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Abstract
This paper deals with the analysis of the statistical properties of the profitability 
yielded by Private Equity from a fractionally integrated viewpoint. Using quarterly 
data from 1981q2 to 2021q3, the results support the hypothesis of stationarity and 
mean reversion in all cases; however, we observe differences in the degree of persis‑
tence across regions, Europe being the closest to short memory while the US shows 
the highest degree of long range dependence and thus the longer lasting effects of 
shocks. Some policy recommendations of the results obtained are included at the 
end of the manuscript.
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1  Introduction

The aim of this paper is to study the evolution of profitability of private equity across 
time and geographically, and more specifically, whether the shocks in the series over 
time feature transitory or permanent effects, looking at both aggregated and disag‑
gregated data by region. We focus on four specific areas: US, Europe, Asia/Pacific 
and Rest of the World, along with the “Total” data. For this purpose, we use meth‑
odologies based on the concept of fractional integration, employing updating tech‑
niques in time series analysis.

Assessment of the type of shock is normally performed by unit root tests (Dickey 
and Fuller 1979; Phillips and Perron 1988 and others). In the case that the process 
has no unit roots, it is supposed to be stationary and hence exhibiting reversion to the 
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mean (the lagged level, pre-shock, will drive the reversion to the mean). However, 
should it have unit roots, the process does not revert to the mean, the shock having a 
permanent effect on the series. In this article, we depart from these classical meth‑
ods by using fractional integration, which is more flexible and general in the sense 
that it allows fractional degrees of differentiation and mean reversion takes place as 
long as the differencing parameter is significantly smaller than 1. As later explained 
in the manuscript, this will allow us to consider flexible approaches, including, for 
example, nonstationary though mean reverting processes if the differencing param‑
eter is in the range [0.5, 1). Thus, the main objective of the paper is to determine if 
shocks in profitability of private equity have transitory or permanent effects, and we 
determine this by estimating the degree of differentiation of the series from a frac‑
tional viewpoint.

The structure of the paper is as follows: Sect. 2 presents a historical context of the 
profitability of private equity. Section 3 deals with the methodology employed in the 
paper. Section 4 displays the dataset and the main empirical results, while Sect. 5 
concludes the paper.

2 � Literature review

Private Equity (PE) has been mainly studied from these four perspectives: a) profit‑
ability (i.e. performance against a benchmark), b) key factors to select companies to 
invest in, c) valuation of PE funds, and d) interaction with limited partners (LP).

Research on profitability shed contradictory results ranging from—6% (Phalip‑
pou and Gottschalg  2009) to + 32% (Cochrane 2005). Regarding the benchmarks, 
Steger (2017) defends an index excluding large capitalized companies such as the 
Russel 2000 Index in the wake of a substantial part of private equity funds invest‑
ing in small or mid-sized companies. Furthermore, several measures have been 
employed to track returns. IRR (Internal Rate of Return),1 TVPI (Total Value to 
Paid-In, or “Money Multiple”) and PME (Public Market Equivalent). TVPI is 
defined by Phalippou and Gottschalg (2009) as the sum of all cash distributions plus 
the latest Net Assets Value (NAV) (which serves as a proxy for future cash flows), 
divided by the sum of all drawdowns. The PME2 approach, documented in Kaplan 
and Schoar (2005) is calculated as the sum of all discounted cash outflows over the 
sum of the discounted cash inflows, where the total return of the S&P 500 Index is 
used as the discount rate.

Gompers and Lerner (2000), Gompers et  al. (2005) studied the organizational 
structure and performance of various venture capital funds. They found a strong 

1  The internal rate of return on an investment or project is the "annualized effective compounded return 
rate" or rate of return that sets the net present value of all cash flows (both positive and negative) from 
the investment equal to zero. Its formula is: 0 = NPV =

∑T

t=1

C
t

(1+IRR)t
− C

0

2  Based on the Venture Capital, Private Equity and Merger & Acquisitions database, PitchBook, “Public 
Market Equivalent” is a metric designed to compare private capital fund performance to public indices. 
Essentially, the metric adapts public market returns into an IRR-like metric that accounts for irregular 
and fluctuating cash flows.
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positive relationship between the degree of specialization by individual venture cap‑
italists at a firm and the firm’s success. They also concluded that experienced funds 
outperformed inexperienced funds, and that small and inexperienced funds are the 
main drivers of low performance in private equity funds.

Phalippou and Gottschalg (2009) depict a fund having typically a life of ten years, 
which can be extended to thirteen, reporting quarterly a Net Asset Value that reflects 
the value of on-going investments, and basically are non-tradable. Also, they suggest 
that two different assumptions have been made concerning the treatment of the final 
NAVs. The first and most frequent one treats the final NAV as a cash inflow of the 
same amount at the end of the sample period. That is, NAVs are assumed to be an 
unbiased assessment of the market value of a fund (e.g., Kaplan and Schoar 2005, 
and industry benchmarks). The second one only computes cash flows (e.g., Ljun‑
gqvist and Richardson 2003), what is applicable to “mature” funds and to follow up 
“on-going” funds (median IRR takes 8 years to turn positive).

As stated by Brown et al. (2016), adoption of SFAS 1573 has not prevented PE 
firms from manipulating NAVs in two directions; inflate NAVs during times that 
fundraising activity is likely to occur,4 and in contrast, top-performing funds under-
report returns, which is a way to insure against future bad luck that could make them 
appear as though they are NAV manipulators.

As to the behavior itself of the profits over the time reaped by the PE, research 
has been oriented to the phenomenon of persistence, rather than presenting static 
models to explain its evolution over time.

Kaplan and Schoar (2005) find persistence not only between two consecutive 
funds, but also between the current fund and the second previous fund (unlike for 
mutual funds, that in case of existing, it is driven by underperformance, rather than 
overperformance). Moreover, the results suggest a statistically and economically 
strong persistence in private equity, particularly for Venture Capital funds. However, 
the persistence seems to have been declining according to Brown et al. (2016) and 
Korteweg and Sorensen (2017).

Ang et al. (2018) state that the structure and nature of the data are limited, which 
makes it particularly difficult to evaluate its time series properties, and assessing PE 
returns, construct an index for separate classes, which shows that their cycles are not 
highly correlated. This suggests that a diversified strategy across sub-asset classes of 
PE may be beneficial. Moreover, the authors’ index exhibits negligible serial depend‑
ence, in contrast to industry indices. This result is consistent with the smoothing 

3  In September of 2006, the U.S. Financial Accounting Standards Board adopted Statement of Financial 
Accounting Standards 157 (SFAS 157) which effectively changed the NAV reporting standard for PE 
funds. Fair value was defined as “the price that would be received to sell an asset or paid to transfer a 
liability in an orderly transaction between market participants at the measurement date.” This Statement 
requires consideration of the exit price paid (if liability) or received (if asset) in a hypothetical transac‑
tion in an orderly market (i.e., not a forced liquidation or sold under duress). Furthermore, the Statement 
also introduces two more concepts to the definition of fair value – the Principal (or Most Advantageous) 
Market and Highest and Best Use.
4  However, those managers are unlikely to raise a next fund, suggesting that investors see through the 
manipulation.
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induced by a conservative appraisal process or by a delayed and partial adjustment to 
market prices, which often arises in illiquid asset markets (see, e.g., Geltner 1991, and 
Ross and Zisler 1991).

More recently, Harris et al. (2020), using ex post or most recent fund performance 
(as of June 2019), confirm the findings on persistence overall as well as for pre-2001 
and post-2000 funds.

3 � Methodology

As earlier mentioned, the main objective in this paper is to determine if shocks in the 
series have permanent or transitory effects. For this purpose the most standard approach 
are the unit root procedures, widely employed to determine if the series of interest is 
stationary I(0) (and thus with shocks being temporary) or nonstationary I(1) (in which 
case shocks will have a permanent nature). Within this methodology, the ADF test 
(Dickey and Fuller 1979) is the most widely used procedure, though other more robust 
methods were later developed, including Phillips and Perron (1988), Kwiatkowski et al. 
(1992), Elliott et al. (1996), Ng and Perron (2001), etc. Nevertheless, all these methods 
have the drawback that they simply consider two potential scenarios, I(0) and I(1) and 
do not take into account fractional degrees of differentiation. This is important, noting 
that many authors have shown that the above mentioned procedures have extremely 
low power if the true data generating process is fractionally integrated. Classical refer‑
ences here are Diebold and Rudebush (1991), Hassler and Wolters (1994) and Lee and 
Schmidt (1996). Thus, in this paper we use an I(d) modelling framework of the follow‑
ing form:

where the operator B indicates a backshift function (i.e., Bxt = xt-1) and where ut is 
an integrated of order 0 or I(0) process, properly defined as a covariance or second 
order stationary process where the infinite sum of its autocovariances is finite. Thus, 
ut may be a white noise process but it might also display a weak autocorrelated (e.g., 
ARMA) structure.

The estimation of d is conducted via the Whittle function in the frequency domain 
and is implemented throughout a testing statistic derived in Robinson (1994), which 
is supposed to be the most efficient method in the Pitman (1936) sense against local 
departures from the null. We use a simple version of his method that is based on the 
following model,

where zt is a vector of deterministic terms that may include a constant and a linear 
trend among other terms, and ut is supposed to be I(0). Based on this set-up, Robin‑
son (1994) proposed testing the null hypothesis:

(1)(1 − B)dxt = ut, t = 1, 2, ...,

(2)y
t
= βTz

t
+ x

t
; (1 − B)dx

t
= u

t,
t = 1, 2, ...,

(3)Ho ∶ d = do,
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for any real value do, including thus values in the stationary range (do < 0.5) as 
well as those being nonstationary (do > 0.5). In addition, another advantage of this 
approach is that its limit distribution is standard normal and this holds indepen‑
dently of the regressors used in zt, the values of do, and the specific structure of the 
I(0) error term ut.

Employing alternative parameteric methods (e.g., Sowell 1992) or even semipar‑
ametric ones (Shimotsu and Phillips (2005, 2006), the results were qualitatively very 
similar to those reported in this paper.

4 � Data and empirical results

Quarterly data (available up to Q3-21) were retrieved from Cambridge Asociates 
LLC (CA) hosted in Eikon-Reuters database, selecting in first place, all the world 
and all kinds of assets, and secondly, broken down by geographical areas, according 
to the following four regions: United States, Europe, Asia/Pacific, Rest of World, 
and All the World). Together they produce a table with 744 records, of which 713 
were finally counted after missing values were excluded.

The chosen metrics were “Pooled IRR” instead of leaning on other IRRs (average 
or weighted) or TVPI.5 Due to having worked with the entire database from CA, the 
start periods for the analysis matches with those of the database, which vary depend‑
ing on the geographical area and class of investment,

Table 1 gathers the starting dates and number of observations for each region along 
with maximum and minimum IRR values. Descriptive statistics are reported in Table 2. 
We see that the median quarterly IRR for the overall PE industry was 3.15% during the 
period spanning from 1981Q2 to 2021Q36 (3.22% in the United States, 3.78% in Europe, 
1.79% in Asia/Pacific). The time series plots and their corresponding histograms are dis‑
played in the Appendix. We observe that skewness to the right (positive index) is present 
in almost all the areas (also including the aggregation of total world) with the exception of 

Table 1   Starting dates and maximum and míimum IRRs

Area Starting date Sample size Max IRR Date for max IRR Min IRR Date for min IRR

United States Q2-81 162 37.82% Q4-99 -16.18% Q4-08
Europe Q4-87 136 98.66% Q4-89 -22.75% Q4-08
Asia/Pacific Q3-89 129 18.20% Q4-99 -17.27% Q4-08
Rest of World Q4-90 124 16.58% Q4-04 -19.31% Q4-08
Total Q2-81 162 33.58% Q4-99 -17.79% Q4-08

5  Another metric extensively used is TVPI (Total Value to Paid In): The ratio of the current value of 
remaining investments within a fund, plus the total value of all distributions to date, relative to the total 
amount of capital paid into the fund to date. Hence, should it be larger than 1.0, our investment has 
gained value. It is a quite good performance indicator as long as the fund’s life has not reached its end. 
Moreover, it ignores the time value of money.
6  In the same period of time, the capitalization according to the data gathered by CA soared from 178 
million dollars to 6,5 trillion dollars, representing a cumulative annual growth of a 29.8%.
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the Rest of World, whereas the four regions (and also total world) show a leptokurtic dis‑
tribution (index > 3, indicating that the values are largely concentrated around the mean). 
Shapiro–Wilk tests reject the hypothesis of the pooled IRR stemming from a normal dis‑
tribution (graphically histograms overlaying normal distribution are featured in Appendix: 
Histograms), and addressing randomness, Runs tests only spot the returns from Europe to 
stick to a random process.

In the empirical application, we consider that xt in (1) can be the errors in a 
regression model incorporating an intercept and a linear time trend,

where β0 and β1 denote the unknown coefficients of these deterministic terms. In 
other words, the estimated model is:

and we report the estimates of the differencing parameter d under three different sce‑
narios: i) first, we consider the case with no deterministic components, i.e., assum‑
ing that β0 and β1 are both set up equal to 0 a priori in Eq.  (3); ii) then, we only 
include a constant, so β1 = 0, and iii) finally, with both coefficients, β0 and β1 freely 
estimated from the data along with d. In addition, we make different assumptions 
with respect to the error term ut in (3). Thus, in Table 3, we suppose ut is a white 
noise process; in Table  4, ut is allowed to be autocorrelated; however, instead of 
imposing here a given parametric model, we use the exponential spectral approach 
of Bloomfield (1973), which is non-parametric in the sense that no functional form 
is presented for ut but simply displaying its spectral density function, which is very 
similar (in logs) to the one produced by AR structures. Finally, in Table 5, and based 
on the quarterly structure of the data, a seasonal AR(1) process will be adopted.

(4)yt = �0 + �1 t + xt; t = 1 , 2 , ...,

(5)yt = �0 + �1 t + xt; (1 − B)dxt = ut, t = 1 , 2 , ...,

Table 2   Descriptive data by Area-Type of Asset

i) Main descriptive statistics
Area Average _IRR Median _IRR Stddev._ IRR Skewn. IRR kurtosis_ IRR
United States 3.243% 3.217% 5.270% 1.428 14.874
Europe 3.863% 3.777% 11.196% 4.274 39.307
Asia/Pacific 2.025% 1.789% 5.050% 0.065 4.546
Rest of World 2.332% 2.617% 4.733% -0.675 6.960
Total 3.163% 3.149% 5.029% 0.896 12.302
ii) Shapiro–Wilk test iii) Runs test
Area W p-value Area Runs-s p-value
United States 0.8555 0.0000 United States -4.414 0.000
Europe 0.6884 0.0000 Europe 0.689 0.491
Asia/Pacific 0.9772 0.0286 Asia/Pacific -2.840 0.005
Rest of World 0.9342 0.0000 Rest of World -4.148 0.000
Total 0.8778 0.0000 Total -3.783 0.000
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Starting with the results based on white noise errors, in Table 3, the first thing 
we observe is that the time trend is not required in any single case, and the inter‑
cept coefficient is significant only for the case of Europe. More importantly, and 

Table 3   Empirical results based on the assumption of white noise errors

The values in bold in panel i) indicates the selected specification in relation with the deterministic terms; 
the values in parenthesis are the 95% confidence intervals. The values in parenthesis in column 3 in panel 
ii) refers to the t-values of the estimated coefficients

i) Estimated values of d
Series No terms With a constant With a constant 

and a linear time 
trend

United States 0.43 (0.30, 0.59) 0.43 (0.30, 0.59) 0.43 (0.30, 0.59)
Europe -0.09 (-0.23, 0.11) -0.08 (-0.22, 0.11) -0.10 (-0.25, 0.10)
Asia/Pacific 0.24 (0.11, 0.44) 0.26 (0.13, 0.45) 0.22 (0.06, 0.43)
Rest of the world 0.35 (0.18, 0.55) 0.35 (0.19, 0.55) 0.35 (0.19, 0.55)
Total 0.41 (0.28, 0.57) 0.41 (0.28, 0.57) 0.41 (0.28, 0.57)
ii) Estimated coefficients
Series d Constant Linear trend
United States 0.43 (0.30, 0.59) –- –-
Europe -0.08 (-0.22, 0.11) 3.8545 (5.80) –-
Asia/Pacific 0.26 (0.13, 0.45) 1.8836 (1.65) –-
Rest of the world 0.35 (0.18, 0.55) –- –-
Total 0.41 (0.28, 0.57) –- –-

Table 4   Empirical results based on the assumption of autocorrelated (Bloomfield) errors

The values in bold in panel i) indicates the selected specification in relation with the deterministic terms; 
the values in parenthesis are the 95% confidence intervals. The values in parenthesis in column 3 in panel 
ii) refers to the t-values of the estimated coefficients

i) Estimated values of d
Series No terms With a constant With a constant 

and a linear time 
trend

United States 0.33 (0.04, 0.72) 0.30 (0.02, 0.71) 0.32 (0.05, 0.71)
Europe -0.30 (-0.40, -0.02) -0.32 (-0.50, -0.02) -0.43 (-0.64, -0.06)
Asia/Pacific 0.08 (-0.07, 0.35) 0.07 (-0.09, 0.41) -0.08 (-0.36, 0.32)
Rest of the world 0.02 (-0.20, 0.48) 0.03 (-0.30, 0.47) 0.02 (-0.25, 0.47)
Total 0.30 (0.01, 0.72) 0.28 (0.01, 0.71) 0.30 (0.04, 0.71)
ii) Estimated coefficients
Series d Constant Linear trend
United States 0.30 (0.02, 0.71) 2.9840 (1.97) –-
Europe -0.43 (-0.64, -0.06) 4.6859 (1.81) -0.0132 (-2.21)
Asia/Pacific -0.08 (-0.36, 0.32) -0.1550 (-2.24) 0.0334 (5.77)
Rest of the world 0.03 (-0.30, 0.47) 2.3303 (5.48) –-
Total 0.28 (0.01, 0.71) 2.9278 (2.17) –-
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focusing on the degree of integration, we observe that the values of d range from 
-0.08 in Europe to 0.43 in the USA. The null hypothesis of short memory or I(0) 
behavior cannot be rejected for Europe, although it is rejected in the remaining cases 
in favor of long memory (d > 0) or fractional integration, this value being 0.26 for 
Asia–Pacific; 0.35 for Rest of the World, and 0.41 for Total, the latter being clearly 
influenced by the large number obtained for the USA. It should be noticed here that 
only for Europe and Asia/Pacific the estimates of d are within the stationary region 
since the upper bounds of the confidence intervals are still below 0.5. However, for 
the remaining three series (United States, Rest of the World and Europe) the con‑
fident bands include values which some are below 0.5 while others are above 0.5).

If we allow for autocorrelation, first using the exponential spectral model of Bloom‑
field (1973), (Table 4) we notice first that the time trend coefficient is now statistically 
significant for Europe and Asia–Pacific, in the former case with a negative coefficient 
and in the latter with a positive one (see lower part of the table). With respect to the order 
of integration, the value is negative for Europe and Asia–Pacific, where the I(0) hypothe‑
sis cannot be rejected along with the Rest of the World (d = 0.03). However, for Total and 
the USA, the coefficient is significantly positive supporting once more the hypothesis of 
long memory (the estimated value of d is equal to 0.28 for Total and 0.30 for the USA). 
Note here that for United States and Total, the confidence intervals are very wide includ‑
ing values of d outside the stationary region (d ≥ 0.5). Finally, if seasonal autoregressions 
are permitted, in Table 5, the results are very similar to those based on white noise errors 
(Table 3) finding no evidence of time trends; I(0) behavior for the case of Europe and 
long memory (d > 0) in all the other cases, especially for the US data.

As a robustness method, we also use two widespread semiparametric estimation meth‑
ods, the log-periodogram estimator (Geweke and Porter-Hudak 1983), and the local 

Table 5   Empirical results based on the assumption of seasonally autocorrelated errors

The values in bold in panel i) indicates the selected specification in relation with the deterministic terms; 
the values in parenthesis are the 95% confidence intervals. The values in parenthesis in column 3 in panel 
ii) refers to the t-values of the estimated coefficients

i) Estimated values of d
Series No terms With a constant With a constant 

and a linear time 
trend

United States 0.44 (0.32, 0.58) 0.44 (0.32, 0.58) 0.44 (0.32, 0.58)
Europe -0.08 (-0.22, 0.13) -0.08 (-0.22, 0.13) -0.09 (-0.25, 0.12)
Asia/Pacific 0.24 (0.12, 0.42) 0.26 (0.13, 0.44) 0.22 (0.06, 0.42)
Rest of the world 0.35 (0.19, 0.55) 0.35 (0.19, 0.55) 0.35 (0.19, 0.55)
Total 0.41 (0.29, 0.56) 0.41 (0.29, 0.56) 0.41 (0.29, 0.56)
ii) Estimated coefficients
Series d Constant Lin. trend Seas
United States 0.44 (0.32, 0.58) –- –- -0.133
Europe -0.08 (-0.22, 0.13) 3.8545 (5.79) –- 0.036
Asia/Pacific 0.26 (0.13, 0.44) 1.9355 (1.76) –- 0.077
Rest of the world 0.35 (0.19, 0.55) –- –- -0.009
Total 0.41 (0.29, 0.56) –- -0.083
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Whittle estimation approach of Künsch (1987) (Table  6). In both cases, a bandwidth 
parameter specifying the number of Fourier frequencies must be fed between 0 and 1, for 
which we follow Weijie et al. (2021) who propose the interval (0.58, 0.67) for the GPH 
estimator for a sequence length of 100, being (0.59, 0.68) when the length is 300. Results 
shown on Table 5 are consistent with those reported across Tables 2, 3, 4, with evidence 
of long memory being found in all cases except for Europe. Performing a parametric 
approach based on Haslett and Raftery (1989), the results are once more consistent with 
the previous one and long memory is found in all cases except for Europe (see Table 7).

Impulse responses for each region cannot be properly calculated noting that there 
is no explicit model in case of autocorrelated errors (or when the estimates are sem‑
iparametrically calculated). Nevertheless, and as approximation, we have computed 
half-life7 shocks under the assumption of an AR(1) structure. Results are displayed 
in Table 8. They are consistent with our previous results noting that half-lives are 
smaller in the geographical areas possessing a lower degree of persistence (0.99 
quarters for Europe versus 0.17 in Europe).

Table 6   Robustness tests of 
parameter “d” (GPH and local 
Whittle, for bandwidth = 0.65)

Series bandwidth = 0.65

GPH Estimate Local Whittle

Estimate Standard error

United States 0.40 0.19 0.09
Europe -0.12 -0.27 0.10
Asia/Pacific 0.20 0.09 0.10
Rest of the world 0.06 0.07 0.10
Total 0.29 0.15 0.09

Table 7   Estimation of d based 
on optimal ARFIMA case

*  Evidence of long memory at 5% level
Haslett and Raftery (1989)

Area d

United States 0.4036*
Europe 0.0001
Asia/Pacific 0.2529*
Rest of World 0.3283*
Total 0.3868*

7  The half-life is defined as the number of periods required for the response of a time series to be halved 
after a shock.

5 � Conclusions

Our results based on fractional integration confirm the stationarity in the PE returns 
measured by “Pooled IRR” series, though showing evidence of long memory 
behavior in all series except for Europe. The USA displays the highest degree of 
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persistence, following by the Rest of the World and Asia, while the order of integra‑
tion for Europe is close to 0 by all methods employed.

The main finding of this paper underpins the idea that shocks will have long 
impacts in all regions except for Europe (more remarkably in case of the US, which 
may be a competitive advantage in the case of shocks ignited by innovation or on the 
other hand, entail lingering adverse economic effects in the face of supply/demand 
issues. To dig into the causes, the same analysis should be deployed by kind of asset, 
which could reveal a different composition of investment by geographical area. Fur‑
thermore, a long memory process cast doubts on the independence of the returns 
and would support the idea of GP smoothing the reported profits, yet it also might 
be the aftermath of better performance, as mentioned by Kaplan and Schoar (2005). 
Also, the short memory of PE returns in Europe (in the sense of lack of strong per‑
sistence), poses the question of benchmarking its performance against the United 
States (despite average IRR being somewhat higher in Europe, the standard devia‑
tion is higher which leads to a lower ratio mean-standard).

In this regard, industry practices should evolve towards a higher transparency, not 
ruling out, to place some of them legally in force. Firstly, this industry lags in IT in 
comparison with some other financial sectors. A higher embracement of digitiza‑
tion would enable a superior statistical handling of data, including what if analyses. 
Secondly, the attempts by supervising entities (such as SEC8) to broaden disclosure 
rules should be adopted. This double folded objective could be better grasped from 
the reporting devoted to Environmental, Social, and Governance (ESG) standards.

On the other hand, this study can gain in granularity if applied to (disaggregating) the 
factors shaping the excess returns of PE (namely, illiquidity premium, management by the 
GP, leverage, and risk adjustment). Moreover, fractional integration employed in analyz‑
ing the performance of public stock markets can be extended to private equity indexes, 
and more specifically when they are homogenized in terms of “public market equivalent” 
(Long and Nickels 1996). From a methodological viewpoint, the model can be extended 
to allow for non-linear structures including, for example, Chebyshev polynomials in time 
(Cuestas and Gil-Alana 2016), Fourier transform functions (Gil-Alana and Yaya 2021) or 
even neural networks (Yaya et al. 2021), all of them within the context of fractional inte‑
gration. These lines of research will be developed in future papers.

Table 8   Calculation of Half-
Life cycles assuming an AR(1) 
structure

Area Half-Life

United States 0.99
Europe 0.17
Asia/Pacific 0.64
Rest of World 0.79
Total 0.93

8  U.S. Securities and Exchange Commission (SEC) is an independent agency of the United States fed‑
eral government. The primary purpose of the SEC is to enforce the law against market manipulation. To 
achieve its mandate, the SEC enforces the statutory requirement that public companies and other regu‑
lated companies submit quarterly and annual reports, as well as other periodic reports. Also, company 
executives must provide the so called "the management discussion and analysis" (MD&A), that outlines 
the previous year of operations and outlines the upcoming year,
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Appendix

Quarterly weighted IRRs by geographical area

Time Series
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Histograms of Weighted IRRs by Geographical Area

Histograms
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