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Abstract

We study the nonlinear Klein—Gordon equation on a product space M = R x X with
metric § = dt*> — g where g is the scattering metric on X. We establish the global-in-
time Strichartz estimate for Klein—Gordon equation without loss of derivative by using
the microlocalized spectral measure of Laplacian on scattering manifold showed in
Hassell and Zhang (Anal PDE 9:151-192, 2016) and a Littlewood—Paley squarefunc-
tion estimate proved in Zhang (Adv Math 271: 91-111, 2015). We prove the global
existence and scattering for a family of nonlinear Klein—-Gordon equations for small
initial data with minimum regularity on this setting.
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1 Introduction and Statement of Main Results

In this paper we consider the evolution of a semilinear Klein—Gordon equations with
power-type nonlinearities on a nontrapping scattering manifold. More specifically, we
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consider the following family of nonlinear Klein—Gordon equation
Ogu+m’u = F(u, Du), (1,2) €Rx X, u(0) =uo(z), du(0) =u(2),

Here Oz = 97 — A, denotes the d’ Alembertian in the metric § = dt> — g and A is
the Laplacian on the manifold X with scattering metric g introduced by Melrose [34].
We focus on the questions of the minimum regularity for which local well-posedness
and small nonlinear scattering hold true. One of the motivations for this study is that
in low-dimensional case, we can achieve the level of regularity corresponding to a
conserved quantity (e.g., the energy) and thus get global existence for large initial
data.

On more general class of physical manifolds, Hintz and Vasy [15-17,25] studied
the semilinear and quasilinear wave and Klein—Gordon equation on the physically
cosmological spacetimes as solutions to Einstein’s field equations. In particular they
gave a detailed analysis of the long-time behavior of linear and nonlinear waves on
Kerr-de Sitter space and nontrapping Lorentzian scattering spaces for large regularity
and small initial data. The recent development of [45] allowed them to set up the
analysis of the associated linear problem in a framework of Fredholm problem, in
which they used Melrose’s philosophy [33,34] of studying differential operators P =
[z on a noncompact space M by compactifying M to a manifold M with boundary or
even corners. The concrete choice of compactification is connected to the geometric
structure of M near infinity. In our less complicated product setting, we use the same
Melrose’s idea with P = A, on X in the study of the spectral measure of the Laplacian

[15,26] and then analyze the propagator ¢"V1=8¢ thus, we expect better result on the
lowest regularity due to the establishment of the global-in-time Strichartz estimate.

In the simplest flat Euclidean space, there are a large number of literature to study
the nonlinear Klein—-Gordon equation. In the flat Euclidean space, where X = R”
and gjx = &y, the dispersive properties of the Klein—-Gordon and other dispersive
equations have been proved to be powerful in the study of nonlinear problems. The
Strichartz estimate for the solution of the homogenous and inhomogeneous Klein—
Gordon equation in the form of space time integrability properties gives

[lu(z, Z)”L?(I;LE(R")) + lut, Dl ms @®ny)

(1.1

<u Sn—}-l/l x—l)l+F" = 5
S ol as ey + llutll gs—1 gy + |l ”L?([;Lg’(Rn))

where the pairs (¢, r), (¢, 7) € [2, 00]? satisfy the admissible condition for0 < 6 < 1

2 n—1+6 n—1+0
5—}— - < 7 , (g, r,(n—146)/2) # (2,00, 1). (1.2)

and the gap condition

1 n+6 n+0 1 n+6

—_ = S =

q r 2 q

-2 (1.3)
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We refer to Brenner [3], Ginibre—Velo [18], and Keel-Tao [29] for more details. In
particular when 6 = 0, these estimates corresponding to wave equation serve as a
tool for existence results about the nonlinear wave equation. For example, Lindblad—
Sogge [32] answered the problem of finding minimal regularity conditions on the
initial data ensuring local well-posedness for semilinear wave equations. Analogous
results for the Klein—-Gordon equation can be carried out even though the sharpness
of well-posedness result is not known. There are too many references to cite all here,
so we refer the reader to [27,36] and the references therein.

In view of the rich Euclidean theory due to the Strichartz estimate, it is natural to
consider the corresponding equations on more general manifolds. However it is diffi-
cult or impossible to establish the same Strichartz-type estimates as in Euclidean space
on the large class of manifold due to the influence of qualitative geometric properties.
On asymptotically de Sitter spaces Baskin [4—6] established a family of local (in time)
weighted Strichartz estimates with derivative losses for the Klein-Gordon equation on
asymptotically de Sitter spaces and provided a heuristic argument for the nonexistence
of a global dispersive estimate on these spaces. The Strichartz estimates are local-in-
time or loss of derivatives on the compact manifold with or without boundary, see
[8,11,28,39,43] and references therein. On noncompact manifold with nontrapping
condition, one can obtain global-in-time Strichartz estimates. For example, the global
Strichartz estimates on a exterior manifold in R” to a convex obstacle, for metrics
g which agrees with the Euclidean metric outside a compact set with nontrapping
assumption, are obtained by Smith—Sogge [40] for odd dimension, and Burq [10]
and Metcalfe [35] for even dimension. Blair—-Ford—Marzuola [9] established global
Strichartz estimates for the wave equation on flat cones C (S})) by using the explicit
representation of the fundamental solution. Anker—Pierfelice [2] study the problem on
minimal regularity condition on the initial data ensuring well-posedness for wave and
Klein—Gordon on hyperbolic space. On the nontrapping scattering manifold, the same
setting considered here, Hassell, Tao, and Wunsch first established an Lf’ -Strichartz
estimate for Schrodinger equation in [21] and then they [22] extended the estimate to
full admissible local-in-time Strichartz estimate except endpoint ¢ = 2. More recently,
Hassell-Zhang [26] improved the local-in-time one to global-in-time one and fixed
the endpoint ¢ = 2 by analyzing the microlocalized spectral measure. Following this
Zhang [47] extended the global-in-time result for the wave equation. Bouclet-Mizutani
[7] generalized the Schrodinger result to the setting with mild trapping and with more
general ends.

In this paper, we will establish the global-in-time Strichartz estimate for the
Klein—Gordon and apply it to study the minimal regularity problem for nonlinear
Klein—Gordon on the nontrapping scattering manifold (asymptotically conic mani-
fold) which is the same as in [22,26,47] including the asymptotically Euclidean space.
The scattering manifold means that X can be compactified to a manifold with bound-
ary X such that g becomes a scattering metric on X ; see more about this next section.
For geometric reasons, we expect the same dispersive properties of Klein—-Gordon as
in the Euclidean setting. The key ingredient is to establish global-in-time Strichartz
estimate for Klein—Gordon. It is known that Klein—Gordon behaves like Schrodinger
at low frequency and wave equation at high frequency. Similar to the Euclidean space,
we introduce a parameter 6 for Klein—-Gordon admissible pair which is wave admissi-
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ble at & = 0 and Schrodinger pair at & = 1. More precisely, we have the result about
Strichartz estimates in the following.

Let HS(X) = (1 — Ag)_%LZ(X) be the inhomogeneous Sobolev space over X.
Throughout this paper, pairs of conjugate indices are written as r, r’, where % + % =1
with 1 < r < o0.

Theorem 1.1 (Global-in-time Strichartz estimate) Let (X, g) be nontrapping scatter-
ing manifold of dimension n > 3. Suppose that u is the solution to the Cauchy problem

atzu—Agu—i—u:F(t,z), (t,z) e I x X, (1.4)
u(0) = up(2), 0u(0) = u1(2), '
for some initial data ug € H*,u| € H*~' and the time interval I C R, then
flue(z, Z)”L?(I;Li(X)) + llu(z, Z)“C(I;HS(X))
- (1.5)

< u s + ||u s—1 + F g’ ~/ s
S luollas oy + Nutll gs—10) + 1l ”L?(z;Lg(X))

where the pairs (q,r), (q,7) € [2, 00]? satisfy the KG-admissible condition with
0<6<1

2+n—1+9<n—1+0

- X ) (quvnve) 75 (27007350)‘ (1'6)
q r 2
and the gap condition
1 0 0 1 0
1 n+ =I’l+ = - n:" _9 (1.7)
q r 2 q’ r’

Remark 1.2 We remark that the estimates here are the same as the Strichartz estimates
for Klein—Gordon on Euclidean space which are global-in-time and have no loss of
derivatives.

We sketch the proof as follows. Similar to [26,47], our strategy is to use the
abstract Strichartz estimate proved in Keel-Tao [29]. Thus, with U(¢) denoting the
(abstract) propagator, we need to show uniform L? — L? estimate for U(), and
L' — L type dispersive estimate on the U (¢)U(s)* with a bound of the form
O((1 4t —s))~=149/2) with 0 < 6 < 1. In the flat Euclidean setting, the estimates
are usually obtained by using stationary phase argument. One point is to write the prop-
agator in the form of oscillatory integral. Since the Laplacian in our general setting is
degenerate when it is close to the compactified boundary, the formulate turns out to
be more complicated. On the other hand, the conjugate point occurring in this nonflat
setting may lead to the failure of the dispersive estimate. For example, [24] showed
that the Schrodinger propagator e/’ 2 failed to satisfy such a dispersive estimate at any
pair of conjugate points (z, z’) € X x X (i.e., pairs (z, z’) where a geodesic emanating
from z has a conjugate point at z’). Fortunately, we can localize the propagator to
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Strichartz Estimate for Klein—Gordon 2961

separate the conjugating points and write the propagator in a form of oscillatory inte-
gral by using a microlocalized spectral measure. The microlocalized spectral measure
Q;(MdE «/—_Ag(A)Q ;(A)* constructed in [26] not only has a size estimate in decay

rate but captures its oscillatory behavior, where Q (1) is a member of a partition of
the identity operator in L?(X). In the stationary phase argument, the Klein-Gordon

multiplier e'’ V1+22 pehaves like wave at high frequency and Schrodinger at low fre-
quency. We establish the dispersive estimate with norm O ((1 + |t — s|)_”/ 2y at low
frequency and O ((1 + |t — s|)~~1+9/2) at high frequency. We finally show the
Strichartz estimate from a frequency-localized Strichartz estimate by a square func-
tion estimate proved in [47]. The inhomogeneous Strichartz estimates follow from the
homogeneous estimates and the Christ—Kiselev lemma.

Having the Strichartz estimate, we first consider the well-posedness and nonlinear
scattering problem of the Cauchy problem on this setting

u(t, 2o = 10(2). du(t, 2)l—o = u1(2). (1.8)

{ 8t2u —Agu+u= +ulP " u, (t,z2) eRx X,
In the case of flat Euclidean space, there are many results on the understanding of the
global existence and scattering. We refer the readers to [32,42] and references therein.

We here are mostly interested in the range of exponents p € [pconf, | + %] and the
initial data are in H% (X) x Hsf’l(X), where peonf = 1 + % and s, = % — %.
The critical power 1 + 4/n, which is different from wave equation’s 1 + % in [47],
is related to the dispersive estimate decay rate and it appears in the theorem because
of the fact that NLKG is conformally invariant only if F(u) = u'*4/"; see [38]. The
other power 1 4+ 4/(n — 2) is related to the energy-critical index.

The following result is about the well-posedness and nonlinear scattering with

smallest regularity.
Theorem 1.3 Let (X, g) be a nontrapping scattering manifold of dimension n > 3.
Then if (ug, uy) € H(X) x H* Y (X)and p € [1+”471, 1+%], there exist T > 0
and a unique solution u to (1.8) satisfying

u € C([0, TT; H* (X)) N L9 ([0, T1; LT (X)), (1.9)
where gy = (p — 1)(n + 1)/2. In addition, if there is a small constant €(p) such that

luoll zse + Nutll gse-1 < €(p), (1.10)

then there is a unique global and scattering solution u to (1.8) satisfying

u € C,(R; H* (X)) N LI (R; L9 (X)). (1.11)

Furthermore if (ug, uy) € HY(X) x LZ(X) and p € [pcont, 1 + %), there exists a
global solution to (1.8) with minus sign in the nonlinearity.
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Remark 1.4 On local well-posedness and small scattering with the minimal regularity
result, we have to restrict ourself with p € [1+ %, 1+ %], thatis, s > 1/2 and we
can extend the similar result to p € [peonf, 1 + %] if (uo, u1) € HS(X) x H*~1(X)
with s > 1/2.

We next specially consider the well-posedness of the following Yang-Mills-type
equations on this setting with dimension n = 3.

8,2u — Agu +u =uDu + |u|2u, (t,z) e R x X,
(1.12)

u(t, 2)li=0 = uo(z) € H*(X), du(t, 2)li=0 = u1(z) € H~'(X).

The derivative Du is measured relative to the metric structure; more precisely, D
is a first-order scattering differential operator. When dropping the linear term u, this
equation has the same scaling as cubic NLW, but is more difficult technically because of
the derivative term u Du. In the Euclidean space, this Yang—Mills-type wave equation
was proved to be local well-posedness when s > 1 in [37] and was showed to be
ill-posedness when s < 1 in [31].

Theorem 1.5 Let (X, g) be a nontrapping scattering manifold of dimension n = 3
and let 0 < 8 < 1. Suppose (ug, u1) € H'(X) x H%(X), then there exist T > 0
and a unique solution u to (1.8) satisfying

u e C([0, TT; H'™ (X)) N L*([0, T]; L (X)). (1.13)

This paper is organized as follows. In Sect. 2 we review the background of scatter-
ing manifold, the results of the microlocalized spectral measure for the Laplacian, and
the square function inequalities on this setting. Section 3 is devoted to the proofs of the
microlocalized dispersive estimates and L>-estimates. In Sect. 4, we prove the homo-
geneous and inhomogeneous Strichartz estimates. Finally, we apply the Strichartz
estimates to show Theorems 1.3 and 1.5.

2 Some Analysis Tools on Scattering Manifold

In this section, we briefly recall the key elements of the microlocalized spectral mea-
sure and a fundamental Littlewood—Paley squarefunction estimate. The first one was
constructed by Hassell-Zhang [26] to capture both its size and the oscillatory behavior.
The second one was proved in [47].

2.1 Geometry Setting

Let us recall the manifold with scattering metric introduced by Melrose [34]. There
are many works to analyze the Laplacian operator on the scattering manifold, that is,
asymptotically conic geometric setting; see [19,20,22,24,26]. Let (X, g) be acomplete
noncompact Riemannian manifold of dimension n > 2 with one end, diffeomorphic
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Strichartz Estimate for Klein—Gordon 2963

to (0, 00) x Y where Y is a smooth compact connected manifold without boundary.
Moreover, we assume (X, g) is scattering manifold which means that X allows a
compactification X with boundary, with 9X = Y, such that the metric g becomes an
asymptotically conic metric on X. In details, the metric g in a collar neighborhood
[0, €), x 89X near Y takes the form of

dx? | h(x)  dx?

> hjkCx, y)dyl dy*
x4 x2 x4 +

x2 ’

2.1)

where x € C*®(X) is a boundary defining function for 8 X and / is a smooth family of
metrics on Y. Here we use y = (y1, ..., y»—1) for local coordinates on ¥ = d M, and
the local coordinates (x, y) on X near 9X. Away from X, we use 7z = (Z1, ..., 20)
to denote the local coordinates. If 4 (x, y) = hji(y) is independent of x, we say
X is perfectly conic near infinity. Moreover if every geodesic z(s) in X reaches Y as
s — 00, we say X is nontrapping. The function 7 := 1/x near x = 0 can be thought
of as a “radial” variable near infinity and y can be regarded as the n — 1 “angular”
variables; the metric is asymptotic to the exact conic metric ((0, 00), XY, dr2+4r2h(0))
as r — oo. The Euclidean space X = R” is an example of an asymptotically conic
manifold with ¥ = S"~! and the standard metric.

2.2 The Laplacian on Scattering Manifold

Our setting is on the scattering manifold, and we turn to the concepts of “scattering
geometry.” For a full discussion of scattering geometry, we refer the reader to Melrose
[34]. The space of sc-vector fields is defined as Ve X) = xVp(X), where V,(X) is
the Lie algebra of all smooth vector fields on X X which are tangent to the boundary.
The sc-vector field also forms a Lie algebra. These sc-vector fields can be realized
as the sections of a vector bundle * TX, called the sc-tangent bundle. That means
Vie(X) = C®(X; SCTY), i.e., Vic(X) is a space of sections of *“TX the sc-tangent
bundle over X. Using above notation in which x is the boundary defining function of
X and y is the coordinate in 8 X, we have

Ve (X) = V, ie., all C®-vector fields, in the interior X;
¢ o span{xzax, Xdy, ...,xdy, ,}, near the boundary X,
We denote by Diff, (X) the ‘enveloping algebra’ of Vi (Y)Lmeaning the ring of
differential operator on C®°(X) generated by Vi (X) and C*°(X). In particular, near
the boundary 9 X, the k-order scattering differential operator is given by

Difff (X) =3 A: A= D" ajulx, )*,) (xd))", ajo € CP(X)
JHlel<k
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If @ € R, the o b-density bundle, denoted by 5°Q%, is defined by

CQUX = U QU (T, X).
pex

In particular when o = 1/2, it is convenient to regard such operators as acting on sc-
dydn |2
Tx X
Correspondingly, the Schwartz kernels of such operators can be written as a distribution
tensored with a scattering half-density in each of the left and right variables.

Define *° T*X, the scattering cotangent bundle over X, to be the dual vector bundle

to “TX. Locally near the boundary, in the coordinate (x, y), we have

— dx d 1 d
“THX = span{—;c, _y} = span {d (—) , _y}
x27 x X X

Thus for any « € *“T*X it can be written as

1 d
a:rd(—)+,u~—y,
X X

and this gives linear coordinates (7, 1) € R x R”_l_ on each fiber of SCTiY. Thus
this also gives linear coordinates (x, y; 7, 1) on *“T*X near the boundary d X. On the
other hand, if (£, n) is the dual cotangent variables to (x, y), then

half densities, that is, multiples of a half-density taking the form

o=&dx +n-dy

which implies 7 = x2E, u = xn. We say (7, ) as rescaled cotangent variables.
Hence this space of operators can be microlocalized by introducing scattering pseu-
dodifferential operators which are formally objects given by b(x, y, x%dy, xdy) with
b(x, y, 7, u) a Kohn—Nirenberg symbol on the bundle CTX.

In the above coordinates, the Laplacian can be written as

n

1 .
Ag = ——0;8"*\/1glo, 2.2)
¢= 2 Vgl

Jok=1

where |g| is the determinant of the metric gjr. To compare with the Euclidean
space near the boundary, we write the metric near the boundary in the form
dr® + r?h(x, v, dy, r~2dr) with respect to the local coordinates r = 1/x and y.
Then the metric components satisfy

g0 =14+00"2),80;=001),g;=r*h;+ 00"

. : o 2.3)
g0 =1+4007,8% =007, ¢ =r20" + 007N,
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where £ is the induced metric on the boundary. Note that the cross term, with j = 0
and k # 0 or j # 0and k = 0, vanishes as x> when expressed in terms of xd, and dy
(the components in V). Hence near the boundary we write

Ag = (x29:)* 4+ (n — Dx38, 4+ x2 Ay, 4 x°Diff2 (X), (2.4)

where Diff}27 is the second-order differential b-operator. In this sense, the Laplacian
on this setting is a sc-differential operator. To see more results about its resolvent and
calculus, we refer to [25,33].

2.3 The Microlocalized Spectral Measure

In the free Euclidean space, the Klein—Gordon propagator can be written in an explicit
formula by using the Fourier transform, but in our setting it turns out to be quite
complicated. From the results of [19,23], we have known that the Schwartz kernel of the
spectral measure can be described as a Legendrian distribution on the compactification
of the space X x X uniformly with respect to the spectral parameter A. As pointed out in
introduction, we really need to choose an operator partition of unity to microlocalize
the spectral measure such that the spectral measure can be expressed in a formula
capturing not only the size but also the oscillatory behavior. This was constructed and
proved in [26]. For convenience, we recall it here.

Proposition 2.1 Let (X, g) and H = — Ay be in Theorem 1.1. Then there exists a
A-dependent scattering pseudodifferential operator partition of unity on L*>(M)

N
d=)"0;(),

j=1

with N independent of A, such that for each 1 < j < N we can write

(Q;(WAE () Q5 (2. 2) = A" (Z @Dy (2, 7) + b, 2, z/)> :
+

(2.5)
with estimates
|0%as (1, 2, 2)| < Cah™ (1 +2d(z, )T, 2.6)
|0%b(h, 2, 2)| < Comr™ (1 + 2d(z,2') "X forany K. 2.7

Here d(-, -) is the Riemannian distance on X.

From this proposition, we can exploit the oscillations both in the multiplier

el =VIH22 and in 242D (o obtain the required dispersive estimate for the 7T*
version of the microlocalized propagator.
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2.4 The Littlewood-Paley Squarefunction Estimate

In [47], we showed the Gaussian upper bounds on the heat kernel by using the local-
in-time heat kernel bounds in Cheng—-Li—Yau [12], and Guillarmou—Hassell-Sikora’s
[20] restriction estimate for low frequency. Hence we finally proved the Littlewood—
Paley squarefunction estimate on this setting by using a spectral multiplier estimate in
Alexopoulos [1] and Stein’s [41] classical argument involving Rademacher functions.
Now we recall the result here for convenience.

Let ¢ € Cg°(R \ {0}) take values in [0, 1] and be supported in [1/2, 2] such that

=Y ¢@Q /1, »>0. (2.8)

JEZ

Define ¢p(A) = > <0 ¢(2_-/ 2). The result about the Littlewood—Paley squarefunc-
tion estimate reads as follows:

Proposition 2.2 Let (X, g) be a scattering manifold, trapping or not, andH = — A4 is
the Laplace—Beltrami operator on (X, g). Then for 1 < p < 00, there exist constants
¢p and C), depending on p such that

0=

cpllfllrexy < || D19 VH) £ < Cpll fllerex)- (2.9)
JEZ
LP(X)
One important application of the traditional Littlewood—Paley theory is the proof
of Leibniz (=product) and chain rules for differential operators of noninteger order.
For example, if 1 < p, pj < ocowith j =1,...4and s > 0, then

I fellmse ey SN Flas-er@nyllg ez @y + I f Lz eyl g Il s pa oy

whenever + = L 4 p— = — + —. For a textbook presentation of these theorems
and original references see [44]. The Leibniz chain rules is a basic tool in the proof of
well-posedness. Since we have heat kernel estimate with Gaussian upper bounds and
the Littlewood—Paley squarefunction estimate, the Leibniz chain rules can be obtained
by similar argument in Euclidean space and it also was proved in [14, Theorem 27].
We record here

Proposition 2.3 Ler H*7(X) = (1 — Ag)*%Lp(X) be the inhomogeneous Sobolev
space over X. Then we have for 0 < s < 1

I fellmsecry SN FIaseraollglircy + 1 Fllesxollgll msrax), (2.10)

wherel<p,pj<oowithj=1,...4suchthat%=% 1
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3 L2-Estimates and Dispersive Estimates

In this section, we prove the L2-estimates for U j.k(t) and dispersive estimates for
Ujr(OU j* , «(8) where U ¢ (¢) is a microlocalized Klein—Gordon propagator. The L2
estimate 1s showed by the spectral theory on Hilbert space. The conjugate points are
separated in the microlocalized propagators, and hence we can prove the 7'T* version

dispersive estimates. Since the abstract Klein—-Gordon propagator U () = eIV 178
behaves like the Schrodinger at low frequency and wave at high frequency, we need
to establish dispersive estimate by using different arguments at different frequencies.

3.1 Microlocalized Propagator

We start by dividing the Klein—Gordon propagator into a low-energy piece and a
high-energy piece. Using the dyadic partition of unity 1 =), ., ¢ (27%1) we further
define

Up(t) = /ooe”v“%(z—kx)d]sﬁ(x), kelZ (3.1
0

Further using scattering pseudodifferential operator partition of identity operator in
Proposition 2.1, we define

Uj (1) =/ VISR N QVAE (0. 1< j<N.keZ.  (3.2)
0

We divide the microlocalized Klein—Gordon propagator into low frequency and high
frequency

U™ () = fooo e"W1+*2¢0(,\)Qj(x)dEm(/\), 1<j<N;
| o e (3.3)
U = Z/ VI §2752) 0 (VAE (), 1< j < N.
k=00

3.2 L2-Estimate for Uj 4 (t).

In this subsection we show this definition is well defined and prove U x (¢) is abounded
operator on L?(X). Essentially this has been proved in [47, Proposition 3.2]. For
convenience, we sketch it here. Indeed it suffices to show the above integrals are well
defined over any compactinterval in (0, 0o). Let A(A) = el tmd) 275 Q;(A). Then
A(1) is a family of bounded operators on L(X), compactly supported in [2¢~1, 2k+1]
and C! in A € (0, 00). Integrating by parts, the integral of

2k+1

_/2“1 AMAE 7 (0)
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is given by

2k+1

E mQHAQ") — E g hHaeth - /ZH aA(A)Eﬁ(A) dr. (3.4)

Hence the operators U x(t) are well defined by using the following lemma which is
the consequence of [26, Lemmas 2.3, 3.1].

Lemma 3.1 Each Q j(A) and each operator A9, Q j () is bounded on L2(X) uniformly
in A.

Since ||Uj kllz2_ 2 < C is equivalent to ||Uj,ka,k||L2—>L2 < C, we compute by
[26, Lemma 5.3],

A A
Uj k(U k()" = /¢ <2—k> ¢ <2—k> Q;(MAE g(M)Q ;)"
d A A .
= - /d_k <¢ (2—k> ¢ (z_k) Q‘/(l)) E g®)Q;k)
A A d .
- /¢> (27) ¢ <2—k> Qj()\)Em()\)an()\) - (35)

We observe that this is independent of ¢ and we also note that the integrand is a
bounded operator on L?, with an operator bound of the form C /A where C is uniform,
as we see from Lemma 3.1 and the support property of ¢. The integral is therefore
uniformly bounded, as we are integrating over a dyadic interval in 1. Hence we have
shown that

Proposition 3.2 (L?-estimates) Let U; k(1) be defined in (3.2). Then there exists a
constant C independent of t, z, 7' such that ||U; ()|l ;2,12 < C forall j > 1,k € Z.

Since there is no difference between ¢/'*” and ¢/’V1+** in the proof [26, Proposition
5.1] (using a almost orthogonal property in the summation of k), we have

ith2

Proposition 3.3 (L>-estimates) Let Ujl.ow(t) be defined in (3.3). Then there exists a
constant C independent of t, 7, 7 such that ||U}°W(I)I|L2%Lz < Cforall j>1.

3.3 Dispersive Estimates

In this subsection, we use stationary phase argument and Proposition 2.1 to establish
the microlocalized dispersive estimates. Before doing this, we prove a fundamental
result on decay estimate.

Proposition 3.4 (Microlocalized dispersive estimates for low frequency) Let Q;(})
be in Proposition 2.1. Then for all integers j > 1, the kernel estimate

/O VI 903 (Q IAE (M) Q5 (D)) (2. 2NdA| < CU+ )72 (3.6)
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holds for a constant C independent of points 7,7’ € X.

Proof The key things in the proof are to use the property of spectral measure in
Proposition 2.1 and stationary phase argument. When [¢| < 1, it is easy to show it due
to the compact support of ¢o. From now on, we only need to consider the case 1 > 1

by symmetry. Let r = d(z,7') and 7 = 7t~ In this case, we write the kernel using
Proposition 2.1

/0 VI G00)(QAE 5 () 05 (1) z.

00
= Z/ 6”\/l+)\2€i”)‘)»n71¢0()»)ai()»,Z,Z/)dk
:i: O

o0
+ f Y1140 Wb, 7, 2)dA 3.7)
0

o0
+ f VI g0 (Wb (A, 2. 2)d,
0
where a4 satisfies estimates

n—1
|05 as(h, z,2)| < Cod™ (1 +Ad(z, ) 7,

and therefore

0 (a7, 2. 2))| < a7 (427 7T (338)

First, we show the contribution of the above term with b(X, z, z’). We can use the
estimate (2.7) to obtain

d N
(a) b()\., Z,Z )

Let 6 be a small constant to be chosen later. Recall that we chose ¢ € Cfo([%, 2])
such that ), ¢(27"1) = 1; we denote ¢o (1) = Zm<_1 ¢(27™1). Then

< CyNIN wN e N. (3.9)

0o A 8
/ €ltmb()», z. Z/)QSO()\)d)O(E)d)L‘ < C/ )Lnfld)x < C§".
0 0

We use integration by parts N times to obtain, using (3.9)
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VT2
‘/0 VI g (A)Z¢<2m8>b(/\ z,2)dA

m>=0
V14229 A
< - - it A b(r, dx
mszo ( < ak) () w6 (5 ) 600229
2»1+18
< CN|t|7N Z/ )Ln7172Nd)\ < CN|I|7N81172N.
m>0 2771718
Choosing 6 = |¢|™ 2, we have thus proved
0o o n
’/ VT2 60()b (2, 2, 2)da] < Oyl 4. (3.10)
0

Now we consider first term in RHS of (3.7). We divide it into two pieces using the
partition of unity above. It suffices to prove that there exists a constant C independent
of r such that

Ii.

oo _
/ e’meilrh"*‘¢O(f1/2)»)ai(t’1/2)», Z, Z/)qﬁo(k)d),‘ <C

1% = / z¢l2‘+zx pEiTAyn— 1¢ (" l/zk)ai(t*]/z)\ Z Z)¢(2m) <C.
m=0

The estimate for I is obvious, since A < 1. For 11T, we use integration by parts.
Notice that

L+(ewz2+m2+m) — JVPFOTHFA o —E 9
- ’ - 1A S ON
Vi241)? +7 94

Note that if 0 < A < /7, we have for k > 0 by induction

—1
o <L + f) < C R (3.11)
V12 412

Writing
l«/t2+tk +irA __ (L+) (el\/12+t)\. +tr)»)

and integrating by parts, we gain a factor of A2 thanks to (3.16) and (3.11). Thus
I1* can be estimated by

> e ace
An2m

m=0
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To treat /1~, we introduce a further decomposition, based on the size of 71. We

write [/~ = I1;” + 11, , where (dropping the—superscripts and subscripts from here
on)

11 = Z/ iN1241)2 e iThyn— 1¢>0(t l/zk)a(t 1/2k 2.7)
m=0

85 ) p0(872)d2,

o0
112 — ei 12+Z)\,2

e o7 2 h)ae ™ P, 7, 2) (1 — do(h)
(1 = go(871))d| .

Let ®(A,7) = ~/t2 +tA? — FA. We first consider 11;. Since the integral for I1;
is supported where A < (8?)’1 and A > 1/2, the integrand is only nonzero when

r < 1/4. Since A < /1, therefore |3, ®| = \/zztiW —r > 4)\ —r = %A. Define
the operator L = L(A, 1) = (\/2+T — 17)_18;“ On the support 0f¢0(k/ﬁ), we have
fork >0

-1
o <L — f> < Gk, (3.12)
N/ETY

By (3.16) and using integration by parts, we obtain for N > n/2

111<Z

m=>=0

/ iv124122 7”’),)\}’1 1¢ (t 1/2)\’)

a(t™1?x, z, z)¢( )¢0(8rk)dk‘

a(t=1?x, z, z)¢( )¢o(8rk)]dk'

<Cy Z/ AN gL < Cy.
m>0 7 A~2"

Finally we consider /. Here, we replace the decomposition Zm ¢(27™A) with a
different decomposition, based on the size of 9, ®

OO -
Ih < o ZZ—HAZe—zrk)\n—1¢0(t—1/2k)a(t—l/2k’ z) z/)

A

X(l - ¢0()\))¢0 (ﬁ — f) (1 — ¢0(8f)»)) dx
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2

/ M/12+m e iFhyn— 1¢o(t l/zk)a(t 1/2k 2,7)

m=0
/2M ;7
x(1—go(n))p % (1 — ¢o(872)) di

=10 +113.

If 7 < 10, note A < +/f again, then for the integrand of 1 12l to be nonzero we must
have A < 100, due to the second ¢ factor in 121. Then it is easy to see that / 121 is

. - o = 7o~
umformly.bounded. If.r > 10, by |m rl < land A < /1, we have 7 ~ A.
Hence, using (3.16) with o = 0,
oA 5/ N+ 0T d
A<ﬁ:|%2’?w—f|<1}
< Ct1/2/ dx
G AP
{k<l-|m ﬁlél/«/?}

< Ct1/2/ (1+22)3%dx < C.
<Lli-Z1<1/V)

Now we consider the second term. We write

”22\ / z«/t2+t)» —zrx¢ (t—l/Z)L))Ln 1 (—1/2)L 2.7)
m=0
tA 7
x(1 = go0) | o | (1= o(872) d

=2

/LN wm_m)[q) ¢ V2o a2, 2, 7)

m=>=0
A _ ’7
(1= o) —W”;Z (1= go(871)) | da|.
Let
tA _ f
b =2""a P, 2, 2) (1 — go(W) —Wzgﬁf (1 — po(871)),

then we have the rough estimate, due to the support of b
109b] < CurA™ 1 (1 4 72) = D/2,
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Hence we obtain
I(L*)N[b()\‘)“ < CNz_mN)\-n_l(l _i_];)\‘)—(n—])/Z‘

Therefore we obtain by using integrating by parts and (3.16)

13 <cy ) 2 AL+ 70~ T da
<1, | 2= —F|~2m)
m=0 T V2402

If 7 < 2% then A < 2”2 on the support of the integrand.

13 <Cy ) 27mMamidn g e,

m=>=0
If 7 > 2"t we have A ~ 7, thus
1y <cyt'?y° 2—’”Nf o discy Yoo,
30 st -T2 >0

which is summable for N > 1. Therefore we have completed the proof of Proposition
3.4. O

Proposition 3.5 (Microlocalized dispersive estimates for high frequency) Let Q (%)
be in Proposition 2.1. Then for all integers j > 1 and k > 0, the kernel estimate

[ (0,0 E Q5 ) . (3.13)

—(n—1+46)/2
< Coknt140)/2 (sz n Ill)

holds for 0 < 0 < 1 and a constant C independent of k and points z, 7' € X.

Proof Let h = 27 < 1. The key to the proof is to use the estimates in Proposition
2.1. If |#] < h, itis easy to see (3.13) due to

|0;00dE g0 0300| < can .

From now on, we only consider || > h = 27X, By the scaling, this is a directly
consequence of

% N , . /
‘/0 e ¢ (W)(QAE 707 (A /h, 2. 2)dA a1

< Ch V(e /my~"F (1 + bl ™2,
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Indeed if we have done this, we have for0 < 6 < 1

00 .
fo eztm(ﬁ(Z_kk)(Qj()\)dE\/ﬁ()‘)Qj()‘))(z’Z/)dk‘
< C2KOHD/2)=(1=D)/2 (1 + Z_kItl)_l/2

—1/2
< C2KOH140)/2 0=k | |t|)—(n—1+0)/2(2—k|t|)% (1 + 2—k|t|>

which implies (3.13).
Now we prove (3.14). Let r = d(z, ), we write

fo (NI GG) (QdE 5 0%)0u/h, 2, 2

o0
— Z‘/(; elt\/h2+)hz/heilr)t/h¢()\.)()\./h)n_lai()\./h,Z,Z/)d)\, (315)
+
w .
+/ VIR 0 (/) (AR, 2, Z)dA,
0
where a4 satisfies estimates

n—1
|0%as(h, 2, 2)| < Car™(1 4+ 2d(z, )7,

and therefore

Bf(ai(h_lk,z,z’))‘ <C (1 +h~ar~ "7 (3.16)
Consider the terms with the ‘b’ term, then we can use the estimate (2.7) to obtain

‘(%)N(qs(/\)(k/h)”"b(k/h, z, z’))‘ <O/ AN, YN eN.  (3.17)

Let § be a small constant to be chosen later. Recall that we chose ¢ € C é’o([%, 2D
such that ), ¢(27" L) = 1; we denote ¢o(A) = ngfl ¢ (27™)). Then

[ e a0 b0z ()
§
< c/ /)"~ 'dr < Ch(8/h)".
0
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We use integration by parts N times to obtain, using (3.9),

/°° oItV A2 I Z b <L) ¢S b(A/h, 7, Z)dA
0

2m§
m=0

N
<Z /OO hvhz"‘)‘zi (ewm/h)
= 0 At EVS

m>=0

A
X¢<%)¢()~)()\/h)"7]b(k/h, zZ, Z’)d)\‘
ot
< Cn(t|/h)~Np—0=D [ A—1=2N g5
n(zl/h) Z s

m=>=0
< Cy(Jtl/h)y N p=(=Dgn=2N,

Choosing § = (|t|/h)_% and noting |¢| > h, we have thus proved

/ eizm/h¢(k)(x/h)”*lb(k/h, z,Z))dx
0

< Ch(h|i)™5 < Chlt))~ "2 (h=1je)~ /2 (3.18)

n—1
< Crl) =7 (1 + hleh~"/2,
Next we consider the terms with a.r. Without loss of generality, we consider ¢ >> h.

Let (A, h,r,t) = VhZ+ A2 £+ )\l—’, it suffices to show there exists a constant C
independent of r, ¢, and & such that

1) < CAel/M T (L + Rl ™72, (3.19)

where ~
LE(t,r) = f eGR4 oy 1a (A Jh, 7, Z)dA. (3.20)
0

If r <t/4orr > 2¢, a simpler computation gives

00D (s b, 1) = ; > 1/4.

A
—_— +
‘ Vh?+ 32
It is not difficult to use the Leibniz rule to prove

Lemma3.6 Let L = (%B;\ ®)~19; and let L* be its adjoint operator. Suppose that
b(X) satisfies

109b(1)| < A 1led,
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Then we have for any N > 0

I(LHN b < CAn1- NZ ”(t/h)J 3.21)

ALTR A
By integrating by parts and using this lemma, we obtain for r < th orr > 2t
11 @l < Cel/m™N, YN =0 (3.22)

which implies (3.19) since ¢t > h. Therefore we only need consider the case t ~ r. A
rough estimate gives

w -
\E(, )] < / POINTI A+ ar/h)y V2 < C(e/m) T . (323)
0
Note that
10, D4 O o1 1) ‘ AR Y
A ,n,r, = | —| =2 s
i NS

and by using the same stationary phase argument again, we obtain
11y .l < Cel/™N, YN > 0. (3.24)

To estimate I, (¢, r), we need the following Van der Corput lemma, see [41]

Lemma 3.7 (Van der Corput) Let ¢ be real-valued and smooth in (a, b), and that
[p® (x)| > 1 forall x € (a, b). Then

b
/ e““p(")w(x)dx

b
< a1k (|¢(b>|+ f |w’(x)|dx> (3.25)

holds when (i) k > 2 or (ik = 1 and ¢'(x) is monotonic. Here cj is a constant
depending only on k.

It is easy to check for h < 1 and A ~ 1

1020 _ (A, h, r, 1) i > h
- b ’r’ = gy — = TN
> ViZ 2|7 100

By using the Van der Corput lemma with A = th, we show

I GESIES c<|r|/h>”/2/0 ‘% (¢<A>A"‘a_<x/h,z,z/>)‘ da

2
< C(ltl/h)””/0 W21 4 ar/h) T d (3.26)

< Ch)y ™\ P/my~"r
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This together with (3.23), we prove (3.19). O
As two consequences of Propositions 3.4 and 3.5, respectively, we immediately
have

Proposition 3.8 Let U}OW (t) be defined in (3.3). Then there exists a constant C inde-
pendent of t, z, 7' forall j > 1, such that

U™ @O WR* () 11 oo < CA+ [0 =572 (3.27)

Proposition 3.9 Let U; () be defined in (3.2). Then there exists a constant C inde-
pendent of t, 7,7 forall j > 1,k € Z* such that

Uk OUF (1 poe < C2HOFIHFOR Q7 gy — =402 (3.28)

where 0 < 6 < 1.

4 Strichartz Estimates

In this section, we show the Strichartz estimates in Theorem 1.1. To obtain the
Strichartz estimates for high frequency, we need a variant of Keel-Tao’s abstract
Strichartz estimate.

4.1 Semiclassical Strichartz Estimates

We recall a variety of the abstract Keel-Tao’s Strichartz estimates theorem proved in
[47], which is an analogue of the semiclassical Strichartz estimates for Schrodinger
in [30,46].

Proposition 4.1 Let (X, M, ) be a o-finite measured space and U : R —
B(L*(X, M, 1)) be a weakly measurable map satisfying, for some constants C,
>0 0,h>0,

C, teR,
Ch=(h+ 1t —sD" I fli-

Ul 2 2

. A.1)
NU@U ()" fllLee

N IN

Then for every pair q,r € [1, oo] such that (q,r, o) # (2,00, 1) and

| Q

1 o
-+ =< =, g=2,
q r 2

there exists a constant C only depending on C, o, q, and r such that

1
(/R IIU(t)uoIIqudt>q < CAM) lluol 2, (4.2)
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where A(h) = h*(a+a)(%,%)+$.

4.2 Homogeneous Strichartz Estimates

Now we prove the homogeneous Strichartz estimates. Using the Littlewood—Paley
frequency cutoff qu(\/ﬁ), we define

(8, ) = G (VEDu(1, -). 4.3)
Then the frequency-localized solutions {u,, },,cz solves the family of Cauchy problems
07t +Hity + tty = 0, n(0) = fn (@), dyuum(0) = gn(2).  (44)

where f,;, = ¢m («/ﬁ)uo and g, = ¢ (\/ﬁ)u 1. Then we can write the solution

u:ul—i—uh, ul = Z U, ul = Zum 4.5)

m<—1 m=>=0

Let U(r) = ¢'"V*HH then we write

U U(— U —U(—
(1, 2) = “”2 SO (2? JH_(H”gm. 46)

Noting that

N N N
Uy =Y Y U =Y UMD+ D> Ui,

j=1keZ j=1 j=1k>0

we can write

uinf=>y.> /0 VI G270 0 VAE 5002 * V) £,

Jj keZ

where 5 € Cy°(R\ {0}) takes values in [0, 1] such that 5(]) = ¢. In view of f,, =
#@2/H) f, then ¢(2~*/H) f,, vanishes if [m — k| > 3. Then we have

Ufm=2 /0 VI Q7 QVAE f5 () . (A7)

Jolk=m|<3

By the squarefunction estimates (2.9) and Minkowski’s inequality, we obtain for g, r >
2

2

2
lell oy ooy S o ooy + | D lumlie@rr ooy | - 48)
m=0
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To prove the homogeneous estimates in Theorem 1.1, that is F = 0, we need

Proposition 4.2 Let f;, = ¢ (vH)uo, we have for m > 0

< pm

IU@ fnll a1 @xy S 27 N fmll2cxy. (4.9)

where the K-G admissible pair (q,r) € [2, 00)* and s satisfy (1.6) and (1.7).

Indeed, by using Propositions 3.3, 3.8, and the argument in Keel-Tao [29], we have
for2/q <n(1/2—1/r)

||U}0wu0||Lq(R;Lr(x)) < Clluoll2x)- (4.10)

Without loss generality, we assume u; = 0. By using the Proposition 4.2, we have

N
! Il L s L x)) < CZ U™V uoll La®:Lrxyy < Clluoll 20

j=1 4.11)
D Ml asrrxy < C22 W fmllF2gxy < Clluolizs -

m=0
Therefore we prove the Strichartz estimate withu; = F =0
lull Lo, (x)) < Clluoll a5 (x)- (4.12)
Now we prove this proposition. By using Propositions 3.2 and 3.9, we have the
estimates (4.1) for U; x(¢), where o« = (n +1+0)/2, 0 = (n — 1 + 0)/2 and

h = 27¥. Then it follows from Proposition 4.1 that

kl(n4+0)(-1-1
MU0 fonl 0 ey S 2007070 fll -

By (4.7), we obtain
oyl 1y_1
U@ full o gerr iy S 277 full 2o = 2 1 fnll 2
which proves (4.9).

4.3 Inhomogeneous Strichartz Estimates

In this subsection, we prove the inhomogeneous Strichartz estimates. Let U(t) =
e™IHH . 12 12 We have already proved that

IU@uoll o S lluoll s (4.13)
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holds for all (g, , s) satisfying (1.6) and (1.7). For s € R and (g, r) satisfying (1.6)
and (1.7), we define the operator T by

Ty: L2 — LILL, [ (1 +H) 2V p (4.14)
Then we have by duality
Ty L?'Lﬁ’ > L% F(t,2)— /(1 +H) T e VIR (£ dr, (4.15)
R

where | — s = n(% — %) — % Therefore we obtain

SIFI

r
LZN

H / U(H)U*(1)H ™2 F(t)dt
R

L 17T g Ly

Sinces =n(3 - —Lland1—-s=n -1 - 5 thus (¢, r), (4, 7) satisfy (1.7).

r q r

By the Christ-Kiselev lemma [13], we thus obtain for ¢ > ¢,

F(r)dt SIF

LiL:

s (4.16)

/ sin(t —1)s/1+H
<t J1+H

Notice that for all (¢, r), (g, 7') satisfy (1.6) and (1.7), we must have g > §’. Therefore
we have proved all inhomogeneous Strichartz estimates including g = 2.

5 Well-posedness and Small Nonlinear Scattering

In this section, we prove Theorems 1.3 and 1.5. We prove the results by a contraction
mapping argument. The key point is the application of Strichartz estimates.

5.1 Proof of Theorem 1.3

Letgo=m+D)(p—-1)/2,¢1 =2n+1)/(n — 1) and @ = s, — % For any small
constant € > 0 such that

Y

[ we cirey L0, 1 LX) N 1910, T): HE, (X0,
5.1
llll oo 0. 71: 290 (x) + lluell Lo ro. 71 11 (x)) < CG}-
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Consider the solution map ¢ defined by

in(t/T+ H
®(u) = cos(tv/1+ Huo(z) + %ul(z)

t o _ /
+ / i ((t Vit H) F(u(s, z))ds
0

~1+H

= Uhom *+ Uinh,

where F(u) = +|u|?~'u. We claim the map ® : Y — Y is contracting. We first
note that the Sobolev embedding L{HY <> L{", where ro = (% + qlo)’l. Since
p=>1+4/(n—1),thuss. > 1/2. On the other hand, it is easy to check that the pairs
(g0, r0), (q1, q1) satisfy (1.6) and (1.7) with s = 1/2 and & = 0. By Theorem 1.1, we

obtain
ltbomlle, (rrse)nzao ®; L0 )Lt R: HE, (X)) < C(lluollgse + llurllgse—1).  (5.2)
Hence we must have
1
llthom|l 90 (10, 71: L0 Cxp)nLe1 (1071 HE, (X)) < ECG (5.3)

for T = oo if the initial data have small norm €(p), or, if not, this inequality will be
satisfied for some 7 > 0 by the dominated convergence theorem. Applying Theorem
1.1 with §' = 7 = 22£D “one has

n+3
ltinh | ¢, (HseyNL90 ([0, T1; L90 (X)NL41 ([0, T1; HE (X)) S CIIF(M)IILq/H?. (5.4)
Note p € [1+ n_l’ I+ ] we have 0 < o < 1. By using the fraction Liebniz rule
for Sobolev spaces in Proposmon 2.3, we have
IFGI 5 o < Cluls 1 e < CHCOP e < £ (5.5)
L Hg = A S22 '

A similar argument as above leads to

@ Q1) — @ @2)llLa1 0. 7: Hg, (xX)NL0 (0. T1: 290 (X))
S ClF(ur) — F(“Z)”Lf’Hg
- (5.6)
< CHCOP M ur — ua Lo (10.T: Hg, (X))NL40 ([0, T]: L0 (X))

1
S Sl = u2llar qo.71: g, o)L 10,73 L0 (X)) -

Therefore the solution map @ is a contraction map on Y under the metric d(u1, uz) =
g —uz||Lar ([0, T1; Hg, (X)NLL0 ([0, T]; L0 (X)) - The standard contraction argument proves
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the first part of Theorem 1.3. Note that the above argument needs the condition p €
[14 245, 14 45 1in (5.2). If (uo, u1) € H'(X) x L>(X), we extend the local well-
posedness for p € [pconf, 1 + %]. By energy conservation law, we obtain the global
existence for large data and finish the final part of Theorem 1.3.

5.2 Proof of Theorem 1.5
For a constant C we define
Y = {M . ”u”Ct([O,T];HIJ”S)QLZ([O,T];LOO(X)) < 2C] (57)

Consider the solution map ® defined by

in(r/T+ H
®(u) = cos(tv/1+ Huo(z) + %ul(z)

o _ /
+ / i ((t Vit H) F(u(s, z))ds
0

~1+H

= Uhom *+ Uinh,

where F(u) is replaced by F(u) = uDu + |u|2u. By Theorem 1.1 with 0 < 6 =
28 « 1, we obtain

lunomllc, o, 71; 1+6nz2 0,73 220 (xy) < C (w0l gri+s 4 lluen [ o). (5.8)

Furthermore one has by Theorem 1.1 and choosing small 7

luinnll ¢, o.71; 1) L2 0. 71: 20 (X))
<ClubDul 1+ +Clu’|l 1

L L2x) L= 2x)

1
1os
< CT2"Null 220,11 Lo ey 1 Putll Lo o, 71; 22 (x0))
+CTY P u e oy, < 2C.
By choosing T small enough, we have
[P (u1) — P2)llc,qo,71; H1+5)NL2([0,T1: L (X))
1

<CTH <||M1 - M2||L2([(),T];L00(x)) + I1D(u; — M2)||L§>°([0,T];L2(X))

Hlu — uzllL,wLé(X)>

1
S 5 lur = walle o, +inezqo, 11 (x0)-
The standard contraction argument on Y completes the proof of Theorem 1.5.
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