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Abstract

We identify Fock-type spaces F;, ) on which the differentiation operator D has closed
range. We prove that D has closed range only if it is surjective, and this happens if and
only if m = 1. Moreover, since the operator is unbounded on the classical Fock spaces, we
consider the modified or the weighted composition—differentiation operator, D, . ) f =
u- ( ™o W), on these spaces and describe conditions under which the operator admits
closed range, surjective, and order bounded structures.
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1 Introduction

The differentiation operator, Df = f’, often appears as an example of unbounded linear
operators in many Banach spaces, including Hardy spaces and Bergman spaces [11], Fock
spaces and Fock-type spaces, where the weight decays faster than the Gaussian weight [17],
and Fock—Sobolev spaces, where the weights decay slower than the Gaussian weight [16].
Inspired by all these developments, the question whether there could exist Fock-type spaces
on which D admits basic operator-theoretic structures was investigated in [14]. To answer
the question, the author considered the space

Fonpy = {f € HO 51115, ,) = / F@IPe " dAE) < oo,
C

where H(C) denotes the set of entire functions on the complex plane C,m > 0,1 < p < oo,
and A is the usual Lebesgue area measure. Then the following basic property was proved.

Theorem 1.1 [14, Theorem 1.1] Let 1 < p,q < oo and m > 0.
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(i) If p < q, then D : Fn, py = Fin,q) is bounded if and only if

<2- P9 (1.1)
pqtq—p
and compact if and only if the inequality in (1.1) is strict.
(ii) If p > q, then D : Fiu,py — Fn,q) is bounded (compact) if and only if

1 1
m<l—2(f—7>.
q P

For p = ¢, the inequality in (1.1) simplifies to m < 1, which is stronger than the
boundedness condition for p < g. On the corresponding growth type space,

Fonoo) = {f € HO) : | fllmo0) = sup If@le " < oo},
S

the boundedness of D was characterized by the same condition m < 1; see [2, 3, 10]. If D
acts between two different Fock-type spaces F,, py and F, 4), where one of the spaces is
growth type, then a simple variant of the proof of Theorem 1.1 in [14] gives the following
result.

Corollary 1.2 Let 1 < p < co and m > 0. Then the operator
(i) D : Fon,py = Fin,o00) is bounded if and only if

m<2- L (12)
p+1
and compact if and only if the inequality in (1.2) is strict.
(ii) D : Fon,00) = Fm,p) is bounded (compact) if and only if m < 1 — %.

For more related results, we refer the interested readers to [4, 14] and the references
therein. One of the main objectives of this work is to identify Fock-type spaces on which the
differentiation operator admits closed range structure. Our next main result shows there exists
no closed range differentiation operator acting between two different Fock-type spaces.

Theorem 1.3 Let1 < p,q < oo, m > 0, and D : Fn,py — Fn,q) be bounded. Then the
following statements are equivalent.

(i) D has closed range;
(ii) p=qandm = 1;
(iii) D is surjective.

The result identifies 71, ;) as the only Fock-type space supporting closed range structure
for the operator D. The proof of the result will be presented in Sect. 2.

As mentioned earlier, D is not bounded on the classical Fock spaces. In [15], the author
studied whether simply modulating the classical Gaussian weight function |z|2/2 by positive
parameters & would produce a bounded D on the spaces

FP o= [f e H(C) : f If@IPe 5 aA) < oo].
C
It follows that for positive parameters o and B, D : FJ — fg is bounded if and only if
o < B and p < ¢. This condition equivalently describes the compactness of the operator.

Consequently, as it will be explained later in the proof of Theorem 1.3, such modulated spaces
support no closed range compact differentiation operator.
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Surjective and closed...

1.1 Weighted composition-differentiation operator

In the preceding section, we considered Fock-type spaces on which the differentiation oper-
ator is bounded, and we classified them based on whether they support closed range structure
for D or not. In this section, we modify the operator itself and study the closed range and
surjectivity problems on the classical Fock spaces.

Foreachn € Ng = {0, 1, 2, ...} and u, ¥ in H(C), we define the weighted composition—
differentiation operator Dy . n) by

Dy f =u-(f" o),

where f is the n'" order derivative of the function f and f© = f. Then we investigate
when the operator D,y ) admits closed range structure on the classical Fock spaces. This
class of operators has lately attracted a considerable amount of attention; see for example
[22] and the references therein.

For 1 < p < oo, recall that the Fock spaces F), are defined by

Fpi={f €eHO :|Ifl, < oo},
where |
1l = (% Je If(z)|pe*%|z\sz(Z)>; IOV
sup.cc | f @le 7 < 00, p =co.

The space F> is a reproducing kernel Hilbert space with kernel and normalized reproducing
kernel functions

w|?

Ky(z) = e and k() = 1Ky ”2_1Kw(2) — Wi

for all z, w € C. A straightforward calculation shows ||k, ||, = 1 for all p. For more details,
we refer to the book [23].
Note that for each f € H(C) and p # oo, by [23, p. 37] the local estimate

212
2] 1/p

plwl?
Ok eﬂ(fm )If(w)lpe‘2dA(w)) (13)

holds, where D(z, r) is a disc of center z and radius r. For » = 1, this estimate gives

Iz

If @I =e >[I, (1.4)

By definition of the norm, the estimate in (1.4) holds for p = oo as well.

We note that the result in [17] addresses the unboundedness of only the first order differ-
entiation operator D on Fock spaces. A simple argument shows the n'* order differentiation
operator, D" f = ™ isnot bounded for all n € N either. Indeed, using the kernel function
K,,, we observe

D"K K
10" Kolly _ i Kl o
1Kl 1Kl

when |w| — oo independently of the exponents p and g. On the other hand, an easy
computation using the equivalent norms in (2.9) below shows the composed differentiation
operator, D"Cy f = £ o 4, is bounded on Fock spaces for every ¥ (z) = az and 0 <
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la] < 1. Motivated by this, in [22] the bounded and compact structures of D,y ) were
described in terms of the function

Ly (2) = @)1y (2)"ez (VO ==

for each z € C. For further referencing, we state the result below.

Theorem 1.4 [22, Theorem 1.3] Letu, ¥ € H(C), n € Ng, and 1 < p,q < oc.

(i) If p < q, then Dy yny : Fp — Fy is bounded if and only if L, :=
Sup,cc L, y,n)(2) < 00, and compact if and only if L, y.n)(z) — 0 when |z] — oo.
(ii) If p > q, then D, yn) : Fp — Fy is bounded (compact) if and only if L y.n) €

L%(C, dA) for p < oo and L, y,n) € L9(C,dA) for p = oo.
A bounded Dy v, implies ¥ (z) = a,z + by, a,, b, € Cand |a,| < 1: see [22] for the
details. For simplicity, we write ¥ (z) = az + b, a,b € C.If |a| = 1, then

Ib]?

1
Ly (@ = @Iy @"e2 P OPED = lu@y" @) Kap(@le * < Ly
forall z € C, n € Ng, and L, as in Theorem 1.4. Consequently,

b

lu(2)y" (2)Kap(2)| < Lpe™ 7.

By Liouville’s theorem, it follows that uy" Kz, is a constant C,, and hence u(z)y" (z) =
Cn K _ap(z2). Setting z = 0, we get C,, = b"u(0). Therefore,

u(@)Y"(z) = b"u(0)K _z5(2). (1.5)

The representation in (1.5) will be needed later.
Foran f € H(C) and a positive r, we set M 7 (r) = max{| f(z)| : |z| = r}. Then the order
p(f) of f is defined by

log (log M ¢
o(f) = 1imsupw.
r—00 logr
Now by Theorem 1.4,
@Y @I < Lye? (F-lectbl (1.6)

for all z € C. It follows that uy/" is of order at most 2. Consequently, a simple variant of the
proof of [5, Theorem 3.2] gives the following representation whenever u/" is non-vanishing.

Lemma 1.5 Letu,v € H(C), n € Ny, and 1 < p < oo. Let D y ny be bounded on F),
and hence ¥ (z) = az + b for some a,b € C such that |a| < 1. If0 < |a| < 1 and uy" is
non-vanishing, then

(i) D(u,yn) is compact if and only if uyy" has the form
M(Z)l//" (Z) — eaon+ll|,,2+02;122 (1.7)

2
for some constants aoy, ain, az, in C such that |ay,| < %
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Surjective and closed...

(ii) D,y n) is bounded but not compact if and only if uy" has the form in (1.7) with
17£”|2 and either ay, + ab = 0 or a1, + ab # 0 and

lazn| =

(1 — |al*)(ain + ab)?
2dai, +abr

ay, = —

By Theorem 1.4 we get that for u(z) = 1 and ¥ (z) = az + b with |a| < 1 the operator
D1,y .n) is compact. In this case, the operator is quasinilpotent, that is, its spectral radius is
zero. Indeed, if A is an eigenvalue, then

Dy f=f"az+b)=1f(2)

for some nonzero function f € . Differentiating m times both sides of the equation gives
amf(n+m)(aZ +b) = kf(m)(z).

It follows that
A
FO™ (az 4+ b) = D1 y) f™ () = f<'"><z)

This shows f cannot be a polynomial and £ cannot be zero. Thus, A /a” forms a sequence
of eigenvalues for D1 y ), wWhich is a contradiction since A /a™ — oo asm — o0.

1.2 Order bounded D, y,n

Another interesting notion closely related to boundedness of an operator is order boundedness.
The notion finds applications due to its close relation to absolutely summing operators [7,
8]. We say that an operator T : F, — F is order bounded if there exists a positive function

he L9(C, e 31" dA(2)) such that for all f € F,, with || f]|, < 1
IT(f(2)] < h(z)

almost everywhere with respect to the measure A. This definition was introduced by Hunziker
and Jarchow in [12]. For some recent work on the subject, we refer the interested reader to
[19, 21] and the references therein. For the operator D,y .), we provide the following
characterization.

Theorem 1.6 Letu,y € H(C), n € Ny, and 1 < p,q < oo. Then D, yn) : Fp — Fy is
order bounded if and only if L,y ») € LY(C, dA).

By the discussion after Theorem 1.4, we observe that the order bounded condition implies
Y(z) = az+ b and |a| < 1. Note that if |a| = 1, then by (1.5)
b1 b1 151
Lu,yn (@) = lu@)y" @OKap@le T = B"uOIK-a5 (D) Kap(Dle T = [B"u(0)e >
and hence the condition in the theorem fails to hold. On the other hand, for ¢ = oo, the
boundedness and order boundedness conditions coincide. This together with Theorem 1.4
implies every order bounded operator D,y ) is compact. By [22, Theorem 1.8], we also
observe that the order bounded D,y ») are exactly those which are Hilbert-Schmidt in 7.
If n = 0, then D, y.») reduces to the weighted composition operator D, y.,0)f = u -
(f o¥) = Wy, y). Thus, Theorem 1.6 describes the order bounded weighted composition
operators on Fock spaces, which we state it as follows.
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Corollary 1.7 Let u,y € H(C) and 1 < p,q < oo. Then W, y) : Fp — F4 is order
bounded if and only if m, y) € L1(C, dA), where

Mg (2) = |u(z)|e%<‘¢(z>|2—|zlz)

forall z € C.

If u = 1, then we set Dy ) := D(1,y,n), and Theorem 1.6 implies the following result
about the composition-differentiation operator.

Corollary 1.8 Let v € H(C) and 1 < p,q < oo. Then for each n € Ny, the following
statements are equivalent.

(i) Deyny @ Fp — Fy is bounded;
(ii) Dy : Fp — Fy is order bounded;
(iii) ¥ (z) =az+band|a| < 1.

1.3 Closed range Dy, y.n)

We now study the closed range property of D, y n). If ¥ = b € C, then D, y ) f =
uf ™) (), and hence the range,

R(Dgu,y.m) = {uf™®) : f e Fpl.

is closed. Thus, we assume that ¥ is not a constant in the rest of the manuscript. The next
proposition shows a nontrivial D, . ) cannot have closed range if it acts between two
different Fock spaces.

Proposition 1.9 Let u, v € H(C) such that v is not a constant, 1 < p,q < 0o, andn € N.
Then a bounded Dy .y n) : Fp — F4 has closed range only if p = q.

The proof of the proposition will be given later in Sect. 2.3.

‘We now recall the notion of sampling sets for Banach spaces. The notion was introduced
by Ghatage, Zheng and Zorboska [9] as a tool to study bounded below composition operators
on Bloch spaces. Since then, it has been used to study both the bounded below and closed
range properties of several operators on spaces of analytic functions. There have been also
various ways of defining the notion; see for example [9, 18]. On Fock spaces, we provide the
following unified and general definition. Let 1 < p < oo,k € Ny and M be a non-empty
subset of F),. A subset S of Cis a (p, k) sampling set for M if there exists a positive constant
8% such that

FAGIGT S
SUPces (i€ o P =00

1
- (k) P _Py,2 7
(fS l(f1+|§))klpe e dA(Z))p’ p=ce

Skl fllp = (1.8)

for all f in M. For each positive €, n € Ny, we also define the sets

€n o . €n . €n
Qo g =12€Ci Luyn@ > &), Gi ., o= I/I(Q(u’w’n)).

We now state our next main result.
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Surjective and closed...

Theorem 1.10 Let u, v € H(C) such that  is not a constant, | < p < oo, n € Ny, and
D, y.n) be bounded on F . Then D, y. ) has closed range if and only if there exists €, > 0

such that GEZ,W,M is a (p, n) sampling set for f(op’n), where
Flpy = f € Fp: f(O) = f1(0) = .. = f*7V(0) = 0).

1.4 Surjective Dy, y, n)

In this section we consider the question of when the operator D, v ) is surjective on Fock
spaces. To state our result, we may first recall the notation of essential boundedness. We say a
non-zero function g in H(C) is essentially bounded away from zero if there exists a constant
8 > 0 such that the measure of the set {z € C : |g(z)| < 8} is zero.

Theorem 1.11 Let u, v € H(C) such that v is not a constant, 1 < p < 0o, andn € Ny. Let
Dy y,n) be bounded on F, and hence (z) = az + b for some a, b € C and |a| < 1. Then
the following statements are equivalent.

(i) Lu,y,n) is essentially bounded away from zero on C;
(ii) Du,y,n) is surjective;
(iii) la] = 1.

We close this section with a word on notation. The notion U (z) < V(z) (or equivalently
V(z) 2 U(z)) means that there is a constant C > 0 such that U (z) < CV(z) holds for all z
in the set of question. We write U(z) >~ V(z) if both U(z) S V(z) and V(z) < U(2).

2 Proof of the results

In this section, we present the proofs of the results. We begin by reminding the connection
between the closed range problem and the bounded below property of a linear operator on
Banach spaces. Let H; and H; be two Banach spaces. An operator 7' : H; — Hj is said
to be bounded below if there exists a positive constant C such that |7 f ||+, > C|| fl#, for
every f € Hj. As known from an application of the Open Mapping Theorem, an injective
bounded operator on Banach spaces has closed range if and only if it is bounded below; see
for example [1, Theorem 2.5]. The operator D maps all constants to the zero function and

fails to be injective unless its action is restricted to the spaces modulo the constants or
Fonpy = {f € Fimpy - £(0) =0}.

In the latter case, D has closed range if and only if it is bounded below. On the other hand, for
each f € F(y, p), the function f — f(0) belongs to ]—'(Om’p), and D(f) = D(f — f(0)) = f'.

Thus, D has closed range on ]—'?m ) if and only if it has closed range on F;, ;). For the sake
of further referencing, we record this useful observation below.

Lemma2.1 Let1 < p,qg < ocandm > 0. Then D : F°

m.p) — Fm.q) is bounded below if
and only if D : Fn,py = Fm,q) has closed range.

The lemma will be used in our next proof.
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2.1 Proof of Theorem 1.3

Note that (iii) obviously implies (i). Let us see (i) = (ii) and (ii) = (iii). From [6, 17], for
each f € F,p) we have

1
Lf @IPePh™ v
(1O + fo FOETdA@) ", p < oo

L @le "

[ f(0)] + sup,cc (THepm-n> P =00

I f ln, py = .1

We first consider the case when either p > gor p < gandm < 2 — 7 J’r)pr' Then by
Theorem 1.1, the operator is compact. It is known that a compact operator has closed range
if and only if its range is finite dimensional. On the other hand, D is injective on an infinite

dimensional set f?m ) Therefore, the operator has no closed range in this case.

Next, we consider p < g < ooandm =2 — pqﬁp. For this case, we prove the operator
is not bounded below unless p = g. The norms of the monomials are estimated by
n + 2 _ 1
n n m " mp  2p
z ~ | — . 2.2
” ”(p,m) <m6> ( )
See [10] for the details. For p = oo, the corresponding estimate becomes
n %
12" llo0,m) = (—) : (2.3)
me

We may now use Lemma 2.1 and suppose p < g < oo and the operator is bounded below.
Then there exists a positive constant € such that for alln € N

1D2" llig.my = 112"~ llgumy = €ll" lcp.m)- (24)
This and (2.2) imply
nlz g 1= 1)"?’”:"%—% . n%jm%l—i - s
1zl ¢p,m) nntp 2 nip
for all n € N. Now setting m = 2 — - f;’_ - and simplifying further, the relation in (2.5)
holds only when n 2 €, which implies p = g andhencem = 2— # = 1. Similarly,

if p < g = oo, then
n—1

n—1 — 1, 1_2 1
M o | n0 = DT bk s

”Zn”(p,m) B n%+%7#
which implies p = g and hence m = 1.
Next, we show (ii) implies (iii). Let now p = g and m = 1. We need to show the range
of the operator is (1, ;. For each f € F(; ;), consider the entire function

Z
hf(z):/ fw)dw.
0
Applying (2.1),
Ihsllf, ) = /«: [f@IPePHldAR) = 1 £17,, < oo

and hence hy € F(1, p). Furthermore, Dh s = f and completes the proof.
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Remark 1

The same argument used above to show that a compact D cannot have closed range on the
Fock-type spaces will be used in the sequel for the operator D, ).

2.2 Proof of Theorem 1.6

First note that for n € Ny and |z| < 1, using the Cauchy integral formula and (1.4) we have

If™ @) < 7/ Mldwl <nl|fll, max e#

ZH lw — z|" ! lw—zl=1
1212
<nle’?er I|f|| 2.6)

for all f € F),. Similarly, for |z] > 1,

n! |f ()| b
IF" @1 < */ e ldw| < nlizl"| fllp  max e
S 1 w—z=1lz] lw — Z|n+1 ! P lw—z|=1/|z|
\Z\Q
<nle’?|z] ez | fllp- 2.7)

Combining (2.6) and (2.7), we get

D@ < nle¥2(1 + [z ||f||p,

and hence

2
1Dy F@] = 1) FO @ @) < n1ePlu@IA + @D T 1, (28)

Suppose now that Dy, y ) is order bounded. Then there exists a positive function £, €
Lq((C e~ 41 dA(z)) such that

I D,y f ()| = hn(2)

< 1. Applying this inequality to the normalized kernel

for almost all z € C and || f||,,
functions k,,, w € C, we get

Dy (2] = 4@k W ()] = [u@)w"|[e™ O~1F2| < h,(2)

for almost all z € C. For w = ¥ (z) in particular,

12
@B O | = @Y @™ = Ly @eF < hn(2)

from which the necessity of the condition follows.
To prove the converse, setting

o 02 212
ha(2) = nle|u@)|(1 + ¥ (D)) "e ~ nlezL(u,¢,n)(Z)€ 2,

we observe that the assumption on L,y ) implies i, € L9 ((C, e 3 ‘Z‘zd A (z)) . Furthermore,
by (2.8)

@12

1Dy £ ()] < n1e2u(@)(1+ [ @D 25 < h(2)

for any f € F), such that || f||, < 1, and completes the proof of the theorem.
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The next basic lemma connects the closed range problem and boundedness from below
of the operator Dy, ).

Lemma2.2 Let u,y € H(C) such that  is not a constant, 1 < p < 0o, and n € N.
Then a bounded Dy, y n) : Fp — F) has closed range if and only if the restriction operator

Dauyny f?p,n) — Fp is bounded from below, where
Foom ={f €Fp: fO) = f ) =..= D) =0}.

Proof Note that D, ) is injective on f?p

preceding section, D,y ) has closed range on }"?P n if and only if it is bounded below.

On the other hand, for each f € F,, the function f — S, f belongs to ‘F?p, ) where S, f
refers to the first # terms of the Taylor series expansion of the function f. Now, D,y ) f =
D yrny(f — Su f), from which and the connection between the closed range problem and
boundedness below, the claim follows.

n but not on F,. Thus, as explained in the

2.3 Proof of Proposition 1.9

Let 1 < p < oo. From [13, 20], the estimate

1
_ : M) (NP _ P2 )
TilF P01+ (fo deire ¥ aa@) " p < oo

£y =
—1 : () _ 1.2
YIZ01f DO + sup,ec e 2, p =00

(2.9)

holds. We will appeal to this estimate several times in the sequel.
Let us consider first the case p < g < 00 and assume D, y ») : Fp — Fy has closed

range. By Lemma 2.2, the operator is bounded below on f? ) We consider the sequence

of the monomials f;(z) = z*, k € Ny, k > n. Using Stirling’s approximation formula again
p * kot —pr2)2 kp/2 2
Il fielly = p/ Pk 2 agr = (1/p) T ((kp +2)/2) = (k/e) * VE.  (2.10)
0
See also [23, p. 40]. Now applying (2.9) and Theorem 1.4,

_ 91,2
1Dy illy = 2L fc @I @z + e dA)

£ (az + b)J4

21 gA
2
(1 + laz + b @

= i/ lu(2)|9(1 + |az + b))
2 C

g 1 (az + b))
= Ly @
C Vs (14 |az + b))

(n)
|fe (az+b)l9 _g 2
<L‘7/k— $laz+bl®> g A,y < 1.9 q < q
S G jae oy @ < LENAl < el

e—%\aZ‘Hﬂsz(Z)

where L, is a constant as in Theorem 1.4. This and boundedness below imply there exists
€, > 0 for which

I fillg = €nll ficll p- (2.11)
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1 1
Now, applying (2.10), the estimate in (2.11) holds only if k2~ 2» > ¢, forallk € Ny, k > n.
This gives a contradiction when k — o0.
Similarly, for p < ¢ = 0o, we have || fi|loo = (k/e)k/z. By (2.9) and Theorem 1.4,

17" (az + b))

—3laz+b)?
(1—|—|az—|—b|)”e 2 S;Ln”fk”oo-

| Du,yr,n) frlloo 2= SUp Ly, y,n)(2)
zeC

Therefore,

k% kys L
(3)" =1l z eall filp = e (5) k%

for some €, > 0. This gives a contradiction when k — oo again. If p > ¢, then by
Theorem 1.4, D,y n) : Fp — F4 is compact and injective on an infinite dimensional space

J—’?p )" By Remark 1, it follows that the range of the operator cannot be closed.

2.4 Proof of Theorem 1.10

By Lemma 2.2, it is enough to show that D,y ) has closed range on ]-'8)’")

there exists a constant €, > 0 such that GEZ von) is a (p, n) sampling set for f?p.n).

Suppose GEZ von) is a (p, n) sampling set for some €, > 0. If p < oo, then there exists
8, > 0 such that for each f € f?p

if and only if

n)’

If™ @ e
p BEEEER AN Izl
(Snllfllpi/G;gM T dA(z). (2.12)

It follows that

1Dy fllp = 5 /«: (@) £ @ )| e 3 dA)

> 2 u@ f P @ @)| e 2 dA)
21 Qn
(u,y,n)
(n) p )
I N T T [T
27 Jog,,, T A+ @D
By (2.12), the last right-hand integral above is bounded below by
P () p P
pen |f (Z)| _£|Z|2 pen p
Traywt - dAR) z o 50 : 2.13
27|al? /Gigv/n) TN @)= 27 lal? nll £l (2.13)

Similarly, for p = oo, there exists §, such that for each f € j’-"?p 1)’

_ 1,2
I D@y flloo = sup lu(2) £ (Y (2))]e 2"
zZ€

> sup Ly @+ @D LD @ ))e VO

€
zeﬂ(l’j‘wl)

_ _ 12
>e sup (L+1z2D7"If M (@0e 2 > 8,60l flloo- (2.14)

€
zeG(;”w)n)
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From (2.13), (2.14) and Lemma 2.2, the sufficiency of the condition follows.
Conversely, let n be fixed and suppose Gfu von) isnota (p, n) sampling set for each e > 0.

Let p < oo. Then there exists a unit norm sequence ( fi)xen in F°.  such that

(p,n)

(n)
@ _»
/l/k %e 7P 4 A () > Oask — oo.
G(u,l//,n) 2

It follows that
14 _P2
I Dy fellp = 5 — [E w@IP1 £ @ @)IPe 2 dAz)

()
TN U
T 2n /éL(”vw,”)(Z) 1+ |W(Z)|)”Pe 2 dA(z) = Iy + Do,

where we set

(n)
I N
= /fz(‘if“w,n) Larn QG yopme © 440@

_pLf / @@l
= 2m Jour, (T @D

_ pLY f TAROIK
T 2mlal? Joie (14 |zl

*%W(Z)Isz(Z)

e PaA) = 0
(u,,n)

as k — oo. To estimate the remaining integral, we eventually apply (2.9) and

178 W @)1P ,

I < / L (g
" el v @y o

1 IO
Tk Joall, A+ DY

11 wer
Tk Je A+ 1@y
Ay 1

~ — — 0Qask — oo.
kP kP

—glllf(z)|2dA(Z)
*%I‘//(z)lsz(Z)

e*%lW(z)\sz(Z)

This contradicts the assumption that the operator is bounded below.
Next, consider p = oo and suppose D, ) is bounded below. Then there exists a constant
8n > 0 such that for each f € FP

(00,n)
o) Sa
sup |u()[|f™ (Y @)le™ 2 = 8ull flloo-
zeC
Then, by definition of supremum for each f there exists w s € C such that

lw \2

8n
()N F® Y (wp))le™ 5 > Sl fllos. (2.15)
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On the other hand, by (2.9) again

,M |f(n)(1//(wf))| W’(”’f)'z
(n)
lu(w )| (P (wy))le™ 2 §L(u,¢,n)(wf)(l |1/f(wf)|)" 2

=< L(u,w,n)(wf)”f”oo
and with (2.15), we deduce
6"
Luymy) > =
Setting €, = &, /2, we observe that wy € Qf,’; von) and using (2.15)

2 fw ¢ 2
1 fllo < 242 f)'|f<”><w<wf))|e =
- 2L<u,¢,n)(wf> PRV IR
~ 8 I+ [y wphn
< 2L M,M
~ s (L4 Y (wp)r
2Ly If" @1 i

sup e
O ZgGZ’V » (I+1z)

=

and completes the proof.

2.5 Proof of Theorem 1.11

Let p < oco. We prove first the implication (i)=-(ii) and suppose y,, is an essential lower
bound for L,y »). Then for each f € F),, consider the function

I = g(@ uix) #0
f limyo, g(w), u(z) =0,

where we set
ast f (Y ()
———dA(w)dA(zy—1)...dA(z2)d A .
§() = f// f e AW AG-1)-dAG2)AG)

Clearly, D, y,n)h r = f. Since u is entire and vanishes at most in a set of measure zero, we
estimate

@) -1 —81z?
IIhfllﬁzfilg OF biPgpy~ [ LW @22y
C

(1 + [z O e AF 2T @)1

—Jo A+ [ @)D" luz)|P

s / Luly n)(Z)If(z)lpe’g‘z‘sz(z)
o,

dA(z)

<2y, "p M IfII5 < o0,
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from which the statement in (ii) follows.

Next, we prove (ii) = (iii), and suppose on the contrary |a| < 1. The surjectivity of
the operator implies there exists some f € F, such that 1 = D, y ) f. It follows that
u has no zeros in C, and uy" has a zero set of measure zero which does not affect our
integral approach below in (2.16). Thus, we can assume that 2" is non-vanishing. Then by
Lemma 1.5, it follows that uy" (z) = e”0"+a1"z+“2"22, for some constants agy, ai,, az, € C

—l1al? . . .
such that |ap, | < 1 i“l . Using this, we write

1
Ly (@) = lu@)y" (z)|ez(astbl ==

— Maontamztanz?) 5 (az+bP—[)

_ 2_
— CM@m+ab)a)+%iaz )+ |z ?

g o2 L .
for all z € C, where C = ¢"@n)+7 By surjectivity, for each h € F, »» there exists some
f € Fpsuch that Dy, v o f(2) = u(z) £ (az + b) = h(z) for all z € C. This implies
P (u,y,n) p

(n) —Blaz+b|? =B z?
/If (az + b)|Pe 2192 JAQ = MdA(z). 2.16)
C (I + YD ¢ Ly yn@

By (2.9), the right-hand integral in (2.16) should be finite for each 4 € F),. The plan is now
to show the existence of some functions / in the space for which this integral diverges.
2
Now, if |a2,| < l_é"l , then the operator is compact and by Remark 1, its range is not
1-Ja|*
2

closed and the operator is not surjective. Thus, we set |ay,| = and consider the
following two cases following Lemma 1.5.

Case 1. For a1, + ab = 0, we have

% la]> =1
Ly (@) — CManz)+ =1z 2.17)

We may also write ax, = |az, |e‘2i62", where 0 < 0, < 7.
Replacing z by /2w in (2.17)

—|a 2 '}
Ly (€w) = Ce 30010 2.18)
for all w € C. Setting w = x + iy, the relation in (2.18) implies

1,i6; 2
— LjeiO2n |
e _Ldeapege (2.19)
L(u,gb,n)(e"bnw) C

from which we observe that the integral in (2.16) diverges for every nonzero constant function

h in the space whenever |a| < % Thus, the question is when |a| > % We may consider

a function h(z) = hy(2) = ¢ where a is a real number and la] < % A suitable « will be
chosen later. A straightforward calculation using (2.19) gives

; . 216 (xtiv) 2
/oo /00 |ho (€% (x +;y).)|Pe gleTn Gl dxdy = l/oo /oo ePPENgxdy,
—o00 J—o00 L?u,'//,n)(elezn x+iy) € oo S

(2.20)
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where
1 2 1 2 2
B(x,y) := | acos(202,) — 5 x°+ 37 lal® — acos(262,) | ¥
— 2axy sin(262,).

Since || < 1/2, it holds that « cos(26,,) — % < 0. Integrating with respect to x,

o0 o0
/ ep(acos(202n)f%)x272po¢ySin(292n)xdx:/ efp(%facos(292,,))x272paysin(292,,)xdx

—0Q —00
1 azyzpzsin2(292n)

— ﬁ(g - pa COS(292n))_§€ F—pacosy,)

Taking this in (2.20), the coefficient of y2 becomes

2,22

p 2 o’ p”sin“(262,)

— — pla|* — pacos(20y,) + —————
B plal p (26021) % — pacos(26m)

2
_ pe?+ B — 25 4 pacos(205,)(lal? — 1)

2.21)
% — a cos(26,,)
Now, if cos(26,,) < 0, we choose a positive « such that
1 21
- >a’> ﬂ—f. (2.22)
4 2 4

Note that such a choice is possible since |a| < 1. For such «, the expression in (2.21) is
nonnegative and hence the integral in (2.20) diverges. On the other hand, if cos(26,,) > 0,
we can choose a negative « such that (2.22) holds and hence the integral in (2.20) diverges
again.

Case 2. Letay, +ab # 0 and

(1 —lal*)(ai, + ab)?
2|aln + aE'2 .

axp = —

Using this and ay, = |az, |e‘2i92" as above, we obtain
(a1p + ab)e'™ = tilay, + abl,

which is a purely imaginary number. Setting (a1, + ab)e'® = iy, for some y, € R,
w=x41iy,and z = ety

Ly (@Prw) = Cemmy=(1=laP)y?

and hence

11 ,i00 112
77|g nw|
¢ _ leyny+(%—\a\2)y2—%x2.

L(u,v,,n)(ei%" w) C

This shows that if |a| < %, then the integral in (2.16) diverges for every nonzero constant

. . . . . 2
function 4 in the space again. For the rest, we consider a function /4 (z) = ¢**" and argue
exactly in the same way as above.
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It remains to show (iii)= (i). For |a| = 1, by (1.5) we have

b

1
Ly @) = u@y" (2)|e2 19t =1 = 1pmy 0y

Note that if »"u(0) = 0, then the function u vanishes since v is entire and nonzero. Hence
b"u(0) # 0 and Ly, y,,) is bounded away from zero.
For p = oo, we simply replace the integral argument in the proof by the supremum.
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