,|§]=1 1 Eet:M,|E|=1
1 / n
S Fo)de.
rz—d—n+j Jeevm jg1=1 e

Hence, this term admits a meromorphic continuation to the entire complex plane with
a single pole located at z; = (d +n — j)/r. This pole is simple with residue

~ 1 ~
resc—s; [ bz =+ b, (6)de.
EetiM,|E1>1 rJgetiM E|=1

Combining these observation, we obtain the meromorphic extension of k(x, x) and
the first equality in (85). The second equality in (85) is well known.

For PR(z) > (n + d)/r the Schwartz kernel k, of the operator R(z) is continuous,
and we can compute the trace by

tf(R(Z))=/ MtrE(kz(xax))-
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The meromorphic extension of tr(R(z)) thus follows from the meromorphic extension
of k. (x, x), and so does the formula for the residues. O

We can now define a functional on integer-order pseudodifferential operators A €
WR(E) = ey YH(E) by

T(A) :=r-res;=0(£a(2)),

where ¢4(z) = tr(AD™%), cf. Proposition 2 and Lemma 6.
The following corollary generalizes a result for CR manifolds obtained by R. Ponge
in his thesis, see [42].

Corollary 6 The functional t: V*°(E) — C is a non-trivial trace on the algebra of
integer-order pseudodifferential operators. More precisely, we have:

(a) T([A, B]) =0forall A, B € W®(E).

(b) 1(A) does not depend on the positive Rockland differential operator D.

(¢) Ifthe order of A € W°(E) is less than —n then T(A) = 0.

(d) If A has order d > —n, and ¢*(kaly) ~ Zji() kj is an asymptotic expansion
of its kernel with k; essentially homogeneous of order d — j, chosen such that
() xkdtn = X "kgyn + A" log |A|pa for . > O with py € P~"(TM; E, E),
then

T(A)=/ tre(paly)-
M

(e) If Be I'*®(end(E)) and j € Ny, then

Gmfry o " ,
(50U ) = ot [ waaay. 90)

where q j denotes the term in the heat kernel asymptotics of D, thatis k,—p (x, x) ~
Z?io tU=m/" g, (x), see Theorem 1.

(D) The map pu: C(M) — C, u(f) = ©(fD™7) = 1575 [y [ 0E@q) is a
positive smooth measure on M.

(g) In particular, (1) = t(ng) =r-ap/T(3) > 0, where ag is the leading
term in the heat trace expansion of D, that is, tr(e_’D) ~ Z;io t(j_”)/’aj, see
Corollary 1.

Proof To see (a), we observe that, for %(z) very large,

tr([A, BID™%) = tr(A[B, D~ %]) + r(AD %, B]) = tr(A[B, D~%]).
Note that [B, D~*] is a holomorphic family which vanishes at z = 0, for D is assumed
to be strictly positive. Hence, the holomorphic family A[B, D~*] is of the form zR(z)

for some holomorphic family R(z). As tr(R(z)) can at most have a simple pole at
z = 0, the function tr(A[B, D™*]) has no pole there and hence t([A, B]) = 0.
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Tosee (b),let D € W (E) be another strictly positive Rockland differential operator
of order 7 > 0, and suppose A is of order k. Hence, AD~%/" — AD~%/" is a holomorphic
family of order k—z which vanishes at z = 0. As before, we conclude that tr(AD /" —

AD—7 ) is holomorphic at z = 0. Consequently,
res,—o tr(ADY") = res,—o tr(AD ™7y,

Equivalently, r - res,—o tr(AD %) =7 - res,—g tr(AD_Z).

To see (c), observe that for operators A of order less than —n the zeta function ¢4 (z)
is clearly analytic at z = 0 and hence has no residue there.

Part (d) follows immediately from the formula for the residue in (86).

To see (e), suppose B € '*°(end(E)) and observe that we clearly have

kBD(f—'l)/V D2 (x,x) = B(x)kDU—n)/r—z (x, x),
for all x € M. Using Theorem 2, we obtain

B(x)q,(x)
L((n—j/r)’

res;—o (kg pti-m/rp-:(x, X)) = B(x)res,—(u—jy;r (kp-:(x,x)) =

see Eq. 8. Applying trg and integrating over x € M, we obtain (90).

The assertion about p(f) in (f) follows from (90) by specializing to the multipli-
cation operator B = f, where f € C°°(M), and observing that trg(go(x)) > 0 at
each x € M, for we have go(x) > 0 according to Theorem 1. Hence, u is a positive
functional.

The last statement about t(D’%) in (g) follows from (90) by specializing to A =
idg and using fM trg(go) = ag > 0, see Corollary 1. In particular, t is non-trivial. O

Remark 6 Using (84), we may identify the logarithmic term p4 = pa|y associated
with a pseudodifferential operator A € W°(E), see Corollary 6(d), as an end(E)
valued density on M. This Wodzicki density is intrinsic to A, i.e., it does not depend
on the exponential coordinates used for the asymptotic expansion. The independence
follows from the evident formula pg4 = Bpy forall B € I'*°(end(E)), the expression
for the residue in Corollary 6(d), and the intrinsic definition of the residue using D.

In case of a trivially filtered manifold M, the trace 7 is the non-commutative residue
which was introduced in Wodzicki and Guillemin [29,58], with many applications
including to index theory [18]. In Connes [17], the non-commutative residue is shown
to coincide with Dixmier trace for classical pseudodifferential operators of order —n.
We expect such a relationship to hold also in Heisenberg calculus extending part (f)
of Corollary 6.

8 Weyl's Law for Rumin-Seshadri Operators

In this section, we will work out the eigenvalue asymptotics for Rumin—Seshadri oper-
ators associated with Rockland sequences of differential operators whose Heisenberg
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principle symbol sequence is the same at each point. More precisely, we will assume
that the principle symbol sequence, the L? inner product, and the volume density on
any two osculating groups are simultaneously isometric. In this situation, the con-
stant appearing in Weyl’s law is the product of the volume of the underlying manifold
with a constant depending on the isometry class of the principal symbol sequence,
see Corollary 7. Similar formulas for CR and contact geometry can be found in [43,
Sect. 6].

In the second part of this section, we will specialize to a particular parabolic geome-
try in five dimensions associated with the exceptional Lie group G». Every irreducible
representation of G, gives rise to a Rockland sequence of differential operators known
as a (curved) BGG sequence [13]. Moreover, there is a distinguished class of fiber-
wise Hermitian inner products such that the Heisenberg principal symbol sequences,
at any two points, are indeed isometric. In this situation, the constant in Weyl’s law is
universal, depending only on the representation of G, see Corollary 8.

8.1 Rumin-Seshadri Operators

Let E; be vector bundles over a closed filtered manifold M. Consider a sequence of
differential operators

s T®(E_p) 255 T(E) 2 T () — - o1)

where A; € DO"i(E;, E;41) is of Heisenberg order at most r; > 1. Recall that such

a sequence is called Rockland if the Heisenberg principal symbol sequence

7o HAD) (o' (A)
o> Hoo ®FEi oy T H @ Ei 2 Hoyy @ iy — -+

is (weakly) exact, for each x € M and every non-trivial irreducible unitary represen-
tation w: 7, M — U (H) on a Hilbert space H, see [21, Definition 2.14]. Here H
denotes the subspace of smooth vectors.

Fix a volume density dx on M. Moreover, let ; be a fiberwise Hermitian metric
on E;, and consider the associated standard L2-inner product

(1. ¥2h 12k = /M hi (Y1, Y2)dx, 92)

where Yy, Y, € T'°(E;). Let AT € DO"(E;41, E;) denote the formal adjoint
characterized by (A¢, U2y = (@, Aiv D2, for all v € I'*°(E;) and
¢ € T*°(E;11), cf. [21, Remark 2.5].

Assume r; > 1 and choose positive integers s; such that

Fi—18i—1 =riSi =K. (93)
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It is easy to see that the Rumin—Seshadri operator A; € DO (E;) defined by
A= (Ao AFL) T + (AT AT (94)

is Rockland, see [47] and [21, Lemma 2.18]. Clearly, A; is formally self-adjoint and
non-negative.

Definition 5 (Model sequence)

(a) A model sequence consists of a finite dimensional graded nilpotent Lie algebra
n, a volume density i € |Ay|, finite dimensional Hermitian vector spaces F;,
integers r; > 1, and B; € U_,,;(n) ® hom(F;, F;11). A model sequence gives
rise to a sequence of left invariant homogeneous differential operators on the
corresponding simply connected Lie group N,

Bi_ i
> C®(N, Fily) —=5 C®(N, Fy) 25 CON, Fiyy) — -+,

and provides left invariant L? inner products on the spaces C*°(N, F;) which
are induced by the invariant volume density on N corresponding to p and the
Hermitian inner products on F;, cf. (4).

(b) A model sequence is called Rockland if

Bi_ B;
--~—>Hoo®Fi—1M>HOO®F:'L)>HOO®F:'+1—>"-

is exact for every non-trivial irreducible unitary representation w: N — U (H)
where H, denotes the subspace of smooth vectors.

(¢) Two model sequences, (n, i, Bj € U—,, (n) ® hom(F;, Fj41)) and (v, ', B/ €
Z/L,i/ (n') ® hom(Fy, F/ | )) are said to be isometric if r; = r], and there exists an
isomorphism of graded Lie algebras ¢ : n — n’ mapping p to u/, and there exist
unitary isomorphisms ¢; : F; — F; such that the induced isomorphisms

¢ ® hom(¢;! di1): Uy, (0) ® hom(Fy, Fiy1) — U_y (w) ® hom(F/, F},,)

map B; to B;, for all i.
If E; are Hermitian vector bundles over a filtered manifold M equipped with a

volume density, then the Heisenberg principal symbols of a sequence of differential
operators A; € DO" (E;, E;+1) give rise to a model sequence

(txM7 Moxs U;i (A)) € u—ri (M) ® hom(Ex’,', Ex,i+l)) 95)
at every point x € M. Here 1, € |A¢ m| denotes the volume density induced by dx
via the canonical isomorphism |A¢, m| = A7, m].

The following generalizes [43, Proposition 6.1.5].
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Corollary 7 If(n, w, B € U_,;(n) ® hom(F;, Fi+1)) is a Rockland model sequence,
see Definition 5, then there exist constants «; > 0 with the following property. Sup-
pose E; are Hermitian vector bundles over a closed filtered manifold M, let dx be a
volume density on M, and suppose A; € DO"I (E;, Ei11) is a sequence of differential
operators such that the Heisenberg principal symbol sequence, see (95), is isometric
to the model sequence at each point x € M. Moreover, fix positive integers s; as in
(93), and let A; € DO* (E;) denote the associated Rumin—Seshadri operators, see
(92) and (94). Then, as . — o0,

" eigenvalues of A; less than A
counted with multiplicities

} ~ a; - vol(M)A/?¢. (96)

Here vol(M) := fM dx, and n denotes the homogeneous dimension of n.

Proof Let x € M. By assumption, there exists an isomorphism of graded nilpotent
Lie algebras ¢: t;M — n mapping the volume density induced by dx on t, M to
the volume density p on n, and there exist unitary isomorphisms of vector spaces
¢i: Ex,; — F; such that the induced isomorphisms

¢ @ hom(¢; ', dir1): Uy, (e M) ® hom(Ey i, Ex j41) — Uy, (n) ® hom(F;, Fip1)
map o1 (A;) to B;. We conclude that the induced isomorphism
¢ @ hom(; ', ¢i): U, (t: M) ® end(Ey ;) — U2, (n) ® end(F;)

maps Uf"(A,-) toC; ;= (Bi_1 B;ﬂl )Si-1 4 (B;‘B,)si . Hence, the fundamental solutions
of the heat equation are related by

o2

ktx (Ai) — (p*(¢l_1ktCl¢l) 97)

where ¢ : 7, M — N denotes the isomorphism of Lie groups integrating ¢. Leta; > 0
the unique number such that

try, (klc" (oN)) =o;'(1 +n/2c). (93)

Note that «; only depends on the model sequence and (potentially) on the integers s;,
but not on the actual geometry. From (97) and (65), we obtain

trg, (q()Ai) =o; (1 +n/2)dx.

where qoA fer® (end(E ) QIAMm I) is as in Theorem 1. Hence, for the corresponding
aOAi = [, TE, (qOA "), see Corollary 1, we obtain

ag’ = a;T(1 + n/2k) vol(M).
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The statement in (96) thus follows from Corollary 3.

It remains to show that the constants «; do not depend on the choice of positive
integers s; as in (93). To this end, suppose # € N and consider s; := us;. Then
ri—1s,_y = ris; = k" with k" = ux, cf. (93). Since A; is a Rockland sequence, we
have o4 (A)ax ' (Ai_1) = 0. Hence, A := (A;_1A%_)-1 + (A7A;)* and (A;)"
have the same Heisenberg principal symbol, i.e., af"/(Ag) = of""((Ai)”), and thus
the constants in their Weyl asymptotics coincide, see Corollary 3, Remark 2, and (65).

Clearly, the number of eigenvalues less than A of (A;)* coincides with the number of
eigenvalues of A; which are smaller than A!/*. From (96) we thus obtain

eigenvalues of A] less than A o n/2’
ﬁ { counted with multiplicities i - VOI(M)ATE

We conclude that the constant «; does not depend on the choice of ;. O

8.2 Generic Rank-Two Distributions in Dimension Five

In the remaining part of this section, we will specialize to a particular geometry in five
dimensions and discuss certain natural Rockland sequences over it, known as curved
BGG sequences, which have been constructed by Cap, Slovak and Soucek, see [13].

Let M be 5-manifold, and suppose H € T'M is a smooth subbundle of rank
two. Recall that H is said to be of Cartan type [8] if it is bracket generating with
growth vector (2, 3,5). More precisely, H is of Cartan type if every point in M
admits an open neighborhood U and there exist sections X,Y € I'*°(H|y) such
that X, Y, [X, Y], [X, [X, Y]], [Y, [X, Y]] is a frame of T M|y . Putting T-'M:.=H
and denoting the rank-three bundle spanned by Lie brackets of sections of H by
T2M = [H, H], the 5-manifold M thus becomes a filtered manifold,

TM=T3M2>2T?*M2>2T'M2>T1T°M =0. (99)

The osculating algebras t, M are all isomorphic to the graded nilpotent Lie algebra
n =n_3®n_»@n_q,uniquely characterized (up to isomorphism) by the fact thatn_;
admits a basis &, n such that [£, n] is a basis of n_; and [&, [, n]], [n, [€, n]] forms a
basis of n_s.

Rank-two distributions of Cartan type are also known as generic rank two distri-
butions in dimension five, see [10,31,32,48,49], the condition on H being open with
respect to the C2-topology. Their history can be traced back to Cartan’s celebrated
“five variables paper” [14]. Whether a 5-manifold admits a Cartan distribution is well
understood in the open case, see [20, Theorem 2]. For closed 5-manifolds, however,
this problem remains open and has served as a major motivation to develop the analysis
in this paper.

A rank-two distribution of Cartan type can equivalently be described as regular
normal Cartan geometry of type (G, P) where G denotes the split real form of the
exceptional Lie group G, and P denotes a maximal parabolic subgroup corresponding
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to the shorter root, see [14,48] and [11, Theorem 3.1.14 and Sect. 4.3.2]. The Lie
algebra of G admits a grading,

0=93Pg2DPg-1Dgo D g1 Dg2D g3, (100)

ie., [gi.g;] € giyj foralli and j, such that
P={geG|Vi:Adg(g) Cg'},

where g = @is i 9 denotes the associated filtration. The Lie algebra of P is p =
g0 D g1 @ g2 @ g3. The corresponding Levi group,

Go={geG|Vi:Ady(g) =g} =GLQ2,R), (101)

has Lie algebra go = gl(2, R). Furthermore, p;+ = g1 @ g @ g3 is a nilpotent ideal
in p and Py := exp(p4+) is a closed normal subgroup in P such that the inclusion
Go C P induces a natural isomorphism of groups, Go = P/ P,. The graded nilpotent
Lie algebra g_ := g_3 @ g_» @ g— is isomorphic to n.

The Cartan geometry consists of a principal P-bundle G — M and a regular Cartan
connection w € Q!(G; g) satisfying a normalization condition, see [11]. The Cartan
connection induces an isomorphism 7M = G x p g/p. By regularity, the filtration on
T M, see (99), coincides with the filtration induced by the filtration g/p = g3 /p 2
g 2/p 2 g '/p 2 g°/p = 0. Note that P, acts trivially on the associated graded
gr(g/p), and the inclusion g_ C g induces an isomorphism of Gog = P /P4 modules,
g = gr(g/p). Regularity also implies that the induced isomorphism tM = gr(T M) =
G xp gr(g/p) = Go XG, g— is an isomorphism of bundles of graded nilpotent Lie
algebras. Here Gp := G/ Py is considered as a principal Go-bundle over M.

The canonically associated Cartan geometry permits to construct natural sequences
of differential operators over M known as curved BGG sequences, see [13] and [9,12].
Every finite dimensional complex representation p: G — GL(E) gives rise to a
sequence of natural differential operators,

0 — T(Ep) 2% T(E) 25 T(E) 23 T(E) 2 TE) 25 T(ES) - 0 (102)

where E; := Gy xG, H (g—; E) and H'(g_; E) denotes the i-th Lie algebra coho-
mology with coefficients in the representation of g_ obtained by restricting p. In [21,
Corollary 4.23 and Example 4.24] it has been shown that this is a Rockland sequence
for every irreducible representation p. We will denote the Heisenberg order of D; by
ki.

Let 6 be a Cartan involution on g such that

0(gi) = g (103)

for all i, cf. [11, Proof of Proposition 3.3.1]. Denoting the Killing form of g by B, we
obtain a Euclidean inner product on g, given by By (X, Y) := —B(X, 6(Y)) where
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X,Y € g. The summands in the decomposition (100) are orthogonal with respect
to Bg. Let ® denote the global Cartan involution on G corresponding to 8. Then
K :={g€G:0(g) =g} = (SUQ2) x SU(2))/Z is a maximal compact subgroup
of G, and By is invariant under K. Moreover, ® restricts to a Cartan involution on Gy,
and Ko :={g € Go : ©(g) = g} = 0(2, R) is a maximal compact subgroup of Gy.
Let /2 be a Hermitian inner product on E such that

h(p'(X)v, w) = —h(v, p'(O(X))w) (104)

for all X € gand v, w € E where p’: g — gl(EE) denotes the Lie algebra representa-
tion corresponding to p, cf. [11, Proof of Proposition 3.3.1]. In particular, 4 is invariant
under the action of K. We equip the Go-module C'(g_; E) = A’g* ® E with the
Hermitian inner product /; induced by By and h. Note that A; is invariant under Kj.
These inner products play an important role in the construction of the curved BGG
sequences since Kostant’s codifferential, 3*: C'*!(g_; E) — Ci(g_; E), is adjoint
to the Chevalley—Eilenberg codifferential 3: Ci(g_; E) — C'*!(g_; E) with respect
to h;, see [11, Proposition 3.3.1]. The induced Kp-invariant Hermitian inner product
on H'(g_; E) will also be denoted by /;. We let . € |A g_ | denote the volume den-
sity associated with the Euclidean inner product on g_ induced by By. Clearly, u is
Kop-invariant.

To obtain Hermitian inner products on the bundles E;, we choose a reduction of
the structure group of Gg — M to Ky € Gy. This is a principal Ko-bundle o — M
together with a Kp-equivariant bundle map Ko € Gp. This choice amounts to fixing a
fiberwise Euclidean metric on the rank-two bundle H. It provides an isomorphism of
principal Go-bundles, Gy = Ko x g, Go, and thus

Ei = Gy xg, H'(9-: E) = Ko xx, H' (3-; E). (105)
Moreover,
gr(TM) = Go xg, 9— = Ko Xk, 9—-

We equip E; with the fiberwise Hermitian metric induced from the Kg-invariant Her-
mitian metric on H'(g_; E), and we equip M with the volume density dx induced
from the Ky-invariant volume density @ on g_.

Corollary 8 Let M be a closed 5-manifold equipped with a rank-two distribution of
Cartan type. Moreover, let p be an irreducible complex representation of the excep-
tional Lie group G», consider the associated curved BGG sequence (102), and let A;
denote the corresponding Rumin—Seshadri operator, see (94), constructed using the
volume density dx on M and the fiberwise Hermitian metrics on E; described above.
Then, as . — 00,

4 eigenvalues of A; less than A
counted with multiplicities

} ~ a;(p) - vol(M)A/¥, (106)
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where a;(p) > 0 and vol(M) = fM dx. The constant «; (p) does not depend on M or
the distribution H, nor does it depend on the Cartan involution 0 satisfying (103) or
the Hermitian inner product h satisfying (104) or the reduction of structure group of
Go along Ko € Go, and it is also independent of the choice of positive integers s; as
in (93); it only depends on i and the representation p.

Proof Fix x € M. Every Gy-equivariant identification (Gp)y = Gy induces an iso-
morphism of graded nilpotent Lie algebras ¢: t;M — g_ and isomorphisms of
vector spaces ¢; : E; y — H'(g_; E) which intertwine the principal Heisenberg sym-
bol crf '(D;) with Dl.G ", the corresponding left invariant operator on the nilpotent Lie
group G_ = exp(g-). If the frame (Gy)x = Gy is induced from a Kp-equivariant
identification (o), = Ko, then the isomorphisms ¢; are unitary and ¢ maps the
volume density w, on t, M induced by dx to the volume density n on g_. Hence, at
every point x € M, the principal symbol sequence

(&M, oy, X1 (D)) € Ui, (t: M) @ hom(E; «, Eiix))

is isometric to the model sequence

(9—. . Dy~ €Uk, (g-) @ hom(H' (g_; E), H' " (g_; E))).

cf. Definition 5. According to Corollary 7 there exists «; (o) > 0 such that (106) holds,
and this constant does not depend on the choice of s; as in (93).

It remains to show that «; (p) does not depend on 6 or &. To this end, suppose 6 is
another Cartan involution on g such that é(g,-) = g—;, for all i, cf. (103). Then there
exists g € G such that 6 = Ad;l 08 0 Adg = Ady-1g(4) o0. In view of the Cartan
decomposition, we may write g = k exp(X) withk € Gand X € gsuchthat® (k) = k
and 6(X) = —X. Hence, g‘l(@(g) = exp(—2X), and we obtain 0 = Adexp(—2x) 00.
Since (59_1)(g,~) = g;, we have exp(—2X) € Gy, see (101). Using 6(X) = —X, we
actually conclude X € go, hence go := exp(X) € Gy, and

0 =Ad,) 000 Ady,. (107)

For the corresponding global Cartan involution © we get ©(g) = g 1®(gogga b 20,
for all g € G, and thus the correspondmg maximal compact subgroups are related by
={ge€G:0(g) =g} =g; Kgoand

Ko={g€Go:0() =g} = g ' Kogo. (108)
_ Furthermore, suppose ﬁ~is another Hermitian inner product on E such that
h(p (X)v,w) = —h(v, p'(O(X))w) for all X € gand v,w € E, cf. (104). Using

p’(Ang(X)) = p(go),o’(X)p(go)_l and (107) as well as (104), we obtain the rela-

tion /1(p(20) 0" (X)v, p(g0)w) = —h(p(g0)v, p(g0)p'(6(X))w). Hence, by Schur’s
lemma, there exists a constant C > 0 such that, for all v, w € E,

h(v, w) = C - h(p(g0)v, p(go)w). (109)
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By invariance of the Killing form and (107), we have
Bi(X,Y) = By (Ang(X),Ang(Y)). (110)

Hence, the K o-invariant Hermitian inner product ﬁ,- induced by B and honH' (g—; E)
is related to the Ko-invariant Hermitian inner product 4; via

hi(g,m) =C -hi(g0-&,80-1) (111)

where £, 7 € H (g—; E) and go - £ denotes the Go-action.

Suppose, moreover, Ko — Go is a reduction of the structure group along the
inclusion Ko € Gy. Let Ky denote the principal Ko-bundle with underlying mamfold
Ko where the right action by k € Ky is given by the principal Ko-action of g kgo
on Ko, see (108). We consider the reduction of structure group K9 — Go along
the inclusion Ko € Go obtained by composing the reduction I@o — G with the
diffeomorphism Gy — Go provided by right action with g I Using (111), we conclude
that via the canonical identifications

Ko x g, H' (91 E) = E; = Ko xx, H' (g E),

cf. (105), the Hermitian inner products on E; induced by h i and h;, respectively, differ
by the constant C. Similarly, using (110), we see that the induced volume densities on
M coincide. This implies that the corresponding L-inner products on I (E;) differ by
a constant which is independent of 7, hence they give rise to the same formally adjoint
operators.

Summarizing, we see that the Rumin—Seshadri operators associated with 8, &, and
areduction ICNO — G coincide with the Rumin—Seshadri operators associated with 6,
h, and the reduction Ky — Gy described in the previous paragraph. We conclude that
the constant «; (p) does not depend on 6 or 4. m]

Let us conclude this section with some remarks on the constant ag(pg) in Corol-
lary 8 for the trivial representation pg. For the nilpotent Lie group G _ all irreducible
unitary representations have been calculated explicitly in [24, Proposition 8]. For each
(A, u, v) € R3 such that (A, ) # (0, 0) there is an irreducible unitary representa-
tion of G_ on L?(R) with the standard inner product (Y1, ¥2) = [ ¥1(0)y2(6)d0
where d6 denotes the Lebesgue measure. Moreover, these representations are mutu-
ally non-equivalent. There are further, more singular representations, but they form
a set of measure zero with respect to the Plancherel measure. On the representa-
tions parametrized by (X, , v) above, the Plancherel measure is dA dp dv, i.e., the
Lebesgue measure on R3, see [24, Eq. (26)]. In the representation corresponding to
(A, u, v), the sub-Laplacian on G _ takes the form of a Laplacian with quartic potential,

1 (024 D202 )’
A2 + u? do? 402 +pu?

AR

see [7, Sect. 3.3.2]. Denoting the solution of
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Dy, = — ARV, lim W, = §;
N0

|
<

by \IJ;\ #:(0, 6), the heat kernel of the sub-Laplacian at the origin in G_ can be
expressed in the form

o]

k,G—(o)=/ dkdudv/ dow """ (9, 0),
(1) #(0,0) oo

see [1, Corollary 29] and Theorem [7, Eq. (25)]. Integrating out the circular sym-
metry and using (98), we obtain the following expression for one of the constants in
Corollary 8

2 o0 o o 0,u,v
@o(po) = ?/0 uduf dv/ do w0, 0).
: —00 —00

No explicit formulas for \Ilt)” "#:Y(9, 6) appear to be known [7]. For some 2-step nilpotent

groups, explicit formulas for the heat kernel of the sub-Laplacian can be found in
[5,19,27].
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