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Abstract

If G is a group of finite Priifer rank we prove that G has a characteristic subgroup K of
finite index such that every finite image of its derived subgroup K’ is nilpotent, so every
finite image of K is nilpotent-by-abelian.
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A group G has finite (Priifer) rank if there is an integer r such that each finitely generated
subgroup of G can be generated by at most r elements, the least such r being the rank rk(G)
of G. Soluble groups of finite rank are well understood, as are groups of finite rank in the
very much larger group class generated by the abelian groups and the finite groups under
closure by the local and the ascending series operators (symbolically the class<L, P">(AF),
see [1]). Results about groups of finite rank in general seem to be rare. The following is the
main result of this paper.

THEOREM 1 Let G be a group of finite rank. Then G has a characteristic subgroup K of finite
index such that every finite image of its derived subgroup K’ is nilpotent and every finite
image of K is nilpotent-by-abelian.

If G is a group of finite rank, it follows from [2] that G has a characteristic subgroup H of
finite index such that every finite image of H is soluble and we proved in [3] that for every
finite set w of primes there is a characteristic subgroup H=H(m) of G of finite index such that
every finite t-image of H is nilpotent. (The special cases of the latter where G is also soluble
or finitely generated are proved in [4].)

In Theorem 1 we cannot in general choose K with every finite image of K nilpotent. For
example, suppose G is a polycyclic group that is not nilpotent-by-finite. Then G has finite
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rank and any subgroup of G with all its finite images nilpotent is itself nilpotent (theo-
rem of Hirsch, e.g. [5] 2.8). (The simplest example of such a group is probably the group
G=<x>A, where A is a free abelian group of rank 2 and x is the 2 by 2 companion matrix
of the polynomial x*> — 2X — 1.) However for a polycyclic group G we can always choose K
so that K is actually nilpotent ([5] 4.5).

Say that a group G has finite residual rank at most the integer r if every finite image of
G has finite rank at most r, the least such r being the residual rank of G. In [2] we were able
to prove the main results of [3] and [2] under the weaker assumption of finite residual rank.
However we cannot weaken finite rank in Theorem 1 to just finite residual rank, as the fol-
lowing example shows.

(I am very grateful to the referee for bringing to my attention the book [6] by Lubotzky
and Segal and informing me that it contains a discussion of finite residual rank, but under
the name ‘finite upper rank’, and that some of the material I quote here from [3] and [2] can
also be found in [6].)

Let S be a finite non-abelian simple group, A an infinite cyclic group and G the wreath
product of S by A. If B denotes the base group of G, then B is the direct product of the S as
a ranges over A and hence the only normal subgroups of G in B are B and < 1>. It follows
that if K is a normal subgroup of G of finite index, then B<K and hence K" <B=B’ <K'.
Further G/K is cyclic, so G has residual rank 1. If N is a normal subgroup of K" =B of index
at least 2, since B=B’, so K'/N is not nilpotent. Clearly for every positive integer m there
exists such an N with (K" : N) =|S|™.

The following is a soluble example. Let G denote the wreath product of the dihedral
group of order 6 by the additive group Q of the rational numbers. Then G is a soluble group
of derived length 3 and residual rank 1 and for every normal subgroup H of G of finite index,
H’ has a finite non-nilpotent image. (Clearly there is no such metabelian example.)

For let B denote the base group of G, so G=QB, and consider some normal subgroup
H of G of finite index. Since Q is divisible, Q<H and since Q acts on the finite group B/
(HNB), Q centralizes it; that is, [B, Q]<HNB. In particular, [B’, QJ<HNB’. Now B" is
isomorphic as Q-module in the obvious way to the group algebra F;Q of Q over the field F5
of 3 elements with the image of HNB’ in F;Q containing the augmentation ideal of Q. Since
HNB’ is normal in B, this image will contain

(2x—1) — (x—1)=x for every x € Q.

Consequently HNB" =B".

Now B/B’ is isomorphic as Q-module to the group algebra F,Q of Q over the field F,
of 2 elements. Since B/(HNB) is Q-central, the image of (HNB)/B" in F,Q contains the
augmentation ideal of Q and hence (B : HNB)<2. Thus we have only two possibilities for
H, namely H=G or H=Q(HNB) with HNB actually the inverse image of the augmentation
ideal. In particular G/H has order 1 or 2 and G has residual rank 1. Trivially G is soluble of
derived length 3.

Suppose every finite image of H" is nilpotent. Since H” < B it follows that every finite
image of H' is abelian. But clearly B is residually finite, so H’ is abelian. If x € H" < B has
order 2, there exists some a € B of order 3 with a*=a"!. But H" is normal in G, so H' contains
x* = xa. But then the abelian group H’ contains both the non-commuting elements x and
a. Consequently no such x exists and hence H" < B’. Therefore G/B’ is abelian-by-finite.
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Also G/B"=QB/B’=HB/B’, H/B" and B/B’ are abelian and hence (Fitting’s Lemma) G/B’
is nilpotent. Hence the augmentation ideal of Q in F,Q is nilpotent. But if x € Q\<1>, then
in F,Q, (1-x)™ # 0 for every positive integer m. This final contradiction shows that H has a
non-nilpotent finite image.

However we can at least prove the following, from which Theorem 1 is immediate.

THEOREM 2 Let G be a group with finite residual rank. Then G has a characteristic subgroup
K of finite index such that for every normal subgroup N of G that has finite index in K" the
group K'/N is nilpotent and every finite image of K is nilpotent-by-abelian. Suppose further
that the derived subgroup of every characteristic subgroup of G of finite index also has finite
residual rank. Then G has a characteristic subgroup K of finite index such that every finite
image of its derived subgroup K" is nilpotent.

It is possible even for a periodic metabelian group to have finite residual rank while each of
its characteristic subgroups of finite index has its derived subgroup of infinite residual rank,
as the following example shows.

For some prime p let F be an infinite locally finite field of characteristic p. Set A=F" the
additive group of F and B=F* the multiplicative group of F. Then A is a B-module in the
obvious way. Let G=BA, the split extension of A by B. Then A is irreducible as B-module,
B has finite rank 1, every normal subgroup of G of finite index contains A and hence G has
residual rank at most 1. Also G” = A is an elementary abelian p-group of infinite rank and in
particular G” does not have finite residual rank.

If F is the algebraic closure of GF(p), then B is divisible and G is the only subgroup of G
of finite index. In general, if K is a normal subgroup of G of finite index, then A<K. For if
E denotes the subfield of F generated by KNB, then (B : KNB) is finite, dimgF is finite, E is
irreducible as KNB-module, A is a direct sum of finitely many copies of E as KNB-module,
A<K and hence K has finite residual rank, while K" = A does not have finite residual rank.

The following theorem is the critical step in our proof of Theorems 1 and 2.

THEOREM 3 Let G be a group of finite residual rank r. Then there exists a positive integer
e=e(r), depending only on r, and a characteristic subgroup H of G of finite index such that
if N is a normal subgroup of H of finite index, then there exists normal subgroups X and
Y of H such that N<X<Y<H with X/N nilpotent, Y/X abelian and H/Y nilpotent of finite
exponent dividing e and derived length at most 2r.

Properties of linear groups are at the heart of our proofs below, so perhaps one should look
more generally at linear groups of finite residual rank. By an old theorem of Platonov (e.g.
[7] 10.9) linear groups of finite rank are soluble-by-finite (even abelian-by-finite in positive
characteristic). The same cannot hold for linear groups of finite residual rank, since infinite
simple linear groups trivially have 0 residual rank. If G is a finitely generated subgroup of
GL(n, F), then GSGL(n, R) for some finitely generated subring of the field F. Thus the fol-
lowing corollary of Theorem 2 covers all finitely generated linear groups.

COROLLARY IfR is a finitely generated integral domain and if G is any subgroup of GL(n,
R) of finite residual rank, then G is soluble-by-finite.
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Fitt(G) denotes the Fitting subgroup of the group G.

LEMMA 1 Let G be a finite soluble group of rank at most the integer r. Then there is a posi-
tive integer e=e(r), depending only on r, such that G/Fitt(G) has derived length at most 2r
and is abelian-by-(of exponent dividing e).

Proof 1If r<1 the claims are vacuous. There exists a nilpotent normal subgroup B of G of
class at most 2 such that Z=C;(B)<B (e.g. see [8] 1.A.8). Set.

L=, (C4(Z/ZP)N(B/BZ)),

the intersection being over the set of primes p dividing |B].

There is a positive integer e, depending only on r, such that every soluble linear group
of degree r has derived length at most 2r (see [9] or 6.2 A of [10]) and is unipotent-by-
abelian-by-(finite of order dividing e), e.g. see [7] 3.6. Now, since G has rank at most t,
G/L is residually linear of degree r. Set H = (G®)'L. Then G/L has derived length at most
2r and H/L acts unipotently (i.e. nilpotently) on each Z/ZP and B/BPZ. Hence H acts nil-
potently on Z and B/Z and hence also on B. Consequently H/Cy;(B) is nilpotent (e.g. [5]
1.17). But Cy(B)<C;(B)<B and H acts nilpotently on B. Therefore H is nilpotent. Finally
L<H<Fitt(G) and the lemma follows.

Proof of Theorem3. With e=e(r) as in Lemma 1, let © denote the (finite) set of prime
divisors of e. By the Theorem, the Proposition and Lemma 2 of [2] there is a characteristic
subgroup H of G of finite index such that every finite image of H is soluble and every finite
n-image of H is nilpotent. Now apply Lemma 1 to each finite image of H.

LEMMA 2 Let G be a soluble, residually finite group with finite exponent e, finite residual
rank r and derived length d. Then G is finite of order dividing e®".

Proof If G is finite, clearly |G| divides e". In general choose a normal subgroup N of G of
finite index with (G : N) maximal; note that always (G : N)<e®. Then every normal sub-
group of G of finite index contains N. But G is residually finite. Consequently N=<1>, G
is finite and |G| divides e

The following lemma is a special case of [2] Lemma 2, where we have chosen both G and
H equal to L.

LEMMA 3 Let N be a normal subgroup of finite index in the group L. If L has finite residual
rank and M = N, No, where ¢ ranges over Aut(L), then L/M is finite.

Proof of Theorem?2. Choose e=e(r) and H<G as in Theorem 3 and set K equal to the inter-
section of all the normal subgroups N of H of finite index with H/N of exponent dividing e
and derived length at most d=2r. Then K is a characteristic subgroup of H (and hence of G)
such that (H : K) divides ¥ by Lemma 2.

Now suppose N is a normal subgroup of H with N of finite index in K'. Then C=C(K'/N)
is a normal subgroup of H of finite index. Hence by the choice of H and the definition of K
we have that K'C/C is nilpotent. But then K'/(CNK") is nilpotent and (CNK")/N={;(K'/N).
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Consequently K'/N is nilpotent. If N is now a normal subgroup of K of finite index, set Ny =
Ny N*. Then NyNK” is normal in H and of finite index in K”, so by the above K'/(N;NK")
is nilpotent. Consequently K/N; and hence K/N are nilpotent-by-abelian.

Finally assume that K" has finite residual rank and let N denote a normal subgroup of K’
of finite index. With L=K" and M as in Lemma 3, clearly M<Ny = N 4 N¥, so K'/Ny is
finite. By the previous paragraph K'/Ny, is nilpotent. Consequently K'/N is nilpotent and the
proof of Part b) is complete.

Proof of the Corollary. Let K be the normal subgroup of G given by Theorem 2. Then G/
K’ is abelian-by-finite and if whenever N is a normal subgroup of G of finite index in K’,
we have K’ /N nilpotent. But then K’ is nilpotent by [7] 4.16 (or if you prefer by [7] 10.5).
Consequently G is soluble-by-finite.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. B.A.F.Wehrfritz, On groups of finite rank,Publ. Mat.65599-613. (2021)

2. B.A.F.Wehrfritz, On groups of finite Priifer rank II, preprint

3. B.A.F.Wehrfritz, On groups of finite Priifer rank, Publ. Mat., to appear

4.  D.N.Azarov & N.S.Romanovskii, Finite homomorphic images of groups of finite rank, Sibirsk. Mat.

Zh. 60 483-488. English transl. Sib. Math. J. 60(2019), 373-376. (2019)

B.A.F.Wehrfritz, Group and Ring Theoretic Properties of Polycyclic Groups,Springer-Verlag, London
(2009)

A.Lubotzky & D.Segal, Subgroup Growth,Birkhéuser Verlag, Basel (2003)

B.A F.Wehrfritz, Infinite Linear Groups,Springer-Verlag, Berlin (1973)

0.H.Kegel & B.A.F.Wehrfritz, Locally Finite Groups, North-Holland Pub.Co., Amsterdam (1973)
B.Huppert, Lineare auslosbare Gruppen,Math. Z.67479-518. (1957)

0. Dixon, J.D.: The Structure of Linear Groups. Van Nostrand Reinhold Co., New York (1971)

W

Z o0 o

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a

publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted manu-
script version of this article is solely governed by the terms of such publishing agreement and applicable law.

@ Springer


http://creativecommons.org/licenses/by/4.0/

	﻿On groups of finite prüfer rank III
	﻿Abstract
	﻿References


