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Abstract

We consider a right nearring N and a module over N (known as, N-group). For an arbitrary
ideal (or N-subgroup) §2 of an N-group G, we define the notions §2-superfluous, strictly
§2-superfluous, g-superfluous ideals of G. We give suitable examples to distinguish between
these classes and the existing classes studied in Bhavanari (Proc Japan Acad 61-A:23-25,
1985; Indian J Pure Appl Math 22:633-636, 1991; J Austral Math Soc 57:170-178, 1994),
and prove some properties. For a zero-symmetric nearring with 1, we consider a module over
a matrix nearring and obtain one-one correspondence between the superfluous ideals of an
N-group (over itself) and those of M, (N)-group N", where M, (N) is the matrix nearring
over N. Furthermore, we define a graph of superfluous ideals of a nearring and prove some
properties with necessary examples.
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Mathematics Subject Classification 16Y30

1 Introduction and Preliminaries

The notion of finite Goldie dimension (denoted by FGD) of a module was defined by Goldie
[14] wherein, the key notions for the study of FGD are essential submodules, uniform sub-
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modules and complement of a submodule (see, [4, 5]). The dualization of this concept namely,
finite spanning dimension (denoted by FSD) in modules over rings was defined by Fleury
[13] with the notions such as superfluous submodules, hollow submodules and supplements.
Later, these concepts were studied in [1, 2, 7, 18]. The idea of FSD was generalized to
module over nearrings (known as N-groups) in [6, 11, 16, 20]. They introduced the notions
such as superfluous ideal, hollow ideal and FSD in N-groups and proved the corresponding
structure theorems. The motivation of this paper arises from a natural question that what
if one substitutes an arbitrary ideal §2 in place of an N-group G, so that it generalises the
existing study of these notions. The classes of N-groups with these new notions are different
from the classes of N-groups studied in [6, 8, 11, 19, 20]. Eventually, in this paper we define
§2-superfluous ideal of an N-group G, where §2 is an ideal of G and obtain some connections
to matrix nearrings, and some combinatorial aspects. In section 2, we define g-superfluous
and g-supplement ideals of N-groups as a generalization of respective notions defined by
[20]. We have constructed examples where G is non-abelian.

In Sect. 3, we introduce superfluous ideals of N-groups and prove some important properties
and provide necessary examples. In Sect. 4, we consider the notion strictly superfluous in
terms of N-subgroups and gave examples which indicate that the classes of N-groups with
superfluous and strictly superfluous are different. Matrix nearrings over arbitrary nearrings
were defined in [15] and studied in [23]. In Sect. 5, we introduce the superfluous and g-
superfluous ideals in M, (N)-group N", and establish a one-one correspondence between
superfluous and g-superfluous ideals of N (over itself) and those of M, (N)-group N". In
Sect. 6, we introduce superfluous ideal graphs of nearrings and prove some properties with
examples.

A (right) nearring is a set N together with two binary operations “+” and “-” such that
(N, +)isagroup, (N, -) is a semigroup and right distributive law holds. In general, for some
ne€ N,n-07#0,and so we call N is zero-symmetric if n - 0 = O forall n € N. A normal
subgroup [ of a nearring N is called an ideal of N (denoted by I/ < N)if IN C [ and
a(b+i)—ab e Iforalla,b € N andi € I. An additive group G is said to be an N-group if
there exists amap N x G — G defined by (n, g) — ng satisfying (n +n1)g =ng +n1g
and (n-n1)g =n(n1g) foralln,n; € N and g € G. Throughout, we use G for an N-group.
A subgroup H of G is said to be an N-subgroup (denoted as, H <y G)of Gif NH C H;and
anormal subgroup 7 of G is called an ideal (denoted as, I <y G)of G ifn(g+i)—ng €1,
foralln € N,g € Gandi € I. Anideal S of G is said to be superfluousin Gif S+ K = G
and K is an ideal of G, imply K = G, and G is called hollow if every proper ideal of G is
superfluous in G. For any two N-subgroups H and K of G, K is said to be a supplement for
Hif H+ K =Gand H+ K # G for any proper ideal K'of K. For any ideals 1, J, K
of N(orof G),if K C I,thenI N(J+K)={UNJ)+ K. Weuse I & J to denote the
direct sum of ideals I and J of G. We refer to Pilz [17] and Bhavanari and Kuncham [10]
for fundamental literature in nearrings.

We consider simple and finite graphs, whose vertex setis V and edge setis E. A vertex v of
a graph is called a universal vertex if degree of v=|V | — 1. If there exists a path between every
two vertices of a graph, then the graph is connected otherwise the graph is disconnected. A
graph whose vertex set is empty is called a null graph and a graph having atleast one vertex
and empty edge set is called an empty graph.
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Table 1 Multiplication x on N
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2 Generalized supplements

The notion of superfluous submodule of module over a ring was studied by [3, 7]. We define
generalized superfluous (briefly, g-superfluous) ideal of an N-group G as follows.

Definition 2.1 An ideal K of G is called g-superfluous if G = K + T and T <, G, then
T = G. We denote this by K g5 G.

Remark 2.2 Every superfluous ideal of G is g-superfluous.

Example 2.3 Consider the nearring N = (Zy X Zy x Z», +, -) with the notation given in
page no. 420, (N) of [17]. That is, (0,0,0) =0, (0,0,1) =1 (0,1,0) =2 (0,1,1) = 3,
(1,0,0) =4,(1,0,1) =5,(1,1,0) = 6,and (1, 1, 1) = 7. The multiplication table is given
below. Let G = N (Table 1).

The proper ideals of G are I} = {0, 2,4, 6} and I, = {0, 1}. It can be seen that /; and I, are
g-superfluous but not superfluousin G as I} + I, = G

Proposition 2.4 Let K, J be ideals of G such that K C J. If K <g5 J, then K <Lgs L for
any ideal L of G with J C L.

Proof LetT <, Lsuchthat K+T7 = L.WeproveT = L.ClearlyT C L.Since K+T =L,
we have (K +T)NJ = LN J.Since K C J and modular law, we have K + (T NJ) = J.
Since TNJ <, Jand K <45 J,wehave (' NJ)=JandsoT C J.Since K CJ CT,
weget L=K+T CJ+T =T.Therefore L =T and hence K <45 L. O

Proposition 2.5 Ler K1, K>, G1, G3 be ideals of G such that K1 € Gy and K, € G). If
K| g5 G1 and Ky K5 Go, then K| 4+ Ky g5 G1 + Go.

Proof Since K; <45 G, by Proposition 2.4, we have K; <5 G1 + G2 fori = {1,2}. Let
T <., Gi +Gybesuchthat K + Kh + T = G| + G,. Since T <, G| + G, we have
T+Ky <. Gy +G2.Now Ky + (K2 +T) = G; + G2 and Ky <5 G1 + G2, imply
that K, + T = G + Ga. Again, since K» <45 G1 + G2 and T <, G + G2 implies
T =G + Gs. O

Note 2.6 Let X, K be ideals of G such that K C X. If% <, %, then X <, G.

Proposition 2.7 Let U, V and K be ideals of G. If U <45 V, then % Lgs %
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Proof Let% <e %besuchthat%-l-% = %.ThenU+K+T =V + K. Since
K CT,wegetU+T =V+K.NowU K¢ Vimpliesthat U g V+K,and% <, %
implies ' <, V + K. Since U o5 V+ K, T <, V+KandU +T =V + K, we get
T =V + K, which implies £ = Y£X_ Therefore, ¥ <, Y£X. o

Proposition 2.8 Ler J, K, L be ideals of G such that K C J.

L IfJ <5 G, then K g5 G and 4 <g5 <.
2. J+ L <Lgs Gifandonly if J Kg5s G and L KLg5 G.

Proof 1. Suppose J <45 G.To prove K <¢s G,let T <, G such that K + T = G. Since
K CJ,wegetJ+T = G.Since J Kg5 G, wehave T = G, shows that K <5 G.
Next we prove % Lgs % Let % <, % such that % + % = % Then % = % implies
that / + X = G. Since X <, G, we get X = G. Therefore % = %

2. Suppose J + L K45 G. To prove J K¢y G and L <Kg5 G, let T <, G such that
J+T =G.Then (J+L)+T =G.Since J + L K¢y G, wehave T = G. In a similar
way, we get L <5 G.

Conversely, suppose that J gy G and L <5 G. Toprove J + L K45 G,letT <, G
such that (/ + L)+ T = G. Thismeans, J + (L +T) = G. Since L + T <, G and
J KLgs G,itfollowsthat L+7T = G. Againsince L g GandT <, G,wegetT =G.
Therefore J + L g5 G.

m}

Definition 2.9 Let P and Q be N-subgroups of G. Q is said to be a g-supplement of P if
G=P+Qand G =P+ T withT <, Q implies that T = Q.
An N-group G is called g-supplemented if every ideal of G has a g-supplement.

Remark 2.10 Every supplemented N-group is g-supplemented.

Example 2.11 Consider the nearring given in (K(139), page 418 of [17]). Let N = (Dsg, +, %),
the dihedral group of order 8 and G = N.

The subgroups of (Dg, +) are Hy = (e), Hy = (s), Hy = (sr?), Hy = (r?), Hs = (sr?),
He = (sr), Hy = ({s,r2}), Hy = (r) and Hy = ({r%, sr3}). The N-subgroups are Hj,
H,, H3, Hy, Hs, H7 and Hy, and ideals of Dg are Hy, H7 and Hy. The ideals of Ho(when
it is considered as an N-group) are H4 and Hs which are not essential in Hg. Observe that
Hy is not a supplement of Hy as there exists an ideal Hs of Hg such that H; + Hs = Ds.
Furthermore, all ideals of Hg are not essential, we do not have any essential ideal I of Hy
such that H; + I = Dg. Therefore Ho is a g-supplement of H7 (Table 2).

Lemma 2.12 Let P, Q be ideals of G. Then Q is a g-supplement of P ifand only if G = P+ Q
and PN Q Kg5 0.

Proof Suppose Q is a g-supplement of P in G. Then P + Q = G and P + Q' # G for any
essential ideal Q/ of 0. Weprove PN Q K5 O.LetT <, Qsuchthat (PN QO)+T = Q.
ThenG=P+Q0Q=P+(PNQO)+T =P+T,as(PNQ) < P.NowG = P+ T where
T <. Q. Since Q is a g-supplement of P, we get T = Q. Therefore P N Q K Q.
Conversely, suppose that G = P + Q and P N Q K5 Q. To show Q is a g-supplement
of Pin G,let G = P + T for some essential ideal T of Q. Now, since 7 C Q, by modular
law we get 0 = QNG =Q0NP +T)=(QNP)+T.Since (PN Q) K5 O and
T <., Q,wegetT = Q. Therefore Q is a g-supplement of P in G. m}
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Table 2 Multiplication x on N

* e r r r N sr sr sr
e e e e e e e e e

r e r r2 r3 \) S}"3 S}"Z sr
r2 e 7'2 e r2 e e e e

r3 e I'3 r2 r s sr3 sr2 sr
A e N r2 sr2 N e S}’2 }"2
vr3 e Yr3 e sr3 e W‘3 e W"3
sr2 e sr2 7'2 N N e Si”z F2
sr e sr e Sr e sr3 e sr3

Proposition 2.13 [/2]

1. Let G be an N-group and let I, J be the ideals of G withG = 1 @ J. Thena+b =b+a
foralla eI andb € J.

2. If N = No,n € N,a € l,b e JandthesumI®J isdirectin G, thenn(a+b) = na+nb.

3. Let N = Ngand I <y G be a direct summand. Then each ideal of I is an ideal of G.

Lemma 2.14 Let A, B and C be ideals of G. Then
AN(B+C)<y BN(A+C)+CN(A+B).

Proof Wehave AN (B+C) <y G.Letpe AN(B+C). Thenp € Aand p € B+ C,
which implies p = b 4 ¢ for some b € Bandc € C. Now,b = p—c € A+ C and
c=-b+peB+A=A+Bandhence p=b+ce BN(A+C)+CN(A+ B).
Therefore AN (B + C) <y G, whichis containedin BN (A + C)+ CN (A + B) and hence
ANMB+C)IyNBNA+C)+CN(A+ B). O

Lemma 2.15 Let N be zero-symmetric and G1, U be ideals of G and G be g-supplemented
and a direct summand of G. If G1 + U has a g-supplement in G, then U has a g-supplement
inG.

Proof Let X be a g-supplement of G| + U in G. Thenby Lemma 2.12, G+ U + X =G
and (G +U) N X K¢ X. Since G is g-supplemented, (U + X) N G has a g-supplement
Yin Gy.Thatis, GiIN(U+X)+Y =G1and G N(U +X)NY K¢ ¥, by Lemma 2.12.
Since G is a direct summand, ¥ <y G. This yield,

GC=GINU+X)+Y+U+X)=U+X+Y

and
UNX+Y)dyXNWU+Y)+YNnU+X)
<y XNG1+U)+YNG N WU+ X)
Les X+7Y.
Hence, X + Y is a g-supplement of U in G. O
Proposition 2.16 Let G be an N-group. Let K, U and V be ideals of G such that K C U.

Let 'V be a g-supplement of U in G. Then % is a g-supplement of %

Proof Since V is a g-supplement of U in G,wehave G = U + V and U NV <, V which
implies UWAK o VEK Now & = ULV — U | VEK Ajgo U 0 VEK — UNCER)
W Lgs % Therefore, % is a g-supplement of % O
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3 Superfluous ideals

Definition 3.1 Let 2 <y G. An ideal (or N-subgroup) H of G is said to be £2-superfluous
in G if £2 Q H and for any ideal L of G, 2 € L + H implies 2 C L. We denote it by
H <Ko G.

Note 3.2 [f 2 = G, then §2-superfluous coincides with the notion of superfluous defined by
[20]. In this case, we denote H < G whenever an ideal H is superfluous in G. Trivially, the
ideal (0) is superfluous in G.

Example 3.3 Let N = Z, the set of integers and G = (Zy4, +24). Then G is an N-group. Let
2 = 8Zp4. Then 6Zo4, 3724, 12794 are §2-superfluous, whereas 3Zy4 is not superfluous in
G, since 3704 + 2704 = Zo4 but 2Zp4 # Zoa.

Example3.4 Let N = Z and G = Z>. Then G is an N-group. Let 2 = 47Z15. Then 6Z,>,
371, are $2-superfluous, whereas 37Z; is not superfluous in G, since 3Z17 + 2Z12 = Z1»
but 2Z13 # Zq>.

0 Zyn

Example3.5 Let N = (0 0

> and G = N. Then the ideals and N-subgroups are H; =

i
{<8q%‘1 ):05;’ <m}.Let 2 = Hy. Then H; < G forall j < k.

Example 3.6 Consider the N-group given in the Example 2.11.

1. H7 <<H9 G, H4 <<H9 G1 H9 <<H7 G3 H4 <<H7 G.
2. The N-subgroups H», H3, Hy and H; are §2-superfluous in G with 2 = Ho.
3. The N-subgroups Hs, Hs, Hy are $2-superfluous in G with 2 = H;.

Proposition 3.7 Let §2 be an ideal and X be an ideal (or N-subgroup) of G. If X is 2-
superfluous in G, then X N'Y is 2-superfluous in G for any ideal (or N-subgroup) Y of G.

Proof Suppose X is £2-superfluous in G. Let Y <y G. Since 2 ¢ X, wehave 2 ¢ X NY.
On a contrary, suppose X N Y is not superfluous in G. Then there exists a proper ideal K of
G such that £2 Q Kand 2 C(XNY)+ K.Now,since XNY C Xweget2 CX+K,a
contradiction as X <o G. Therefore X NY <o G. O

Proposition 3.8 Let §2, K be ideals of G. If K < G, then K N 2 K G.

Proof Let K <o G.Toprove KN 2 < G,let L <y Gbesuchthat (KN)+L=G.
Now 2 C(KNN)+ L C K+ L.Nowsince K < G, we have that £2 C L. Also since
KN CCL,itfollowsthat L = (K N§2)+ L = G. Therefore, K N 2 K< G. ]

Proposition 3.9 Let N be zero-symmetric and 2 <y G, which is a direct summand, and let
P <y G contained in $2. Then P Lo G if and only if P K 2.

Proof Suppose P < G.Since P <y G and P C §2, wehave P <y £2.Toprove P < §2,
let L <y £2 be such that P + L = £2. Since §2 is a direct summand, by Proposition 2.13(3),
L <y G.Now 2 C P+ Land P Ko G,weget 2 C L. Since L C £2, it follows that
L=%.

Conversely, suppose that P <« §2. Let L <y G be such that 2 € P + L. Now 2 =
(P+L)NK2 = P+ (LNS2), by modular law, and since P < 2, it follows that 2 = LN £2.
Hence 2 C L. O
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Proposition 3.10 Let K Jy G and let P and $2 be ideals of G which are contained in K. If
P <Ko K, then P <o G.

Proof Suppose that P < K. To prove P < G,let L <y G be suchthat 2 C P + L.
Since £2 € K and by modular law, we have 2 € (P +L)N K = P + (L N K). Since
LNK <dy Kand P L K,wehave 2 C (LNK), whichimplies 2 € L.Hence P < G.

O

Remark 3.11 It can be easily seen that the Propositions 3.7, 3.8, 3.9 and 3.10 hold for N-
subgroups also.

Remark 3.12 The following proposition holds for ideals of G but not for N-subgroups, as
sum of two N-subgroups need not be an N-subgroup.

Proposition 3.13 Let Ny, N», §2 be ideals of G. Then N1 <o G and N» Lo G if and only
if N1+ N> <o G.

Proof Suppose that N < G and Ny <o G.Let L <y G be such that 2 € (N| 4+ N») +
L = Nj + (N2 4+ L). Since N1 < G, we have £2 C N, + L, and again since N» <o G,
we get 2 C L.

Conversely, suppose N1 + N2 <o G. Let L Jdy G be such that 2 € Ny + L C
(N1 + N2) + L. Now since N1 + N> <o G, we get £2 C L. Similar assertion proves
N Lo G. O

Note 3.14 Let N be zero-symmetric and K1 Jy G1 dy G and Ky dy G, 4y G,
2 dy G such that Gy & Gy, = G. Then K1 <o G and Ky Ko Gj if and only if
K1+ Ky <o G+ Ga.

Proposition 3.15 Ler £2, K, P be ideals of G such that K C 2, K € P and 2 ¢ P. Then
P Lo Gifandonly if K <o G and % <<% %

Proof Suppose P <o G. To prove K < G,let L <y G such that 2 C K + L. Since
K C P,weget$2 C P+ L.Since P <o G,wehave 2 C L, and thus K < G.

Now to prove % <La %,let % <y %,whereK C L <y G such that, % - % + % =
K

%. Then 2 € P + L. Since P < G, we get 2 € L, which implies that % C %

P G
Hence, i <<% %

Conversely, suppose that K < G and % <<% % To prove P L G,let L Iy G
such that 2 € P + L. Then % C % = % + % Since % <<% % it follows that
% C % which implies £2 € L 4+ K. Since K < G, we get 2 € L. Hence, P <o G.

[m}

Proposition 3.16 Let {$2;}ic1 be a family of ideals of G and K dn G. If for each i € I,
K <@, G, then K <y o G.
iel
Proof Suppose K <, G foreachi € I and ) £2; € K + L where L <y G. Then since
iel
£2; €Y 2 C K+ Lforeachi € [ and K <L@; G, we have £2; C L, which shows that
> §2; € L. Hence, K <Ly o G. O

iel
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Corollary 3.17 Let K and K> be ideals of G such that K| <k, G and K, <k, G. Then
KiNKy Lk, +k, G.

Proof First we show that K1 N K2 <k, G. For this, let K; € (K; N K2) + X, where X
is an ideal of G. Now K1 € K, + X and since K» <k, G we get K1 C X. Therefore,
K1 N K> <k, G.Inasimilar way, we get K1 N K> <k, G. Hence, by Proposition 3.16, it
follows that K1 N Ky <k,+k, G. ]

The converse of the Corollary 3.17 need not be true, as shown in the following example.

Example 3.18 Consider the N-group Z4g over Z. Let K; = 8743 and K» = 6Z4g3. Then
8748 N 6748 K87,45+6745 Lag, Whereas 8748 Ke7z,44 248 and 6Z4g is not 8Z4g-superfluous
in Za4g.

Proposition 3.19 Let K and $2 be ideals of G such that 2 ¢ K. Let G bean N-group and
f: G — G be an epimorphism with f(2) ¢ f(K). If K <@ G, then f(K) < @) G -
The converse holds if f is injective.

Proof Supposethat K < G.Since f is anepimorphism, we have f(K) <y G by Theorem
1.30 of [17]. Let X <y G’ be such that f(£2) C f(K)+ X.Then £2 C K + f~'(X). Since
f_l(X) <y G and K < G, it follows that £2 C f_l(X). Hence f(£2) C X.

Conversely, suppose that f is injective and f(K) < (@) G'. Let X <y G be such that
£2 C K+ X. Then f(£2) € f(K + X) = f(K) + f(X). Since f(K) <) G,
we have f(£2) C f(X). Therefore, f~1(f(£2)) S f~'(f(X)). Now by 2.17 of [17],
Q2 +ker f € X +ker f.As f isinjective, we get £2 C X. m}

Remark 3.20 Unlike in module over rings, the condition f is a homomorphism is not suf-
ficient, as a homomorphic image of an ideal need not be an ideal. So we consider f to be
an epimorphism. The following example justifies the condition f is a homomorphism is not
sufficient.

Example 3.21 Consider the nearring given in the Example 3.6 and the ideals Hy =
{e,r?, sr3, sr}and Hy = {e, r2, s, sr2} of G. Let f be an N-endomorphism of G defined
by

f(g)=g-sr forall g eG.

Then f(Ho) = {e, sr3} and f(H7) = {e, r?}. It can be seen that H; <p, G, but f(Hy) is
not f(Hg) superfluous in G, since f(Hy) ﬁN G.

Definition 3.22 Let 2 <y G. G is said to be £2-hollow if every proper ideal of G which
does not contain in £2 is £2-superfluous in G.

Remark 3.23 1. Every hollow N-group is §2-hollow with 2 = G.
2. £2-hollow need not be hollow and we justify this in the following example.

Example 3.24 Consider the Example 3.6 in which Hs, H; are Hy-superfluous in G and
Hy,Hg are H7-superfluous in G. Hence it is H7-hollow as well as Hog-hollow. However, G is
not hollow, since H7 is not superfluous in G as H7 + H9 = G but Hy # G.

Definition 3.25 Let N be zero-symmetric, and let §2, H be ideals of G such that £2 7@ H.An
N-subgroup K of G is said to be an 2-supplement of H if 2 C H + K and 2 ¢ H + K
for any ideal K "of K.
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Table 3 Multiplication x on N

* e r r r N Sr sr sr

e e e e e e e e e
2

r e e e e e r e e

2

r e e e e e e e e

r3 e e e e e F2 e e

A e e e e e e e e

sr3 e e e e e r2 e e

sr2 e e e e e e e e
2

sr e e e e e r e e

Example 3.26 Consider the Example 2.11.
Let 2 = Hj. Here H, is an £2-supplement of Hy, but H> is not a supplement of Hy as
H>, + Hy #G.

Example 3.27 N = Dg with the multiplication given in the Table 3. Let G = N.

The ideals of G are I} = G, I, = {e, r2, 13, r}, Ik = {e, sr3,r%, sr}, I = {e, sr2, s, r%},
Is = {e, r2} and Ig = {e}, and N-subgroups are 11, I, I3, 14, Is, X1 = {e, s}, X» = {e, sr2},
X3 = {e, sr}. Let £2 = I4. Here I3 is an §2-supplement of />, X is an §2-supplement of I,
I3 and Is. Further, X is not a supplement of /5 as Is + X| # G.

Note 3.28 If 2 = G, then $2-supplement coincides with the supplement as defined by [20].

4 Strictly superfluous ideals

In case of N-groups, we have substructures namely N-subgroups and ideals, whereas in
modules over rings, these concepts coincide. So we consider the notion strictly superflu-
ous in terms of N-subgroups. We provide explicit examples which indicate that the classes
superfluous and strictly superfluous are different.

Definition 4.1 An ideal H of G is called strictly superfluous in G (denoted by H <* G) if
K is any N-subgroup of G such that H + K = G, then K = G.

Definition 4.2 Let G be an N-group and £2 <y G. An ideal H of G is said to be strictly
§2-superfluous in G if for any N-subgroup L of G, £2 C L 4+ H implies 2 C L. We denote
thisby H <5, G.

T4 274

Example4.3 Let N = ( ( 0 7

4and G = N.
N-subgroups of G are

00 274 0
H1=<00>,H2=< 040),

(00 (027 (022 (027
H3_<02Z4>’H4_<0 0)’H5—<ozz4>’H6—<o Zs )’

) , +, o ) where Z4 is the set of residue classes modulo
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(274 274 (274 27, (274 22, (7422,
H7 = ( 0 0 )J‘Is—( 0 2Z4>’H9_< 0 Z4>,Hlo—<0 0 )
(74274 (224 0 (740 (74274
Hy = (0 2Z4>,H12—( 0 2Z4>’H13_ (0 0),H14— (0 Z4>'
Ideals are Hl, Hz, H3, H4, H5, H(,, H7, Hg, Hg, Hl(), Hlls H12, H14. Let 2 = H3. Then

Hyp <%, G butnot strictly superfluous in G since Hyo + Hi1 = G and Hyy # G. Hj is not
strictly Hjp-superfluous in G as there exists Hs such that Hi» ;(_ Hs and Hy» C H7 + Hs.

Example 4.4 Consider the N-group given in Example 3.6. Then Hy <<j;15 G, Hy <<AI‘1,5 G.
Here H7 is not strictly superfluous, since H; + Hs = G but Hs # G. Also H7 <py, G
but H7 is not strictly Hg-superfluous since there exists Hs <y G such that Hy ;(_ Hs but
Hy € H7 + Hs.

Proposition4.5 Let 2 <y G, K <y G. If K <, G, then KN 2 < G.

Proof Let K <%, G.Toprove K N2 «* G,let L <y G besuchthat (K N2)+L=0G.
Now 2 C (KN)+ L S K+ L. Since K <%, G, we have that 2 C L. Also since
KN CCL,itfollowsthat L = (K N§2)+ L = G. Therefore, K N 2 < G. |

Proposition4.6 Let P <y G and K, §2 be N-subgroups of G such that P and §2 are
contained in K. Then P <5, K implies P <5, G.

Proof Suppose that P <5, K. To prove P <5, G,let L <y G be suchthat 2 € P + L.
Since £2 € K and by modular law, we get 2 € (P +L)NK = P + (L N K). Since
LNK <y K and P <<fQ K, we conclude that 2 € L N K C L. Therefore P <<§2 G. O

The other implication follows when K = §2.

Proposition 4.7 Let P Ay G and 2 <y G such that P C 2. Then P <%, G if and only if
P < 5.

Proof Suppose P <, G.To prove P <« 2, let L <y £ such that P + L = §2. Now
Q2CP+Land P <<f('2 G,we get 2 C L. Since L C §2, it follows that L = £2. O

Proposition 4.8 Let Ny, Ny be ideals of G. Let 2 <y G such that 2 ¢ Ny, 2 ¢ N». Then
N1 <5 G and Ny <5, G ifand only if N1 + Ny <5, G.

Proof The proof is similar to the proof of Proposition 3.13. O

Proposition 4.9 Let N be zero-symmetric and 2 <y G. Let K, P be ideals of G such that
KCP KCQand2 ¢ P.Then P <, Gifand only if K <5, G and £ <3, &.
x

Proof The proof is similar to the proof of Proposition 3.15. O

In Proposition 4.10 and 4.11, we assume N to be zero-symmetric, so that every ideal can
also be considered as an N-group.

Proposition 4.10 Let N be zero-symmetric, §2 be an N-subgroup of G, and {®;};c; be a
family of ideals of G. If K Ay G such that K <3, G and K <<i")j G forall j € J, then

K <<S9+Z,- o; G.
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Proof Let K <%, G and K <<i~),' G foralli e I j € J.Let L <y G be such that
2+3,0; CK+LNow2 € 2+3,0; €K+ L. Since K <5 G, we get
£2C L. Now®; C 'Q+Zj ®; € K + L. Since K <<f;)j G, we get ©; C L. Therefore
Q+Zj®j§L.HenceK<<§2+zj®j G. O

Proposition 4.11 Let N be zero-symmetric and K1, K, be ideals of G. If K| <<‘;(2 G and
Ky <k, G, then Ky N K> <5, 4 g, G

Proof Suppose K <<SK2 G and K> <<sK1 G. First we show that K; N K» <<‘;<1 G. For this,
let K € (K1 NK>)+ X, where X <y G.Then K| C K, + X and since K <<‘}(1 G we
get K1 € X. Therefore K1 N K> <<Ak] G. In a similar way, we get K1 N K3 <<§<2 G. Hence,
by Proposition 4.10, K1 N K> <, , ¢, G- O

Definition 4.12 Let G| and G, be N-groups and £2 <y G. An N-epimorphism f : G| —
G is called strictly £2-superfluous if ker f <5, Gi.

Lemma4.13 Let K <y G and 2 <y G be such that 2 SZ K. Then K <%, G if and only
if the natural map f : G — % is strictly §2-superfluous.

Proof Sinceker f ={ge G: f(g)=0¢ %} = K, the proof is clear. O

Lemma4.14 Let K <y G and 2 <y G be such that 2 ¢ K. Then K <5 G ifand only if
forevery N-group G| and N-homomorphismh : Gy — Gwith 2 C K+1Imh, 2 C Im h.

Proof Suppose K <%, G.Let G be an N-group and & : G| — G be an N-homomorphism
with £ € K+ Im h. Since Im h is an N-subgroup of G and K <<SQ G,wehave 2 C Im h.
Conversely, suppose that 2 € K 4+ X where X <y G.Leti : X — G be an inclusion
map. Clearly i is an N-homomorphism, and so by hypothesis, we can conclude that £2 C X.
Therefore, K <5, G. O

Lemma4.15 Let 2 be an N-subgroup and K be an ideal of G. Let G be an N-group
and f : G — G be an N-epimorphism such that f(§2) 7,@ fK). If K K% G, then
f(K) <<§‘.(_Q) G. The converse holds if f is injective.

Proof Suppose K <%, G. Since f is an epimorphism, we have f(K) dy G .Let X <N G
be such that f(£2) € f(K) + X. Then 2 € K + f~(X). Since f~'(X) <y G and
K <%, G, wehave 2 € f~!(X). Hence f(£2) C X.

Conversely, suppose that f(K) <<§@(Q) G'. Let X <y G be such that 2 € K + X. Then
f(2) € f(K+ X) = f(K)+ f(X). Since f(K) <<;c(9) G, we have f(82) C f(X).
Therefore, f~1(f(£2)) € f~'(f(X)) which implies §2 + ker f € X + ker f. Since f is
injective, we get 2 C X. O

Example 4.16 Consider the Example 3.21. Then it can be seen that
Hy <<‘}17 G, but f(Hy) is not strictly f(H7) superfluous in G, since
f(Ho) is not an ideal of G.

Definition 4.17 Let N be zero-symmetric nearring. Let 2 <y G and H <y G be such that
£2 ¢ H. An N-subgroup K of G is said to be a strictly £2-supplement of H if 2 € H + K
and 2 ¢ H + K for any ideal K’ of K.
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The following remark is a straightforward observation.

Remark 4.18 1. If N is zero-symmetric and §2 = G, then every strictly £2-supplement is a
supplement (defined by [20]).

2. Let N be zero-symmetric. Let H <y G be such that 2 ¢ H. Then every £2-supplement
of H is a strictly §2-supplement of H.

3. If N is zero-symmetric and 2 = G, then every strictly §2-supplement is a supplement.

5 Superfluous ideals of M,,(N)-group N"

For a zero-symmetric right nearring N with 1, let N be the direct sum of n copies of (N, +).
The elements of N are column vectors and written as (1, - - - , 7). The symbols i; and 7
respectively, denote the i coordinate injective and j** coordinate projective maps.

For an elementa € N, i;(a) = (0, --- ,\a/, ---,0),and 7j(ay,---,a,) = a;, for any

ith

(ai, -+ ,ap) € N". The nearring of n x n matrices over N, denoted by M, (N), is defined
to be the subnearring of M (N"), generated by the set of functions { fl‘J‘ :N" - N"|a €
N,1 <i,j < n} where fl‘; (ki, -+ ky) :== (1, L2, -+, 1l) withl; = akj and [, = 0 if
p # i. Clearly, flj =1i; f%m;j, where f“(x) = ax, forall a, x € N.If N happens to be a
ring, then fl‘]‘ corresponds to the n x n-matrix with a in position (i, j) and zeros elsewhere.

Notation 5.1 ([9], Notation 1.1)
For any ideal A of M,,(N)-group N", we write

A ={ae N:a=mj;A, forsome A€ A, 1< j<n}, anideal of yN.

We denote M,,(N) for a matrix nearring, N"* for an M,,(N)-group N". We refer to Meldrum
& Van der Walt [15] for preliminary results on matrix nearrings.
From [10], for any s € G, the ideal generated by s is denoted by (s) and defined as, (s) =

o0

\J Ui1. where Ui 41 = UFUUL LU with Up = {s},and U} = {g+y—g: g € G,y € Ui},
i=1

Ui0 ={p—q:p,qeU}U{p+q:pqecU}, Ui+ ={n(g+a)—ng:neN,ge
G,a S U,’}.

Theorem 5.2 (Theorem 1.4 of [9]) Suppose A C N.

1. If A" is an ideal of y,(nyN", then A = (A") 4.
2. If Ais anideal of NN if and only if A" is an ideal of y,(nvyN".
3. If Aisanideal of yN, then A = (A")ux-

Lemma5.3 (Lemma 1.5 of [9])

1. If T is an ideal of p,(nyN", then (Z,)" = T.
2. Everyideal T of m,(nyN" is of the form K" for some ideal K of yN.

Note 5.4 (Note 1.7(iii) of [9]) Let A be an ideal of % Then A <, yN if and only if
A" <¢ m,n)N".

Theorem 5.5 (Theorem 1.9 [9]) Ifl € N, then {I)" = ((1,0,---,0)).

Lemma5.6 IfI and J are ideals of N, then (I + J)" = 1"+ J".
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Proof Clearly, I C I+ J and J C I + J which implies " € (I + J)* and J* C (I + J)"
andso I" + J" € (I + J)". To prove the other part, let (x1, x2, -+, x,) € (I + J)". Then
x;i € I + J forevery 1 <i < n which implies x; = a; + b;, where a; € I and b; € J.
Now,

(x1,x2, -+, xy) = (a1 +b1,a2+ by, -+ ,a, + by)
=(ai,az, - ,a,) + (b1, b2, --- ,by)
GI”-FJ"

Therefore, (I + J)" C I + J". Hence, (I + J)" = 1"+ J". O
Lemma5.7 I +J =G ifand only if (1 + J)" = G" ifand only if I" + J" = G".

Definition 5.8 An ideal A of M,,(N)-group N" is said to be superfluous if for any ideal K
of N*, A+ K = N" implies £ = N".

Lemma5.9 Let B be an ideal of yN. If B < yN, then B" < p,(nyN".

Proof Let A < p7,(vy)N" such that B” + A = N". To show A = N”. Since A < p7, (v)N",
by Lemma 5.3, we have A = (A,,)", which implies B" 4 (A,,)" = N". Now using Lemma
5.6, we get (B + A,,)" = N". Therefore, by Lemma 5.7, B + A,, = N. Since, B < yN,
we get A,, = N.Hence, A = (A,,)" = N". O

Lemma5.10 If A < p,(N)N", then A,y K NN.

Proof Let B < y N such that A,, + B = N.By Lemma 5.7, we have (A, + B)" = N". By
Lemma 5.6, we have (A,,)" +B" = N" which implies A+ B" = N”. Since B" < p1,(vyN"
and A < m,v)N", we have B" = N". Letn € N. Then (n,0,---,0) € N" = B".
Therefore, n € (B")4x = B (by Theorem 5.2(3)). Therefore, B = N. O

Theorem 5.11 There is a one-one correspondence between the set of superfluous ideals of
NN and those of M,,(N)-group N".

Proof Let P = {A I yN : A K yN}. 0 = {A < y,(v)N" : A K p,(v)N"}. Define
®: P — Qby ®(A) = A". Then by Lemma 5.9, A" < yp,v)N". Define ¥ : Q — P
by W(A) = A.. By Lemma 5.10, Ay < yN. Now (W o ®)(A) = V(P(A)) = V(A" =
(A™)4x = A. Therefore, (V o &) = Idp. Also, (P o ¥)(A) = O(V(A) = O(Aw) =
(A)" = A, and hence (® o W) = Idy. O

Definition 5.12 An ideal K of M, (N)-group N" is said to be g-superfluous if for any ideal
Aof N, K+ A= N"and A <, N" implies K = N".

Lemma5.13 Let I be anideal of yN. If I <g5 NN, then I" Lg M'I(N)N”.

Proof Let I <45 nN. To show I" <gs pm,vyN", let K be an ideal of y7, vy N" such that
I" + K = pm,vyN" and IC <, p,(v)N". Since IC < 7, (vyN", by Lemma 5.3(2), we have
K = A" for some ideal A of yN. Since K = A" <, p,n)N", by Note 5.4, we have
A <, NN.Now, I"+ K =1"4+ A" = (I + A)" = N" which implies I + A = N. Since,
I Kgs NN, we get A = N. Therefore, K = A" = N". Hence, 1" <gs pm,(v)N". O

Lemma5.14 If A Lgs MH(N)Nn, then A, Kgs NN.
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Proof Let A <5 m,(v)N". To show A,, <5 NN,let B <, yN suchthat A,, +B = yN.
Since B <, yN, by Note 5.4, we have B" <, y,(v)N". Now, A,. + B = N implies
(Am+B)" = N*.By Lemma 5.6, we get (A,,)"+B" = N".Therefore, A+B" = N".Since
A L5 N", we get B* = N". Now, by Theorem 5.2(3), we get B = (B")yx = (N" )y = N
Therefore, mathcal A, Kgs NN. O

Theorem 5.15 There is a one-one correspondence between the set of g-superfluous ideals of
x and those of M,,(N)-group N".

Proof Let P = {A I NN : A Lo NN}. O = {A <y, »y)N" 1 A Lg5 M, (v)N"}. Define
®: P — Qby ®(A) = A". Then by Lemma 5.13, A" <5 pm,(v)N". Define ¥ : Q — P
by W(A) = A,,.. By Lemma5.14, A,, <g5 nN.Now (W o®)(A) = W(P(A)) = W(A") =
(AN = A. (Do) (A) = D(V(A)) = P(Au) = (A)" = A. Therefore, (W o®) = Idp
and (® o W) = Idyp. O

Definition 5.16 An element s € G is called hollow if (s) is a hollow ideal of G. In this case
we call s as an h-element of G.

Example5.17 1. Let N = (Z12, +7,,, 7,,) and G = N. Then (3) is hollow. Therefore, 3 is
a hollow element.

2. Let N = (Dg, +, -) given in Example 2.11 and G = N. Then (r2) is hollow. Therefore,
r2 is a hollow element.

Proposition 5.18 s is a hollow element of yN if and only if (s,0,0,---,0) is a hollow
element in M,,(N)-group N".

Proof Suppose s is a hollow element then (s) is a hollow ideal. To show ((s, 0, - -- , 0))
is a hollow ideal of M, (N)-group N", let Z, J be ideals of ((s, 0, ---,0)) such that Z +
J = ((s,0,---,0)). Then by Lemma 5.3(1), we have Z = (Z,»)", J = (Jw)", wWhich
implies (Zux)" + (Jax)” = ((s,0, -+ ,0)). Using Lemma 5.6 and by Theorem 5.5, we get
T + Ta)” = (5,0, ---,0)) = (5)" and 50 Zyx + Jux = {s). Since, (s) is hollow, we get
either Z,, = (5) or Juu = (5).

Therefore,

= (I**)n = <s)n = ((S,O, e ’0))

or
J = (j**)n = (S>n = ((S!()? 7O)>

Conversely, suppose (s, 0, - - - , 0) is hollow in N " Then ((s, 0, - - - , 0)) is a hollow ideal of
AN4: (N)? which implies (s)" is a hollow ideal of ¥ M (V) To show (s) is hollow in N, let I and J
be two ideals of N contained in (s) such that / +J= (s). Now, (I 4+ J)" = (s)". Therefore
1" 4+ J" = (s)". Since (s)" is hollow, we have 1" = (s)" or J" = (s)", and hence, I = (s)
or J = (s). m]

Definition 5.19 X = {x1, x2, - -+ , x,} € G is said to be a spanning set for G 1fZX ex{xi) =
G.If {x; : 1 <i < n}is aspanning set in G, then we say the elements x;, 1 <i < n are
spanning elements in G.

Theorem 5.20 {x; : 1 <i < n}is a spanning set in y N if and only if {(x;,0,---,0): 1 <
i < n}is aspanning set in M,,(N)-group N".
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Proof Suppose {x; : 1 <i < n}is a spanning set in y N. Then

Do) =N )+ )+ + () =N

I<i<n
& ((x1) + (x2) + -+ ()" = N"
& ()" + ()" + -+ () = N
& ((x1, -, 0)) + ((x2,0,---,0)) + - + ((x4,0,- -+, 0)) = N"
& Y ((xi,0,-,0) = N".
1<i<n
Therefore {(x;,0,---,0) : 1 <i < n}is aspanning set in M, (N)-group N". ]

Definition 5.21 A subset X of G is said to be a h-spanning set if every element of X is a
h-element and X is a spanning set.

Theorem 5.22 Suppose x1,x2, -+ ,x, € N. Then {x; : 1 <i < n}is a h-spanning set in N
if and only if {(x;,0,---,0) : 1 <i < n}isah-spanning set in M, (N)-group N".

Proof {x; : 1 <i < n}is a h-spanning set.

& xj, 1 <i < n are h-elements and Z (xj) =N

1<i<n

& (x,0,--+,0), 1 <i <nare h-elements in p7, (v N"

and )" ((x;,0,--+,0)) = N".

1<i<n

Therefore {(x;,0,---,0) : 1 <i < n}is a h-spanning set in M, (N)-group N". O

6 Superfluous ideal graph of a nearring

The authors [22] studied graphs with respect to superfluous elements in a lattice, and in [21]
the authors studied the graphs with respect to the dual aspects such as essential elements,
complements, etc. Lattice aspects of modules over rings are well-known due to [3, 7]. In this
section, we define the superfluous ideal graph of a nearring and study some of its properties.

Definition 6.1 Let N be a nearring. An ideal 7 of N is said to be superfluous if for any ideal
Jof N,I+J = N implies J = N.

Definition 6.2 The superfluous ideal graph of N, denoted by Sy (G), is a graph having set of
all non-zero proper ideals of N as vertices and two vertices I and J are adjacentif /NJ < N.

Example 6.3 1. If N is simple, then Sy (G) is a null graph.

2. Suppose N is a finitely generated nearring which contains only one non-zero maximal
ideal, then every proper ideal of N is superfluous. The vertices of Sy (G) are the non-zero
proper ideals of N. Since every proper ideal of N is superfluousin N, wehave INJ < G
for all proper ideals I, J of N. Therefore Sy (G) is a complete graph.

For example, let N = (Zn, +pn, -) where p is prime. Then possible ideals are of the form
(p'), i €{0,1,---,n—1}.If N is simple, then Sy (G) is a null graph. If N is not simple,
then N has only one non-zero maximal ideal of the form ( pk) forsome 0 <k <n-—1.
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Fig. 1 526 (G) 2Z¢ 3Z¢
O ®

Fig.2 Sz,,(G) 275 3z
12
6715 474,

Hence, N is a local nearring. In this case we get a complete graph.

Consider R = (Zpn, 4 pn, - pn) where addition and multiplication are modulo p". Then
R is a ring. In this case, the superfluous ideal graph is a complete graph with (n — 1)
vertices.

Example 6.4 Let N = (Z¢. +7. ‘7). Then V (Sz,(G)) = {2Z¢, 3Z¢}. Now 2Ze N 3Ze =
(0) < N. The graph Sz, (G) is shown in Fig. 1.

Example 6.5 Let N = (Z12, +7,,, -7,,)- Non-zero proper ideals of N are 2Z1, 3Z12, 4Z12,
6Z12 and 6Z, is superfluous in Zj>. Then the corresponding superfluous ideal graph is given
in Fig. 2.

Example 6.6 Let N = (Zy x Zo, +7,, -7,) where addition and multiplication are carried
out component-wise. All non-zero proper ideals are of N are (0) x Z, and Z, x (0) and
((0) x Zy) N (Za x (0)) = (0) < N. Therefore, the superfluous ideal graph is given in Fig.
3.

Example6.7 Let N = (Z4 X Za,+,-) where addition and multiplication are carried
out component-wise with the first component modulo 4 and the second component
modulo 2. Then the nontrivial ideals are I; = {(0,0),(1,0),(2,0),(3,0)}, L =

{(0,0), (2,0), (0, 1), (2, 1)}, Is = {(0,0), (0, )}, s = {(0,0), (2,0)} and 14 is a super-
fluous ideal. The corresponding superfluous ideal graph is given in Fig. 4.

Example 6.8 Consider the nearring given in the Example 2.11. The ideals of N are Hy, Ho,
H7 and it can be seen that Hy is superfluous in N. We have Hy N H7 = Hy, Ho N Hy = Hy
and H7 N Hy = Hy4. Hence, we get a complete graph given in Fig. 5.

Proposition 6.9 Every non-zero superfluous ideal of N is a universal vertex in Sy (G).

Proof Let X be a non-zero superfluous ideal of N. To prove XY € E forevery Y € V. Let
Y € V.By Lemma 3.7, X N Y <« N which implies XY € E. Since Y is arbitrary, X is a
universal vertex. O

The converse of the Proposition 6.9 need not be true. We justify this in the following example.

Example 6.10 In Example 6.5, N = (Z12, +7,,, ‘z,,). Then 6Z15 is a non-zero superfluous
ideal which is a universal vertex in the corresponding superfluous ideal graph given in Fig. 2.
The vertex 3715 is universal but it is not superfluous, as 3Z12 42712 = Z12,and 2Z17 # Z13.
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Fig.3 SZQXZz (G) (0) x Zn Zy x (0)
[ o
Fig.4 Sz,x7,(G) I,
o 5
Iy Iy
Fig.5 Superfluous ideal graph of Hy H;

the nearring in Example 2.11

H,

Proposition 6.11 The subgraph Sy[min(N)] induced by min(N) is a clique, where min(N)
is the set of minimal ideals of N.

Proof Case 1: Suppose N has exactly one minimal ideal. Then we get a clique K.

Case 2: Suppose N has more than one minimal ideal. Let M, M; be two arbitrary minimal
ideals of N. We prove that MM, € E(Sy(G)). Since, M| and M, both are minimal
M; N M = (0), which is a superfluous ideal of N, which implies MM, € E(Sy(G)).
Since M| and M, are arbitrary, we conclude that there exists an edge between any two
minimal ideals. Therefore Sy [min(N)] is a clique (Fig. 3). ]

Proposition 6.12 Sy (G) is an empty graph if and only if N has exactly one non-zero proper
ideal.

Proof If N has exactly one non-zero proper ideal then Sy(G) = K. Conversely, suppose
SN (G) is an empty graph. We prove that N has exactly one non-zero proper ideal. First we
prove that N has exactly one minimal ideal. Suppose on a contrary, N has two minimal ideals
M and M,. Then by Proposition 6.11, M| and M, are adjacent in Sy (G), a contradiction
since Sy (G) is an empty graph. Therefore N has a unique minimal ideal say, M. So every
non-zero ideal of N different from M contains M. Therefore M is superfluous. We claim
that M is the only unique proper ideal of N. On a contrary, suppose I # M be a non-
zero proper ideal of N. Then M C I, M NI = M, which is superfluous in N, and we
get M1 € E(Sy(G)), a contradiction, since Sy (G) is an empty graph. Therefore M is the
unique non-zero proper ideal of N (Fig. 4). O

Definition 6.13 Let I be an ideal of N. The dual annihilator of I, denoted as anngy(I) is the

intersection of all ideals J of N such that I + J = N. That is, anng(I) = N J
JLNN, I+J=N
(Fig. 5).
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Example 6.14 1. In the nearring given in Example 2.11, the ideals of N are Hy, Hg, Hs and
{e}. Therefore anny(H7) = N{Ho, N} = Ho.

2. Inthe nearring N given in Example 3.27, the ideals of N are N, I», I3, I4, I5 and {e}. We
have I, + I3 = N and I, + Iy = N. Therefore anng () = ({13, 11} = Is.

Proposition 1 Let I be any arbitrary ideal of N. Then I N (anng(1)) < N.

Proof Let K < N such that I N (anng(I)) + K = N. Since I N (anng(I)) C I, we
have I + K = N, which implies anny(I) € K and so I N (anng(1)) € K. Now K =
K + 1IN (anng(I)) = N. Therefore, I N (anny (1)) < N. ]

7 Conclusion

We have defined the notions superfluous, strictly superfluous (with respect to an ideal £2),
generalised superfluous, generalised suppements in N-groups. We have proved some prop-
erties and exhibited examples which are different from the existing notions. We have defined
graph on superfluous ideals of a nearring, and gave some properties. The concepts can be
extended to study various finite spanning dimension aspects and related chain conditions in
N-groups and those of M, (N)-group N".

Acknowledgements The authors thank the referees for their valuable comments. Author! acknowledges
Dr. T M A Pai Fellowship, MAHE, Manipal. All the authors acknowledge Manipal Institute of Technology
(Manipal/Bengaluru), Manipal Academy of Higher Education for the kind encouragement.

Funding Open access funding provided by Manipal Academy of Higher Education, Manipal.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References
1. Anderson, EW., Fuller, K.R.: Rings and Categories of Modules. Springer Verlag, Newyork, Inc (1992)
2. Beyranvand, R., Moradi, F.: Small submodules with respect to an arbitrary submodule. J. Algebra Relat.

Top. 3(2), 43-51 (2015)
Bhavanari, S.: On modules with finite spanning dimension. Proc. Japan Acad. 61-A, 23-25 (1985)
Bhavanari, S.: The injective hull of a module with FGD. Indian J. Pure Appl. Math. 20, 874-883 (1989)
Bhavanari, S.: On modules with finite Goldie dimension. J. Ramanujan Math. Soc. 5, 61-75 (1990)
Bhavanari, S.: On finite spanning dimension in N-groups. Indian J. Pure Appl. Math. 22(8), 633-636
(1991)
Bhavanari, S.: Modules with finite spanning dimension. J. Austral. Math. Soc. 57(2), 170-178 (1994)
8. Bhavanari, S., Kuncham, S.P.: On direct and inverse systems in N-groups. Indian J. Math. (BN Prasad
Birth Commem. Vol.) 42, 183-192 (2000)
9. Bhavanari, S., Kuncham, S.P.: On Finite Goldie Dimension of M, (N)-Group N”, In: Proceedings of the
Conference on Nearrings and Nearfields, July 27-August 3, 2003, Hamburg, Germany
10. Bhavanari, S., Kuncham, S.P.: Rings, Near, Ideals, Fuzzy, Theory, Graph, Chapman and Hall,: Taylor and
Francis Group (London, New York). ISBN 13, 9781439873106 (2013)
11. Bhavanari, S.: Goldie Dimension and Spanning Dimension in Modules and N-groups, Nearrings.
Nearfields and related topics, Review volume), World Scientific (2017)

A

~

@ Springer


http://creativecommons.org/licenses/by/4.0/

Superfluous ideals of N-groups 4167

23.

Bhavanari, S., Kuncham, S.P., Paruchuri, V.R., Bhavanari, M.: 1-Uniform ideals in N-groups. Bull. Pure
Appl. Sci. Sect. E Math. Stat. 38E, 586-591 (2019)

Fleury, P.: A note on dualizing Goldie dimension. Canad. Math. Bull. 17(4), 511-517 (1974)

Goldie, A.W.: The structure of Noetherian rings. Lect. Rings Modul. 246, 213-231 (1972)

Meldrum, J.D.P., Van der Walt, A.P.J.: Matrix near-rings. Arch. Math. 47(4), 312-319 (1986)

Kosar, B., Nebiyev, C., Sokmez, N.: g-Supplemented modules. Ukranian Math. J. 67(6), 975-980 (2015)
Pilz, G.: Nearrings: The Theory and its Applications, North Holland Publishing Company, 23 (1983)
Reddy, Y. V., Bhavanari, S.: A Note on Modules, Proc. of the Japan Academy, 63-A (1987), 208-211
Reddy, Y.V., Bhavanari, S.: A note on N-groups. Indian J. Pure Appl. Math. 19, 842-845 (1988)
Reddy, Y.V., Bhavanari, S.: Finite spanning dimension in N-groups. Math. Stud. 56, 75-80 (1988)

. Tapatee, S., Kedukodi, B.S., Shum, K.P., Harikrishnan, P.K., Kuncham, S.P.: On essential elements in a

lattice and Goldie analogue theorem. Asian-Eur. J. Math. 15(5), 2250091 (2021). https://doi.org/10.1142/
S1793557122500917

Tapatee, S., Harikrishnan, P.K., Kedukodi, B.S., Kuncham, S.P.: Graph with respect to superfluous ele-
ments in a lattice. Miskloc Math. Notes 23(2), 929-945 (2022). https://doi.org/10.18514/MMN.2022.
3620

Tapatee, S., Kedukodi, B.S., Juglal, S., Harikrishnan, P.K., Kuncham, S.P.: Generalization of prime ideals
in M, (N)-group N", Rendiconti dei Circolo Matematico di Palermo Series 2, 72 1 (2023), 449-465
https://doi.org/10.1007/s12215-021-00682-y

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1142/S1793557122500917
https://doi.org/10.1142/S1793557122500917
https://doi.org/10.18514/MMN.2022.3620
https://doi.org/10.18514/MMN.2022.3620
https://doi.org/10.1007/s12215-021-00682-y

	Superfluous ideals of N-groups
	Abstract
	1 Introduction and Preliminaries
	2 Generalized supplements
	3 Superfluous ideals
	4 Strictly superfluous ideals
	5 Superfluous ideals of Mn(N)-group Nn
	6 Superfluous ideal graph of a nearring
	7 Conclusion
	Acknowledgements
	References




