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Abstract

We consider a nonlinear Robin problem driven by the p-Laplacian and a parametric concave-
convex reaction with the parameter multiplying the convex (superlinear) term. We prove a
multiplicity result for positive solutions which is global in the parameter A > 0 (bifurcation-
type theorem). We also show the existence of a minimal positive solution u} and determine
the monotonicity and continuity properties of the map A —— u}
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1 Introduction

Let @ € RY be a bounded domain with a C2-boundary 9. We study the following para-
metric Robin problem

—Apu(z) +E@u)P =gz, u(2) + A1 f(z,u(z)) inQ,
Ay BuP =0 ond, u>0, A > 0. (Py)
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By A, we denote the p-Laplacian differential operator defined by
Apu = div (|DulP7>Du) Yu € WP (Q).

There is also a potential term &(z)u?~! with £ € L®(), £(z) > 0 for almost all z € Q. In
the reaction we have the combined effects of two nonlinearities g(z, x) and A f(z, x) with
A > 0 being a parameter. Both functions are Carathéodory. We assume that g(z, -) is strictly
(p — 1)-sublinear as x — +oo, while f(z, -) is (p — 1)-superlinear as x — 00, but need
not satisfy the usual in such cases Ambrosetti-Rabinowitz condition. So, in the reaction we
have the combined effect of concave and convex terms. However, in our case this parameter
multiplies the convex (superlinear) term, while in the classical “concave-convex problem”,
the parameter multiplies the concave (sublinear) term. This changes the structure of the
equation and consequently the approach is different.

In the Robin boundary condition i;’,—l“ denotes the conormal derivative of u corresponding
V4

to the p-Laplacian and if u € C 1(Q), then

du = |DulP~ Y (Du, n)py = |Du|p728—u,

onp on

with n being the outward unit normal on 9€2. For general u, the boundary condition is
understood using the nonlinear Green’s identity (see Papageorgiou-Radulescu-Repovs [19,
p- 35]). The boundary coefficient 8 is nonnegative.

Our aim is to prove a multiplicity theorem for the positive solutions of (P;) which is
global with respect to the parameter A > 0, that is, our result gives a precise description of
the changes in the set of positive solutions as the parameter A varies in (0, +00) (bifurcation-
type theorem). So, our main result in the paper (Theorem 3.8) establishes the existence of a
critical parameter value A* > 0 such that
e for all 1 € (0, A*) problem (P;) has at least two distinct positive solutions;

e for L = A* problem (P;) has at least one positive solutions;
e for 1 > A* problem (P;) has no positive solutions.

This global multiplicity result reveals an interesting discontinuity property for the “spec-
trum” of (P;). This is better illustrated when we consider the standard “concave-convex”
reaction

x — x4
with 1 < g < p <r < p*, where
Np .
o = N—_"plfp<N,
400 if N < p.

According to our global multiplicity result described above, for all A > 0 small problem (P;)
has at least two positive solutions. On the other hand in the limit case A = 0, the problem
becomes

—Apu) +E@u@P ! =ul! inQ,

;i,—p +B@uP"' =0 ondQ, u>0, A>0.
This problem has a unique positive solution (see Proposition 2.6 in Sect. 2). For the other case
where the parameter A > 0 multiplies the concave term, the limit problem (that is for A = 0)
always has a positive solution which is not unique (see Papageorgiou-Radulescu [14]). This
illustrates the different structure of the two concave-convex problems. We mention also the
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recent works of Papageorgiou-Radulescu-Repovs [16] and Papageorgiou-Vetro-Vetro [20],
where the reader can find instances of such discontinuities in the “spectrum” of parametric
problems.

In the past most the works on concave-convex problems, focused on Dirichlet prob-
lems with the parameter multiplying the concave (sublinear) term. Everything started with
the paper of Ambrosetti-Brézis-Cerami [2], which deals with semilinear equations driven
by the Laplacian. Their work was extended to nonlinear Dirichlet problems driven by the
p-Laplacian by Garcia Azorero-Manfredi-Peral Alonso [5] and Guo-Zhang [9]. All the afore-
mentioned works deal with problems having the classical concave-convex reaction

~1 —1
ur— = +u"

with 1 < ¢ < p < r < p* More general differential operators and/or reactions can
be found in the works of Papageorgiou-Rddulescu-Repovs [15], Riddulescu-Repovs [23]
(semilinear equations) and El Manouni-Papageorgiou-Winkert [3], Papageorgiou-Radulescu-
Repovs [18], Papageorgiou-Vetro-Vetro [21], Winkert [24] (nonlinear equations). We also
mention the recent work of Papageorgiou-Zhang [22], where the “concave” contribution
comes from the boundary condition. The only “concave-convex” work with the parameter
multiplying the convex (superlinear) term, is that of Marano-Marino-Papageorgiou [12].
There the problem is a Dirichlet (p, g)-equation, with the concave contribution being of the
power form (g(z, u) = u4 ~1) and the condition on f (z, -) are more restrictive (see hypotheses
(h1)—(hg) in [12]).

2 Mathematical background: hypotheses

The main spaces in the study of (P;) are the Sobolev space W' (£2), the Banach space
CY(Q) and the “boundary” Lebesgue space L*(3€2) (1 < s < 400).
By || - || we denote the norm of W7 () defined by

lall = (lluelly + IIDullﬁ)’l’ Vu e WhP(Q).
The Banach space C 1(Q) is ordered with positive (order) cone

Cy={ueC'(®Q): u(z)=0forallz € Q.
This cone has a nonempty interior given by

intCy ={ueCy: u(z)>0forall z € Q.

We will also use another open cone in C'(€2) which is defined by
1= ou
Dy =yueC (R : u(z) >0forall z € 2, 8—|39mu_1(0) <0¢.
n

On 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure o. Using this
measure we can define in the usual way the boundary Lebesgue space L*(3€2) (1 < s < 400).
From the theory of Sobolev spaces, we know that there exists a unique continuous linear
operator 3y : WP (Q) — LP(3Q) known as the “trace operator” such that

o) = ulpe Yu e WHP(Q) N C(Q).
So, the trace operator extends the notion of “boundary values” to all Sobolev functions.

In the sequel for the sake of notational simplicity, we drop the use of the trace operator
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70. All restrictions of Sobolev functions on 92 are understood in the sense of traces. We

mention that using the trace operator, we have that whr(Q) C L5(3Q) continuously for all

1<s< % if p< Nandforall ] <s < 400if N < p. Also WIP(Q) C L*(3Q)

compactly forall 1 <s < (N W=DPr if p < Nandforall 1 <s < 4o0if N < p.
Ifu: 2 — Risa measurable function, we define

ui(z) = max{£u(z),0} Vze Q.

Ifu e WhP(Q), thenut € WhP(Q) andwehaveu = u™ —u~, |u| = ut +u~. Also, given
two measurable functions u, v: 2 — R such that u(z) < v(z) for all z € 2, we define

[, v] = {h € WHP(Q) : u(z) <h(z) <v(z) foraa. z e Q},
) = {h e WhP(Q) : u(z) < h(z) foraa.z € Q).

We introduce the hypotheses on the potential function & and on the boundary coefficient S.
Hp:& e L™(RQ),&(z) = 0foralmostz € Q, B € CO%3Q) with0 <o < 1, B(z) = 0
forallze 9Q2and & #£0or B £0.

Remark 2.1 With this hypotheses, we cover also the case of Neumann problem, which cor-
responds to the case g = 0.

Let y,: W7 () — R be defined by

Yp(u) = | Dullh +/ E()|ulP dz +/ B@)|ulP do Vu e WHP(Q).
Q aQ

Hypotheses Hy together with Lemma 4.11 of Mugnai-Papageorgiou [13] and Proposition
2.4 of Gasinski-Papageorgiou [8], imply that there exists c¢p > 0 such that

collull? < yp(u) Yu e WHr(Q) 2.1)

(that is, y, (-) is equivalent norm on whr()).
Let 11 be the first eigenvalue of

{—Apu—i-é(u)IuV’_zu AMulP~2u inQ,

e+ BN u = 0.
On account of (2.1), we have ’):1 > (0. We know that

)/p(’/l)
mn D"
uewhr(@\{0} |lullp

=

This infimum is realized on the corresponding eigenspace, the elements of which have fixed
sign. Let u] be the positive, L”- normallzed (that is, |[z1]|, = 1) eigenfunction for * 1. We
know that 77} € intC. Note that Al is the only eigenvalue with eigenfunctions of constant
sign (see Fragnelli-Mugnai-Papageorgiou [4]).

Let A: WhP(Q) — WLP(Q)* be defined by

(A(u), h) =/ |Du|”~2(Du, Dh)gn dz Yu,h € WP (Q).
Q
From Gasinski-Papageorgiou [7, p. 279], we have the following property.
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Proposition 2.2 [fhypotheses Ho hold, then A is continuous, monotone (thus maximal mono-
tone too) and of type (S)+, that is “if u, s uin WP (Q) and

lim sup(A (un), up — u) <0,
n——+o0o

then u, —> u in WP ().”
Next we introduce the hypotheses on the two functions involved in the reaction (right hand
side of (Py)).

Hj :g: QxR — Risa Carathéodory function such that g(z, 0) = 0 for almost all z €
and

(i) forevery ¢ > 0, there exists a, € L°°(2) such that
Ig(z, x)| < ap(z) foraa zeQ, all0 <x <p;
8(z, x)

x—>+o00 xP—1

(iii) there existg € (1, p) and § > 0, ¢ > 0 such that

= 0 uniformly for almost all z € ;

i < g(z,x) foraa.zeQ, all0 <x <.

Remark 2.3 Since we are interested on positive solutions and the above hypotheses concern
the positive semiaxis R = [0, 400), without any loss of generality we may assume that
g(z,x) = 0 for almost all z € 2, all x < 0. Hypothesis H;(ii) implies that g(z, -) is strictly
(p — 1)-sublinear as x — 400 (“concave” nonlinearity). Hypothesis Hj(iii) implies that
g(z,+) is (p — 1)-sublinear as x — 0F. We point out that we do not assume that g > 0. It
can change sign. The following functions satisfy hypotheses H; (for the sake of simplicity
we drop the z-dependence):

g1(x) = (xHe
@) = @hHr -2

with 1 < g < v < p. Note that g5 is sign changing.

Hy: f: Q xR —> Ris a Carathéodory function such that f(z, 0) = 0 for almost all z €
and

() f(z,x) <az)(1+x""") foralmostall z € Q,allx > 0, witha € L®(Q), p <r < p*;
(ii) if F(z.x) = [g' f(z.)ds. then lim £ = +oo uniformly for almost all z € £;
X—1+00

(i) if G(z, x) = [y g(z,s)ds and
ez, x) = (g, x) + Af(z.x)) — p(G(z,x) + AF(z,x)), 1 >0,
then there exists % € LY(2) such that
e(z,x) < ez, y)+ 5)\(1) foraa.z e Q, all0 <x <y;
) tim L&Y

x—0+t xP~
ns > 0 such that ny < f(z, x) for almost all z € , all x > s.

= 0 uniformly for almost all z € © and for every s > 0, there exists

@ Springer



434 L. Gasinski et al.

Remark 2.4 Again we assume that f(z, x) = ONfor almost all z € @, all x < 0. Evidently in
hypothesis H»(iii) we can assume that A — ||, |1 is increasing. Also, if in H(iii) we let
x = 0 and use hypotheses H;(ii) and H(ii), we see that

Sz, x)

x— 400 xP‘l

= 400 uniformly for a.a. z € Q.

Therefore f(z,-) is (p — 1)-superlinear (“convex” nonlinearity). Usually problems with
superlinear reaction are treated using the so-called Ambrosetti-Rabinowith condition. We
recall that this condition (unilateral version since g(z,x) = f(z,x) = 0 for almost all
z € Q, all x < 0), says that there exist > p and M > 0 such that

0<nF(z,x) < f(z,x)x foraa.ze Q, allx > M,
O<essQian(-,M).

Integrating, we obtain the weaker requirement that
cix" < F(z,x) foraa.ze€Q, allx > M,
for some ¢y > 0, thus
ox 1 < f(z,x) foraa.zeQ, allx > M,

for some ¢; > 0. So, we see that the Ambrosetti-Rabinowitz condition imposes at least
(n — 1)-polynomial growth on f(z,-). This way we exclude superlinear functions with
slower growth as x — +-00. Consider the functions (as before we drop the z-dependence):

fix) =
H@) = @HP  Ind +xh),

with 1 < p < n < p*. Then these two functions combined with any of g; or g, satisfy
hypothesis H»(iii). Note that f, does not satisfy the Ambrosetti-Rabinowitz condition.

Hj: Forevery ¢ > O and every J C (0, +00) finite, there exists ng > 0 such that for almost
all z € Q, all A € J, the function

X g(z, %) + Af(z, x) + &) x"!
is nondecreasing on [0, o].

Remark 2.5 Any pair of functions g, f formed by the collections {g;, g2} and { f1, f>} satis-
fies Hs. In general, if g(z, -) and f(z, -) are differentiable and for every J < (0, +o00) finite,
we have

(842 x) + Afl(z,0))x = —E]xP7!
for almostall z € 2,all0 < x < g, all A € J, with ’E\Q] > 0, then hypothesis H3 is satisfied.

We introduce the following sets related to problem (Py):

L = {} > 0: problem(P;)has a positive solution},

S;. = {u : uis a positive solutions of (P, )}.
Also we set

A* =sup L.
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Note that on account of hypotheses Hj (i), (ii), we have
1g(z, x)| < c3(1+xP71) foraa.ze Q, allx >0, (2.2)

for some c3 > 0. Also hypothesis H;(iii) and the fact that f > 0 imply that for all A > 0,
we have

gz, x)+Af(z,x) > ox? ! foraa.zeQ, all0<x <3§. 2.3)

This unilateral growth restriction on the reaction, leads to the following auxiliary Robin
problem

—Apu(z) +E@uP ! =Cuz)?"! inQ,

Bt pur~ =0 ondQ, u>0. (24)

Proposition 2.6 If hypotheses Hy hold, then problem (2.4) admits a unique positive solution
ue il’ltC+.

Proof First we show the existence of a positive solution. To this end, let ¥ : WO1 Q) — R
be the C'-functional defined by

-~

1 c co
Vo) = —yp ) — —lu™ 1§ = = lull” — callull,
4 q 4

for some ¢4 > 0 (see (2.1) and recall that the embedding WLr(Q) € L4() is continuous).
So ¥ is coercive (recall that g < p).

Also from the Sobolev embedding theorem and the compactness of the trace operator, we
infer that ¥ is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli
theorem, we can find 7 € W7 (€2) such that

Vo) = inf o). 2.5)
ueWhr(Q)
Recall that 7] € intC, and let 7 > 0. Then
N P~
Yo(tuy) = —Ai1 — —lluillg.
p q
Since 1 < g < p, choosing ¢ € (0, 1) small, we have

yo(tiy) <0,

)
Yo(ir) < 0 = o(0)
(see (2.5)) and thus # # 0. From (2.5) we have
Yo (i) = 0,
SO

(A(i[),hH—f E(z)lﬁlp’zﬁhdz—i-/ B(@)|u|P2uhdo
Q Q2

:/’c‘(i?)"’lhdz Vvh e WhP(Q). (2.6)
Q
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436 L. Gasiriski et al.

In (2.6) we choose h = —i— € WP (Q) and obtain
y@™) =0,
SO
>0, u#0 2.7
(see (2.1)). Then from (2.6) and (2.7) we have

—Ali(2) +E@u()P~ =T inQ,
a% +B@uP~' =0 ondQ.

(2.8)
From (2.8) and Proposition 2.10 of Papageorgiou-Ridulescu [14], we have that
u e L®(Q).
Applying Theorem 2 of Lieberman [11], we infer that
ueCy\ {0}
From (2.8) we have that
Apll < [Ellocti?™" in €,

so U € intCy (see Gasiriski-Papageorgiou [6]).
Now we show the uniqueness of this positive solution of (2.4). So, suppose that v’ is another
positive solution of (2.4). Again we have ¥ € intC_.. Consider the function

o~ ~ ~ ~ip2 [ o~ u?
R, ) = |Du|? — |Dv|P~ <DU,D<~71>) .
vP— RN

Using the nonlinear Picone’s identity of Allegretto-Huang [1], we have
0= / R(ut, D)
Q
~ ~ ur ~
= ||Du||§—f(—A,,v>~—_ldz+/ ()i do
Q . vP aQ
~ o~ u
= Vp(u)_CA%dZ

ut .
= /chp—q (VP4 —uP~)dz (2.9)

(using the nonlinear Green’s identity; see Gasinski-Papageorgiou [6, p. 211]). Interchanging
the roles of & and v in the above argument we also have

q
0< / ?J;_q (uP=1 —vP79) dz. (2.10)
Q u

Adding (2.9) and (2.10) we have

o Ul N\ oy e
0< | cl=—-= (uP=1 —vP~7)dz
o \up—4 r—

= / #TIP*‘!(W — gﬁ)(gp*q — gpfq)dz <0,
Qu

so U = v (recall that 1 < g < p).
This proves the uniqueness of the positive solution # € intC of problem (2.4). O
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Since & € intCy, we can find ¢ € (0, 1) small such that
u(z) =tu(z) € (0,8] VzeQ,
with § > 0 as in the hypothesis H; (iii). Then u € intC and

— Apii+E@uP™ =177 (= Ay + E@uP )
=PI <! in @ 2.11)

(sincet € (0,1)and 1 < g < p).

3 Positive solutions

First we show the nonemptiness of £ and determine the regularity of the elements of the
solution set Sy.

Proposition 3.1 If hypotheses Hy, Hi, Hy and Hz hold, then L # {) and for every . > 0 we
have S, C intCy.

Proof Letu € intC be as above. For A > 0 we consider the Carathéodory function k; : € x
R — R defined by

8z, u(2)) + A f(z,u(2)) if x <u(z),

gz, x)+ A f(z,x) if u(z) < x. G.1)

ki(z,x) = {
We set
X
Kien) = [ ao)ds
0
and consider the C!-functional @ : W7 (€) — R defined by

1
Pi(u) = ;Vp(u) —/ Ki(z,u)dz Yu e WhP(Q).
Q

Let u € intC and choose 7 € (0, 1) small so that fu < u (recall that u € intC). We have

P
@tu) < %yp(u) —I/Q (8(z,w) + A f(z,w)udz

(see (3.1)). Since ¢t € (0, 1) and p > 1, choosing ¢ € (0, 1) even smaller if necessary, we
have

@:.(tu) <0 Vr € (0, 1) small. (3.2)
On account of hypotheses H, given ¢ > 0, we can find ¢s = ¢5(¢) > 0 such that
g(z,x) < exP 4 esx?7 ! foraa.zeQ, allx >0,
sO

G(z,x) < Ex‘” + C—sx’f fora.a.z € Q, allx > 0. (3.3)
p q
Then for u € WP (Q) we have

B 1 _ _
©.(u) = ;Vp(u) —/ (8(z,m) + A f(z,m)udz

{u<u}
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—/ (G(z,u) — G(z, 1) + A(F(z,u) — F(z, 1)) dz
{

u<v}

%

1
—yp(u) —/ (8w +Af(z,m)ut dz
p Q

:—/G(z,u)dz—k/ F(z,u)dz
Q {u<u}

v

1
;(Vp(”) —ellull?) — co(llull? + llull) = rer (llull + llu]")
esllull? — co(llull? + llull) — ez (lul + llul”) (34

%

for some cg, c7,c3 > 0 (see hypothesis Hj(ii), (3.3), hypothesis Hj(i) and recall that
u(z) < 8 forall z € Q). Choose gg > 0 such that

£ = ce0{ — cs(0f +00) > 0.
Having fixed gp > 0 as above, choose Ao > 0 small so that
& > Ac7(oo +0p) YA € (0, Ao).
Returning to (3.4), we have
@) >0 V|ull =00, 0 <X < Ag. (3.5)

Let By = E@o ={ue W'P(Q): |u| < o). The functional @y, is sequentially weakly lower
semicontinuous and By is sequentially weakly compact (from the reflexivity of W7 () and
the Eberlein-Smulian theorem). So, we can find u; € W!-P(Q) such that

@.(uy) = inf @3 (), (3.6)
ueBg
SO
0 < |luprll <00 YO <A < Ao 3.7

(see (3.2) and (3.5)). From (3.6) and (3.7) it follows that

@) =0,

SO
(A(u/\,h)-f—/ S(z)luxl”’ZuxhdH/ B@)|us|P2ush do
Q Q2
=/k,\(z,u)\)ha’z Vh e WhP(Q). (3.8)
Q
In (3.8) we choose h = (1 — uy)T € WHP(Q). Then
(Auy), @ —up)™) +fQ$(z)|uA|”‘2ux(ﬁ— up)tdz
+/ B )P 2us (@ — w)t do
I
=/ (8. w) + Af(z, )@ —up) " dz
Q
> / gz, u)@ —uy) T dz
Q

> / '@ —u)tdz
Q
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> (A@), @ —w)™) + / E@ur i —up)tdz + / B~ @ — uy) do
Q Elo}
(see (3.1), (2.11) use hypothesis H (iii) and recall that f > 0 and u(z) < § for all z € Q),
S0
U = up. (3.9)
Then on account of (3.1), (3.9) and (3.8), we obtain

Apus(2) +$(Z)MA(Z)”_1 =g w) +Af(z,up) inQ, 310
3”A+,3(z)uA =0 ondQ. (3.10)

As before the nonlinear regularity theorem (see Lieberman [11] and Papageorglou -Rédulescu
[14])implies thatu, € C\{0}.Leto = |lux|lco and with J = {1}, 1etég > (O be as postulated
by hypothesis H3z. Then from (3.10) we have

Apitr < (Il + &)} " in €2,
so u; € intCy (see Gasifiski-Papageorgiou [6, p. 738]). Therefore we have proved that
0,200 S LAY
and

S, CintC, VA > 0.

Next we show that £ is an interval (connected).
Proposition 3.2 [f hypotheses Hy, Hi, Hy and Hz hold, ». € L and 0 < p < X, then u € L.

Proof Since A € £ we can find u; € S) C intCy. We consider the following truncation of
the reaction for the problem (P,):

gz, xt) +ufz, xt) if x < u;(2)
8(z, un(2)) + n f(z, u(2)) if us(z) < x.

This is a Carathéodory function. We set

du(z,x) = { (3.11)
x
D, (z,x) =/(; dy(z,s)ds
and consider the C!'-functional 17;# : WhP(©) — R defined by
V) = fyp(u) /SzDﬂ(z, u)dz Yu e WhP(Q).
From (3.11) and (2.1) it is clear that Vfu is coercive. AlsoAusing the Sobolev embedding

theorem and the compactness of the trace map, we see that v, is sequentially weakly lower
semicontinuous. So, we can find u, € WP () such that

Y uy) = uEV‘i/II{E(Q) Y (u). (3.12)

We choose ¢ € (0, 1) small so that

t; <u;, and fu(z) € (0,8] Vze Q.
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440 L. Gasinski et al.

Since 1y, uy € intC, suchat € (0, 1) exists. We have

-~

_ P € i~ 1
Yu(tuy) < —r —t1—|uyllg
14 q

(see hypothesis Hj (iii) and recall that [|it; || , = 1). Since 1 < g < p, by choosing 7 € (0, 1)
even smaller if necessary, we have that

V(1) < 0,

SO

V() <0 =9, (0)

(see (3.12)) and thus u,, # 0.
From (3.12) we have

¥l (uy) =0,

SO
(Auy), h) +/st(z)|uu|1’*2uﬂhdz+/mﬁ(z)|uu|f’*2u#hda
=/Qdu(z,uﬂ)hdz Vh € WhP(Q). (3.13)
In (3.13) we first choose h = —u, € WLP(Q). Then

Vp(M,:) =0
(see (3.11)), so
u, >0, wuy #0

(see (2.1)). Nest in (3.13) we choose (u;, — u)t € WhP(Q). Then, using (3.10) and since
0<pu<Xtand f > 0, we have

(A, =) + [ E@uf = )" bz
+ f B@ul ™ wy —up)t do
IQ
I/Q(g(z,ux)ﬁtuf(z,ux))(uu —u;) " dz
E/Q(g(z,ux)Jr?»f(z, ) (uy —up)* dz
= (A, (uy —up)* +/Qs<z)uf‘1<uu — )" dz

-l—/ ﬂ(z)uffl(uﬂ —uy)) " do,
Q2
so uy, < uy (see Proposition 2.2). So, we have proved that
uy €[0,uy], uy #0. (3.14)
Then (3.14), (3.11) and (3.13) imply that

uy, €8, CintCy,
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andso u € L. O

Embedded in the above proof, is the following “monotonicity” property for Sj as a function
of the parameter A > 0.

Corollary 3.3 If hypotheses Hy, Hy, Hy and H3 hold, . € L, u; € S) CintCy and0 < p <

A, then € L and we can find u,, € S, C intCy such that
Uy < U

We can improve the conclusion of this corollary.

Proposition 3.4 If hypotheses Ho, H), H» and H3z hold, » € L, u) € S, C intC; and
0 < u < A, then u € L and there exists u,, € S, € Cy such that

u; —u, € Dy

Proof From Corollary 3.3 we already know that « € £ and that we canfindu,, € S,, C intC,
such that

0 <uy <u. (3.15)
Let 0 = |lup|loos J = {A, n} and consider EQJ > ( as postulated by hypothesis H3, We have
—Apuy + (5@) + &) Jub ™!
= gz up) + i f (@ up) + & ul”!
= (1) + A f @) = (= ) f @) + 5 ul)™!
< g@u) +2f@u) + & ul™!
—Apu (@) +E]Yul ™! (3.16)

(see (3.15) and hypothesis H3), with 0 < m;, = minu, (1, € intCy)and n,,, asin Hy(iv).
Q

From (3.16) and using Proposition 2.10 of Papageorgiou-Réadulescu-Repovs [17], we
obtain that

u; —u, € Dy

Recall that A* = sup £. Next we show that A* < +00.
Proposition 3.5 If hypotheses Hy, Hi, Hy and Hz hold, then A* < 4o00.

Proof Let n > /):1. Hypotheses Hj(iii) and H>(ii), (iv) imply that we can find x>0 big
such that

2(z.x) +Af(z,x) > nxP7! foraa z e, allx > 0. (3.17)

Let A > A and suppose that A € £. We can find u; € S, < intC,. We introduce the
Carathéodory function ¥ (z, x) defined by

n(x P if x < uy(2),

WA(Z)”‘I if uy(z) < x. (3.18)

W(z,x) = {
We set

@A(z,x):/ D.(z,8)ds
0
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and consider the C!-functional 7; : W17 () — R defined by

(1) = %yp(u) —/ Oz, u)dz VYu € WP (Q).
Q

From (3.18) and (2.1) we see that 7, is coercive. Also it is sequentially weakly lower semi-

continuous. So, we can find @, € WP (Q) such that

T () = inf 7 ().
uewl-r(Q)

As before we choose 1 € (0, 1) small so that
0 < tuy < uy.
Then we have

- P~
o (tu) = —A1—n) <0
p
(recall that |||, = 1), so
7).(x) < 0=1,(0)
(see (3.19)), thus
W, #0.
From (3.19) we have
T)/\(ﬁ*) =0,
SO
(A, h) + / QIR dz + / B[P do
Q 02
= / %z, W)hdz Yh e WhP(Q).
Q

In (3.20) first we choose h = —u, € WP () and obtain
Vp(ﬁ:) =0
(see (3.18)), so
Uy 20, Uy #0

(see (2.1)).
Next in (3.20) we choose h = (i — uy)t € WHP(Q). Then

(3.19)

(3.20)

(A@), (@ —up) ") +/ s@ul " @ —u) T dz +/ pal ™ @ —u)t do
Q il

:/ nuf_l(ﬁ*—ux)_"dz

Q

E/Q(g(z,ux)-i-kf(z,ux))(ﬁ*—m)*dz

— (AW, @ — u)t) + / @l @y — )" dz
Q

+/ B@ul ™ @, —uz)* do
Q2
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(see (3.18), (3.17) and recall that A > % and u; € S,), so
Uy < Uj.
So, we have proved that
Uy €[0,u3], Uy #0. (3.21)
From (3.21), (3.18) and (3.20), we infer that

{ — A+ E@QRL T = qulT in g,

94 (a0 on dQ.

anp

Since #y > 0,1y # 0 and n > Xl, we have a contradiction. Therefore A € £ and so
A< A < too. O

We show that the critical parameter A* is admissible (that is, A* € £).
Proposition 3.6 If hypotheses Hy, Hy, Hy and H3 hold, then A* € L.

Proof In what follows for every A > 0 by ¢;: WI?(Q) —> R we denote the energy
functional for problem (P, ) defined by

@ (u) = %yp(u) —/ (G(z,u) + AF(z,u))dz Vu € W'P(Q).
Q
We know that ¢, € C'(W!P(Q)).

Let {A;}pen € L be such that &, 7 A* and u, € S,, C intC4, n € N. According to
Proposition 3.2 and its proof, we can have

¢, (wy) <0 VneN,

SO

Ypn) — /Q p(G(z, up) + Ay F(z,uy))dz <0 Vn e N. (3.22)
Also we have

(A(un), h) +/ E@ub ' hdz +/ Bl 'hdo
Q (19

= /Q (8(z.un) + Anf(z,up))hdz ¥Yh e W-P(Q), n e N.
We choose h = u,, € WhP(2). Then

— yp(un) + /Q (8(z up) + Af(z,up))updz =0 VneN. (3.23)
We add (3.22) and (3.23) and obtain

/ e, (z,up)dz <0 VneN. (3.24)
Q

Claim. The sequence {u, },eN € WLP(Q) is bounded.
We argue by contradiction. So, suppose that at least for a subsequence, we have

lupl — +00 asn — +oo.
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Lety, = ﬁ forn € N. Then ||y,|| = 1, y, > 0 for all n € N and so we may assume that

Y —>y inWhP(Q) and y, —> y in L' (Q) and in L7 (3L), (3.25)

with y > 0.
First assume that y # 0. Let Q4 = {z € Q : y(z) > 0}. If by | - |y we denote the
Lebesgue measure on R then |4+ |n > 0 (recall that y > 0; see (3.25)) and we have

uy(z) — +oo foraa.z e Qy,
SO
F(z,un(2))
un(2)P
(see hypothesis Hj(ii)), thus
F(z,u,(2)) _ F(z,uy(2))
llotn |17 Uun(2)P

Then hypothesis H>(ii) and Fatou’s lemma imply that

—> 400 fora.a.z e Q4

yn(2)P — +oo foraa.z € Q.

#/ F(z,u,)dz — +o0. (3.26)
lunll? Ja,
Note that
! /F(z,un)dzz ! /F(z,un)dz-F ! / F(z,uy)dz
lunll? Ja lunll? Ja, lunll? Jora,

1
> 7/ F(z,uy)dz
lunll? Jo.

(since F > 0), so
1
— / F(z,up,)dz — +o0 (3.27)
lunll? Jo

(see (3.26)).
On the other hand from hypotheses Hj (i), (ii) we see that given ¢ > 0, we can find
cg = cg(e) > 0 such that

|G(z,x)| < ex? +cg foraa.zeQ, allx >0.

Therefore we have
1

lim
n=too g 17

/ |G(z,uy)dz < e.
Q

Since ¢ > 0 is arbitrary, we conclude that

1
7/ G(z,uy)dz — 0 asn — 4o0. (3.28)
lunll? Jo
From (3.27) and (3.28), we have
1
7/ (G(z,un) + 2 F(z,up))dz —> +00 asn — +oo. (3.29)
lunll? Jo

Hypothesis H>(iii) implies that for all A > 0 we have

0<e(z,x)+ 9, (z) foraa.ze, allx >0,

@ Springer



Positive solutions for a class of nonlinear... 445
SO
p(G(z, X)+AF(z, x)) < (g(z, xX)+Af(z, x)) + ’15,\(1) fora.a.z € 2, allx > 0.
(3.30)
Therefore
f p(G(Z’ up) + A F(z, un)) dz
Q
< / (8(z, un) + An f (2, up) Jun dz + |04, |11
Q
< ypun) + 119+
(see (3.30), (3.23)), so
1 / 102111
—— | p(G(z,up) +AF(z,up))dz < yp(ya) + < (3.31)
lunll? Jo (GG V) PR unll?
for some ¢y < 0. Comparing (3.29) and (3.31), we have a contradiction.
Next we assume that y = 0. Let n > 0 and define
1
vy = (pm)7y, € WHP(Q) Vn €N,
We have
v, —> 0 in L"(Q)
(see (3.25) and recall that y = 0), so
/ (G(z, un) + A F (2, up)) dz —> 0 (3.32)
Q
(see (2.2) and hypothesis H>(i)).
Since ||u,|| —> +00, we can find ng € N such that
1
(pm)» <1 Vn=>n. (3.33)
llunl
Lett, € [0, 1] be such that
(3.34)

s, (tpttn) = Or;lta;(l ©a, (tuy).

We have

\

i, tntty) = @3, (V)

> 1Yp(¥n) —/Q(G(z, Un) 4+ A F (2, vp)) dz

> ne— / (G(Z» Un) + A F(z, Un)) dz
Q

(see (3.33), (3.34), (2.1) and recall that ||y, || = 1), so

o~

C
s, (y) > % Vn >n1 >ng

lVp(vn) - / (G(Z» vp) + A F (2, vn)) dz
p Q

@ Springer



446 L. Gasinski et al.

(see (3.32)). Since n > 0 is arbitrary, we conclude that
oa, (tpuy) —> +00 asn — +oo. (3.35)
We know that
0,00 =0 and ¢, (u,) <0 VneN. (3.36)
From (3.35) and (3.36) it follows that
t, € (0,1) Vn > ny,

SO

d
27 P (tun)|,_, =0 ¥n=n>
(see (3.34)) and thus

((pi” (tnun)» un) =0 Vn> no

(by the chain rule). Hence for n > n, we have

Vp(tntn) — / (g(z, thltn) + A f (2, tnun))(tnun) dz =0,
Q

SO
yp(tnun):/;ZEAH(Z;tnun)dZ‘l‘/Qp(G(Z;tnun)+)¥nF(Z,tnun))dZ
< [ oG dz s 10+ [ p(0G tutn) + 0 F ety dz
and thus

P, (tnuy) < |0xlli Vn = na (3.37)

(see (3.24)). Comparing (3.37) and (3.34) we have a contradiction. Therefore the sequence
{tn}nen € WP(Q) is bounded. This proves the Claim.
On account of the Claim we may assume that

Uy —> uy in WHP(Q) and u, —> u, in L"(Q) and in L?(3R). (3.38)

We have
(At =)+ [ s@ul ™ wn = wdzt [ g™~ ) do
Q aQ
= / (g(zv un) + A f(z, un))(un —uy)dz Vn €N,
Q

SO

lim (A(up), up —uys) =0

n—-+0o
(see (3.38)) and thus
Up —> uy in WHP(Q) (3.39)

(see Proposition 2.2), with u > 0.
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Using (3.39) in the limit as n — +00, we have

<A(u*),h>+/ é(z)uf_lhdz+/ B! hdo

Q Q2

=/ (g(z,u) + 2* f(f,u))hdz Yh e WHP(Q).
Q

If we show that u, # 0, then u, € Sy+ C intC4 and so A* € L. Arguing by contradiction,
suppose that u#,, = 0. Then from (3.40), Proposition 2.10 of Papageorgiou-Radulescu [14],
Theorem 2 of Lieberman [11] and exploiting the compactness of the embedding C Ly (@) c
CH(Q) (with 0 < ¥ < 1), we have that

Up —> Uy 1IN Cl(ﬁ),
)
un,(z) € (0,8] VzeQ, n>n
(where § > 0 is as in hypothesis Hj(iii)), so
(2, un(2)) + A (2, un(2)) = Cun(z)?! foraa.zeQ, alln>n
(see (3.20)). Then for n > 7 we consider the Carathéodory function

cehIlif x < up(2),

gun(Z)q_l if u,(z) < x. (3.40)

In(z,x) = {
We set
X
L,(z,x)= [ I(z,s)ds
0
and consider the C'-functional ¢, : Wwlr(Q) — R defined by

1
Sn(u) = ;Vp(u) —/ Ly(z.u)ydz Yu e WhP(Q).
Q

Using the direct method od the calculus of variation and the fact that ¢ < p, we can find
. € WhP(Q) such that

Cn(’lz*) = inf Zn(w) < 0= 8,(0),
Q)

ueWhp(
0 Ux # 0. Then using (3.40) we show that
iy € [0,u,], Uy #0,
$O
Uy =1u € intCy

(see Proposition 2.6), thus

and finally
u < Uy,

a contradiction. Therefore u, # 0 and so u, € Sy« C intCy and so A* € L. m]
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So, we have proved that
L= (0,1"].
Finally we show that for 0 < A < A* we have multiplicity of positive solutions.

Proposition 3.7 If hypotheses Hy, H|, Hy and Hz hold and 0 < ) < A*, then problem (Py)
has at least two positive solutions ugy, & € intCy, uy # u.

Proof Let0 < p < A < n < A*. According to Corollary 3.3, we can find u,, € §,, C intC,
u) € Sy €intCyq, uy, € S, € intCy such that

uy —uy € Dy and wuy —uy € Dy,
so
Uu; € intcl(ﬁ)[uu,u,,] (3.41)

(by intcl@) [u,, uy] we denote the interior in cl(Q) of [y, upln C(R)). We consider the
following truncation of the reaction in problem (P;)

8(z,up(2)) + A f(z,up(2)) if x <uy(2),

Tz, x) =1 &z, x) + A f(z,x) if u,(z) <x <uy2), (3.42)
8(z, un(2)) + A f(z,uy(2)) if uy(z) < x.

This is a Carathéodory function. We set
~ X
To(z,x) = f Tz, 8)ds
0
and consider the C!-functional 17;,\: WLP(Q) — R defined by

~ 1 ~
o) = (0 —f Toc.uyde Yue WP (@)
Q
Let
Ky ={ueW"P(Q): ¥ =0}
(the critical set of 1%).

Claim 1: K% C [uy, uy] NintCy.
Letu € K%. We have

F(w) =0,
SO
(A, h) + / £ () ul"2uh dz + / BNulP~2uh do
Q Q2

:/?,\(z, whdz Yhe WhHP(Q). (3.43)
Q

In (3.43) first we choose h = (u;, — uw)T e WhP(Q). Then, using (3.42) and the facts that
A>pu, f>0andu, € S,, we have
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(Aw), wy, —u)h) +/ S(Z)Iul”_zu(uu —u)tdz
Q
+/ B ul?u, —u)t do
aQ
= /Q (8(z upw) + Af(z up))(uy —w) " dz
= L (g(zs uy) +unf(z, Mu))(”p. —uy'tdz
= (A, ( — )™+ /Q E@ |2y e — )+ dz

+/ ,B(Z)qulpfzuﬂ(uu —u)" do,
IR
e}
uy < u.
Similarly if in (3.43) we choose h = (u — u,,)"' € W”’(Q), we show that
u < uy,
so
u € [uy, uyl.

Moreover, the nonlinear regularity theory (see Lieberman [11]) implies that u € C'(Q).
Therefore

K% C [uy, uyl NintCy.

This proves Claim 1.
Evidently u; € K% (see (3.42)). We may assume that

Ky, = (). (3.44)

Otherwise on account of Claim 1 and (3.42), we see that we already have a second positive
solution of problem (P,) and so we are done.

From (2.1) and (3.42), we see that 1% is coercive. Also it is sequentially weakly lower
semicontinuous. So, we can find &, € WP (£2) such that

Ui Gh) = inf g (w),
Q)

ueWwlr(
SO
i, € Ky,
and thus
) =u; € inte gy [up, uyl (3.45)

(see (3.44) and (3.41)). We introduce the Carathéodory function ;A (z, x) defined by

8z upy (@) +Af(z,uu (@) if x <uyu(z),

8(z, x) + A f(z,x) if 1, (2) < x. (3.46)

ki(z, x) = {
We set

I?A(Z,x)Zf k.(z, 5) ds
0
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and consider the C'-functional @ : W7 (€) — R defined by

&.(u) = %y,,(u) - /Q Ki(z,u)dz Yu e WP ().
If
Ky ={ueWhP(Q): g (u) =0},
then using (3.46) we can check that
Kz, < [u,) NintCy. (3.47)
Moreover, from (3.42) and (3.46) it is clear that
B ltwun] = Vo) (3.48)
From (3.45) and (3.48) it follows that
u;, is a local C'(2)-minimizer of &),
so also
u;, is a local W7 (€2)-minimizer of &), (3.49)

(see Papageorgiou-Radulescu [14]).

On account of (3.47) we may assume that Kg, is finite (otherwise we already have an
infinity of positive smooth solutions of (P,) and so we are done). Then (3.49) and Theorem
5.7.6 of Papageorgiou-Radulescu-Repovs [19, p. 449], imply that we can find o € (0, 1)
small such that

Or(uy) < inf @) (u) = m;. (3.50)
lu—url=c

Also, because of hypothesis H»(ii) we have
@y (tu)) —> —o00 ast — +oo. (3.51)

Claim 2. @, satisfies the Cerami condition (see Papageorgiou-Ridulescu-Repovs [19, p.
366]).
We consider a sequence {u,}peN © WLP(Q) such that

|@x(un)l < co Vn €N, (3.52)

for some cg > 0, and
(1 + llun D@}, (wn) — 0 in WHP(Q)* asn — +oo. (3.53)

From (3.53) we have

‘<A(un),h> +/ £ |un”uyhdz
Q

Bl Punhda ~ [ Btz uhdz
Q Q
enllhll

T L flugl

with g, — 0. In (3.54) we choose h = —u, € WP (). Then

Yh e WhP(Q), (3.54)

Yp(u,) <cio VneN,
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for some cy¢ > 0 (see (3.46)), so

{u; Jnen € WHP(Q) is bounded (3.55)
(see (2.1)). From (3.52) and (3.55) we have
Pr;) <en VneN, (3.56)
for some ¢y > 0, so
Y () —/ (GG uf) +AF(z,u}))dz <cip Vn €N, (3.57)
Q

for some c13 > 0 (see (3.46)). In (3.54), we choose h = “2— e WP () and obtain

—ypu)) + / (g uf) +Af(z uufdz <c13 VneN, (3.58)
Q

for some c13 > 0 (see (3.46)).
Adding (3.57) and (3.58) we obtain

[ er(zoufydz < ey VneN, (3.59)
Q

for some cj4 > 0. Using (3.59) and arguing as in the Claim of the proof of Proposition 3.6,
we show that the sequence {u;:'},,eN c whr(Q) is bounded and so
{uptnen C WI’P(Q) is bounded (3.60)

(see (3.55)). Then from (3.60) as in the proof of Proposition 3.6, using the (S).-property of
A (see Proposition 2.2), we show that at least for a subsequence, we have

up, —> u in WhP(Q),

so @, satisfied the Cerami condition. This proves Claim 2.
Then (3.50), (3.51) and Claim 2 permit the use of the mountain pass theorem. So, we can
find #; € W' () such that

;. € Kg, € [uy) NintCy
(see (3.47)), so
@r(uy) < iy < @3 (U)
(see (3.50)). We conclude that
Uy #uy; and uw; C S CintCy

(see (3.46)). ]

So, summarizing we can have the following multiplicity theorem for problem (P;) which
is global with respect to the parameter A > 0 (bifurcation-type theorem).

Theorem 3.8 [f hypotheses Hy, Hi, Hy, H3 hold, then there exists \* > 0 such that

(a) for all » € (0, A*) problem (Py) has at least two positive solutions u;,u;, < intCy,
Uy, # s

(b) for A = L* problem (P,) has at least one positive solution u, € intC;

(c) for all A > A* problem (P,) has no positive solutions.
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4 Minimal positive solution

In this section we show that for every admissible parameter > € £ = (0, A*], problem (P;)
has a smallest positive solution u} € intCy (that is, ui < u for all u € S;) and study the
monotonicity and continuity properties of the map A — uJ.

From Papageorgiou-Ridulescu-Repovs [15] (see the proof of Proposition 3.5), we know
that the set S, is downward directed (that is, if u|, up € Sy, then we can find u € S, such
that u < ui,u < up).

Proposition 4.1 If hypotheses Hy, H|, Hy and H3 hold and » € L = (0, A*], then problem
(Py) has a smallest positive solution uj € intC.

Proof Since S, is downward directed, using Lemma 3.10 of [10, p. 178], we can find a
decreasing sequence {u,},en € Sy such that

inf u, =inf S;.
neN
We have
(Aup). h) +/ £(ul " hdz +/ Bul ' hdo
Q aQ
= / (g(z un) + Af(z,up))h, dz ¥Yh € WP (Q). 4.1)
Q
Since 0 < u,, < uj for all n € N, choosing & = u,, € W7 () and using hypotheses H| (i)
and H,(ii), we obtain that
Yp(un) <c15 Vn €N,
for some c15 > 0, so
{untnen C Wl’p(Q) is bounded 4.2)
(see (2.1)). From (4.1), we have

—Apun(2) + EQuUEL =g un) + ALz un) inQ,
{ 32; +B@ul ' =0 onoQ. (4.3)
Then from (4.2), (4.3) and Proposition 2.10 of [14], we can find ¢1¢ > 0 such that
lunlloo < ci6 Vn €N.
Invoking Theorem 2 of Lieberman [11], we can find & € (0, 1) and ¢17 > 0 such that
uy € CHQ) and Nuyllcraggy < c17 Yn €N (4.4)

Exploiting the compactness of the embedding C*(Q) € C'(Q), we see that at least for a
subsequence, we have

u, — uj in cl(). 4.5)

As in the proof of Proposition 3.6, using hypothesis Hj(iii) and Proposition 2.6, we show
that u} # 0.
Passing to the limit as n — +o00 in (4.1) and using (4.5), we conclude that

ui € S, CintC4+ and uj = inf S).
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We consider the minimal solution map m: £ = (0, A*] —> S C intC,. defined by
m) = uj.
We say that 7 is “strictly increasing”, if
O<pu<i<A = m@)—m(u) € Dy.
Proposition 4.2 If hypotheses Hy, Hi, H>» and H3 hold, then

(a) m is strictly increasing;
(b) m is right continuous.

Proof (a)Let0 < u < A < A*. According to Corollary 3.3, we can find u,, € S, € intC,
such that

ES
uy —uy € Dy,
SO
* *
u, —u, €Dy

. " PO . .
(since uy, < uy,) and thus m is strictly increasing.

(b) Let {A,}nen € L and suppose that &, / A (A € L). As before (see the proof of
Proposition 4.1), from the nonlinear regularity theory (see Lieberman [11]), we know that
we can find A € (0, 1) and c¢;g > O such that

wy € Ch*(Q) and (u} llcreg <cis VneN.
The compactness of the embedding C Le@@) c ¢'(Q) and part (a) imply that
uj — T inC'(Q). (4.6)
We claim that #* = u’. If this is not true, then we can find z € Q such that
uj (z0) < U (20),
)
U (z0) < uj, (z0) Vn >no

(see (4.6)), which contradicts (a) (recall A, < A for all n € N). Therefore m is right contin-
uous. O
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