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Abstract

The notion of a matrix nearring over an arbitrary nearring was introduced by (Meldrum
and Walt Arch. Math. 47(4): 312-319, 1986). In this paper, we define the notions such as
weakly z-prime (7 = 0, ¢, 3, e) ideals of an N-group G, which are the generalization of the
classes of z-prime ideals of G, and provide suitable examples to distinguish between the
two classes. We extend the concept to obtain the one-one correspondence between weakly
7-prime ideals (7 = 0, ¢, 3, e) of N-group (over itself) and those of M, (N)-group N", where
M, (N) is the matrix nearring over the nearring N. Further, we prove the correspondence
between weakly 2-absorbing ideals of these classes.
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Mathematics Subject Classification 16Y30

1 Introduction

Nearrings are generalized rings where the addition need not be abelian and only one
distributive property is allowed. Rings can be viewed as algebraic systems of ‘linear’
functions on groups, while nearrings describe the general non-linear case [2]. Matrix
nearrings over arbitrary nearrings were introduced by Meldrum & Van der Walt [1],
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wherein the correspondence between the two-sided ideals in nearring N and those
of matrix nearring M,(N) were obtained. We denote N for a zero-symmetric (right)
nearring with 1, and G for an N-group (denoted as, NG). Considerable developments
in matrix nearrings over arbitrary nearrings were due to Meyer [3], Booth and Groe-
newald [4]. Meyer [3] proved that for a left ideal L of N, L" is its corresponding ideal
in M, (N)-module N". Van der Walt [5] studied the relationship between primitive mod-
ules over a nearring N and those of the matrix nearring M,(N). Indeed, when G is a
locally monogenic N-group, then the action of G" over M, (N) was defined. However,
for an N-group (over itself), N* becomes an M,(N)-group. The motivation to study
the interrelations between the N-group over N and the M, (N)-group N” is an analogy
to the concept of Morita equivalence. Two unital rings are Morita equivalent if they
have equivalent categories of left modules. If A is a left R-module, then A", n € N is
a M, (R)-module in a canonical way. The correspondence A — A" preserves homomor-
phisms and conversely every M, (R)-module can be obtained in this way. In this paper,
we introduce the concepts weakly z-prime (r = 0, ¢, 3, ¢) ideals of an N-group G and
obtain the one-one correspondence between weakly z-prime ideals of N-group (over
itself) and those of M, (N)-group N". As a generalization of a c-prime and a 3-prime
ideal of N-group G, we define the notions weakly (¢, 2)-absorbing ideal and weakly
(3, 2)-absorbing ideal, respectively, and provide suitable examples. Further, we prove
the one-one correspondence between (i, 2), i € {c,3}-absorbing ideals of N (over N)
and those of M, (N)-group N". Bhavanari et.al [6] proved the correspondence between
the prime left ideals of N and that of M, (N). Juglal et.al [7] studied different prime
N-ideals and prime relations between generalized matrix nearring and multiplica-
tion modules over a nearring. Further, Juglal and Groenewald [8] studied the class of
strongly prime nearring modules and shown that it forms a z-special class. In Bha-
vanari and Kuncham [9], the relation between the ideals of the N-group N and the
ideals of M, (N)-group N" has been studied. Badawi and Darani [10] studied weakly
2-absorbing ideals as a generalization of prime ideals in commutative rings.

For standard notations and definitions in nearrings, we refer to Pilz [11], Bhavanari
and Kuncham [2].

We denote H <y, G for an ideal H of G (if H is proper, we use H <1y G).

Frorcg [2], for any u € G, the ideal generated by u is denoted by (u) and defined as,

@y =S where Si1 = SrUStuUSH with Sy = {u}. and
i=1

Sr={g+y-g:8€Gy€eSs} S'={p-q:p.qeSIU{p+q:p.qgeS}
St ={n(g+a)—ng:neN,geGacs}

Definition 1.1 [7, 12] Let P <, G such that NG ¢ P. Then

1. Pis prime (or O-prime) if for every ideal A of N and every ideal B of G, AB C P, then
AGCPorBCP,

2. Pis3-primeifforn € Nand g € G,nNg C P,thennG C Por g € P.

3. Pis completely prime (denoted as, c-prime) if forn € N and g € G,ng € P, thennG C P
org € P.

4. Pis equiprime (denoted as, e-prime) ifa € N and g,, g, € G, ang, — ang, € P, for all
n€ N,thenaG C Porg, —g, €P.
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2 Weakly prime ideals of N-group

We define weakly (z = 0, ¢, 3, ¢)-prime ideal of an N-group G and provide examples to
distinguish between the classes weakly 7-prime ideals and z-prime ideals of G.

Definition 2.1 An ideal P of G with NG ¢ P is called a weakly 0-prime ideal (or simply
weakly prime ideal) of G, if for any ideal A of N and ideal B of G, (0) # AB C P, then
AGCPorBCP.

Proposition 2.2 The following conditions are equivalent for an ideal P of G.

P is a weakly prime ideal of G.

Ifxe N,y e G,(0) # (x){y) CP,thenxG C Pory€P.

Ifxe N,y e G,(0) #x(y) CP,thenxG C Porye€P.

IfxeN,ye G,(0) # (x)(P+(y)) CP,thenxG C Porye€P.

If A is an ideal of N, B an ideal of G and (0) # A(P + B) C P, then AGC Por B CP.

Nk LD

Proof (1)=(2): Suppose that P is a weakly prime ideal of G.

Let (0) # (x){(y) € P. Then by (1), (x)\GC P or (y) CP. Now xGC (x)GC P or
y € (y) C P, implies xG C Pory € P.

(2)=(3) is obvious.

B)=4): Suppose that ©0) #{(x)(P+ (y)) CP. Then there exists
(0) # x(y) C (x)(P + (y)) C P. This implies (0) # x(y) C P.Now by (3), xGC Pory € P.

(4)=(5): Suppose that (0) # A(P + B) C P. In a contrary way, suppose that AG ¢ P or
B ¢ P. Then there exist xg € AG\P and y € B\P, for some x € A, g € G, which implies
xg & Pory & P.Then by (4), (0) # (x)(P+ () & P.

But (x)(P + (y)) C A(P + B) C P, a contradiction. Therefore, AG C Por B C P.

(5)=(1): Let A be an ideal of N and B an ideal of G such that (0) # AB C P. In a con-
trary way, AG € P and B € P. Then by (5), (0) # A(P + B) € P, which implies there exist
x € A and y € B such that 0 # xy € A(P + B) € P. This implies, 0 # xy € P, a contradic-
tion. Therefore, AG C Por B C P. O

Definition 2.3 An ideal I of G with NG ¢ I, is called

1. weakly c-primeifn e N,g € Gand0#ng €l,thennG Clorg €l

2. weakly 3-primeifn € N,g € Gand (0) #nNg CI,thennG Clorg € I.

3. weakly e-primeifa €N, g,,8, € Gand 0 # ang, —ang, € I, foralln € N,thenaG C I
org,—g €1

Proposition 2.4 Let be an ideal of G such that NG € P. Then P is

1. weakly c-prime implies weakly 3-prime;

2. weakly 3-prime implies weakly prime;
3. weakly e-prime implies weakly 3-prime.
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Proof (1) Suppose P is a weakly c-prime ideal. Let a € N and g € G such that
(0) #aNg C P. ToshowaG C Porg € P.If g € P, itis clear.

Case-(i) Let g & P. If (0) = Ng, then since 1 € N, 0 = g, a contradiction. Now assume
that, (0) # Ng C P. Now, 0 # ag € P, for alla € N. Since P is weakly c-prime and g ¢ P,
we getaG C P.

Case-(ii) Let g ¢ P and (0) # Ng € P. Then, there exists n € N such that 0 # ng € P,
but 0 # ang € P. Since P is weakly c-prime and g & P, we get aG C P. Therefore, P is
weakly 3-prime.

(2) Suppose P is weakly 3-prime. Let A be an ideal of N and B be an ideal of G such
that (0) # AB C P. To show AGC Por BC P.If BC P, itis clear. If B P, there exists
x € B\ P, and since 1 € N, for every a € A, we have (0) # aNx C ANB C AB (by Pilz
[11], Proposition 1.34) C P. Since P is weakly 3-prime and x ¢ P, it follows that aG C P,
for all @ € A. Therefore, AG C P, shows that P is weakly prime.

(3) Suppose P is weakly e-prime. Let a € N and g € G such that (0) # aNg C P.
To show aGC P or ge P. If g € P, it is clear. So, let g ¢ P. Since (0) # aNg C P,
0#ang € P, for all n € N. Now 0 # ang = ang —an0O; € P, as N is zero-symmetric.
Since P is weakly e-prime and g = g — 0, & P, we get aG C P. Therefore, P is weakly
3-prime. O

Example 2.5

1. Consider N = (Z,+,-)and G = ((Z, X Z,),+). Then G is an N-group. The ideal ((0, 1))
is weakly prime, but not prime, as 2Z - {(2, 1)) = {(0,0)) C ((0, 1)), but{(2, 1)) € ((0, 1))
and2Z - G € ((0, 1)).

2. Let p # g, be distinct prime. Consider N = (Z,+,-) and G = (qu,
N-group. Here, (0) is weakly prime ideal but not prime.

3. LetN ={0,a,b,c}([11], Table E(8)), G = N. Then G is an N-group over itself.

+pq). Then G is an

+ 0 a b c
0 0 a b c
a a 0 c b
¢ 0 a

[¢ c b a 0
0 a b c

0 0 0 0 0
a 0 0 0 a
b 0 a b b
c 0 a b c

The ideals of G are I, = {0,a},I, = {0,b},1; = {0,c}. An easy observation yield,
LL={0}, LI, =1, LIy =1,, LI, =1, LI, =1,, LI, =1,.

(a) I,is weakly prime as well as prime.
(b) I, is neither weakly prime nor prime, since (0) # I,I; =L, but ,G € 1,,I; € I,.
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(¢) I;is weakly prime but not prime, since I;1, = {0} C I;,and [,G € 13,1, € I5.

(d) I, is weakly c-prime, but not c-prime, since a.b =0 € I, and aG € I3, b & I.

(e) I;is weakly 3-prime, but not 3-prime, since aNb =0 € I;,and aG € 15, b & .

(f) I,is weakly 3-prime, but not 3-prime, since aN =0 € I3, and aG £ I3, a & I.

(g) I, is weakly e-prime, but not e-prime, since 0 = ana — anb € I,, and aG ¢ I,,
a—-b¢l,

4. Let(N,+)be any group with at least 3 distinct non-zero elements, say a, g;, §,. Define
multiplication on N by

pola ifb #0,
P= o0 ifb=0.
Then (N, +, -) is a zero-symmetric nearring. Here, {0} is weakly e-prime ideal but not
e-prime, since 0 & {a, g,,8,} C N such that g, # g, and aN ¢ {0}. However, for each
elementn € N,

_J an if g, #0, _J an if g, #0,
MEL=N 0 ifg, =027 0 ifg, =0.

Thus, ang, — ang, = 0.

3 Weakly prime ideals of M,,(N)-group N"

Now we give some basic definitions about the matrix nearring from [1]. For a zero-sym-
metric right nearring N with identity 1, let N” will denote the direct sum of n copies of
(N, +). The elements of N are column vectors and written as (rl, e rn). The symbols l]
and z; respectively, denote the i coordinate injective and j” coordinate projective maps.
For an element a € N, i;(a)=(0,..., a ,...,0), and nj(al,...,an)=aj, for any
——

jth

(a,...,a,) € N". The nearring of n X n matrices over N, denoted by M,(N), is defined to
be the subnearring of M(N"), generated by the set of functions
{flj’ :N" > N'"|reN,1<ij<n} where f,;(”l: ,rn) = (sl,sz, ,sn) with s; = rr;

and s, = 0 if k£ # i. Clearly, flj’ = if "z, where " 1 N - N, r € N by f"(x) = rx, for all
x € N.If N happens to be a ring, then f corresponds to the n X n-matrix with r in position
(i, j) and zeros elsewhere. Following the notation from ([9], Notation 1.1), for any ideal 7
of M, (N)-group N", we write

Z..,={aeN: a=mA, forsome A € 7,1 <j < n},

where z; is the j™ projection map from N" to N. .

Throughout, we denote M, (N) for a matrix nearring, N" for an M, (N)-group N"*; 0, 0
and O respectively denote the additive identities of N, M, (N) and N”. As usual, I" denotes
the direct sum of n copies of an ideal / of N. Furthermore, we refer to Meldrum & Van der
Walt [1] for detailed literature on matrix nearrings. Now, we introduce the notions weakly
7-prime (r =0, ¢, 3, ¢) ideals of M, (N)-group N" and prove the correspondence between
the weakly 7-prime ideals (z = 0, ¢, 3, e) of N-group (over itself) and those of M, (N)-group
N
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The following Lemma 3.1 and Lemma 3.3 from [9] are useful, and so, for completeness
we brief the proofs.

Lemma 3.1 For any t €N, let i(t) = (0, ...,t,...,0) with t in the i position. Then
(i(t)) = (1,0, ..., 0)).

Proof Suppose ¢ is an element of N. Then (¢,0, ...,0) € N". Now (z,0, ..., 0)
=flll.(ii(t)) € (i;(t)). Therefore, ((z,0,...,0)) C(i;,()). On the other hand,
i;(t) =f11i(t, 0,...,0) € ((1,0,...,0)). Therefore, (i;(t)) C ((,0,...,0)). O

Lemma 3.2 Ifs, t are elements of N and s € (t), then
(s,0,...,0) € ((1,0,...,0)).
Lemma 3.3 Iftis an element of N, then (t)" = ((t,0, ..., 0)).

Proof Since (7,0, ...,0) € ()", we have ((,0,...,0)) C (r)". Take (sy,S5,...,5,) € (t)".
This implies s; € (¢)", for 1 <i < n. By Lemma 3.2, (s;,0, ...,0) € ((#,0, ..., 0)) for all i.
Now, from ([11], Proposition 1.34), it follows that

(51,525 -+ 8,) =11 (51,0, ..., 0) + £, (55,0, ..., 0)
+ .. +f)(5,.0,...,0)
€ ((t,0,...,0)).

|

Definition 3.4 An ideal Z of N" with M, (N)N" ¢ 7 is said to be a weakly prime ideal if
for any ideal A of M, (N), and an ideal B of N" with (0) ¢ AB C Z, then either AN" C T or
BC1T.

Proposition 3.5 [f ] is a weakly prime ideal in (N, then I" is a weakly prime ideal in M, (N)
-group N".

Proof Let I be weakly prime in , N. By ([1], Proposition 4.1), I" is an ideal of N". To
prove, I" is weakly prime in N”, let A an ideal of M,(N) and K be an ideal of N" such
that AN" ¢ I" and K € I". By ([9], Lemma 1.5), K = B" for some ideal B of ¥
Then there exist A€ A, peN" and (b;,b,,...,b,) € B" such that Ap ¢ I" and
(b, b,,....,b,) & I". Suppose w(A) =1, say A =f; a €N, and p = (x;,X,,...,X,). Then

O,... ,aXj, ... ,0) :ff.‘(xl,xz, .osx,) & I"and (b, b,, ..., b,) & I", yield ax; glandb, &1,

for some k. Since 1 1s weakly prime, by Proposition 2.2, we have (0) # a(b,) ¢ I. Then

there exists b € (b;) such that 0 # ab & I. Now,
,...,00#(,...,ab,...,0)
=f"(1, .. D
=f;];jb.(1, <., 1) (([14, Lemma3.1(3))]
=fl§‘(0,...,b,...,0).
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Since flj“ €A, and (0,....b,....,0) € (b)" €((O,....b,....,0)) by Lemma 3.3
C{(by,...,b,)), it follows that (0) # AB" € I". We use the induction on the complexity
of A. Assume the induction hypothesis: for all A € A and w(A) < n, and now consider
w(A) =n. Then A=C+D or A=CD, where w(C),w(D) <n. Let A=C+ D. Now,
(0) # AB" = (C+ D)B" = CB" + DB" ¢ I" + I" = I", by induction hypothesis. Therefore,
©)# AB" ¢ I'. Let A= CD. Then (0) # AB" = (CD)B" = C(DB") ¢ I", by induction
hypothesis. Therefore, (0) # AB" ¢ I". O

Proposition 3.6 If 7 is a weakly prime ideal in M,(N)-group N", then L, is a weakly prime
ideal in \N.

Proof Suppose that Z is weakly prime N”. By ([9], Lemma 1.3), Z,, is an ideal of NN
To prove Z,, is weakly prime, let A and B be ideals of (N with A¢ 7, and BZT,,.
Then there exist a € A\Z,, and b € B\Z,,. By ([9], Lemma 1.2), (4,0, ...,0) ¢ Z and
(4,0,...,0) ¢ Z. That is, f{i(1,...,1)€Z and (b,0,...,0) & Z. Then, f{N" €7 and
(0,0, ...,0) & 7. Since T is weakly prime, we have (0) # f}, ((b,0,...,0)) € 7. Then there
exists (£',0,...,0) € ((b,0, ..., 0)) such that

0#£%(,0,...,0)
= (al',0,...,0)
¢

Hence, by (191, Lemma 1.2), O#ab ¢1,,, where a€eA and
(,0,...,0) €((b,0,...,0)) = (b)" C B", yields b’ € B. Therefore, (0) # AB ¢ Z,,, and
proves Z,, is weakly prime in \N. a

Definition 3.7 An ideal Z of N" with M,,(N)N" ¢ Z, is said to be weakly c-prime if for any
A€M, N)andp e N',0 #Ap ¢ T, then AN" CZ orp € T.

Proposition 3.8 [f I is a weakly c-prime ideal of N, then I" is weakly c-prime in M, (N)
-group N".

Proof Let I be a weakly c-prime ideal of \N. By ([1], Proposition 4.1), I" is an ideal
of N". To prove, I" is weakly c-prime in N", let A € M,(N) and (bl,...,bn) e N"
such that AN" ¢ I" and (by,....b,) € I". Let w(A) =1, say A=fI, a €N such that
f;(xl,xz, ..., x,) & I", for some (x,X,,...,x,) € N", and (b,,b,, ..., b,) & I". This implies
O,...,ax;,...,0) € I" and by, b,,...,b,) & I". Then ax; € land b, & I for some k. Since 1
is weakly c-prime, O # ab, & 1. Hence,

O,...,0,...,0) #(0,...,ab, ..., 0)

=fl;,’b"(1,...,1)
= /e jik(l, .., D([14, Lemma 3.1(3))]

=f2(by. .. b .. b)) E 1.

Therefore, 0 # A(by, ...,b,) & I". The rest of the proof follows by induction on the com-
plexity of A as in the Proposition 3.5. O
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Proposition 3.9 If 7 is a weakly c-prime ideal of M,(N)-group N", then I, is a weakly
c-prime ideal of \\N.

Proof Suppose that Z is a weakly c-prime ideal of N”. In view of ([9], Lemma 1.3), it
is enough to show the weakly primeness of Z,,. Let a,b € N such that a ¢ Z,, and
b7, Then, by ([9], Lemma 1.2), (a,0,...,00¢Z and (b,0,...,0)¢& Z. This
implies TGN ] &7 and (b,0,...,0) € Z. By taking A = 1“1, we get AN" ¢ T and
(,0,...,0) & Z. Since 7 is a weakly c-prime ideal of N", we have 0 # A(b,0,...,0) & 7.
So 0 # f¢(b,0,...,0) = (ab,0, ...,0) & Z. Thus, by ([9], Lemma 1.2), 0 # ab & Z,,.

O

Definition 3.10 An ideal Z of N" with M,,(N)N" ¢ Z, is said to be weakly 3-prime if for
any A € M,(N) and p € N" with (0) # AM,(N)p CZ,then AN" CTorp€el.

Proposition 3.11 [f [ is a weakly 3-prime ideal of \ N, then I" is a weakly 3-prime ideal in
M, (N)-group N".

Proof Let I be a weakly 3-prime ideal of ~IV- By ([1], Proposition 4.1), I" is an ideal
of N" . To show I" is weakly 3-prime in N", let A € M,(N) and (b, ...,b,) € N" such
that AN" ¢ I" and (bl, ,bn) ¢ I". The proof is based on complexity of A. For this,
suppose that w(A) =1, say A =fl:“., a € N such that fl_.;?(xl,xz,...,xn) ¢ I", for some
(x1,X5, ...,x,) € N", implies (0, ... ,axX;, ... ,0) € I", and since (b, b,, ..., b,) & I", we get
ax; & I and by & I, for some k. Since [ is weakly 3-prime, we have (0) # aNb, ¢ I. Then
there exists n; € N such that 0 # an, b, & I. Therefore,

©,...,0)# (0, ..., an,b, ,...,0)
——

jth

=f"(by,.... b ... b,)
=fify (brs oo bp o b)) €17, as £ € M,(N).

Therefore, (0) # AM,(N)(by, ...,b,) € I". The rest of the proof follows by induction on the
complexity of A as in the Proposition 3.5. a

Proposition 3.12 If T is a weakly 3-prime ideal of M,(N)-group N", then Z,, is a weakly
3-prime ideal of \N.

Proof Suppose Z is a weakly 3-prime ideal of N". By ([9], Lemma 1.3), Z,, is an
ideal of \N. To show Z,, is weakly 3-prime, let a,b € N such that aN ¢ Z,, and
bg1T,. Then, ax, €Z,,, for some x, EN and b7, and by ([9], Lemma 1.2),
(ax1,0,...,0) € Z and (b,0,...,0) € Z, which implies that f¢(x,...,x,) €Z and
(0,0,...,0) € 7. Take A = ]"I. Then AN" € 7 and (b,0,...,0) ¢ Z. Since Z is weakly
3-prime, 0 # AM,(N)(b,0,...,0) € Z. Then there exists j:j.” € M,(N), n; € N such that
0,0,...,0) # f} ;‘ (,0,...,0) ¢ Z. By ([1], Lemma 3.1 (3)), and N is zero-symmetric,
we have the following.
If1 #i=j, then
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f“fn' ®.,0,. f”o(b 0,...,0)
=f1j(b, 0,...,0)
=(0,0,...,0), acontradiction.

If1 =i #j, then

Tty .0, =" (5,0,...,0)

= (anl0,0, ,0)

=(0,0,...,0), acontradiction.
If1 =i=j, then

(an,b,0, ...,0) = a”‘(bo ,0)
0 ;‘(b,o, ...0)
¢ 7

Therefore, by ([9], Lemma 1.2), 0 # an,b & Z,,, and thus (0) # aNb ¢ T,,. O

Definition 3.13 An ideal Z of N" with M, (N)N" ¢ Z, is said to be weakly equiprime
(weakly e-prime) if A € M,(N) and p;,p, € N* with 0+# ABp, —ABp, € T, for all
BeM,(N),then AN* CZorp, —p, €1.

Proposition 3.14 If I is a weakly e-prime ideal of N, then I" is a weakly e-prime ideal in
M, (N)-group N".

Proof Let I be a weakly e-prime ideal of ~N- By ([11, Proposition 4.1), I" is an ideal of
N". To prove I" is weakly e-prime, let M, (N)N" € I" and A € M,(N), p; = (x{, ..., X,),
Py =O1s.-.,y,) €EN" such that AN" € I" and p, — p, & I". Suppose that w(A) =1,
say A= f“ a €N such that f"(zl, w..2y) 1" for some (z;,...,z,) €EN" and
pL—Pr = (x1 Viseeos X, —y,) €I "This means that,

©,.... az ,....0)€I"and (x; = y).....x, —y,) € 1",
——
jth
and yield az; & I and x;, — y, & I, for some k. That is, aN ¢ I and x, —y, & I. Since [ is
weakly e-prime, we have 0 # an x, — an,y, & I, where n; € N. Then,

©,....0) #(,...,an;x;, —anyy,,...,0)
— ——

jth
#0O,..., anyx;,...,00=(, ..., any; ,...,0)
N—— N——

=nf;‘]l"1pl _f;;”lpz
= oo =130 (14D, Lemma 3.13)

gr.
Hence, 0 # ABp, — ABp, & I'", with A = f“ B=f e The rest of the proof follows by
induction on the complexity of A as in the Proposmon 3.5. a
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Proposition 3.15 If T is a weakly e-prime ideal of an M, (N)-group N", then I, is a weakly
e-prime ideal of \\N.

Proof Suppose that 7 is a weakly e-prime ideal of N". By ([9], Lemma 1.3), we have
T., is an ideal of | N. To prove Z,, is weakly e-prime , let a,x,y € N such that aN ¢ 7,
and x—y & Z,,. Then there exists m; € N such that am; € Z7,, and x—y & Z,,. By
([9], Lemma 1.2), we have (aml,O, ,0) ¢7Zand (x—y,0,...,0) ¢ Z. That is,

4 (my,....m,) = (am,0,...,0) & Zand (x,0, ...,0) = (,0,...,0) ¢ Z.

Take A= 1“1 eM,N), and p, =(x0,...,0), p,=(,0,...,0). Then AN"¢LT
and p, —p, €Z. Since Z is weakly e-prime, there exist B € M,(N) such that
0+#ABp, —ABp, ¢ T.Let B =f;’, n' € N. Then,

01y o —Fiy 12 £ T

By ([1], Lemma 3.1(3)), and N is zero-symmetric, we have the following.
If1 #i =, then

fﬁﬁ‘;”f’l —ffllﬁfl’z =ff’j0l’1 _ffj-or”z
=fip — 1P
=(0,0,...,0), acontradiction.
If1 =i #j, then
Ay oy =By 2 = A0, 0 = £ (00, ... 0)
= (an'0,0,...,0) = (an'0,0, ..., 0)
=(0,0,...,0), acontradiction.
Now, in case 1 =i =7, by ([1], Lemma 3.1(3)), it follows that
0 # i} ;/pl _fflﬁ;l/pz
=fi o =1 0
= (an’x,O, ,0) - (an’y,O, ,O)
& T

Therefore, 0 # an’x — an’y & Z,,, proves Z,, is weakly e-prime. O

We establish a one-one correspondence between the set of all weakly z-prime
(r =0,¢,3,e), (resp. IFP, (i, 2)-absorbing (i € {c,3})) ideals of N and those of M,(N)
-group N".

Theorem 3.16 There is a one-one correspondence between the set of all weakly t-prime
(r =0,c¢,3,¢) ideals of N and those of M, (N)-group N".

Proof Let 7 € {0,c,3,e}. Write P={I<dy N : 1is weakly r-prime} and
Q={Z <y w N" : Zis weakly r-prime}. Define
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D :P->Qby®)=I",andy : Q > Pbyw(()=1,,.

Then @(7) and y/(Z) are weakly 7-prime ideals of N" and N respectively, as proved above.
Now

(@oy)(D = @(1,,)
= (Z.)'
=T (([10, Lemma 1.5(7))],

and
(yo@)() = w(")
= ("),
=1 (([10, Lemma 1.4(iii))].
Therefore, (Poy) = idy, and (w o®@) = idp, proves that P and Q are isomorphic. 0

Definition 3.17 An ideal I of G is said to have weakly insertion of factors property
(denoted as, weakly IFP), if for any a € N, g € G with 0 # ag € I, then ang € I, for all
neN.

Example 3.18 ([13], Sonata Table no. 134) Consider N = ((Z, X Z,),+,-) and G = (N, +).
Then G is an N-group. Then {0} has weakly IFP, but not IFP, since, 7-4 =0, but
7N4 = {0,2} ¢ {0}.

Definition 3.19 An ideal Z of N" is said to have weakly IFP, if for any A € M, (N) and
p € N"with (0) # Ap € Z, then ABp € Z, for all B € M, (N).

Lemma 3.20 [f ] has weakly IFP in N, then I" has weakly IFP in M, (N)-group N".

Proof Assume that I has weakly IFP, and let ABp ¢ I", for some A,B € M,(N), p € N".
LetA=f! B =fk’;, p=(x;,...,x,). Then

fU“ k”j(xl, ....x,) € I". By ([1], Lemma 3.1(3)), and N is zero-symmetric, we have the
following.

If j # k, then
f;ffj(xl, ceesX,) =fl.;’0(x1, ceeaXy)
=[xy, %)
= (07 e ’O)a

a contradiction.
If j =k, then

O,..., abx; ,...,0) =fl.‘;h(x1,...,xn)
—— )

jth

b gb
=f; fkj(x,, ey Xy)

g
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This implies abxj & 1. Since I has weakly IFP, we have 0 # ax; & I. Therefore,
0#(0,... ,ax;, ..., 0) =fl;.’(x1, s X)) & 1M, yields 0 # Ap g I'. a

Lemma 3.21 [f T has weakly IFP in M, (N)-group N", then T, has weakly IFP in \N.

Proof Assume that 7 has weakly IFP, and suppose a, g,n’ € N such that an’g & Z,,. Then
by (9], Lemma 1.2), we have (an'g. ..., 0) & Z. Now f{iff|(g.....0) =£{'(s.....0) & T.
Takin_g A=f, B=f]}and p =_(g, 0,...,0) we get ABp ¢ Z. Since 7 has weakly IFP, we
have O # Ap & Z. This implies, 0 # l"l(g, ., 0)=(ag,....0)0 ¢ Z,and get0 #ag ¢ Z,.,.
O

From Lemma 3.20, Lemma 3.21, ([9], Lemma 1.5(i), 1.4(iii)), we get

Theorem 3.22 There is a one-one correspondence between the set of all weakly IFP ideals
of yN and those of M, (N)-group N".

Proof LetP = {I <y N : I has weakly IFP} and
Q={Z <y, N" : Thas weakly IFP}. Define

D :P->Qby o)=1I".
By Lemma 3.20, @(/) has IFP. Define
v Q->Pby wd=1,.

By Lemma 3.21, w(Z) has IFP. Now (@oy)(Z) = ®(Z,,) = (Z**)" =7 ([9], Lemma 1.5(i))
and (yo®)(I) = w(I") = (I"),, =1 ([9], Lemma 1.4(iii)). Therefore, (@oy) = idy, and
(yo®) = idp. Hence, P and Q are isomorphic. O

We introduce the notions weakly (c, 2)-absorbing ideal and weakly (3, 2)-absorbing
ideal as generalizations of c-prime and 3-prime ideal of an N-group G, respectively. We
establish a one-one correspondence between (i, 2), i € {c, 3}-absorbing ideals of N (over N)
and those of N”. Tapatee et. al [14] introduced completely 2-absorbing (abbr. (¢, 2)-absorb-
ing) ideals in G and derived the properties such as homomorphic images, inverse images of
(c, 2)-absorbing ideals.

Definition 3.23 Let / < G such that NG ¢ I. Then

1. [Iis weakly (c, 2)-absorbing if fora,b € N,g € G,0 # abg € I, thenabG C I orag € |
orbg € 1.

2. [Iis weakly (3, 2)-absorbing if for a,b € N, g € G, (0) # abNg C I, then abG C I or
agelorbg el

Example 3.24 Consider N = (A4, +,-)and G = N, given in ([11], Table O(1)). Then G is an
N-group, where + and - is defined as follows:
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+ 0 1 2 3 4 5 6 7 8 9 10 11
1 1 0 3 2 7 6 5 4 10 11 8 9
2 2 3 0 1 5 4 7 6 11 10 9 8
3 3 2 1 0 6 7 4 5 9 8 11 10
4 4 5 6 7 8 9 10 11 0 1 2 3
5 5 4 7 6 11 10 9 8 2 3 0 1
6 6 7 4 5 9 8 11 10 3 2 1 0
7 7 6 5 4 10 11 8 9 1 0 3 2
8 8 9 10 11 0 1 2 3 4 5 6 7
9 9 8 11 10 3 2 1 0 6 7 4 5
10 10 11 8 1 0 3 2 7 6 5 4
11 11 10 9 2 3 0 1 5 4 7 6

0 1 2 3 4 5 6 7 8 9 10 11
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 4 4 4 6
5 0 0 0 0 0 0 0 0 4 4 4 6
6 0 0 0 0 0 0 0 0 4 4 4 6
7 0 0 0 0 0 0 0 0 4 4 4 6
8 0 0 0 0 0 0 0 0 8 8 8 11
9 0 0 0 0 0 0 0 0 8 8 8 11
10 0 0 0 0 0 0 0 0 8 8 8 11
11 0 0 0 0 0 0 0 0 8 8 8 11

The ideals are I, = {0} and I, = {0, 1,2,3}. Then I, is not a weakly 3-prime ideal of G,
since 4N5 = {0} € I,, but 4G ¢ I, and 5 & I, whereas I, is weakly (3, 2)-absorbing ideal
of G.

Definition 3.25 Let 7 <,; (v, N" such that M, (N)N" ¢ Z. Then

1. T is weakly (c, 2)-absorbing if for A,B € M,(N) and p € N", 0#ABp € Z, then
ABN"CTorApeZorBpel.

2. Tisweakly (3, 2)-absorbing if for A,B € M,(N)and p € N", ©) # ABM,(N)p C T, then
ABN"CTorApeZorBpel.

Proposition 3.26 [f I is a weakly (c, 2)-absorbing ideal of N, then I" is a weakly
(¢, 2)-absorbing ideal in M, (N)-group N".

Proof Let I be a weakly (c, 2)-absorbing ideal of ~V- By ([1], Proposition 4.1), /" is an
ideal of N". To show I" is weakly (c, 2)-absorbing in N", let A,B € M, (N) and p € N"
such that 0 # ABp € I". Suppose that w(A) = w(B) = 1,say A =f{,,, B=f",, a,b € N and
p = (x|,...,x,). Then by ([1], Lemma 3.1 (3)), we have
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(-) #flalflhl(xl’ ’xn)

=fxy, ..., X,)
= (abxy, ..., 0)
er.

This implies, 0 # abx, € I. Since I is weakly (c, 2)-absorbing in \ N, we have abN C I or
ax, € I or bx, € 1, and so abx; € I, for all i. Thus,

(abx,,0,...,0) € I'" or (ax;,...,0) € I" or (bxy,...,0) € I".

Now,
fl"lflbl(xl,xz, ey Xy) =f1”1b(x1,x2, cXy,)
= (abx,,0,...,0)
el forall x, e N
or
fiG X0, 0 x) €1 orflbl(x,,xz, .ox) el
implies that ABN" C ["or Ap € " or Bp € I'". O

Proposition 3.27 If T is a weakly (c, 2)-absorbing ideal of M, (N)-group N", then I, is a
weakly (c, 2)-absorbing ideal of ;N.

Proof Suppose that Z is a weakly (c, 2)-absorbing ideal of N”. By ([9], Lemma 1.3), Z,,
is an ideal of ,N. To prove Z,, is a weakly (c, 2)-absorbing ideal of | N, let a,b,c € N
such that 0 # abc € 7. Then by ([9], Lemma 1.2), we have 0 # (abc,0, ...,0) € Z. This
implies that,

0 # (abc,0, ...,0) = f%(c,0, ...,0)

=412 (c,0,...,0)
S
shows that 0# ABp, € Z, where A=f", B=f.,p, =(c,0,...,0). Since T is a
weakly (3, 2)-absorbing ideal of N", we get ABN" C T or Ap, € I or Bp, € I. Hence,
]“] ]b](xl, ....x,) €Z, for all (x,...,x,) €EN" or ]"](c, ..,00 €T or ]b](c, L0 e,
implies that (abx,,...,0) € Z or (ac, ...,0) € Z or (bc, ...,0) € Z. Then, by ([9], Lemma
1.2), we have abx, € Z,,, for all x, €N oraceZ,, or bc € T,,, and so abN CT,, or

3k £33

acel,orbceT,,. O

Proposition 3.28 If [ is a weakly (3, 2)-absorbing ideal of N, then I" is a weakly
(3, 2)-absorbing ideal of M,,(N)-group N".

Proof Let I be a weakly (3, 2)-absorbing ideal of , N. By ([1], Proposition 4.1), " is an
ideal of N". To show I" is weakly (3, 2)-absorbing in N”, let A,B € M,(N) and p € N"
such that (0) # ABM,(N)p C I". Then, 0 # ABCp € I, for every C € M, (N). Suppose that
wA) =w(B)=w(C) =1, say A=f}|,, B= 1b1’ C=f], ab,c €N and p = (x,...,x,).
Then by ([1], Lemma 3.1 (3)), we have
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0 7éflalflblflcl (xl, ,xn)

= {’lbc(xl, ey Xy,)
= (abcxy, ... ,0)
er.

This implies, 0 # abcx, € I, for all ¢ € N. Hence, (0) # abNc, C I. Since [ is weakly
(3, 2)-absorbing in NN, we have abN C I or ax; € I or bx, € I, and so abx; € I, for all i.
Thus,

(abx,,0,...,0) € I" or (ax;,...,0) € I" or (bx,,...,0) € I".

Now,
Fofh Gy X, %) = FP (e, X0 y)
= (abx,,0,...,0)
el", forally, e N
or
fiGnx,..x,) €l” orflbl(xl,xz, .ox,) el
implies that ABN" C ["or Ap € " or Bp € I'". O

Proposition 3.29 If T is a weakly (3, 2)-absorbing ideal of M,(N)-group N", then ZL,, is a
weakly (3, 2)-absorbing ideal of \\N.

Proof Suppose that Z is a weakly (3, 2)-absorbing ideal of N”. By ([9], Lemma 1.3), Z,,
is an ideal of | N. To prove Z,, is a weakly (3, 2)-absorbing ideal of | N, let a,b,x € N
such that abN ¢ Z,,, ax ¢ T,, and bx & Z,,. Then there exist n € N such that abn ¢ Z,,,
ax ¢ T,, and bx ¢ Z,,. Now by ([9], Lemma 1.2) (abn,...,0) & I, (ax,...,0) ¢ Z and
(bx, ...,0) € Z. Hence, fl“]b(n, 07, f1(x,0,...,0) € T and flbl(x, ....0) & 7. Take
A=f, B= 1b1 and p = (x,0,...,0). The_n ABN" ¢ T, Ap ¢ T and I_Bp ¢ T. Since 7 is
weakly (3, 2)-absorbing in N", we have (0) # ABM,(N)p € Z. Then (0) # ABCp ¢ Z, for
some C € M, (N). Now,

ABC =flalflblc = flalflblcflel
= fOLLGT + £, (7, Lemma2.3)]
= £ LA (14, Lemma3.1(5))]
= U ([14, Lemma3.1(3))].

Hence,
©) #ABCp=f"p
= £ (x,0,...,0)
= (abrx,0,...,0)
7.
Therefore, by ([9], Lemma 1.2), 0 # abrx & Z,,, shows that, (0) # abNx € Z,,. O
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The following is a one-one correspondence similar to Theorem 3.16.

Theorem 3.30 There is a one-one correspondence between the set of all weakly
(i, 2)-absorbing, i € {c,3} ideals of N and those of M, (N)-group N".

Proof Let i€ {c,3} and let P={I<y N :[isweakly(i,2)-absorbing} and
0={7 Sy N Zis weakly (i,2)-absorbing}. Define @ : P—> Q by &U)=1I"
By Theorem 3.26 and 3.28, @&(I) is weakly (i, 2)-absorbing. Define v : Q —» P
by w(Z)=17Z,,. By Theorem 3.27 and 3.29, w(Z) is weakly (i, 2)-absorbing. Now
(@oy)(D) = &(Z,,) = (Z,,)" =T (19], Lemma 1.5() and (yo@)(I) = y(I") = (I"),, =1
([9], Lemma 1.4(iii)). Therefore, (@oy) = idy, and (wo®) = idp. Hence, P and Q are iso-
morphic. O

4 Conclusion

We have proved the one-one correspondence between the weakly z-prime ideals
(r =0,c,3,e) of N-group N and those of M, (N)-group N”. Further, we have introduced the
notions weakly (c, 2)-absorbing ideals and weakly (3, 2)-absorbing ideals as a generaliza-
tion of c-prime and 3-prime ideals of N-group G, respectively; and finally obtained the
one-one correspondence between (i, 2), i € {c, 3}-absorbing ideals of N (over N) and those
of M,(N)-group N". As a future research work, one can study the radical properties and

hyperstructural aspects [15, 16] of weakly prime ideals in M, (N)-group N".
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