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Abstract  We propose an effective approach for designing a multi-lattice structure (MLS) 
that simultaneously considers local densities and the fillet-joint shape of struts to express prac-
tical equivalent material properties. The density of each cell is optimized by changing the strut 
diameter and fillet-joint radius according to loading conditions. The equivalent material proper-
ties of MLS, such as elastic modulus and shear modulus, are calculated based on a computa-
tional homogenization method. Finite element analyses of the full-shape and homogenized 
lattice model under external compressive load are conducted to evaluate the equivalent mate-
rial properties. We also designed an optimized three-point bending structure using the pro-
posed method. Based on the results of the topology optimization, three types of lattices with 
different relative densities are designed in a local zone considering local deformation modes.
The result of this work shows that multi-lattice bending structure has about 86.9 % higher 
strength than that of a uniform BCC lattice structure with the same weight.  

 
1. Introduction   

Recently, additive manufacturing (AM), particularly laser-based AM, has been widely used to 
fabricate three-dimensional (3D) structures via layer-by-layer accumulation from a digital model. 
The 3D high valuable and complicated structures are generally difficult to fabricate using con-
ventional processes, such as casting, machining, and press-forming [1-4]. However, demand 
for highly functional parts with lightweight [5] and compactness [6], strength [7], wearproof [8], 
metamaterials [9], shape-memory [10], cellular composites [11, 12], and productivity to increase 
energy savings has increased steeply every year. AM technology is also being used to fabri-
cate personalized medical devices for the protection against the spread of diseases and vi-
ruses such as COVID19 [13]. As industrial applications, inner lattice structures between plates 
or on the inside of mechanical parts are widely used to obtain lightweight and high-strength 
properties [14, 15]. These inner architectures can provide excellent energy absorption charac-
teristics and good thermal and acoustic insulation properties [16, 17]. Sandwich panels [18, 19], 
vibration and sound insulators [20], compact heat exchangers [21, 22], and biomedical implant 
areas [23-26] have been reported to be valuable applications of the lattice structure. 

Generally, the lattice structures can be classified into two types: surface-based and strut-
based lattice structures. A surface-based lattice or inner structure used in a sandwich panel has 
a millimeter-scale dimension and wavy shape; hence, it can be fabricated easily using a con-
ventional press-bending process. Meanwhile, a strut-based lattice is structured as a network of 
sub-millimeter scale struts in a 3D space [27]. Therefore, controlling design parameters, such 
as geometrical shape and size, strut diameter, and base material, are important [28]. A recent 
study reports that damage-tolerant materials can be developed using strut-based lattices in-
spired by crystal microstructure [29]. The behavior of lattices can be controlled through the adap- 
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tive design of the lattice units, realizing unprecedented material 
properties, such as superlight mass with high strength. However, 
designing a strut-based lattice is not simple because predicting 
the mechanical properties of the strut-based lattice requires 
using computational analysis. In the analysis, complicated mod-
eling and meshing are required to consider the real shape of 
lattices. However, the equivalent material property of lattices 
represented as equivalent material modulus and shear modulus 
can be used instead of the real shape-based property of the 
lattice structures. 

Until recently, some studies on the equivalent mechanical 
properties, which are obtained using numerical or experiment-
based theoretical analyses, are reported to predict the material 
properties of architectured structures [27, 30-36]. Gibson et al. 
introduced the scaling law, which describes the mechanical 
properties of lattice structures as a function of relative density 
[37]. Deshpande et al. conducted an experimental and theo-
retical investigation to identify equivalent mechanical properties 
[30-33]. A homogenization method is also implemented to de-
termine the mechanical behavior of the equivalent homogene-
ous anisotropic medium at the macroscopic scale [34-36, 38]. 
The computational homogenization method is efficient in pre-
dicting the equivalent material properties of lattice structures. 
Chen et al. estimated the equivalent mechanical properties of 
asymmetric honeycomb structures by incorporating shear, 
bending, and tensile deformation [34]. Kaur et al. conducted a 
study to enhance the mechanical properties of stretching-
dominated and bending-dominated lattice structures fabricated 
using the AM process [38]. Maskery et al. conducted a numeri-
cal analysis to design triply periodic minimal surfaces (TPMS) 
with gradient-density lattice structures [27]. 

However, the geometric shape of a lattice unit is an impor-
tant parameter in the basic design step of DfAM (design for 
additive manufacturing). Many studies on the efficient shape 
and optimization of lightweight lattice structures for AM [36, 39-
48]. Mahmoud et al. reviewed the application of functionally 
graded lattice structures to improve or control the mechanical 
properties of orthopedic implants [25]. Panesar et al. proposed 
uniform, intersected, graded, and scaled lattice design strate-
gies in terms of structural strength and AM-related manufactur-
ing considerations. The lattice structures derived from the to-
pology optimization are found to be superior to uniform lattice 
structures [39]. Alzahrani et al. proposed a design method for 
lightweight truss-like lattice structures that considers their rela-
tive density obtained from solid topology optimization [40]. 
Cheng et al. presented a homogenization-based topology op-
timization (HMTO) method to optimize the design of a lattice 
structure to achieve lightweight design efficiently [41-47]. Day-
nes et al. designed and optimized lattice structures based on 
the isostatic line aligned with principle stresses [48]. They con-
ducted a three-point bending test using a single shape speci-
men with different lattice diameters to validate their proposed 
method. Although drastic progress has been made in lattice 
research in terms of design, manufacturing, and application, 
most studies were conducted based on a single lattice with 

equal strut diameter. Furthermore, exact modeling of lattices to 
predict mechanical behaviors is time-consuming and effortful 
because of the intricate shapes and orientations.  

In this study, using homogenized topology optimization with 
considering a real shape of strut-like fillet-joints, we focused 
on an effective and simple design method to reduce the effort 
required in direct modeling multi-lattices. For the optimization 
of the lightweight and highly stiff structure, three types of strut-
based lattices, namely, simple cubic (SC), body-centered cu-
bic (BCC), and octahedral cubic (OTC), which are frequently 
used as inner lattice structures in previous studies [46], are 
first introduced considering real shapes of lattices, such as 
with and without edge fillet radius. A correlation between strut 
diameter and relative density of unit lattice is obtained to de-
termine the geometric dimensions of the lattice structure in 
terms of relative density. Further, for efficient computational 
simulation, the equivalent material properties of a lattice ob-
tained from a homogenization method are used in the analysis. 
The usefulness of this approach is evaluated by comparing 
the analysis results of a full-shaped model with those of a 
simplified effective model. Using the proposed approach, a 
three-point bending specimen is optimized to obtain a higher 
stiffness-to-weight ratio. 

 
2. Design process based on homogeniza-

tion of strut-based lattice 
Generally, strut-based lattices have a complex 3D truss-like 

structure with interconnected struts and nodes. In finite element 
(FE) analysis, the shape and element size affects the accuracy 
of the analysis results. Particularly, the accuracy of the analysis 
results for complex lattice structures corresponds to the ele-
ment size [31]. A high-performance computer system and long 
computation time are commonly required to evaluate the exact 
mechanical properties of complex lattice structures using com-
putational simulation. Therefore, equivalent elastic properties 
corresponding to complex lattice structures for efficient compu-
tational simulation is essentially required. Recently, several 
studies investigated the equivalent elastic properties of various 
lattice structures. Most studies investigated the lattice geometry 
without edge fillets at the strut intersections. Further, the failure 
of the strut-based lattice is observed to occur at the strut inter-
sections [46, 49].  

This study employed three types of strut-based lattice struc-
ture: SCR, BCCR, and OTCR with small edge fillet designed or 
formed naturally in the AM process ( * /L Lr r l= = 0.04). Here, 

*r  is the relative edge fillet, Lr  is the radius of edge fillet in 
lattice unit cell, and Ll  is the length of one side of the lattice 
unit cell. The subscript R represents the lattice structure with 
edge fillets. Fig. 1 shows the three types of strut-based lattice 
structures used in this work. Stretch-dominated lattices, such 
as OTC, are used for relatively high stiffness and strength, 
while bend-dominated structures, such as stochastic foam and 
BCC, are relatively widely used for energy absorption [16, 30, 
38, 50, 53]. 
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2.1 Calculation of relative strut diameter 

The relationship between the relative density and detailed 
dimensions of the lattice geometry should be defined to esti-
mate a design parameter of lattice structures in terms of the 
relative density. The strut diameter of the lattice is dependent 
on the relative density ( * /L Ld d l= ) of the lattice structure, and 
can be expressed in terms of the relative density 
( * /L Sρ ρ ρ= ), where Ld  is the strut diameter in a lattice unit 
cell, Lρ  is the density of a lattice unit cell, and sρ  is the den-
sity of a solid unit cell [36-39]. Regression equations of the 
second to fifth-order are evaluated to determine the best re-
gression equation for the lattice density and relative strut di-
ameter between 0 to 1 obtained from the CAD model. Fig. 2(a) 
shows the raw data of OTCR and the curve of the second to the 
fifth-order regression equation, and Fig. 2(b) shows the ratios 
of the raw data and higher-order equations. It is calculated that 
the maximum difference between the fifth-order regression 
equation and the raw data is within about 0.2 %, and the maxi-
mum difference between the third-order regression equation 
and the raw data is increased by about 4 %. Thus, we know 
that the higher-order regression equation is more accurate than 
the lower order. 

The relationship for the relative strut diameter in terms of the 
relative density is obtained for the six types of lattice structures 
with and without edge fillet radius. Fig. 2(c) and Table 1 show 
that the relationship between the relative strut diameter with 
and without edge fillets and the relative density is expressed as 
a fifth-order regression equation for an accurate fit. Table 1 lists 
the coefficients of the regression equation to calculate the rela-
tive strut diameter. The regression equation is expressed as Eq. 
(1), which is meaningful in the range of relative density from 0.2 
to 0.8. 

 
( ) ( ) ( ) ( ) ( ) ( )2 3 4 5* * * * * * *

0 1 2 3 4 5 d f a a a a a aρ ρ ρ ρ ρ ρ= = + + + + +  

  (1) 

The relative strut diameters of the lattice structures are com-
pared at a relative density of 0.3. The relative strut diameters of 
the SCR, BCCR, and OTCR structures are 0.41, 0.268, and 
0.169, respectively. The SCR strut diameter of 0.41 is 2.43 
times larger than that of the OTCR of 0.169. Further, the rela-
tive strut diameters of the lattice structures with and without 
edge fillets are compared. At a relative density of 0.3, the rela-
tive strut diameters of the SCR, BCCR, and OTCR lattice struc-
tures with edge fillet decreased by 0.26, 0.49, and 2.75 %, 
respectively, when compared with those of the models without 
edge fillet. 

 
2.2 Equivalent elastic properties of lattice 

For a density-based lightweight design, the mechanical 
properties of the lattice structure are required in terms of the 
relative density. According to the Gibson-Ashby model, the 
elastic modulus E and shear modulus G of lattice structures 
are functions of the relative density. These functions are called 
“scaling laws” [22, 24, 30]. Homogenization methods are often 
used to obtain the equivalent mechanical properties of periodic 
lattice structures. The lattice structures are generally anisot-
ropic rather than isotropic [26]. The anisotropic constitutive law, 
{ } [ ]{ }Cσ ε= , is used for the mechanical properties of the lat-
tice structure, where { }σ , [ ],C  and { } ε  are the stress, stiff-
ness matrix, and strains respectively. To obtain the equivalent 
stiffness matrix, Established periodic boundary conditions 
(PBCs) are applied to the unit cell of a lattice structure to obtain 
the equivalent stiffness matrix. At each time, the PBCs are 
applied, such that one strain component in one-direction is set 
to unity and the other strains are set to zero. The stiffness ma-
trix [ ]C  of a unit cell is calculated using the FE simulation. 
The elastic modulus, shear modulus, and Poisson’s ratio are 
driven by the compliance matrix [ ]S  obtained by inverting the 
stiffness matrix [ ]C  as following Eq. (2) [31]: 

 
1S C −=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  

12
1 12 12

11 11 66

1 1, ,SE G
S S S

υ= = − =   

 
(a) SCR ( *d = 0.410) 

 

     
(b) BCCR ( *d = 0.268)       (c) OTCR ( *d = 0.169) 

 
Fig. 1. Three types of strut-based lattice structure with small edge fillet
( *ρ = 0.3). 

 

Table 1. Coefficients of regression equations for the relative strut diameter 
(d*) according to the relative density. 
 

Relative
strut 

diameter
0a  1a  2a  3a  4a  5a  

*
BCCd  0.0467 1.1904 -2.5906 4.9331 -4.7789 1.8956

*
RBCCd  0.0455 1.1969 -2.6153 4.9178 -4.6882 1.8317

*
SCd  0.0809 1.6616 -3.1607 5.7628 -5.5309 2.2683
*

RSCd  0.0799 1.6678 -3.2162 5.9326 -5.7438 2.3587
*
OTCd  0.0331 0.7248 -1.5199 3.0306 -3.1598 1.3750
*

ROTCd  0.0287 0.7312 -1.5453 3.0022 -3.0134 1.2528
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13
2 13 13

22 11 55

1 1, ,SE G
S S S

υ= = − =  (2) 

23
3 23 23

33 22 44

1 1, ,SE G
S S S

υ= = − =  

 
where iE  is the elastic modulus of the material in direction i, 

ijG  is the shear modulus that representing the shear stiffness 

in the corresponding plane and ijυ  is the Poisson’s ratio rep-
resenting the ratio of a transverse strain to the applied strain. 

In this study, the equivalent elastic properties for the lattice 
structure with and without edge fillets at the strut intersections 
are calculated using the computational homogenization 
method. The elastic modulus and shear modulus are obtained 
by applying a uniaxial tension loading and pure shear loading, 
respectively. For the uniaxial tension loading in the X-direction, 
the boundary conditions applied are as follows (Eq. (3)) : 

 
DCGH ABFEU U l− = , 0,ADHE BCGFV V− =  0EFGH ABCDW W =− . (3) 

 
For the pure shear loading in the X-Y plane, the boundary 

conditions applied are as follows (Eq. (4)): 
 

0DCGH ABFEU U− = ,   / 2DCGH ABFEV V l− =  
/ 2ADHE BCGFU U l− = , 0ADHE BCGFV V− =  (4) 

0ABCD EFGHW W− =   
 

where l is the length of unit lattice cell, Uαβγδ , Vαβγδ , and 
Wαβγδ  are the displacement components along X, Y, and Z, 
respectively, and the suffix codes , , ,α β γ  and δ  are the 
positions of the vertices. 

Fig. 3 shows the FE model, uniaxial and pure shear deforma-
tion geometries, and boundary conditions for the OTCR struc-
tures. The length of the unit lattice cell used is 1 mm, the di-
ameter of the strut is 0.1 mm, the fillet radius is 0.04 mm, and 
the relative density condition is 0.1225. A 3-D ten-node tetra-
hedral structural solid element was used to generate a finite 
element model. The number of elements and nodes used is 
451164 and 665438, respectively. ANSYS software (ver. 
2020R1) is used for FE simulation and mesh generation. 

The equivalent elastic properties of the lattice unit cell corre-
sponding to various relative densities are obtained. Fig. 4 
shows the relative elastic modulus ( * /L SE E E= ) and relative 
shear modulus ( * /L SG G G= ) in terms of the relative density. 
Here, LE  and LG  are the elastic modulus and shear 
modulus in a lattice unit cell, respectively. The third- and fourth-
order regression equations are evaluated to obtain an accurate 
regression equation for the lattice density and relative elastic 
and shear modulus. In the case of the fourth-order equation, 
the maximum difference is less than 0.2 % for OCTR. The rela-
tionship for the relative elastic and shear modulus in terms of 
the relative density is obtained for the six types of lattice struc-
tures as defined in Figs. 4(a) and (b), respectively. Tables 2 
and 3 summarize the coefficients of regression equations for 
the relatively elastic and shear modulus in terms of the relative 
density, respectively. The relationship between the equivalent 
elastic properties and relative density is expressed by the 
fourth-order regression equation as shown in Eq. (5). 

 

( ) ( ) ( ) ( ) ( )2 3 4* * * * * * *
0 1 2 3 4 E G f a a a a aρ ρ ρ ρ ρ= = = + + + +  . 

  (5) 

 
(a) Second-order to fifth-order regression equation for OTCR 

 

 
(b) Ratios of the raw data and higher-order regression equations for OTCR

 

 
(c) Fifth-order regression equations for the six types of lattice structures

 
Fig. 2. Relationship between the relative strut diameter and the relative 
density. 
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The relative elastic and shear modulus of the lattice struc-
tures with and without edge fillets are compared, as shown in 
Figs. 5(a) and (b), respectively. At a relative density of 0.4, the 
elastic modulus and shear modulus of the SCR, BCCR, and 
OTCR lattice structures with edge fillet increased by 1.6 %, 
17.8 %, and 8.6 % and 5.8 %, 3.1 %, and 11.7 %, respectively, 
when compared with those of the models without edge fillet. In 
addition, the small edge fillet (r* = 0.04) of a lattice structure 

Table 2. Coefficients of regression equations for the relative elastic modu-
lus according to the relative density. 
 
Relative strut 

diameter 0a  1a  2a  3a  4a  

*
BCCE  0.0017 -0.0197 0.1825 0.4814 0.4572 
*

RBCCE  -0.0149 0.1943 -0.7452 2.4034 -0.7913
*
SCE  0.0072 0.2864 0.7606 -0.6371 0.6101 
*

RSCE  -0.0019 0.3993 0.3437 0.0583 0.2011 
*
OTCE  0.0066 0.0177 0.8442 -1.0472 1.3016 
*

ROTCE  -0.0009 0.1314 0.327 0.0959 0.5627 

 

 
(a) Relative elastic modulus 

 

 
(b) Relative shear modulus 

 
Fig. 4. Relationship for the relative elastic and shear modulus in terms of 
the relative density. 

 

 
(a) FE model 

 

 
(b) Prescribed PBC of the 3-D model 

 

(c) Uniaxial deformation 
 

 
(d) Pure shear deformation 

 
Fig. 3. FE model, PBC and uniaxial and pure shear deformation geometries 
of OTCR lattice structures ( *ρ = 0.1225). 
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contributes to increased equivalent elastic properties under an 
equal-weight condition. 

 
2.3 Evaluation of equivalent elastic properties 

Compression simulations are performed on the full-shape 
and homogenized lattice structure models to validate the pre-

dicted equivalent elastic properties. Fig. 6 shows a CAD model 
of the fourth OTCR full-shape and a FE model of the fourth 
OTCR full-shape and homogenized lattice structure with an 
edge fillet used in the compression simulation. The number of 
elements used in the 1/4 full-shape model is approximately 
864078. In contrast, the number of elements used in the 1/4 
homogenized model is 576. The compression simulation model 
consists of six layers of lattice structure having a height of 6.5 lL 
under a relative density condition of 0.463 in the core, and a 
0.25 lL mm plate on the top and bottom where lL (= 5 mm) is the 
length of unit lattice cell. The basic dimensions of the compres-
sion model are 30×30×32.5 mm3. The full-shape model re-
quires a long simulation time because of its numerous ele-
ments; hence, the one-fourth full-shape model is used. The 
displacement constraints are applied to be fixed in the vertical 

Table 3. Coefficients of regression equations for the relative shear modulus 
according to the relative density. 
 

Relative 
strut 

diameter 
0a  1a  2a  3a  4a  

*
BCCG  0.0044 0.2390 0.7805 -0.9318 0.9274 

*
RBCCG  0.0026 0.2789 0.6457 -0.6486 0.7353 

*
SCG  0.0033 -0.0571 0.4486 0.3325 0.3778 
*

RSCG  -0.0005 0.0124 0.0990 1.1172 -0.1665 
*
OTCG  -0.0065 0.3365 -0.1034 0.8764 -0.0390 
*

ROTCG  -0.0147 0.4657 -0.6720 2.3056 -1.0929 

 

 
(a) Change in elastic modulus 

 

 
(b) Change in shear modulus 

 
Fig. 5. Comparison of relative elastic and shear modulus of the lattice struc-
tures with and without edge fillets. 

 

 
(a) Full-shape CAD model (OTCR) 

 

(b) 1/4 full-shape FE model (OTCR) 
 

 
(c) Homogenized FE model 

 
Fig. 6. Full-shape CAD model and 1/4 OTCR full-shape and homogenized 
lattice structure FE model used in the compression simulation. 
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direction and sliding in the horizontal direction at the supports 
located on the bottom face of the compression model. Sym-
metric boundary conditions are applied to the symmetry plane 
of the compression model, and the 3D 20-node structural solid 
element is used. A vertical force of 300 N is applied on the top 
face of the compression model. The material properties are 
given as a general polymer material. Tensile modules for mate-
rials commonly used for stereo lithography apparatus-based 
3D printing procured by 3D systems are around 1.6 to 3.4 GPa, 
and tensile modules for materials used for fused deposition 
modeling-based 3D printing procured by Stratasys are around 
1.7 to 2.2 GPa [44, 45]. Therefore, an elastic modulus of 2 GPa 

and a Poisson's ratio of 0.3 is given in the compression simula-
tion.  

Fig. 7 shows the displacement distribution obtained from the 
compression simulation. As shown in Table 4, the initial stiff-
ness obtained from the compression simulation results of the 
full-shape lattice structure model and the homogenized model 
are compared. This comparison demonstrated an initial stiff-
ness difference of 1 to 3 %. It is confirmed that the equivalent 
elastic properties predicted by the homogenization method are 
in good agreement. The uniaxial compression simulation 
showed that the SCR lattice structure had relatively high initial 
stiffness. A close relationship between the directions of the 

Table 4. Summary of initial stiffness obtained from the compression simulation. 
 

Homogenized model (A) Full-shape model (B) 

Lattice type Max. disp.  
(mm) 

Initial stiffness  
(N/mm) 

Stiffness ratio 
(D/C) 

Max. disp.  
(mm) 

Initial stiffness 
(N/mm) 

Stiffness ratio  
(D/C) 

Stiffness ratio of  
homogenized  

model/full-shape model 
(A/B) 

BCC (C) 4.55E-02 6592 4.67E-02 6428 1.026 

BCCR  (D) 3.94E-02 7618 
1.156 

4.06E-02 7388 
1.15 

1.031 

SC  (C) 1.89E-02 15834 1.93E-02 15547 1.018 
SCR (D) 1.87E-02 16075 

1.015 
1.90E-02 15769 

1.014 
1.019 

OTC (C) 3.17E-02 9449 3.19E-02 9393 1.006 

OTCR (D) 2.92E-02 10285 
1.088 

2.94E-02 10194 
1.085 

1.009 

 

 
                   ① BCCR                                   ② SCR                                  ③ OTCR 

(a) Homogenized model 
 

 
                             ① BCCR                             ② SCR                            ③ OTCR 

(b) 1/4 full-shape FE model 
 
Fig. 7. Displacement distribution of homogenized model and 1/4 full-shape FE model obtained from the compression simulation. 
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load and strut was also observed.  

 
3. Application to bending problem 
3.1 Topology optimization 

In designing a lattice structure with high stiffness and light-
weight, a lattice core-based sandwich panel is employed. Con-
ventional sandwich panels consist of a strong outer face and 
lightweight inner core [18, 19]. Here, density distribution is an 
important design variable in the optimal design of lattice core 
structures. Topology optimization is used to obtain a variable 
density distribution in a lattice core structure. The objective of 
the topology optimization is to minimize structural compliance. 
A volume fraction of 40 % is used as a constraint condition, 
and the minimum relative density (ρmin) and maximum relative 
density (ρmax) of 0.2 and 0.8, respectively, is applied. Hence, 
the mathematical expression of the minimum compliance issue 
for the lattice structure becomes (see Eqs. (6)-(9)): 

 
Objective: ( ), Tf U U KUρ =  (6) 

Subjective: ( ) ( )K U Fρ ρ=  (7) 

* *

1

 
n

i
i

V v ρ
=

=∑  (8) 

0.2 ≤ minρ ≤ *ρ ≤ maxρ ≤ 0.8 (9) 
 

where structural compliance f is the objective function, K is the 
global stiffness matrix, F is the external load vector, and U is 
the displacement vector. The first constraint is the equilibrium 
equation. The second constraint is the elastic scaling law. The 
third constraint limits the total design volume to V*. The final 
constraint requires that the relative density be bounded by the 
minimum and maximum relative densities. Fig. 8 shows the 
basic dimensions and displacement constraints of a sandwich 
panel. The basic dimensions of the sandwich panel are 200 
(W)×30 (L)×32.5 (H) mm3. The displacement constraints are 
applied to be fixed in the vertical direction and sliding in the 
horizontal direction at the supports located on the bottom face 
of the sandwich panel. Symmetry conditions are applied to the 
middle plane of the sandwich panel in the width and horizontal 
direction, respectively. A vertical force of 3200 N is applied to 
the middle of the top face of the sandwich panel. 

Fig. 9(a) shows the finite element mesh of a sandwich panel 
used for topology optimization. The 3D 20-node structural solid 

element is used. The core of the sandwich panel is defined as 
the design domain, and the top and bottom plate domains of 
the sandwich panel is defined as the non-design domain. In 
addition, to prevent local failure due to concentrated load, the 
local region of the inner core in contact with the support and 
load face is defined as the non-designed domain. Further, the 
equivalent elastic properties obtained from the scaling law of 
the lattice structures are used for topology optimization. 
Fig. 9(b) shows the relative density distribution of the lattice at 
the core in a quarter symmetrical sandwich panel for the three 
types of lattice obtained from the topology optimization results. 
It is observed that the density distribution changes according to 
the type of the lattice structure. 

 
3.2 Multi-lattices structure with diverse local 

densities  

The lattice structure models are constructed with various lat-
tice types, lattice combinations, and relative density distribu-
tions. The three types of proposed lattice models are as follows. 
The first type is a single-density and single-lattice structure 
model. Four models with a single lattice and uniform relative 
density of 46.3 % are proposed. The second type is a variable-
density and single-lattice structural model with three models 
with a single lattice and variable density are proposed. The 

 
Fig. 8. Basic dimensions and displacement constraints of a sandwich 
panel. 

 

(a) 
 

             ① SCR              ② BCCR            ③ OTCR 

(b) 
 
Fig. 9. (a) FE model of a sandwich panel for topology optimization; (b) 
relative density distribution of lattice structure in the core of the sandwich 
panel from the topology optimization. 
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third type is a variable-density and multi-lattice structure model. 
Before constructing a multi-lattice model, the lattice structure 
model is divided into a frame region and an assisted region. 
The frame region has a relative density greater than 0.3, while 
the assisted region has a relative density less than or equal to 
0.3. The lattice in the assisted region is self-supporting and fills 
the entire design domain to maintain the overall structure 
shape. Here, six models with the different single-lattice struc-
ture in the assisted and frame regions, and variable density are 
proposed. In addition, a model considering the direction of the 
elastic properties of the lattice structure is proposed. Based on 
the model consisting of an OTCR lattice structure (model-12) in 
the frame region, an additional lattice model (model-14) is con-
structed by rearranging into SCR lattice structures with rela-
tively high elastic modulus in regions of the high relative den-
sity of 0.8 with the vertical or horizontal distribution. Fig. 10(a) 
shows a single-density and single-lattice structure model 
(model-2) consisting of a BCCR lattice with a small edge fillet 

and 46.3 % relative density. Fig. 10(b) shows the variable-
density and multi-lattice structure model (model-12) consisting 
of an OTCR lattice in the frame region and a BCCR lattice in the 
assisted region. 

Fig. 11 shows the variable-density and multi-lattice structure 
model considering the direction of elastic properties of the lat-
tice structure (model-14). It consists of an OTCR and an SCR 
lattice in the frame region and a BCCR lattice in the assisted 
region. 

 
3.3 Simulation of homogenized and full-shape 

model 

A three-point bending simulation is performed using a ho-
mogenized lattice structure model to evaluate the bending 
stiffness of sandwich panels with various lattice core structures. 
The homogenized lattice structure model is constructed by 
considering the equivalent elastic properties of lattice structure 
corresponding to the relative density distribution obtained from 
the topology optimization. The bending simulation model used 
46.3 % relative density in the core and 51.1 % relative density 
in the lattice core-based sandwich panel. Material properties at 
a relative density of 1.0 are used for Young’s modulus of 
2 GPa and Poisson’s ratio of 0.3. Two full-shape simulations 
are conducted on the three-point bending of lattice structure 
core-based sandwich panel to validate the design method for 
the homogenized lattice structure model. A variable-density 
and multi-lattice structure model is constructed by considering 

 
(a) Single-density and single-lattice structure model consist of BCCR,  

baseline model (model-2) 
 

 
(b) Variable-density and multi-lattice model  

(frame region: OTCR, assisted region: BCCR, model-12) 
 
Fig. 10. 1/4 full-shape model and layer cross-sections of lattice core-based 
sandwich panel. 

 

 
Fig. 11. Variable-density and multi-lattice full-shape model considering the 
direction of elastic properties of the lattice structure (frame region: OTCR

and SCR, assisted region: BCCR, model-14). 
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the geometry of the lattice unit cell corresponding to the relative 
density distribution. Fig. 12 shows the FE model of the vari-
able-density and multi-lattice full-shape model with an edge 
fillet used in the three-point bending simulation (model-14). The 
number of elements of the 1/4 full-shape models is 3058795. In 
contrast, the number of elements of the 1/4 homogenized 
model is 3840. 

Fig. 13 shows the displacement distribution of the variable-
density and multi-lattice 1/4 full-shape model. 

Table 5 shows the initial stiffness obtained from the three-
point bending simulation results for the full-shape lattice struc-
ture model and homogenized model are compared. As a result, 
an initial stiffness difference of 1 to 4.3 % is observed. Thus, 

the equivalent elastic properties predicted by the homogeniza-
tion method are confirmed to be in good agreement. 

 
4. Results and discussion 

Compression simulations for 3(W)x3(L)x6(H) lattice struc-
tures are performed on the 1/4 full-shape and homogenized 
lattice structure models to validate the predicted equivalent 
elastic properties. As a result, an initial stiffness difference of 
up to 3 % is observed. A three-point bending simulation for the 
sandwich panel with variable-density and multi-lattice struc-
tures are performed on the 1/4 full-shape and homogenized 
lattice structure models. As a result, an initial stiffness differ-

 
 
Fig. 12. FE model of a variable-density and multi-lattice core-based full-shape sandwich panel for 3-point bending simulation (model-14). 

 

 
                                    ① 1/4 full-shape model                                    ② Homogenized model 

(a) Uniform-density and single-lattice model (model-2) 
 

 
                                    ① 1/4 full-shape model                                   ② Homogenized model 

(b) Variable-density and multi-lattice model (2 types of lattice, model-12) 
 

 
                                   ① 1/4 full-shape model                                  ② Homogenized model 

(c) Variable-density and multi-lattice model (3 types of lattice, model-14) 
 
Fig. 13. Displacement distribution of variable-density and multi-lattice 1/4 full-shape model. 
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ence of up to 4.3 % is observed. 
The three-point bending test and full-shaped model simula-

tion results presented in the literature (Cheng et al. 2017) [34] 
are introduced for validation of the homogenized results. The 
three-point bending beam model consists of a uniform cubic 
structure with a relative density of 0.5, specimen size of 
120×15×15 mm3, and unit lattice constant of 2.5 mm. The sup-
port position on the bottom surface is located at 9 mm from 
both ends. Specimens of each uniform beam are printed in 
VeroWhite. Here, an elastic modulus of 2100 MPa and a Pois-
son's ratio of 0.3 are used as the mechanical properties of 
VeroWhite. The equivalent elastic properties of SC (cubic) 
lattice corresponding to 0.5 relative density are used with an 
elastic modulus of 627.99 MPa, shear modulus of 99.98 MPa, 
and Poisson's ratio of 0.16. The three-point bending simulation 
for the homogenized model is performed. The applied force is 
200 N. 

Fig. 14 shows the displacement distribution of the homoge-
nized model with a displacement of 1.88 mm. The calculated 
stiffness is 106.02 N/mm. Table 6 shows that the initial stiffness 
obtained from the three-point bending results for the homoge-
nized model, full-shaped model simulation, and experiment is 
compared. The difference in stiffness of full-shaped model 
simulation, and experiment in literature are 2.3 %, and 9.1 %, 
respectively. The equivalent elastic properties predicted by the 
homogenization method are confirmed to be in good agree-
ment with the results reported in the literature. Thus, the pre-
dicted stiffness of the homogenized model is approximately 
equal to that of the homogenized model and full-shaped model 
simulation reported in the literature. 

Comparing the results of the homogenized lattice structure 
and full-shape models, an initial stiffness difference of 0.5 %-
4.3 % is observed. It is confirmed that the mechanical proper-
ties predicted by the homogenization method are in good 
agreement. Thus, the proposed homogenization method and 
equivalent elastic properties for lattice structures are validated.  

The number of elements for the full-shape model and the 
homogenized model used in the simulation were compared to 
observe the design efficiency for the lattice structure model. In 
the compression simulation for a 3(W)x3(L)x6(H) lattice struc-
ture, the number of elements used in the full model and the 
homogenized model is 864078 and 576, respectively. In the 
three-point bend simulation for a sandwich panel with a 

3(W)x20(L)x6(H) lattice structure, the number of elements used 
in the full-shape model and the homogenized model are 
3058795 and 3840, respectively. It was confirmed that the 
homogenized model had relatively few elements used than the 
full-shape model. The reduction in the number of elements 
means the computation time in the simulation is reduced dra-
matically. In addition, the homogenized model was able to 
reduce 3D CAD modeling time significantly by simplifying the 
complex lattice structure to a simple cube structure. 

In this study, the equivalent elastic properties for the lattice 
structure with and without edge fillets at the intersections of 
struts are calculated using the computational homogenization 
method. The relationship between the equivalent elastic prop-
erties and relative density is expressed by the fourth-order 
regression equation. The equivalent elastic properties of the 
lattice structures with and without edge fillets are compared. 
The small edge fillet of lattice structure contributes to increased 
equivalent elastic properties and improved anisotropy of the 
lattice under equal-weight conditions. 

Kang et al. proposed an optimization method for obtaining 
lightweight, high strength, and high stiffness of a lattice-based 
sandwich panel using topology optimization and multi-lattice 
structures [46]. In the proposed optimization design, the variable 

Table 5. Comparison of simulation and experiment on initial bending stiffness from three-point bending. 
 

Lattice type Simulation 

Homogenized model (B) Full-shape model (A) Model 
no. Frame 

region 
Assisted 
region Max. deflection, 

δ (mm) 
Initial stiffness, 

F/δ (N/mm) 
Max. deflection, 

δ (mm) 
Initial stiffness,  

F/δ (N/mm) 

Initial stiffness ratio 
of homogenized
model/full-shape

model 
(B/A) 

1 BCC BCC 5.381 0.995 5.362 597 0.995 

2 BCCR BCCR 5.117 1.019 5.216 627 1.019 
12 OTCR BCCR 2.960 1.032 3.054 1048 1.032 

14 OTCR, SCR BCCR 2.881 1.043 3.007 1064 1.043 

 
Table 6. Comparison of simulation and experiment on initial bending stiff-
ness from three-point bending [34]. 
 

Simulation 
Model type Full-shaped model  

[34] 
Experiment 

[34] 
Homogenized 

model 

Uniform beam 
(N/mm) 108.46 96.34 106.02 

 

 
Fig. 14. Displacement distribution of homogenized uniform SC (cubic) 
lattice model. 
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density and multi-lattice core model suggested a 66 % increase 
in stiffness than that of the single BCC uniform-density lattice 
core. Table 5 shows the summary of the initial bending stiffness 
of a homogenized lattice model obtained from the three-point 
bending simulation. The variable-density and multi-lattice based 
sandwich panel consisting of three types of lattices (model-14) 
is found to exhibit approximately 86.9 % higher initial stiffness 
than those of the conventional BCC uniform density baseline 
model (model-1). The variable-density and multi-lattice-based 
sandwich panel consisting of two types of lattices (model-12) is 
found to exhibit approximately 81.9 % higher initial stiffness than 
those of the baseline model (model-1). 

However, from a manufacturability point of view, the recom-
mended design for the strut diameter should be 0.3 mm or 
more in the metal AM process [46]. 

 
5. Conclusion  

Using computational homogenization and topology optimiza-
tion, a design method for variable density and multi-lattice 
structures with high stiffness, light weight, and equivalent elas-
tic properties of various strut-based lattice structures with small 
edge fillet are presented. The relationship between the relative 
strut diameter and relative density for six types of lattice struc-
tures is expressed as a fifth-order regression equation to de-
termine the geometric dimensions of the lattice structure in 
terms of the relative density. At a relative density of 0.3, the 
SCR lattice strut diameter of 0.41 is about 2.43 times larger 
than that of the OTCR of 0.169. At the same relative density, 
several differences are observed in the diameter of the struts 
depending on the type of the lattice structure. The equivalent 
elastic properties of the lattice structure unit cell with edge fillet 
corresponding to various relative densities were obtained. The 
relationship between the equivalent elastic properties and rela-
tive density was expressed as a fourth-order regression equa-
tion. At a relative density of 0.3, the elastic modulus of the 
BCCR lattice structures and shear modulus of the OTCR lattice 
structures with edge fillets increased by greater than or equal 
to 18.5 % and 8.7 %, respectively, when compared with those 
of the model without edge fillets. The small edge fillet of the 
lattice structure contributed to the increased equivalent elastic 
properties and improved the anisotropy of the lattice under 
equal-weight conditions. 

Compression simulations of a six-layered lattice are per-
formed on the full-shape and homogenized lattice structure 
models to validate the predicted equivalent elastic properties. 
As a result, an initial stiffness difference of approximately 3 % 
is observed between the two models. For the lightweight and 
high stiffness design of lattice-based sandwich panels, topol-
ogy optimization is performed to identify an optimized relative 
density distribution that satisfies the minimum compliance in 
the core. Variable-density lattice-based sandwich panels are 
designed using optimal relative density distribution obtained 
from the topology optimization. Three-point bending simula-
tions are performed on approximately 14 types of sandwich 

panels with variable density distribution and lattice core using a 
homogenized lattice structure model to observe the mechani-
cal properties according to the lattice types with small edge 
fillet, lattice combination, and relative density distribution. The 
variable-density and multi-lattice core sandwich panel models 
exhibited approximately 86.9 % higher initial stiffness than 
those with the conventional BCC uniform density cores. The 
optimized design method that considered the variable density, 
multi-lattice, equivalent elastic properties, fillet edge effect, and 
orientation of the lattice is a very useful method to increase the 
lightness in weight and stiffness of the lattice structure.  

Because the computation time and high-performance sys-
tems have limitations, the homogenized lattice models will be 
useful in evaluating the mechanical properties of complex lat-
tice models using computational simulation. 
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