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1 Introduction

Let C; be a reduced plane curve in P? of degree d > 3, and let P be a point in Cj.
The curve Cy can have any given plane curve singularity at P provided that its degree
d is sufficiently big. Thus, it is natural to ask

Question 1.1 What is the worst singularity that C; can have at P?

Denote by m p the multiplicity of the curve Cy at the point P, and denote by p(P)
the Milnor number of the point P. If we use m p to measure the singularity of Cy at
the point P, then a union of d lines passing through P is an answer to Question 1.1,
since mp < d, and mp = d if and only if C; is a union of d lines passing through
P. If we use the Milnor number ©(P), then the answer would be the same, since
w(P) < (d— 1)2, and w(P)=(d-— 1)? if and only if Cy is a union of d lines passing
through P. Alternatively, we can use the number

lctp(IP’2, Cd) = sup{k eQ ‘ the log pair (IP’2, ACd) is log canonical at P},

which is known as the log canonical threshold of the log pair (P2, Cy) at the point P
or the log canonical threshold of the curve C, at the point P (see [4, Definition 6.34]).
The smallest Ict » (P2, C;) when P runs through all points in Cy is usually denoted by
lct(P?, C4). Note that

L letp (P2, Cq) < 2
mp mp

This is well known (see, [4, Exercise 6.18] and [4, Lemma 6.35]). So, the smaller
lctp (P2, Cy), the worse singularity of the curve Cy at the point P is.

Example 1.2 Suppose that C is given by x| xy2 (x]"' +x5'?) = O up to analytic change
of local coordinates, where m | and m» are positive integers, and ny, ny € {0, 1}. Then

14U
letp (P, Cq) = min{l, M}
L+ b+ 2
by [8, Proposition 2.2].

Log canonical thresholds of plane curves have been intensively studied (see, for
example, [8]). Surprisingly, they give the same answer to Question 1.1 by

Theorem 1.3 ([1, Theorem 4.1]) One has lct p (P2, Cy) > %. Moreover, Ict(P?, Cz) =
% if and only if Cq is a union of d lines that pass through P.

In this paper we want to address

Question 1.4 What is the second worst singularity that C4 can have at P?
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2304 1. Cheltsov

To give a reasonable answer to this question, we have to disregard m p by obvious
reasons. Thus, we will use the numbers p(P) and Ict p (P?, Cy). For cubic curves, they
give the same answer.

Example 1.5 Suppose thatd = 3, mp < 3 and P is a singular point of C3. Then P
is a singular point of type A, A; or Az. Moreover, if C3 has singularity of type A3 at
P, then C3 = L 4 C3, where C3 is a smooth conic, and L is a line tangent to C; at P.
Furthermore, we have

1 if C3 has A singularity at P,
w(P) = { 2if C3 has A, singularity at P,
3 if C3 has Aj singularity at P.

Similarly, we have

1 if C3 has A singularity at P,
5
letp (IP’2, C3) -5 if C3 has A, singularity at P,

3
1 if C3 has A3 singularity at P.

For quartic curves, the numbers p(P) and Ictp (IE”Z, Cy) give different answers to
Question 1.4.

Example 1.6 Suppose thatd = 4, mp < 4 and P is a singular point of C4. Going
through the list of all possible singularities that Cp can have at P (see, for example,
[6]), we obtain

6 if C4 has D¢ singularity at P,
6 if C4 has Ag singularity at P,
n(P) = { 61if C4 has Eg singularity at P,
7 if C4 has A7 singularity at P,
7 if C4 has [E; singularity at P,

and u(P) < 6 in all remaining cases. Similarly, we get

5

3 if C4 has A7 singularity at P,

5

3 if C4 has D5 singularity at P,
2 3. . .

lctp(IP> , C4) = 3 if C4 has Dy singularity at P,

7
T if C4 has [E¢ singularity at P,

5
) if C4 has [E7 singularity at P,
and lctp (P2, Cy) > % in all remaining cases.
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Recently, Arkadiusz Ptoski proved that u(P) < (d — D% — L%J provided that
mp < d.Moreover, he described C; in the case when u(P) = (d — - L%J. To
present his description, we need

Definition 1.7 The curve Cy is an even Ploski curve if d is even, the curve Cy has
% > 2 irreducible components that are smooth conics passing through P, and all
irreducible components of C; intersect each other pairwise at P with multiplicity

4. The curve Cy4 is an odd Ploski curve if d is odd, the curve C; has d+l > 2

2
irreducible components that all pass through P, % irreducible component of the
curve Cy are smooth conics that intersect each other pairwise at P with multiplicity
4, and the remaining irreducible component is a line in IP? that is tangent at P to all
other irreducible components. We say that Cy is Ploski curve if it is either an even

Ptoski curve or an odd Ptoski curve.

Each Ploski curve has unique singular point. If d = 4, then C4 is a Ploski curve
if and only if it has a singular point of type A7. Thus, if d = 4, then u(P) =
d—132— L%J = 7 if and only if either C4 is a Ptoski curve and P is its singular point
or C4 has singularity [E; at the point P (see Example 1.6). For d > 5, Ploski proved

Theorem 1.8 ([10, Theorem 1.4]) If d > 5, then u(P) = (d — D2 — L%J if and only
if Cq is a Ptoski curve and P is its singular point.

This result gives a very good answer to Question 1.4. The main goal of this paper
is to give an answer to Question 1.4. using log canonical thresholds. Namely, we will
prove that

2d — 3
letp (P2, Cq) > ———
¢ P( d) (d _ 1)2

provided that mp < d, and we will describe C; in the case when Ictp (IE”Z, Cy) =

(Zd__lfz . To present this description, we need

Definition 1.9 The curve C; has singularity of type T, (resp., K, T,, K,) at the
point P if the curve C4 can be given by x! = xix} (resp., xI = x5 xox™! =

x1x5, x2x| - xé“) up to analytic change of coordinates at the point P.

Note that T, = A3, K, = Az,"]\fz = ]Kz = Al,]ﬁg = Ds,:ﬁj, = D¢, K3z = Eg
and T3 = [E;. Furthermore, since we assume that d > 3, the formula in Example 1.2
gives

2d -3 . . .
@-1 if Cy has Ty singularity at P,
2d—1 . . _
— if Cy4 has Ky_isingularity at P,
Ictp (PZ Cd) = dd—-1)
’ 2d -5 ~ .

72— 37 51 \f Ca has Ty singularity at P,
2d -3 ~
dd—2 if C has Ky_; singularity at P,
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2 243 2d—1 2d—5 2d-3 : ;
where 5 < @-? < dd=D < F3ar < Ju—y-In this paper we will prove

Theorem 1.10 Suppose that d > 4 and lctp (P2, Cy) < % Then one of the
following holds:

(1) mp =d, ~ ~
(2) the curve C4 has singularity of type Tg—1, Kg—1, Tg—1 or K41 at the point P,
(3) d = 4 and Cy is a Ploski quartic curve (in this case Ictp (P2, Cy) = %).

This result describes the five worst singularities that C4 can have at the point P.
In particular, Theorem 1.10 answers Question 1.4. This answer is very different from
the answer given by Theorem 1.8. Indeed, if C, is a Ploski curve, d > 3 and P is its
singular point, then

) 5 2d -3
lctp(]P’ s Cd) =5 > - 1)2.

The proof of Theorem 1.10 implies one result that is interesting on its own. To
describe it, let us identify the curve C4 with a point in the space |Op2 (d)| that parame-
terizes all (not necessarily reduced) plane curves of degree d. Since the group PGL3(C)
acts on |Op2(d)|, it is natural to ask whether Cy is GIT-stable (resp., GIT-semistable)
for this action or not. For small d, its answer is classical and immediately follows from
the Hilbert-Mumford criterion (see [9, Chapter 2.1]).

Example 1.11 ([9, Chapter 4.2]) If d = 3, then C3 is GIT-stable (resp., GIT-
semistable) if and only if C3 is smooth (resp., C3 has at most A; singularities). If
d = 4, then Cy4 is GIT-stable (resp., GIT-semistable) if and only if C4 has at most A
and A singularities (resp., C4 has at most singular double points and C4 is not a union
of a cubic with an inflectional tangent line).

Paul Hacking, Hosung Kim and Yongnam Lee noticed that the log canonical thresh-
old Ict(P?, C4) and GIT-stability of the curve C, are closely related. In particular, they
proved

Theorem 1.12 ([5, Propositions 10.2 and 10.4], [7, Theorem 2.3]) IfIct(P?, C;) > %,

then the curve Cy is GIT-semistable. If d > 4 and let(P?, Cy) > %, then the curve Cy4
is GIT-stable.

This gives a sufficient condition for the curve C; to be GIT-stable (resp, GIT-
semistable). However, this condition is not a necessary condition. Let us give two
examples that illustrate this.

Example 1.13 ([13, p. 268], [5, Example 10.5]) Suppose that d = 5, the quintic curve
Cs is given by

X+ (y2 —xz>2<§ —|—y+z) =x2<y2 —xz)(x +2y>,

@ Springer
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and P = [0: 0 : 1]. Then Cjs is irreducible and has singularity Aj, at the point P. In
particular, it is rational. Furthermore, the curve Cs is GIT-stable (see, for example, [9,
Chapter 4.2]). On the other hand, it follows from Example 1.2 that

1 1 15 3
ICt(Pz, CS) = 1CtP(IP)2, CS) = 5 + E = % < g

Example 1.14 Suppose that C, is a Ploski curve. Let P be its singular point, and let
L be a general line in P2. Then

5 3
let(P?, Cq + L) =1et(P?, Cg) =letp (P?, Ca) = - < =
On the other hand, if d is even, then Cy; is GIT-semistable, and C; + L is GIT-stable.
This follows from the Hilbert—-Mumford criterion. Similarly, if d is odd, then Cy; is
GIT-unstable, and C; + L is GIT-semistable.

In this paper we will prove the following result that complements Theorem 1.12.

Theorem 1.15 Iflct(P?, Cy) < %, then Cy is GIT-unstable. Moreover; if Ict(P2, Cy)
< %, then Cq is not GIT-stable. Furthermore, iflct(IP’z, Cy) = %, then Cq is GIT-

semistable if and only if C4 is an even Ptoski curve.

Example 1.14 shows that this result is sharp. Surprisingly, its proof is very similar
to the proof of Theorem 1.10. In fact, we will give a combined proof of both these
theorems in Section 3.

In this paper we will also prove one application of Theorem 1.10. To describe it,
we need

Definition 1.16 ([12, Appendix A], [3, Definition 1.20]) For a given smooth variety
V equipped with an ample Q-divisor Hy, let a‘l,i "1V — Ry be a function defined
as

oz‘I,JV(O) = sup {A eQ

the pair (V, ADy) is log canonical at O
for every effective Q-divisor Dy ~q Hy '

Denote its infimum by «(V, Hy).

Let S, be a smooth surface in P? of degree d > 3, let Hg , beits hyperplane section,
let O be a point in Sy, and let Tp be the hyperplane section of S, that is singular at
0. Similar to Ictp (P2, C,), we can define

leto (Sq, To) = sup[k I=X0) ‘ the log pair (S, ATp) is log canonical at 0}.

H
Then « Sde (0) <lctp(Sy4, To) by Definition 1.16. Note that T is reduced, since the
surface Sy is smooth. In this paper we prove
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2308 1. Cheltsov

Theorem 1.17 If o (0) < then

d(a’ 2)’

51 0) = Ieto (50, To) € 2 2d—-3 2d—1  2d-5
(04 = ) E) 3 3
Sa O 20) SV d=1)2" dd—1) d®> —3d + 1

Similarly, if a(Sq, Hs,;) < then

d(d 2)’

. 2 2d—-3 2d-1 2d — 5
Ot(Sd, HSd) = 01224 {lcto(Sd, To)] € { }

dd—12dd—1)d>—3d+1

H
If d = 3, then we can drop the condition « Sde (0) < dz(z:;) in Theorem 1.17,

since % = 1 in this case. Thus, Theorem 1.17 implies

Corollary 1.18 ([3, Corollary 1.24]) Suppose that d = 3. Then 05553 (0) =
Icto (83, To). ‘

If d > 4, we cannot drop the condition o S, sy (0) < 2& 3) in Theorem 1.17 in
general. Let us give two examples that 1llustrate this.

Example 1.19 Suppose that d = 4. Let S4 be a quartic surface in P> that is given by
Bx + t2yz +xyz(y +2) =0,

and let O be the point [0 : 0 : O : 1]. Then Sy is smooth, and T has singularity A at
O, which implies that Icto (S4, Tp) = 1. Let L, be the line x = y = 0, let L, be the
line x = z = 0, and let C; be the conic y + z = xt + yz = 0. Then L, L, and C,
are contained in S4, and O = L, N L, N C,. Moreover,

1
Ly+Le+ 5Cy~ 2Hs,,

because the divisor 2Ly + 2L, + C3 is cut out on S4 by 7x + yz = 0. Furthermore,
H

the log pair (S4, Ly + L; + %Cz) is not log canonical at O, so that aS4S4 (0) < 1by

Definition 1.16.

Example 1.20 Suppose that d > 5 and Tp has A singularity at O. Then
Ieto(Sq, To) = 1. Let f: S — Sy be a blow up of the point O. Denote by E
its exceptional curve. Then

. 112 121
(recHs) - SE) =5- 25 >0.

Hence, it follows from Riemann—Roch theorem there is an integer n~> 1 such that
the linear system | f*(5nHs,) — 11nE| is not empty. Pick a divisor D in this linear
system, and denote by D its image on Sy;. Then (S4, %D) is not log canonical at P,
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since multp (D) > 11n. On the other hand, %D ~q@ Hs, by construction, so that
H
an" (0) < 1 by Definition 1.16.

This work was carried out during the author’s stay at the Max Planck Institute for
Mathematics in Bonn in 2014. We would like to thank the institute for the hospital-
ity and very good working condition. We would like to thank Michael Wemyss for
checking the singularities of the curve Cs in Example 1.13. We would like to thank
Alexandru Dimca, Yongnam Lee, Jihun Park, Hendrick Siif and Mikhail Zaidenberg
for very useful comments.

2 Preliminaries

In this section, we present results that will be used in the proof of Theorems 1.10,
1.15, 1.17. Let S be a smooth surface, let D be an effective non-zero Q-divisor on the
surface S, and let P be a point in the surface S. Write

-
D = ZaiCi,
i=1

where each C; is an irreducible curve on the surface S, and each g; is a non-negative
rational number. Let us recall

Definition 2.1 ([4, § 6]) Let 7 : S — S be a birational morphism such that S is
smooth. Then 7 is a composition of blow ups of smooth points. For each C;, denote
by C; its proper transform on the surface S. Let Fy, ..., F,, be mw-exceptional curves.
Then

r n
K§+Zai6i + ijFj ~Q JT*(KS +D)
i-1 =

for some rational numbers by, . .., b,. Suppose, in addition, that )\ _, a + Z;:l F;
is a divisor with simple normal crossings. Then the log pair (S, D) is said to be log
canonical at P if and only if the following two conditions are satisfied:

e a; < 1 forevery C; suchthat P € Cj,
e b; < 1forevery Fj suchthat w (F;) = P.

Similarly, the log pair (S, D) is said to be Kawamata log terminal at P if and only if
a; < 1forevery C; such that P € C;, and b; < 1 for every F; such that 7 (F;) = P.

Using just this definition, one can easily prove

Lemma 2.2 Suppose thatr = 3, P € C1 N Cy N C3, the curves Cy, Co and C3 are
smoothat P,a; < 1,ay < 1 and a3 < 1. Moreover, suppose that both curves C and
C, intersect the curve C3 transversally at P. Furthermore, suppose that (S, D) is not
Kawamata log terminal at P. Put k = multp (Cy - C2). Then k(a1 +az) +az > k+ 1.

@ Springer



2310 1. Cheltsov

Proof Put Sy = S and consider a sequence of blow ups

e Tt S S m
Sk Sk—1 oo 8 S So,

where each 7; is the blow up of the intersection point of the proper transforms of
the curves C; and C; on the surface S;_1 that dominates P (such point exists, since
k = multp(Cy-C2)). Foreach 7, denote by E f the proper transform of its exceptional

curve on Sg. For each C;, denote by C lk its proper transform on the surface S;. Then
Ks, +Za,c’< —i—Z( ai —i—az + a3 —])E ~q (w1 om, o...on’k)*<KS +D),

and> ", C lk ~|—Zl;:1 E j is asimple normal crossing divisor in every point of UI}:1 E;j.
Thus, it follows from Definition 2.1 that there exists [ € {1, ..., k} such that [(a; +
az) + a3 > I + 1, because (S, D) is not Kawamata log terminal at P. If /| = k&,
then we are done. So, we may assume that [ < k. If k(a; + a2) + a3 < k + 1, then
arl+a <1+ % — a3%, which implies that

/ [ / /
l+1<l(a1~|—a2)+a3< <l+z—a3z>+a3=l+z~|—a3(l—z>

I !
Sl4-+(1—=)=1+1,
+k+< k) -

because a3 < 1. Thus, the obtained contradiction shows that k(a; +a) +a3 > k+ 1.
m}

Corollary 2.3 Suppose thatr = 2, P € C| N Cy, the curves C1 and Co are smooth
at P,a; < land ay < 1. Put k = multp(Cy - Cp). If (S, D) is not Kawamata log
terminal at P, then k(a; + ap) > k + 1.

The log pair (S, D) is called log canonical if it is log canonical at every point of S.
Similarly, the log pair (S, D) is called Kawamata log terminal if it is Kawamata log
terminal at every point of the surface S.

Remark 2.4 Let R be any effective Q-divisor on S such that R ~g D and R # D.
Put

D.=(1+4+¢€¢)D —€R,

where € is a non-negative rational number. Then D, ~@ D. Moreover, since R # D,
there exists the greatest rational number €p > 0 such that the divisor D, is effective.
Then Supp(De,) does not contain at least one irreducible component of Supp(R).
Moreover, if (S, D) is not log canonical at P, and (S, R) is log canonical at P, then
(S, D¢,) 1s not log canonical at P by Definition 2.1, because

Do+ —2 R
1+ €9 0 1+ ¢

D=
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and ﬁ + 1fr°€0 = 1. Similarly, if the log pair (S, D) is not Kawamata log terminal
at P, and (S, R) is Kawamata log terminal at P, then (S, D) is not Kawamata log

terminal at P.
The following result is well known.

Lemma 2.5 ([4, Exercise 6.18]) If (S, D) is not log canonical at P, then multp (D) >
1. Similarly, if (S, D) is not Kawamata log terminal at P, then multp (D) > 1.

Combining with

Lemma 2.6 ([4, Lemma 5.36]) Suppose that S is a smooth surface in P3, and D ~Q
Hg, where Hg is a hyperplane section of S. Then each a; does not exceed 1.

Lemma 2.5 gives

Corollary 2.7 Suppose that S is a smooth surface in P?, and D ~q Hs, where Hg
is a hyperplane section of S. Then (S, D) is log canonical outside of finitely many
points.

The following result is a special case of a much more general result, which is known
as Shokurov’s connectedness principle (see, for example, [4, Theorem 6.3.2]).

Lemma 2.8 ([11, Theorem 6.9]) If —(Ks + D) is big and nef, then the locus where
(S, D) is not Kawamata log terminal is connected.

Corollary 2.9 Let Cy be a reduced curve in P? of degree d, and let O and Q be two
points in Cq such that O # Q. Ifleto (P2, Cg) < 3, then Icto(P?, Cy) > 3.

Let 71: S — S be a blow up of the point P, and let E| be the m-exceptional
curve. Denote by D! the proper transform of the divisor D on the surface S| via 1.
Then the log pair (S, D' + (multp(D) — 1)E;) is often called the log pull back of
the log pair (S, D), because

Ks, + D' + (multp(D) - 1>E1 ~q 7} (Ks + D).

This Q-rational equivalence implies that the log pair (S, D) is not log canonical at P
provided that multp (D) > 2. Similarly, if multp (D) > 2, then the singularities of
the log pair (S, D) are not Kawamata log terminal at the point P.

Remark 2.10 The log pair (S, D) is log canonical at P if and only if (S, D' +
(multp (D) — 1)E}) is log canonical at every point of the curve E. Similarly, the log
pair (S, D) is Kawamata log terminal at P if and only if (S, D! 4 (multp (D) —1)E})
is Kawamata log terminal at every point of the curve E7.

Let Z be an irreducible curve on § that contains P. Suppose that Z is smooth
at P, and Z is not contained in Supp(D). Let i be a non-negative rational number.
The following result is a very special case of a much more general result known as
Inversion of Adjunction (see, for example, [11, § 3.4] or [4, Theorem 6.29]).
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2312 1. Cheltsov

Theorem 2.11 ([11, Corollary 3.12], [4, Exercise 6.31], [2, Theorem 7]) Suppose that
the log pair (S, uZ+ D) is not log canonical at P and u < 1. Thenmultp(D-Z) > 1.

This result implies

Theorem 2.12 Suppose that (S, wZ + D) is not Kawamata log terminal at P, and
u < 1. Then multp(D - Z) > 1.

Proof The log pair (S, Z+ D) is not log canonical at P, because u < 1,and (S, uZ +
D) is not Kawamata log terminal at P. Then multp (D - Z) > 1 by Theorem 2.11. O

Theorems 2.11 and 2.12 imply

Lemma 2.13 If (S, D) is not log canonical at P and multp (D) < 2, then there exists
aunique point in Ey such that (S, D!+ (multp(D)—1)E;) is not log canonical at it.
Similarly, if (S, D) is not Kawamata log terminal at P, and multp (D) < 2, then there
exists a unique point in E| such that (S, D'+ (multp(D) — 1)E)) is not Kawamata
log terminal at it.

Proof If multp(D) < 2 ang (S, D' + (xmultp(D) — 1)E}) is not log canonical at
two distinct points Py and Py, then

2> multp(D) =D'. E{ > multp, (D1 . E1) +multﬁl (D1 . E1> >2

by Theorem 2.11. By Remark 2.10, this proves the first assertion. Similarly, we can
prove the second assertion using Theorem 2.12 instead of Theorem 2.11. O

The following result can be proved similarly to the proof of Lemma 2.5. Let us
show how to prove it using Theorem 2.12.

Lemma 2.14 Suppose that (S, D) is not Kawamata log terminal at P, and (S, D)
is Kawamata log terminal in a punctured neighbourhood of the point P, then
multp (D) > 1.

Proof By Remark 2.10, the log pair (S, D' + (multp (D) — 1)E) is not Kawamata
log terminal at some point P; € E;. Moreover, if multp(D) < 2, then (S;, D! +
(multp (D) — 1)E7) is Kawamata log terminal at a punctured neighbourhood of the
point Pp. Thus, if multp (D) < 1, then multp(D) =D'. E > 1 by Theorem 2.12,
which is absurd. O

Let Z| and Z, be two irreducible curves on the surface S such that Z; and Z;
are not contained in Supp(D). Suppose that P € Z; N Z,, the curves Z; and Z, are
smooth at P, the curves Z; and Z intersect each other transversally at P. Let i1 and
W2 be non-negative rational numbers.

Theorem 2.15 ([2, Theorem 13]) Suppose that the log pair (S, 121 + w2Z> + D)
is not log canonical at the point P, and multp (D) < 1. Then either multp(D - Z1) >
2(1 — wo) ormultp (D - Z2) > 2(1 — 1) (or both).
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This result implies

Theorem 2.16 Suppose that (S, u1Z1 + w2 Z> + D) is not Kawamata log terminal at
P, and multp (D) < 1. Then either multp(D - Z1) > 2(1 — wo) ormultp (D - Zp) >
2(1 — 1) (or both).

Proof Let A be a rational number such that

1

— 2> 1> 1.
mult p (D)

Then (S, D + Au1Z1 + Au2Z3) is not log canonical at P. Now it follows from
Theorem 2.15 that either multp (D-Z1) > 2(1 —Aup) ormultp(D-Z3) > 2(1 —Apuy)
(or both). Since we can choose A to be as close to 1 as we wish, this implies that either
multp(D - Z1) > 2(1 — pp) ormultp (D - Z2) > 2(1 — 1) (or both). m]

3 Reduced Plane Curves

The purpose of this section is to prove Theorems 1.10 and 1.15. Let C; be a reduced

plane curve in P? of degree d > 4, and let P be a point in C;. Put Ay = dz(j:g) and

l = %. To prove Theorem 1.10, we have to show that if the log pair (P?, 11 Cy) is
not Kawamata log terminal at the point P, then one of the following assertions hold:
e multp(Cy) =d, _ ~
e (g has singularity Ty_1, Ky—_1, T4—1 or K;_; at the point P,
e d =4 and Cy is a Ploski curve (see Definition 1.7).
To prove Theorem 1.15, we have to show that if (IP’Z, A2Cy) is not Kawamata log
terminal, then either C; is GIT-unstable or Cy is an even Ploski curve. In the rest of
the section, we will do this simultaneously. Let us start with few preliminary results.

Lemma 3.1 The following inequalities hold:

(i) M < 747

(ii) A1 < %for every positive integer k < d — 3,

(iii) ifd = 5, then A1 < ]%S—ﬂfor every positive integer k < d — 4,

(iv) 21 < 3,

v) M < 725

i) A < 517
(vii) ifd > 5, then A1 < Xo.
Proof The equality % = A1+ m implies (i). Let k be positive integer.
If k =d— 2, then Ay = %. This implies (ii), because % = % + ﬁ is a
decreasing function on k for k > 1. Similarly, if k =d —4 andd > 4, then A1 =
2k+1 3 2k+1 el : : 2k+1 2 d—2 .
KT~ @)D < kT This implies (iii), since karT = a1t agan 82
decreasing function on k for k > 1. The equality A} = % - % proves (iv). Note

that (v) follows from (i). Since 3[1% > d%], (vi) also follows from (i). Finally, the

equality A = Ay — % implies (vii). O
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We may assume that P = [0 : O : 1]. Then Cy is given by Fy(x,y,z) = 0,
where F;(x, y, z) is a homogeneous polynomial of degree d. Put x; = );f, Xy = % and
fa(x1, x2) = Fg(x1, x2, 1). Put mg = multp (Cy). Then

i

fa(x1,x2) = E €ijX1X,
i20,;2>0,
mo<i+j<d

where each ¢;; is a complex number. For every positive integers a and b, define the
weight of the polynomial f;(x1, x2) as

Wt(a.p) (fa(x1, x2)) = min {ai +bj ‘ €ij # 0}.

Then the Hilbert—-Mumford criterion implies

Lemma 3.2 ([7, Lemma 2.1]) Let a and b be positive integers. If Cq is GIT-stable,
then

d
Wi(a,b) (fd(xl,xz)) < g(a +b).

Similarly, if Cyq is GIT-semistable, then Wt(q py(fa(x1, x2)) < %(a + b).

Let f1: S; — P? be a blow up of the point P. Denote by E| the exceptional curve
of the blow up fi. Denote by Cé the proper transform on S; of the curve Cy.

Lemma 3.3 [fmultp(Cy) > %, then Cq is GIT-unstable. Let O be a point in E. If
multp(Cy) + multo(C)) > d,

then C; is GIT-unstable.

Proof Since multp(Cy) = wt(,1)(fa(x1, x2)), the first assertion follows from
Lemma 3.2. Let us prove the second assertion. We may assume that O is contained in
the proper transform of the line in P? that is given by x = 0. Then

wi,1)(fa(x1, x2)) = multp(Cy) + multo (Cp),
so that the second assertion also follows from Lemma 3.2. |

Now we are ready to prove Theorems 1.10 and 1.15. To do this, we may assume
that Cy is not a union of d lines passing through the point P. Suppose, in addition,
that

(A) either (P2, A{Cy) is not Kawamata log terminal at P,
(B) or (P2, 2,Cy) is not Kawamata log terminal at P.
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We will show that (A) implies that either Cy has singularity Tg—1, Kg-1, 1~I‘d,1 or
K4—1 at the point P, or Cy is a Ptoski quartic curve. Similarly, we will show that (B)
implies that either Cy is GIT-unstable (i.e. Cy is not GIT-semistable), or Cy is an even
Ptoski curve. If (A) holds, let A = Aj. If (B) holds, let A = X;.

Ifd =4, then A,y = Ap. If d > 5, then A1 < A, by Lemma 3.1(vii). Since Cy is
reduced and A < 1, the log pair (P2, ACy) is Kawamata log terminal outside of finitely
many points. Thus, it is Kawamata log terminal outside of P by Lemma 2.8.

Then the log pair (57, )\Ct} + (Amgy — 1)E1) is not Kawamata log terminal at some
point P; € E1 by Remark 2.10. Note that we have

Ksi +3Ch+ (Amo = 1) Er ~q f7'(Kp +2Cy).

Let f>: S — S1 be a blow up of the point Py, and let E; be its exceptional curve.
Denote by Cﬁ the proper transform on S, of the curve Cy4, and denote by E 12 the proper
transform on §; of the curve Ey. Put m| = multp, (CCII). Then

Ks, +2.C3 + (mo — 1) E2 + (A(mo +m1) — 2)Es ~q f5 (Ksl +ac)

+ (mo = 1)y ).

By Remark 2.10, the log pair (S, AC3 + (Amo — 1)EF + (A(mg +my) — 2)E) is
not Kawamata log terminal at some point P> € E>. Let f3: S3 — S be a blow up of
this point, and let E3 be the f3-exceptional curve. Denote by CS the proper transform
on S3 of the curve Cy4, denote by E ? the proper transform on S3 of the curve E1, and
denote by ES the proper transform on S3 of the curve E5. Putmy = multp, (Cﬁ). Then

Ks, + )‘2C3 + ()»zm() — 1)E?
+ (ha(mo +my) —2)E3 + (A22mo + my +m2) — 4)Ez ~q
~0 f3*(K52 +22C3 + (hamo — 1) EX + (ha(mo + my) — 2)E2>.

Thus, the log pair (83, A2C3+ (Aamo— 1) E3 + (Ao (mo+m1) —2) E3 + (A2 (2mo+m1 +
mo) — 4)E3) is not Kawamata log terminal at some point P; € E3 by Remark 2.10.
Note that the divisor A2C}} + (homo — D)E7 + (Aa(mo + my) — 2)E3 + (h2(2mo +
m1 + my) — 4) E3 is effective by Lemma 2.5.

Lemma 3.4 One has Amg < 2.

Proof Since Cy is not a union of d lines passing through P, we have mo < d — 1.
Thus, if (A) holds, then Amy < 2 by Lemma 3.1(i), because d > 4. Similarly, if (B)
holds, then my < % by Lemma 3.3, which implies that Amg < % < 2. O

Thus, the log pair (51, )»Cé + (Amo — 1)E}) is Kawamata log terminal outside of
P; by Lemma 2.13. Note that P; € Cj, because the log pair (S1, (Amg — 1)E7) is
Kawamata log terminal at P;. Thus, we have m| > 0.
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Let L be the line in P> whose proper transform on S; contains the point Pj. Such a
line exists and it is unique. By a suitable linear change of coordinates, we may assume
that L is given by x = 0. Denote by L! the proper transform of the line L on the
surface Sj.

Lemmg 3.5 Suppose Lhat (A) holds and mo = d — 1. Then Cq has singularity
Kg—1,Kg—1, Tg—1 or Tg—1 at the point P.

Proof Suppose that L isnot an irreducible component of the curve Cy. Thenmo+m| <
d, because

d—1—-mo=Cl-L' > m.
Since mog = d — 1, this gives m; = 1. Then P; € Ct} and the curve Cé is smooth
at P1. Put k = multp, (Cgll - E1). Applying Corollary 2.3 to the log pair (S, )qull +
(Aymo — 1) Eq) at the point Py, we get

khimog >k + 1,

which gives A1 > 241 Then k > d — 2 by Lemma 3.1(ii). Since

k<Cl-Ey=mo=d—1,
eitherk =d —1lork =d —2.1f k = d — 1, then Cy has singularity K4 at P. If
k = d — 2, then Cy has singularity K;_ at the point P.

To complete the proof, we may assume that L is an irreducible component of the

curve Cy. Then Cy = L+ Cy_1, where C4_ is a reduced curve in P2 of degree d — 1
such that L is not its irreducible component. Denote by C :1_1 its proper transform on

S1. Putng = multp(Cy—1) and ny = multp, (Cifl)- Thenng =mo—1=d —2and
n1 = m1—1.Thisimplies that P; € C:l_l,sincethelogpair(Sl, A1L1+(A1m0—1)E1)
is Kawamata log terminal at P. Hence, n; > 1. One the other hand, we have

d—1—ng=C) - L' >ny,

which implies that ng +n1 < d — 1. Thenny = 1, since ng =d — 2.
We have P € C (}17] and C 57] is smooth at P;. Moreover, since

l=d—1-ny=L"-C) ,>n =1,
the curve C 571 intersects the curve L' transversally at the point Pj. Put k =
mult p, (Cé_1 - E1). Then k > 1. Applying Lemma 2.2 to the log pair (S, MC:i_l +

ML+ (A (ng + 1) — 1)Ey) at the point P;, we get

k(a0 +2) = 1) + 21 > k+ 1.
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Then A; > 754 Then k > d — 3 by Lemma 3.1(iii). Since

k<E -C)  =ny=d-2,

either k = d —2 or k = d — 3. In the former case, C4 has singularity Ty_; at the
point P. In the latter case, Cy4 has singularity T_; at the point P. O

Lemma 3.6 Suppose that (A) holds and mo < d — 2. Then the line L is not an
irreducible component of the curve Cg.

Proof Suppose that L is an irreducible component of the curve Cy. Let us see for a
contradiction. Put C; = L+Cy4_1, where C;_1 is areduced curve in P2 of degreed — 1
such that L is not its irreducible component. Denote by Cz%—l its proper transform on

Si.Putng = multp(Cy—1) and ny = multp, (C}_,). Then (Sy, (A (no+1) — DE; +
MmLY 4+ AlCal,fl) is not Kawamata log terminal at P; and is Kawamata log terminal
outside of the point P;. In particular, ny # 0, because (S1, (A1 (no+1)—1)E1+ X1 LY
is Kawamata log terminal at P;. On the other hand,

d—1—ny=L"-C} , >ny,
which implies that ng + n1 < d — 1. Furthermore, we have ng = mo — 1 < d — 3.
Since ng + n1 = 2n1, we have n; < %. Then An; < 1 by Lemma 3.1(i). Thus,

we can apply Theorem 2.16 to the log pair (S1, (A (ng+1) — 1) Ej + A L1 + 4, C(Ll)
at the point P;. This gives either

Jfd = 1=ng) =mCly L' >2(2 = 2a(n0+ 1))
or
Mng=rCh_y - Er = 2(1 = 1)
(or both). In the former case, we have A1 (d 4+ 1 + ng) > 4. In the latter case, we have

Ai1(ng +2) > 2. Thus, in both cases we have A;(d — 1) > 2, since ng < d — 3. But
A1(d — 1) <2 by Lemma 3.1(i). This is a contradiction. O

If the curve Cy is GIT-semistable, then my < d —2 by Lemma 3.3. Thus, it follows
from Lemma 3.5 that we may assume that

my<d—2

in order to complete the proof of Theorems 1.10 and 1.15. Moreover, if L is not an
irreducible component of the curve Cy, then

d—mo:Cé-LIle.

@ Springer



2318 1. Cheltsov

Thus, if (A) holds, then mo + m; < d by Lemma 3.6. Similarly, if the curve Cy is
GIT-semistable, then my + m; < d by Lemma 3.3. Thus, to complete the proof of
Theorems 1.10 and 1.15, we may also assume that

mo+my <d. 3.1

Then A(mo +m;) < 3 by Lemma 3.1(v), so that (So, AC3 + (Amo — 1) E7 + (A(mo +
m1) — 2)E>) is Kawamata log terminal outside of the point P, by Lemma 2.13.
Furthermore, we have

Lemma 3.7 Suppose that P, = E% N Ey. Then (A) does not hold and C; is GIT-
unstable.

Proof We have mg —m| = E% . C§ > my, so that

mo
my < —, (3.2)
2
because 2my < m1 + mj. On the other hand, my < d — 2 by assumption. Thus, we
have my < %.
Suppose that (A) holds. Then A = Ajand Aym, < 1 by Lemma 3.1(v). Thus, we can
apply Theorem 2.16 to the log pair (S», A1 C3 4 (Aymo— 1) EF + (A1 (mo+m 1) —2) E).
This gives either

kl(m() — m1) = )\1C§ . E12 = 2(3 - kl(mo +m1)>
or
rmy = ch(% -Ey > 2(2 — Almo)

(or both). The former inequality implies A1(3mg + m1) > 6. The latter inequality
implies A1(2mo + m1) > 4. On the other hand, mo + m; < d by (3.1), and my <
d — 2 by assumption. Thus, 3mqg + m| < 3d — 4 and 2mg + m| < 2d — 2. Then
A1 (3mo+m1) < 6 by Lemma 3.1(vi), and A1 (2mqg + m1) < 4 by Lemma 3.1(i). The
obtained contradiction shows that (A) does not hold.

We see that (B) holds. We have to show that Cy; is GIT-unstable. Suppose that this
is not the case, so that Cy; is GIT-semistable. Let us seek for a contradiction.

By Lemma 3.2, we have 2mqy + m + my < %, because

wt(3,2) (fd (x1. xz)) =2mo +mj + my.
Thus, we have A(2mg + m| + mo) — 4 < 1 by Lemma 3.1(v). Hence, the log pair
(83, 12C3 + (uomo — DE3 + (ko (mo +my) —2)E5 + (A2 (2mo +my +m») —4)E3)
is Kawamata log terminal outside of the point P3 by Remark 2.10.
IfP3s=E ? N E3, then it follows from Theorem 2.12 that
)»z(m() —my — mz) = )\.ZCS . E13 >5— )»2(21110 + my +m2),
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which implies that my > % = %, which is impossible by Lemma 3.3. If P3 =

ES’ N E3, then it follows from Theorem 2.12 that
)xz(ml — mz) = AzCS . ES >5— )»2(27’11() +m +m2),

which implies that mg +m; > 2572 = d, which is impossible by Lemma 3.3. Thus, we

see that P; ¢ E} U E3. Then the log pair (83, 12C3 + (A2(2mg + m1 + m3) — 4)E3)
is not Kawamata log terminal at P3. Hence, Theorem 2.12 gives

Aomy = )QCS “E3 > 1,

which implies that my > ;& = 2. Then mg > % by (3.2), which is impossible by

Lemma 3.3. O

Thus, to complete the proof of Theorems 1.10 and 1.15, we may assume that
P, # EINE,.

Denote by L? the proper transform of the line L on the surface S>.
Lemma 3.8 One has P> # L N E,.

Proof Suppose that P, = L> N E». If L is not an irreducible component of the curve
C,4, then

d—mo—my=L* Ey>my,

which implies that mg + m1 + my < d. Thus, if (A) holds, then A = A and L is not
an irreducible component of the curve Cy by Lemma 3.6, which implies that

A]d})\l(mo-l-m] +m2) >3

by Lemma 2.14. On the other hand, A1d < 3 by Lemma 3.1(iv). This shows that (B)
holds.

Since L = Ay = % < % and Ao (mog + m1 + mp) > 3 by Lemma 2.14, we have
mo +m1 + my > d. In particular, the line L must be an irreducible component of the
curve Cy.

PutCy; = L+C,4_;, where C4_; is areduced curve in P2 of degree d — 1 such that L
isnotits irreducible component. Denote by C:i_l its proper transform on S1, and denote
by Cﬁfl its proper transform on Sy. Put ngp = multp(Cy—1), n1 = multp, (Céfl) and
ny = multp,(C5_,). Then (Sz, (A2(no + ni +2) — 2)Ez + A L' + 12C)_)) is not
Kawamata log terminal at P, and is Kawamata log terminal outside of the point P;.
Then Theorem 2.12 implies

A(d—1—ng—n)=1Ci_ - L* > 1~ (halng +ny +2) —2)
=3 —ano+n1+2),
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which implies that 5(‘”1) =A(d+1) > 3. Hence,d =4. Then A = A = %.
By (3.1), ng + n < 2. Thus, ng = ny = np = 1, since

5
g(n0+n1+n2+3) =A2(m0+m1+m2) >3

by Lemma 2.14. Then C3 is a irreducible cubic curve that is smooth at P, the line L is
tangent to the curve C3 at the point P, and P is an inflexion point of the cubic curve
C3. This implies that 1CtP(P2, Cy) = % Since % > % = A2, the log pair (P2, M Cy)
must be Kawamata log terminal at the point P, which contradicts (B). O

Recall that mo +m1 < d by (3.1). Thenm; < %, since 2m1 < mqo+ m1. Thus, we
have

3d 3d 15
)»(m0+m1+m2) <X(mo+2m1) <X7 S)»z?:Z < 4. (3.3)
Therefore, the log pair (53, ACS +X(mo+my) — 2)E§’ + A(mo+my+my) —3)E3)
is Kawamata log terminal outside of the point Pz by Lemma 2.13.

Lemma 3.9 One has P3 # E5 N E3.
Proof If Pz = E; N E3, then Theorem 2.12 gives

A.(m] —mz)ZXCS-Eg >1-— ()L(m()—l—m] +m2)—3) =4—A(mo+m1+m2),

which implies that A(mq + 2m) > 4. But L(mo + 2m1) < 4 by (3.3). O

Let f1: S4 — S3 be a blow up of the point Pz, and let E4 be its exceptional curve.
Denote by Cj the proper transform on S4 of the curve Cy4, denote by E§ the proper
transform on Sy of the curve E3, and denote by L* the proper transform of the line L
on the surface S4. Then (S4, )\Cg + A(mo+my+my) — 3)E§ + A(mo+m1 +my+
m3) — 4)Ey) is not Kawamata log terminal at some point P4 € E4 by Remark 2.10.
Moreover, we have

2L 4+ Et +2E5 4+ Ef ~ (fio fro fo f4)*(oﬂﬂ(2)> —(fro fyo fa)*(E1)
~(f30 f0)*(E2) — fi(E3) — Ea.

Lemma 3.10 The linear system |2L* + E4 + 2E4 + E4| is apencil that does not have
base points. Moreover, every divisor in |2L4 + E4 + 2E2 + Egl that is different from
2L% + E4 + 2E4 + E4 is a smooth curve whose image on P* is a smooth conic that
is tangent to L at the point P.

Proof All assertions follows from P, ¢ E% ULZ?and P; ¢ E; O

Let C§ be a general curve in [2L* + E‘f + 2E§L + E§‘|. Denote by C» its image
on P2, and denote by £ the pencil generated by 2L and C». Then P is the only base
point of the pencil £, and every conic in £ except 2L and C, intersects Cy at P with
multiplicity 4 (cf. [3, Remark 1.14]).
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Lemma 3.11 One has mo +m +mo +m3 < mg+mp + 2my < % Ifmog+mp +

my +m3 = %, then d is even and C; is a union of% > 2 smooth conics in L, where
d =4 if (A) holds.

Proof By (3.1), we have my + m3 < 2my < mo + m < d. This gives

5 5
my+my +my 4+ m3 < mo+mj +2m2§2d=)\— < X
2
To complete the proof, we may assume that mqy + m| + my + m3 = % Then

all inequalities above must be equalities. Thus, we have m, = m3 = % and A =
2. In particular, if (A) holds, then d = 4, because 1| < Ay = % ford > 5 by
Lemma 3.1(vii). Moreover, since mqg > m| > mp = % and mo +m; < d, we see that
my=m| = %. Thus, d is even and

d
ch~ E(2L4 +EY 4 2B + Eg‘),

where d = 4 if (A) holds. Since |2L4 + E‘l‘ + 2E§ + E§‘| is a free pencil and C;‘
is reduced, it follows from Lemma 3.10 that C;‘ is a union of % smooth curves in
|2L* + E{ + 2E5 + E5|. In particular, L* is not an irreducible component of C3.
Thus, the curve C,; is a union of % smooth conics in £, where d = 4 if (A) holds. O
S
A 9
then Cy is an even Ploski curve. Furthermore, if mqo + m| + my + m3 = % and (A)
holds, then d = 4. Thus, to prove Theorems 1.10 and 1.15, we may assume that

We see that mg + my + mp + m3 < % Moreover, if mg +my +my + mz =

mo+my+my+m3 < x

Let us show that this assumption leads to a contradiction. By Lemma 2.13, this inequal-
ity implies that the log pair (S4, AC;‘ + (A(mo +my +mp) — 3)E§ + (A(mo +m1 +
my + m3) — 4)E4) is Kawamata log terminal outside of the point Py.

Lemma 3.12 One has Py # E§ N Ejy.

Proof By Lemma 3.11, mg + m1 4+ 2my < % If Py = E§ N Ey4, then Theorem 2.12
gives

k(m2 —m3) = )\C;‘ . E? >5— k(mo +m; +my +m3),
which implies that my + m1 + 2my > % This shows that Py # Eg N Ey4. O

Thus, the log pair (S4, ACj + (A(mo + m + mo 4+ m3) — 4)E4) is not Kawamata
log terminal at P4 and is Kawamata log terminal outside of the point Py.
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Let Z* be the curve in [2L* + E‘l1 ~|—2E§1 + Eg‘ | that passes through the point P4. Then
Z* is a smooth irreducible curve by Lemma 3.8. Denote by Z the proper transform of
this curve on IP?. Then Z is a smooth conic in the pencil £ by Lemma 3.10. If Z is not
an irreducible component of the curve Cy, then

2d — (mo +my +my +m3) = Z* - C§ > multp,(C}).

On the other hand, it follows from Lemma 2.14 that
4 5
multp4(Cd) +mo+my +my +m3 > X

This shows that Z is an irreducible component of the curve Cy, since A < Ay = %.

Put C; = Z + C4_», where Cy_» is a reduced curve in P? of degree d — 2
such that Z is not its irreducible component. Denote by C[11_2, C§_2, C3_2 and
C372 its proper transforms on the surfaces Si, >, S3 and S4, respectively. Put
no = multp(Cy—),n; = multp (C} ,), n> = multp,(C3_,), n3 = multp,(C3_,)
and ny = multp, (C3—2)~ Then

(S8, 2CIy +2Z* + Gulno + 1 + 12 +m3 +4) — HEy)

is not Kawamata log terminal at P4 and is Kawamata log terminal outside of the point
P4. Thus, applying Theorem 2.12, we get

M2 =2) =g —ni =y —n3) =ACH_y Z* > 5= A(no+my +nz + n3 +4),

which implies that A > %. This is impossible, since A < Ay = %.
The obtained contradiction completes the proof of Theorems 1.10 and 1.15.

4 Smooth Surfaces in P3

The purpose of this section is to prove Theorem 1.17. Let S be a smooth surface in P3
of degree d > 3, let Hg be its hyperplane section, let P be a point in S, and let Tp be
the hyperplane section of the surface S that is singular at P. Note that 7p is reduced
by Lemma 2.6. Put A = %. Then Theorem 1.17 follows from Theorem 1.10,
Remark 2.4 and

Proposition 4.1 Let D be any effective Q-divisor on S such that D ~¢ Hg. Suppose
that Supp(D) does not contain at least one irreducible component of the curve Tp.
Then (S, AD) is log canonical at P.

For d = 3, this result is just [3, Corollary 1.13]. In the remaining part of the
section, we will prove Proposition 4.1. Note that we will do this without using [3,
Corollary 1.13]. Let us start with
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Lemma 4.2 The following assertions hold:

M 1< 2,

(i) ifd =5, then L < 22,
(iii) ifd =5, then » < /‘?
(iv) Ifd > 6, then A < T

. 2 d—3 . . . 4 _ d>—5d+3
Proof The equality 1 = A+ T@-Dd=> implies (i), a1 = A+ TaHd->
2d*—11d+9

T3 =) implies (iii). Similarly, (iv) follows from

2_ 2_ .
12 =A+ %, (v) follows from % = A+ %, and (vi) follows from

_ d—3
= A+ 1d-- ]

implies (ii), and (14? = A+

AUl ]

Let n be the number of irreducible components of the curve Tp. Write
Tp=Ti+ - +T,

where each T; is an irreducible curve on the surface S. For every curve T;, we denote
its degree by d;, and we put t; = multp(T;).

Lemma 4.3 Suppose that n > 2. Then
T Ty = —di(d —d; — 1)

forevery T;, and T; - T; = d;d; for every T; and T; such that T; # T;.
Proof The curve Tp is cut out on S by a hyperplane H C P3. Then H = P?. Hence,

for every T; and T such that T; # T;, we have (T; - Tj)s = (I; - Tj)g = d;d;. In
particular, we have

n n
dy=Tp - Ti=T+) Ti - Ty =Tt + Y _didi =T{ + (d — d\)d).
i=2 i=2

which gives T1 - T1 = —d(d —d; —1). Similarly, we see that 7; - T; = —d;(d —d; — 1)
for every curve T;. O

Let D be any effective Q-divisor on S such that D ~¢ Hg. Write
n
D=Y aTi+A
i=1

where each g; is a non-negative rational number, and A is an effective Q-divisor on S
whose support does not contain the curves 71, .. ., T,,. To prove Proposition 4.1, it is
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enough to show that the log pair (S, AD) is log canonical at P provided that at least
one number among aj, ..., a, vanishes.

Without loss of generality, we may assume that a, = 0. Suppose that the log pair
(S, AD) is not log canonical at P. Let us seek for a contradiction.

Lemma 4.4 Suppose that n > 2. Then
Zaididn < d, — tymultp(A).

In particular, Zle a;d; < 1 and each a; does not exceed %.
4

Proof One has

n n
dy=T, D=T,- (Zaﬂ}+A> =Y aidid, + T, - A
i=1 i=1

n
> Y aididy + tymultp(A),
i=1

which implies the required inequality. O
Put mg = multp (D).
Lemma 4.5 Suppose that P € T,,. Then d,, > % Ifn > 2, then T, is smooth at P.

Proof Since T, is not contained in the support of the divisor D, we have
d>dy, =T, D= tymg,

which implies that m < 4. Since moy > by Lemma 2.5, we have d,, > by
Lemma 4.2(i). Moreover, 1f n>2andt, > 2 then it follows from Lemma 2.5 that

1 d, d—-1 _d-1
—<mp< — < < —.
A th th 2
which is impossible by Lemma 4.2(i). O

Now we are going to use Theorem 2.15 to prove

Lemma 4.6 Suppose that n > 3 and P is contained in at least two irreducible com-
ponents of the curve Tp that are different from T, and that are both smooth at P. Then
they are tangent to each other at P.

Proof Without loss of generality, we may assume that P € T1 N Tr and 1) =1, = 1.
Suppose that 77 and T are not tangent to each other at P. Put Q = > 7 s a;T; + A,
sothat D = a1 Ty + axT» + 2. Then a1d; 4+ axd, < 1 by Lemma 4.4.
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Put kg = mult(£2). Then
di+aidi(d —dy — 1) —axd\do = Q- T1 = ko
by Lemma 4.3. Similarly, we have
dr —ardidy +a2d2(d —dy — 1) =Q-Tr = ko.
Adding these two inequalities together and using a1d; + axd> < 1, we get

2kg < dy +dp + (a1dy + axds)(d — dy — dr — 1)
<di+dy+(d—di—dy—1)=d — 1.

Thus, ko < % by Lemma 4.2(i).

Since Ako < 1, we can apply Theorem 2.15 to the log pair (S, Aa1 71 +2rax T + 1)
at the point P. This gives either AQ2- 77 > 2(1 —Aaz) or AQ2-T>» > 2(1 —Aay). Without
loss of generality, we may assume that A2 - 75 > 2(1 — Xay). Then

2
d2+a2d2(d—d2—1)—a1d1d2=Q-T2> X—Zal. “.1)

Applying Theorem 2.12 to the log pair (S, Aa1T1 + Ab1 T2 4+ A2) and the curve 77 at
the point P, we get

1
di+aidy(d —di —1) = (AaxT2 +29) - 1 > -
Adding this inequality to (4.1), we get
3
d+1>2d—-1+42a >d; +d2+(a1d1+a2d2)(d—d1 —dy — 1)+2a1 > e

because a1d; + ardy < 1. Thus, it follows from Lemma 4.2(ii) that either d = 3 or
d=4.

Ifd =3,thenn =3 and d| = d» = d3 = A = 1, which implies that a; + a; > 1
by (4.1). On the other hand, we know that a;d; + a>dy < 1, sothata; +ap < 1. This
shows that d # 3.

We see that d = 4. Then A = % and d| +dp < 3.1fdy = dy = 1, then (4.1)

gives 2a; + a; > % Ifdy = 1 and d» = 2, then (4.1) gives ar > % Ifdi =2 and
dr = 1, then (4.1) gives ay > 15—1 All these three inequalities are inconsistent, because

aidy + axdy < 1. The obtained contradiction completes the proof of the lemma. O

Note that every line contained in the surfaces S that passes through P must be an
irreducible component of the curve Tp. Moreover, the curve 7, cannot be a line by
Lemma4.5. Thus, Lemma 4.6 implies that there exists at most one line in S that passes
through P. In particular, we see that n < d.
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Lemma 4.7 Suppose that n > 3 and P is contained in at least two irreducible com-
ponents of the curve Tp that are different from T,. Then these curves are smooth at
P.

Proof Without loss of generality, we may assume that P € 71 N 71> and #; < tr. We
have to show that #{ = #, = 1. We may assume that d > 5, because the required
assertion is obvious in the cases d = 3 and d = 4.

Put Q@ = " 5a;T; + A and put kg = multp(2). Then mg = ko + ait; + aaxt.
Moreover, we have ajd; + axdy < 1 by Lemma 4.4. On the other hand, it follows
from Lemma 4.3 that

d=12di+ds + (ardy + @) (d —dy —dy = 1) =@ (Ti + T2) > kol +12),

because a;d; + aydr < 1. Thus, we have kg < £—-. Hence, if t; 4+ 1, > 4, then

—1 d—1
mo = ko +ait; +axtr < ko +aid) +axdy < +aid) + axdr < +1

Hh+th +n

< d+3
4

because a1dy + axdy < 1. Since mqy > l by Lemma 2.5, the inequality mg < #
gives A > M which is impossible by Lemma 4.2(iii). Thus, #; + t» < 3. Since

1 <, we have t1=1andtn <2.
To complete the proof of the lemma, we have to prove that to = 1. Suppose 1, # 1.

Then t, = 2, since t; + tp < 3. Since kg < t‘lljrtlz = 5 L and ardy + axdr < 1, we
have
d—1 —1
mo = ko +ait) + axtr < ko + a1d) + axdy < —— +aid) + axdy < +1
32 1+
d+2
3

On the other hand, my > % by Lemma 2.5, so that A > %. Then d = 5 by
Lemma 4.2(iv).

Sinced = 5,ty = land th = 2, wehaven = 3,dy = 1,d) = 3 and d3 = 1.
Applying Theorem 2.12 to the log pair (S, La; 71 + AaxT> + AQ2), we get

I
43 =di +adi(d —di 1) = (AT +30) T} > = = =

which gives a; > 2ﬁ On the other hand, a; + 3a; < 1, because ad; + axdy < 1.

Since mg > % = 17—5 by Lemma 2.5, we see that
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15 1 128 8—5a 3-—a+ 2059 _3—ai+7a

77973 3 2 2
3-3 3
:ﬂ+al+2a2
2
A-T mu]tp(A'T2> tk
= 2 —+a1+2a2>—220+a1+2a2

15
=k0+a1+2a2=m0>7,

which is absurd. O

Now we are ready to prove

d+1

Lemma 4.8 One has mo < <5~

Proof Suppose that mqg > %. Let us seek for a contradiction. If n = 1, then

d=T,-D > 2my,

which implies thatmg < 2 Thus,haven > 2. Thena; < d by Lemma 4.4. Moreover,
either#, = Oort, = 1 by Lemma 4.5. Hence, there is an 1rredu01ble component of Tp
that passes through P and is different from 7, because Tp is singular at P. Without
loss of generality, we may assume that r; > 1.

Put Y = Y7 ,a;T; + A, so that D = a;T; + Y. Put np = multp(Y), so that
mo = no + at;. Then t,ng < d, — ajd1d, by Lemma 4.4, and

di+aidi(d—dy—1)=7-T; > ting “4.2)

by Lemma 4.3. Adding these two inequalities, we get (t1 +1,)no < d1+d, +a1di(d —
dy —d, — 1). Hence, if n > 3 and t,, = 1, then

2ng < (1 +ta)no < di+dp +ardi(d —dy —dy — 1) <d — 1 < d —ard,,
because a; < dll Similarly, if » = 2 and t, = 1, then

2ng < (11 +ta)no < dy +dy +ardy (d —dy — dy — 1)
=di+dy—aidy =d — ad,.

Thus, if ¢, = 1, then ng < %, which is impossible. Indeed, the inequality ng <

d= ‘”d‘ gives

d+1 d—ayd d d d+1
%<m02n0+altl<n0+ald1<%+aldlz +2al]< ;_

because a; < dll This shows that #,, = 0.
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If 11 > 2, then it follows from (4.2) that

d+1 di+aidi(d—dy —1
—— <mo< <no+ardy < = ! 1(2 ! )+a1d1
_d1+a1d1(d—d1+1)<d+l
N 2 o2
because a; < a . This shows that t; = 1.

Since #; = 1 and 1, = 0, there exists an irreducible component of the curve Tp that
passes through P and is different from 77 and 7. In particular, we have n > 3. Without
loss of generality, we may assume P € T». Then 7> is smooth at P by Lemma 4.7.

Put Q = ' 54;T; + A and put kg = multp(S2). Then ayd; + axd> < 1 by
Lemma 4.4. Thus, it follows from Lemma 4.3 that

2k0§Q~<T1+T2)=d1+d2+(ald1+a2d2)(d—d1—dz—l)gd—l,

which implies kg < dZ;l. Then

d+1 d—1
> <mo=ko+aiti +axtr < ko + ajd) + axdr < T-i-aldl + arxds
d—1 d+1
g_ 1:_’
2 + 2

because ajd| + axdy < 1. The obtained contradiction completes the proof of the
lemma. O

Let f1: S1 — S be a blow up of the point P, and let E; be its exceptional curve.
Denote by D! the proper transform of the Q-divisor D on the surface S;. Then

Ks, +AD" + (Amo — 1)Ey ~g fl*(KS + AD),

which implies that (S, AD' + (xmg — 1)E)) is not log canonical at some point
Py € E;.
By Lemma 4.8, we have mo < d“ . By Lemma 4.2(v), we have A < d+1 This

gives Amg < 2. Thus, the log pair (Sl, AD' 4 (Amqo — 1) Ey) is log canonical at every
point of the curve Ej that is different from P; by Lemma 2.13.
Put m| = multp, (D). Then Lemma 2.5 gives

2
mo +mp > T 4.3)

For each curve T;, denote by Ti1 its proper transform on S;. Put T; =y, Til.

Lemma 4.9 One has Py ¢ T}.
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Proof Suppose that P; € T}I,. Let us seek for a contradiction. If Tp is irreducible,
then

d—ZmOZT}I;-Dl}m],

so that m| + 2mq < d. This inequality gives

3
X<ml+2m0<d’

because 2mg > mg + m; > % by (4.3). This shows that Tp is reducible, because
A< % by Lemma 4.2(vi).
We see thatn > 2. If P; € T,!, then

d—l—mo}dn—m()zdn—motn=Tn]~D121’}11,

which is impossible, because mo + m| > % by (4.3), and A < d%l by Lemma 4.2(i).
Thus, we see that P ¢ Tnl.

Without loss of generality, we may assume that P; € Tll. PutY =37 ,a;Ti +A,
and denote by Y! the proper transform of the Q-divisor Q on the surface S;. Put
no = multp(Y), put n; = multp (Q') and put #/ = multp, (7}!). Then

di+aidi(d —dy — 1) —noty =T} - Y' > t{ny,

which implies that not; + n1t11 <di+aidid—d; —1).
Note that tll < t1. Moreover, we have a; < dl—l by Lemma 4.4. Thus, if tll > 2,
then

2(n0+n1) < tll(n0+n1) < noty +n1t11 < dp +a1d1(d—d1 — 1)
<di+(d-dy—1)=d—1,

which implies that ng +n1 < %. Moreover, if ng +ny < %, then it follows from
(4.3) that

d+3 d—1 d—1 d—1
—:2+T>2a1d1+T>2a1t1+T>a1(Z1+tf)+no+n1

2
— + —_
=m mp >
0 1 X

which gives d < 4 by Lemma 4.2(iii). Thus, if d > 5, then tll = 1. Furthermore, if
d < 4, then d; < 3, which implies that tll < 1. This shows that tll = 1 in all cases.
Thus, the curve Tl1 is smooth at P;.
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Applying Theorem 2.11 to the log pair (S1, AY ! 4+ 1a; Tll + XA (ng+ait))—1)Ey),
we see that

)»(d —1- n0t1) > )\.(d] + aidy (d —d; — 1) —n0t1>
=2Q" T > 2 — A(no + arny),

because a; < %. Thus, wehaved —1+ait; —no(t;—1) > % Butmg = ait;+ng > %
by Lemma 2.5. Adding these inequalities together, we obtain

3
d—142ait; —no(t; —2) > x “4.4)
If 11 > 2, this gives
3
d+1>2d—-142a1di >2d—142a1t; >2d—142ait; —no(t; —2) > .

because a; < % One the other hand, if d > 5, then A < diﬂ by Lemma 4.2(ii). Thus,
if d > 5, then t; = 1. Moreover, if d = 3, then d; < 2, which implies that 7{ = 1 as
well. Furthermore, if d = 4 and 1| # 1, thend; = 3,7, = 2, A = 3, which implies
that

by (4.4). Thus, we see that r; = 1 in all cases. This simply means that the curve 77 is
smooth at the point P.
Since a; < %, we have

d—1-ny>dy+aidi(d—dy—1)—ng=Q" - T >ny,
which implies that n; < @ < %. Then An; < 1 by Lemma 4.2(i). Hence, we
can apply Theorem 2.15 to the log pair (S, AT+ AalTll + (AM(ng + arty) — 1)Ey)
at the point P;. This gives either
S
T T, > 5 —2(ng + ay)
or Y. E| > % — 2ay (or both). Since a; < % the former inequality gives
S
d—1—ny>d; —I-a]d](d—d] — 1)—n0=T Ty > X —2(ng + ay).
Similarly, the latter inequality gives

1 2
ng =AY - E; >X—2611.
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Thus, either d — 1 + 2a1 + ng > % or2a; + ng > % (or both).
Ift, > 1, thend, # 1 by Lemma 4.5. Thus, if t, > 1, then

d—12d, > ardid, +no = 2a; + ng

by Lemma 4.4. Therefore, if #,, > 1, then

2d—-1)>2d—-14+2a+ny >

YN

ord —12>2a+ng > %,becaused—l—i—Za—i—no > ‘A—‘or2a+no > %.Inboth
cases, we get A > d%l, which is impossible by Lemma 4.2(i). This shows thatz,, = 0,
sothat P ¢ T,.

Since 77 is smooth at P and P ¢ T, there must be another irreducible component
of Tp passing through P that is different from 77 and 7},. In particular, we see that
n > 3. Without loss of generality, we may assume that P € T». Then 7> is smooth at
P by Lemma 4.7, so that 1, = 1. Moreover, the curves 77 and 7, are tangent at P by
Lemma 4.6, which implies that d > 4. Since P; € Tll, we see that P € T21 as well.

Put @ = Y " a;T; + A and ko = multp(R2), so that mg = ko + ai + a». Then
aidy + axdr < 1 by Lemma 4.4.

Denote by Q! the proper transform of the Q-divisor © on the surface Sj. Put
ki = multp, (R"). Then

d—1—-2ko>d +dr+ (a1d1 +a2d2)(d—d1 —dy) — 1) — 2k
—q'. (Tll +T3) > 2

because ajd;+axdr < landd > dy+dr+d, > di+da+1. This gives ko+k; < ‘%.
On the other hand, we have

2
2a1 +2ap + ko + k1 = mo +my >X

by (4.3). Thus, we have

d+3 d—1 d—1 d—1
T=2+T22(ald1+azd2)+T>2a1+2a2+T

2
> 2a1 +2a + ko + ki > Y

because a1d; + axdy < 1. By Lemma 4.2(iii) this gives d = 4. Thus, we have A = %.

Since d =4 > n > 3, we have n = 3. Without loss of generality, we may assume
that d; < d,. By Lemma 4.6, there exists at most one line in S that passes through P.
This shows that di = 1, d> = 2 and d3 = 1. Thus, 7} and T3 are lines, 7> is a conic,
Ty is tangent to 7 at P, and 73 does not pass through P. In particular, the curves T]1
and le intersect each other transversally at P;.
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By Lemma 4.3, we have T1 - Ty = T» - T, = —2 and T} - T, = 2. On the other
hand, the log pair (S1, Aa1 T} + rax T, + AQ! + (M(a1 + a2 + ko) — 1)E}) is not log
canonical at the point P;. Thus, applying Theorem 2.11 to this log pair and the curve
Tl1 , we get

A1+ 2a1 —2a0 — ko) = AQ" - T} > 2 — A1 + az + ko) — Aas,

which implies that 3a; > % -1 = % because . = %. Similarly, applying Theo-
rem 2.11 to this log pair and the curve T}, we get

M2 = 2a1 +2a2 — ko) = Q" Ty > 2 — A(a1 +az + ko) — Aay,

which implies that 3a, > % —2= g. Hence, we have a; > % and ap > %, which is
impossible, since aj +2a> = ajd; +axd> < 1. The obtained contradiction completes
the proof of the lemma. O

Now we are going to show that the curve Tp has at most two irreducible components.
This follows from

Lemma 4.10 One has n > 2 and multp(Tp) = 2. Moreover, if n = 2, then P €
T, N Ty, both curves Ty and Ty are smooth at P, and di < d».

Proof 1f Tp is irreducible and multp (7Tp) > 3, then Lemma 2.5 gives
3
d=Tp~D23InO>X,

which is impossible by Lemma 4.2(vi). Thus, if n = 1, then multp (7Tp) = 2.

To complete the proof, we may assume that n > 2. Then#, = Oor¢, = 1
by Lemma 4.5. In particular, there exists an irreducible component of the curve Tp
different from 7, that passes through P. Without loss of generality, we may assume
that P € T;.

PutY =" ,a;T;+ A, and denote by T! the proper transform of the Q-divisor Q
on the surface S;. Put ng = multp (). Then the log pair (S, AT+ A(no+aity) —
1)E) is not log canonical at Py, since P; ¢ Tl1 by Lemma 4.9. In particular, it follows
from Theorem 2.12 that

g =AY Ep > 1,
which implies that ny > % Thus, if t; > 2, then it follows from Lemma 4.3 that

d—l>d1+a1d1(d—d1—1)_T~T1>t1n0 1
2 7 2 o2 T2 A

=

> =

because a; < dil by Lemma 4.4, and A < % by Lemma 4.2(i). This shows that
t1 = 1, so that the curve 7Tj is smooth at P.
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If, =1 and n > 3, then

2 2
x>d—1>d1+d,,+ad1(d—d1—dn—l):T-(Tl—}—Tn)>2n0>X.

Thus, if 1, = 1, then n = 2. Vice versa, if n = 2, then t,, = 1, because 7T; is smooth at
P. Furthermore, if n = 2, then d; < d,, because d,, > % by Lemma 4.5. Therefore,
to complete the proof, we must show that n = 2.

Suppose that n > 3. Let us seek for a contradiction. We know that P ¢ T,,, so that
t, = 0. Then every irreducible component of the curve Tp that contain P is smooth
at P by Lemma 4.7. Hence, there should be at least one irreducible component of the
curve Tp containing P that is different from 7 and 7;,. Without loss of generality, we
may assume that P € T>.

Put @ = 2?23 a;T; + A and kg = multp(2). By Lemma 4.4, we have a;d; +
ardy < 1. Thus, it follows from Lemma 4.3 that

2ko < Q-(T1+T2> =di +dr + (a1d) + ardy)(d —dy — dp — 1)
<di+dr+d—di—dy—1)=d—1.

Hence, we have kg < %
Denote by Q! the proper transform of the Q-divisor € on the surface Si. Then the
log pair (S1, AQ! 4+ (A(ko + a1 + a2) — 1)E}) is not log canonical at P, because

P ¢ Tl1 and Py ¢ T21 by Lemma 4.9. In particular, it follows from Theorem 2.11 that

ko= AR E; > 1,

which implies that kg > % This contradicts Lemma 4.2(i), because kg < %. 0

Later, we will need the following simple

Lemma 4.11 Suppose that d = 4. Then mo < 15—1

Proof If n = 1, then

2ty 2 dy, =T, - D = t,my,
so that mg < 2 < % Thus, we may assume that n # 1. Then it follows from
Lemma 4.10 that n = 2, P € T1 N T3, both curves T and 7> are smooth at P, and

di < ds.
Ifdy =2,thenmg <2 < 15—1, because

Thus, we may assume thatd, # 2. Thend; = 1 andd, = 3. Thenmultp (A)+3a; < 3
by Lemma 4.4. Moreover, we have

142a1 =T1-A > multp(A).
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The obtained inequalities give mo = multp(A) + a; < % O

Let f>: So — S; be a blow up of the point P;. Denote by E» the f>-exceptional
curve, denote by E % the proper transform of the curve E on the surface S, and denote
by D? the proper transform of the Q-divisor D on the surface S». Then

Ks, +AD* + (amo — 1)ET + (A(mo +my) — Z)Ez ~Q fz*(Ksl +2D!
+ (kmo — 1)E1).

By Remark 2.10, the log pair (So, AD* + (Amg — 1) E? + (A(mo + m1) — 2)E) is
not log canonical at some point P> € Ej.

Lemma 4.12 One has my +m; < %

Proof Suppose that mg + m; > % Then 2mqy > mo + mp > % But mg < % by
Lemma 4.8. Then A > %. Thus, we have d < 4 by Lemma 4.2(ii). Moreover, if
d = 4, then

22>2 < n 3 24
e = > - =
5 n no mi by 5

by Lemma 4.11. This shows that d = 3.
We have A = 1. If n = 1, then

3
3:TP-D>2mo>m1+m0>X:3,

which is absurd. Hence, it follows from Lemma 4.10 that n = 2,d; = 1,d, = 2 and
PeTiNT.

We have mg = multp (A) + a;. On the other hand, we have multp (A) + 2a; < 2
by Lemma 4.4. Moreover, we have

l4+a; =T -2 > multp(A),

which implies that multp (A) — a; < 1. Adding these inequalities, we get
3
32 2multp(A) +a =multp(A) +my = m + mgy > X =3,

because multp (A) > my, since P; ¢ T11 by Lemma 4.9. O

Thus, the log pair (S, AD?+ (Amg— 1)E12 + (A(mo+m1)—2)E>) is log canonical
at every point of the curve E; that is different from the point P by Lemma 2.13.

Lemma 4.13 One has P> # E7 N E».
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Proof Suppose that P, = E % N E;. Then Theorem 2.11 gives

A(mo —my) = AD* - E7 > 3 — A(mo + m1),

which implies that mo > % But my < d%l by Lemma 4.8. Therefore, we have

A > 237, which implies that d < 4 by Lemma 4.2(ii). If d = 4, then

12 3 11

5 2\ 5

by Lemma 4.11. Thus, we have d = 3.
One has A = 1. If n = 1, then

3
3=Tp~D>2mo>X=3,

which is absurd. Hence, it follows from Lemma 4.10 thatn = 2,d| = 1,d> = 2 and
PeT NT.

We have myp = multp(A) + a;. Moreover, we have multp(A) + 2a; < 2 by
Lemma 4.4, Then 2multp (A) + a; < 3, because

l+a; =T -A>multp(A).

Denote by A! the proper transform of the divisor A on the surface Sy, and denote by
A? the proper transform of the divisor A on the surface S». Then m| = mult P (Ah,
because Py ¢ T|! by Lemma 4.9. Thus, the log pair (S, AA% + (mo — D E} + (mg +
m1 — 2)E») is not log canonical at P,. Applying Theorem 2.11 to this pair and the
curve E% we get

multp(A) —my = A*- E? > 3 —mg —my,

which implies that 2multp (A) +a; > 3. The latter is impossible, because we already
proved that 2multp (A) 4+ a1 < 3. O

Thus, the log pair (5>, AD% + (A(mo + m)) — 2)E>) is not log canonical at P;.
Then Lemma 2.5 gives

3
mo+mp +my > T 4.5)

Denote by sz, the proper transform of the curve Tp on the surface S2. Then

T3 + E} ~ (fi 0o £)*(Os(1)) — f5(E1) — Ea,

because T} ~ f;(Os(1)) — 2E1 by Lemma 4.10, and P; ¢ T} by Lemma 4.9.
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Lemma 4.14 The linear system |T}% + E f| is a pencil that does not have base points
in E>.

Proof Since |T11, + Eq] is a two-dimensional linear system that does not have base
points, |T1§ + E 12| is a pencil. Let C be a curve in |Tf1, + E1| that passes through P;
and is different from Tll + E1. Then C is smooth at P, since P € f1(C) and f1(C) is
a hyperplane section of the surface S that is different from 7p. Since C - E1 = 1, we
see that T}, + Ej and C intersect transversally at P;. Thus, the proper transform of
the curve C on the surface S5 is contained in |Tf1, + E1| and have no common points
with T}% + E 12 in E>. This shows that the pencil |T,£ + E1]| does not have base points
in E>. |

Let Z2 be the curve in |T1§ + E»| that passes through the point P,. Then
72 £ T} + E3,

because P, # E7 N E> by Lemma4.13. Then Z, is smoothat P>. Put Z = fj0 f>(Z?)

and Z! = f»(Z%). Then P € Z and P; € Z'. Moreover, the curve Z is smooth at P,

and the curve Z; is smooth at Pj. Furthermore, the curve Z is reduced by Lemma 2.6.
The log pair (S, AZ) is log canonical at P, because Z is smooth at P. Note that

Z~q D.

Thus, we may assume that Supp(D) does not contain at least one irreducible com-
ponent of the curve Z by Remark 2.4. Denote this irreducible component by Z, and
denote its degree in P> by d. Then d < d.

Lemma 4.15 One has P ¢ Z.

Proof Suppose that P € Z. Let us seek for a contradiction. Denote by 7" the proper
transform of the curve Z on the surface S;. Then

5 =2
d—my—m; =>2d—mog—m =2 'D22m2,

which implies that my + m + m2 < d. One the other hand, mo + m| + my > % by
(4.5). This gives A > %, which is impossible by Lemma 4.2(vi). O

In particular, the curve Z is reducible. Denote by Z its irreducible component that
passes through P, denote its proper transform on the surface S; by Z', and denote its
proper transform on the surface S, by Z2.ThenZ # Z. P, € Z'and P, € Z%. Denote
by d the degree of the curve Z inP3. Then d + d < d. Moreover, the intersection
form of the curves Z and Z on the surface S is given by

Lemma 4.16 OnehasZ-Z = —d(d—d—1),Z-Z = —d(d—d—1)and Z-Z = dd.

Proof See the proof of Lemma 4.3. O
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Put D = aZ + Q, where a is a positive rational number, and €2 is an effective
Q-divisor on the surface S whose support does not contain the curve Z. Denote by Q!
the proper transform of the divisor €2 on the surface Sy, and denote by Q2 the proper
transform of the divisor © on the surface S>. Put ngp = multp(2), n1 = multp, (Q )
and ny = multpz(Qz) Then mg = ng +a, m; = ny + a and my = ny + a. Then the
log pair (52, raZ? 4+ A2 + (A(no + n1 4+ 2a) — 2)E») is not log canonical at P,,
because (S2, AD? + (A(mo + m1) — 2) E3) is not log canonical at P,. Thus, applying
Theorem 2.11, we see that

M(@:Z=no—m) =202 > 1= (im0 +m +24) - 2)
=3—A(no+n1+2a),

which implies that
Q~2>;—2a. (4.6)
On the other hand, we have
i=D-7=(aZ+Q)-Z>aZ -7 =add
by Lemma 4.16. This gives

a < 4.7

1
3
Thus, it follows from (4.6), (4.7) and Lemma 4.16 that

3 ~ A A N
X—2<X—2a<Q~Z:d+ad(d—d—1)gd—l,

which implies that A > ﬁ. Then d < 4 by Lemma 4.2(ii).
Lemma 4.17 One has d # 4.

Proof Suppose that d = 4. Then A = g and d < 3. By Lemma 4.9, Z is not a line,
since every line passing through P must be an irreducible component of the curve Tp.
Thus, elther Z is a conic or Z is a plane cubic curve. If Z is a conic, then Z2 = —2
and a < by (4.7). Thus, if Zisa conic, then

>
a = a = a,

which implies that 1 5 =z a> lo This shows that Z is a plane cubic curve. Then

72 = 0. Since a < by (4.7), we have
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~ 3 24 24
3=Q-Z>—--2a=——-2a>

62
P 5 5

2
315
which is absurd. ]

Thus, we see that d = 3. Then Z is either a line or a conic. But every line passing
through P must be an irreducible component of 7p. Since 7 is not an irreducible
component of 7p by Lemma 4.9, the curve Z must be a conic. Then Z2 = 0. Therefore,
it follows from (4.6) that

A

3 _ . . )
3—2a:x—2a<Q~Z:d+ad<d—d—1):d:2,

which implies that a > % Buta <

completes the proof of Theorem 1.17.

= % by (4.7). The obtained contradiction

Qo=
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