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Abstract

This study is involved with a class of three-dimensional system of difference equations
incorporating quadratic term, which naturally extends and improve several results in
the literature. Firstly, we demonstrate the existence of fixed points, the boundedness,
persistence and invariance of positive solution of the mentioned system. Later, for
this system, we give the global asymptotic stability at fixed point and the rate of
convergence result which play an important role in the discrete dynamical systems. And
lastly, some numerical examples are given to validate the effectiveness and feasibility
of the theoretical findings.

Keywords System of difference equations - Global asymptotic stability -
Boundedness - Rate of convergence
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1 Introduction

Let’s say that Ny is the set of all nonnegative integers, N is the set of all natural
numbers, Z is the set of all integers, R is the set of all real numbers, and for k € Z the
notation Ny denotes the set of {n € Z : n > k}.
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A popular area of study in applied sciences is nonlinear difference equations or
systems of difference equations with order greater than one. In nature, these equations
or systems also exist as discrete analogues of numerical solutions of delay differential
equations, which represent various phenomena in fields such as biology, geometry,
probability theory, stochastic time series, physics, ecology, neural networks and engi-
neering. The behavior of solutions to concrete difference equations or systems of
difference equations with orders greater than one, as well as the asymptotic stability
of their equilibrium points, have caught the attention of numerous authors recently. For
example, in [1], BeSo et al. considered the following nonlinear second order difference
equation

u
Uns1 =y +8——. neNo, M

n—1

where the parameters y, § and the initial conditions u_;, i € {0, 1}, are positive real
numbers. Boundedness, global attractivity and Neimark-Sacker bifurcation results
were obtained. Subsequently, Tasdemir, in [2], generalized some results of Eq. (1) to
the following higher-order difference equation

Up

Upt1 = p+n——, n €Ny, (2)
n—m
where the parameters «, n and the initial conditions u_;, i € {0, 1,...,m}, are

positive real numbers. Also, in [3], the equation in (1) was extended to the following
discrete two-dimensional system of difference equations
v u
Un+1 :M+7]2_ns Un+1 :/L+772_n’ n € Ny, 3)
Vn—1 Un—1
where the parameters i, n and the initial conditions u_;, v_;, i € {0, 1}, are positive
real numbers. Further, Khan, in [4], studied the asymptotic proporties of the following
discrete difference equations system

v u
unt1 = Bi +32U2—n, Vnt1 =By +Ba——, neNo, “

n—1 "

n—1

where B;, for i € {1,2,3,4}, are positive real numbers and the initial conditions
u_j, v_j, for j € {0, 1} may be positive or negative real numbers, is a natural
generalization of both the equation given in (1) and the system given in (2). Motivated
by aforementioned studies, we consider the following nonlinear three-dimensional
system of difference equations with quadratic terms

Y Z X
Xnp1 = AL+ Bi5—, w1 =A+ B, i =A3+ B35, nel,
X

n—1 Zn—1 n—1

)

@ Springer



Stability analysis of a three-dimensional system...

where the parameters A;, B;, i € {1,2, 3}, and the initial conditions x_;, y_;, z—j,
Jj € {0, 1}, are positive real numbers. In this paper we study the equilibrium point, the
boundedness character, local asymptotic stability and global behavior of equilibrium
point of system (5), the rate of convergences of the solutions and confirmation of
theoretical results of mentioned system numerically. It is important to note that the
results derived from this article are a generalization and extension of above mentioned
articles. Other related difference equations and systems of difference equations can
be found in references [4-24].

Let us consider a three-dimensional discrete dynamical system with second-order
of the following form

Upt1 = f1 (n, Va-1),
Vpr1 = fo(wy, wy—1), nE€E Np, (6)
Wyl = f3 (Up, Up—1),

where f1 : hp x I, —> I, f2: Is x I3 — L and f3 : I} x I} — I3, are continuously
differentiable functions and /;, j € (1,2, 3}, are some intervals of real numbers.
Moreover, the solution {(u,, v,, w,)}72 _; of corresponding system is uniquely deter-
mined by certain initial conditions.

Definition 1 [25] Let f;, i € {1, 2, 3}, be continuously differentiable functions at the
equilibrium (i, v, w) that is an equilibrium point of the map ®. The linearized system
of (6) about the equilibrium point (i, v, w) is

Uny1 = ® (Uy) = FyUn, n €N, @)

where U, = (up,, up—1, vy, Vn—1, W, wn,l)T and F; is a Jacobian matrix of system
(6) related to equilibrium point U = (u, v, w).

Theorem 1 [17] Consider system (7), where U is a fixed point of ®. If all eigenvalues
of the Jacobian matrix F; about U lie inside the open unit disk || p|| < 1, that is, if
all of them have absolute value less than one, then U is locally asymptotically stable.
If at least one of the eigenvalues has a modulus greater than 1, than U is unstable.

2 Linearized stability system

First of all, by employing the change of variables «;,, = jfT”], Bn = %, Vo = %’ for
n > —1, system (5) becomes

o
an+1=1+l7§_nv /3n+1=1+614’ yur1 =14r—3—, neNo, ®
/3”,1 V-1 oy
where
B B> B3
= > O, = > Oa r= - > O 9
P A1 As a Ar Az A1 Az ®

@ Springer



Y. Yazlik et al.

From here on, we will study on the equivalent system (8).

Lemma 1 System (8) has two equilibrium points I'y = (&11, 12, §13) and ', =
(821, &22, £23), where

£, = Hpta- —ri/ (At pig—r)’+4+p)A+g)r
1= 2(T+q)

1= ptqtr+a/(+pt+q— r)2+4(1+p)(1+q)r
= pIgE) (10)

£y = o= —g+r+a/(I+pt+g— r)2+4(1+p>(1+q>r
3= 2(04p)

and

_ l4ptg—r—+/(+p+q— r)2+4(l+p)(l+q)r

_ 1=ptq+r—+/(+p+q— r)2+4(1+p><1+q>r
§n = GI(Em) 1D

£yy = Hp=atr— VUt ptg—r)+4(p) (tg)r
23 = 2(T+p)

Proof LetI" = (54, B, )7) be equilibrium point of system (8). Then, from system (8),
we have

a=1+ L3 B=1+ ra ‘—1+r3 (12)
= pEZ’ =l+az V= =
from which it follows that
5 P - q - r
== 5 - =, = - 13
P=a— 1 "TF-0 YTy (13

By substituting the second equation in (13) into the third one in (13) and then the first
equation in (13) into the third one in (13), it follows that

q+Da*>—(p+g—r+Da—r(p+1)=0, (14)

whose roots are

) 1+p+q—r:|:\/(1+p+q—r)2+4(1+p)(1+q)r s
w2 2(1+4) S

where p = Z_A_ >0,q9g = ﬂB—f‘G >0andr = AB3 > (. Similarly, by substituting

the third equation in (13) into the first one in (13) and%then the second equation in (13)
into the first one in (13), by keeping in mind the truth of (9) and after manipulation,
we get

r+DpB*—(—p+qg+r+DHB—p@+1) =0, (16)
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whose roots are

1—p—i—q—i—r:l:\/(]+p+q—r)2+4(l+p)(1+61)r

2(1+r) ’ a7

B1,2

where p = 71%5 > 0,qg = 71%@ ~O0andr = B = 0. Analogously, by

substituting the first equation in (13) into the second eqlllatSion in (13) and the third
equation in (13) into the second equation in (13), later by keeping in mind the truth of
(9) and, finally, after manipulation, we have

P+DP2=(p—q+r+Dy—q@r+1)=0, (18)

whose roots are

1+p—q+r:i:\/(l+p+q—r)2+4(1+p)(1+q)r

1
2(1+p) -

V2=

where p = 2B > 0,g = 2 > 0and r = £ > 0. From (15), (17) and (19),
one deduces that system (8) has two equilibrium points such as I'y = (5(, B, )7) =
11, &12.613) and Ty = (@, B, 7) = (&21, £22, £23), where is described in (10) and
(11). O

Now, we will carry out the linearized form of system (8) related to the equilibrium
point I'1 = (&11, €12, &13). Firstly, we will write system (8) in vectorial form. To do
this, we define the function F : (0, 00)® — (0, 00)® by

F(X)=(g1(X),u2, g (X),v2,g(X),w), (20)

where X = (u1,uz, v, v2, wi, w2), g1(X) = 1+ ph, g2(X) = 1+¢7% and
2 2
gaX)=1+ rZ—é. From (20), one can write the vector form and linearized form of

system (8) as folli)ws
Xn+l = -7:(Xn) = j |F Xny (21)

where X,, = (u,, uy_1, Uy, Vy—1, Wy, wn_l)T and J |r is a Jacobian matrix of the
system (8) about equilibirum point I'} = (11, &12, &€13), which is given by

» =2p
0 0 & 0 0
1 0 0 0 O O
00 0 0 % =2
J Ir= &3 & (22)

O 0 1 0 0 O
o =2r

O 0 0 0 1 0
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3 Boundedness and persistence of system (8)

In the following result, we prove that system (8) is bounded and persists.

Theorem 2 If pqr < 1, then the solution {(an, Bn, Yn)},~_, of system (8) is bounded
and persists.

Proof Let {(atn, Bn, vn)};,= _, be a positive solution of system (8). Then, from (8) we
have
anily ﬂl’lzla Vnil, neN‘ (23)

Further, from (23) and system (8), the following inequalities can be easily obtained

dpt1 < 14+ p+ pg + pgro,—2,
Bnt1 < 1+q+qr+ pgrBu—2, (24)
Yn+1 < 1 +7r+ pr+ pgryy,—o.

From the first inequality in (24) one has

dn1 =1+ p+ pg+ pgran—a, (25)
such that @; = «j, j € {—1,0, ..., 3}, whose solution is
1 2 2
ay, = :‘_P—;;]fq + ( 3/pqr)n (C]] + Cip cos (%n) + C13 sin <?ﬂn>> s
(26)

where Cy;, fori € {1, 2, 3}, are bounded up with &_j, for j € {—1,0, 1}. From the
second inequality in (24) one gets

,én+] =1+q+qr+ quanL (27)
such that ,3]- =B, j € {—1,0,...,3}, whose solution is

A I1+q+gqgr
P = —""
1 — pgr

2 2
4 (Ypar)" <021 + Ca cos <?”n> + Cassin (T”n» ,
(28)

where Cy;, for i € {1, 2, 3}, are bounded up with ,3_]-, for j € {—1,0, 1}. Similarly,
from the third equality in (24) one obtains

Yat1 =1+71+ pr+ pqrya, 2, (29)
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such that p; = y;, j € {—1,0, ..., 3}, whose solution is

. 1+r+ pr 2n . (21
Yn = e (W)n (C31 + C3p cos (?n) + C338in <?n>> )

1 — pgr
(30)

where C3;, fori € {1, 2, 3}, are depicted in )9_j, for j € {—1, 0, 1}. By considering
aj = aj, ,3j = Bj,and y; = y;, for j € {—1,0,...,3}, and from the assumption
pqr < 1, then one has the following inequalities

1 1 1
o, < M, B < M’ < M’ 31
1= pgr 1= pgr 1= pgr
from which along with (23), it follows that
1 1 1
1<an_ﬂ, 1Sﬁniﬂ, 15),”_M. (32)
1 —pgr 1 — pgr 1 — pgr
O

Theorem 3 System (8) has an invariant interval when 0 < pgr < 1. Further the set

(1, lfl’,i,'iq] x [T, I:q;;qrr] x [1, lt;qprr] is an invariant.

Proof Assume that {(«,, By, yn)}OO _ is the solution of system (8) such that «_; €
1. 1+p+pq] Bicll, 1+q+qr] and y_; € [, lffj;rqur], for i € {0, 1}. Then, from
system (8) and equalities in (%3) one gets

1

l<a1—1+pﬂ2 < gL
1

I=spi=l+q)s = e (33)
1+r+pr

Psy=1+r < 500

from which deduce that o € [1, 52E22] g € [1, llt‘]%] and y; e [1, Htery,

1—pqr > T—pgr
. .. . . I ptp
Finally, by using induction method, one easily shows that a1 € [1, £ pqrq] Bit1 €
1+g+qr I+r+prq . 1+p+pg 1+q+qr
[ T and i € (1, 5500 if o € [1, 55702 B e (1, TL040] and
I+r+pr
Yk € [1’ T—pqr 1. [m}

4 Stability analysis of system (8)
The global attractivity and the local asymptotic stability of the equilibrium point given
in (10) of system (8) will be addressed in this section. Also, the globally asymptotic

result will be presented by using the gained results.
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Theorem 4 If the following condition

12r (1 + q)? 12p(1+47r)? 12g (1 + p)?
max 35 <1,

1+p+qg-r+va) (1—p+at+r+va) (1+p—g+r+va)
( ) ) )

(34)

where A = (1+p+q — N +4(+ p) (1 + q) r, holds, then the equilibrium
point I'y = (&11, €12, €13) of system (8) is locally asymptotically stable.

Proof From (21), the linearized equation of system (8) about equilibrium point '} =

11, 612, 813) 1s
Xn+l = j |F1 Xn’ (35)

T
where X,, = (un, Un—1, Uy, Vp—1, Wy, Wy—1)" and

0 0 4p(1+r)° : —8p(1+r)° 0 0
(1=pa+r+Va)" (1-pta+r+Va)
0 0 0 0
0 0 0 0 4q(1+p)> . —8¢(1+p)° .
J Iry = (1+p—q+r+«/K) <l+pfq+r+«/K)
0 0 1 0 0 0
4 2 _ap 2
r(144q) . 8r(l4+q) . 0 0 0 0
(l+p+q7r+\/3) (l+ll+q7»‘+«/ﬁ)
0 0 0 0 1 0

(36)

where A = (1+p+q—r)2+4(1+p)(1+q)r.LetAi, fori € {1,2,...,6},
be the eigenvalues of 7 |r,. From (34) we can choose an € > 0 such that

12p (14 7r)2 12¢ (1 + p)?

’

} 2 2
(l—p+q+r+«/Z) <1+p—q+r+«/K>

12r (1 + q)?
2
(1+p+g-r+Va)

3

<e <1, 37

where A= (1+p+qg—r)?+4(0+p) (+q)r. If
D =diag (1,6,6_1,6_2,6_3,6_4,6_5>, (38)

then
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D' T, D
22 _ N2e=3
0 0 4p(1+r)“e . 8p(14r)°e . 0 0
(l*p+q+r+\/Z) (|*P+11+r+~/K)
€ 0 0 0 0 0
2.-2 _ 2,3
0 0 0 0 4q(1+p)7e . 8q(1+p)~e .
= <l+pfq+r+«/x) (l+/7—q+r+«/§)
0 0 0 € 0 0
4r(1+q)264 . —8r(1+q)263 . 0 0 0 0
(1+p+qﬂ‘+«/§) (1+pfq—r+«/z)
0 0 0 0 € 0

(39)

where A = (1+p+q —r)> 4+ 4 (14 p) (1 +¢)r. Then, we can obtain the next
norm of the matrix D=7 |, D as

ap+n?e  8pd+n?e
(1—p+q+r+«/K)2 (1—p+q+r+x/K)2’
4g (1+ p)?e? N 8¢ (1+ p)?e
(1+p—q+r+\/z)2 (1+p—q~|—r+«/z>27

ID~T |r, D|| = max

4r (1 + q)* ¢* N 8r(1+q)° e
2 2°
(1+p+q—r+x/K) <1+p—q—r+«/z>

€
(40)
Since € < 1 and the inequality in (37) satisfies, we can write the following inequalities

12p(14r)2e3 12g (1 + p)*e3

ID™'T Ir, DIl < max > =,
(1=p+g+r+va) (1+p-g+r+va)

127 (14 ¢)%e3
20 €
(1+p—q—r+x/K)

<1 41)

Since J |r, possesses the same eigenvalues as D17 Ir, D, we have that [A;| <
D17 Ir; DIl < 1, where A;, fori € {1,2,...,6}, are the eigenvalues of J |r,.
From Theorem (1), the equilibrium point given in (10) of system (8) is locally asymp-
totically stable, which is desired. O

Theorem 5 Assume that p, q,r € (O, %) Then, the equilibrium point I'| of system (8)
is global attractor.
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Proof Let {(atn, Bn, yn)}ie _, be a positive solution of system (8) and be p,q,r €
(0, 5). From Theorem (2), there exists

lim,,_  sup o, = Uy, lim,, s sup B, = Ua, lim, . sup y, = U3,

limy oo infay =1, limy ominf By =L, limyowinfyy =5, )

where Uy, U, U3, I, 12, I3 € (0, 00) . Then, from system (8) and the relations in (42),
one gets the following inequalities

U1<1+p U2<1+q ,Us < 1+r12,

(43)
L >1+p 2, 12>1+q 2, l3>1+r
from which it follows that
15
U+ p— <Ly, 44)
U
I3
Us+q— < hUs, (45)
Us;
l
Uy +r— < U, (46)
Ui
U
Uil <l +p 7. 47)
2
U
Usls < I3 +ql—3, (48)
3
U
Ush <1y +r. (49)
1

By multiplying both sides of inequality in (44) by U3z and both sides of inequality in
(49) by U, one has

LU u,U
UshUz 2 UUs 4 p= =, UaUsh < Ushy 47—,

from which it follows that

U2U1
I

hU3
U,Us + PT <Uxy+r (50)
>

Similarly, multiplying both sides of inequality in (45) by U; and both sides of inequality
in (47) by Us, one gets

13U U,U;
Ui1Uslp > U U3 +QT, UyUsl, = Uzl +p 5
3
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from which it follows that

U,Us
I

LU
U1U3+q%SU3lz+p (51)
3

Analogously, multiplying both sides of inequality in (46) by U, and both sides of
inequality in (48) by Uy, one obtains

LU, U1U3
UyUxlz > U Uy +r T Uxl3Uy < 13Uy +¢q o
1 3
from which it follows that
LU U U
UrUs +r 22 < Uy + g——2., (52)
U I3

From (50), (51) and (52), one can write

LU U LU U U; UL U
UaUs + p223 4 U Us + 4=t + U Uy + 12 < Ugly + =22 £ Uzly + p 2222 + 13U,
Uz U3 Uj I I

UU
L (53)
I3
which implies that
LU U LU Uu U U
U2U3+pQ+U1U3+qg+U1U2+rl 2—U211—r 1 2—U312—p 2 3—13U1
U Us Uy I Iy
UL U
S (54)
3

and consequently

153 Uy I3 Us
Us(Uy =) + Ua(Uy — 1)) + Ui (Us = I3) + pUs(— — ——) + qUi(—+— — —)
Uy 153 Us I3

U
+rUy(— — —) <0. (55)

From (55) and after some basic calculation, one has
UU—l)l—(1+])+U(U—l)1—(1+])
3(U2 2( 175 @) 211( rﬁ 71)
+uiws = (1-aG 4 0) <0 (56)
Iz Uz

From the fact that 1 </, 1 < I, 1 < I3 and from the assumption p, g,r € (0, %)

then one gets

1 1 1 1 1 1
l—p(—+—)>0, 1=r(=+—)>0 1-g(—+—)>0 7
p<12+U2)> r<11+U1>> q<l3+U3)> ©7
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from which it follows that
U -1 =0, Uy—1b=0, U3—13=0, (58)

and so, Uy = [, Uy = [ and U3 = I3, which completes the proof. O

Taking into account Theorem (4) and Theorem (5), the following theorem gives the
main result of this article.

Theorem 6 Ifthe condition in (34) and p, q,r € (O, %) are hold, then the equilibrium
point given in (10) of system (8) is globally asymptotically stable.

5 Rate of convergence

In this section, we study the rate of convergence of a solutions which converges to the
equilibrium point I'1 = (€11, &12, £13) of the system (8) in the region of parameters
described by p, g, r € (0, oo) . The following result gives the rate of convergence of
solutions of difference equations system

W1 =M + N, (59)

where W, is a k-dimensional vector, M € C kxk is a constant matrix and N : Z+ —
C**k is a matrix function with

INn)|| — 0, as n — oo, (60)

where ||.|| denotes any matrix norm.

Theorem 7 (Perron’s Theorem, see, [26]) Assume that condition in (60) holds. If ¥,
is a solution of (59), then either V,, = O for all large n or

Wnt1ll

=00 |||

or
. 1
U= Tim ([|W,[)"
n—oo

exists and vV is equal to the modulus of one of the eigenvalues of matrix M.
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Theorem 8 Assumethatp,q,r € (O, %) and the solution {(ct,, Bn, yn)}oo._, of system
(8) tends to 'y = (&11, €12, £13). Then, the error vector

e, an — &1

e an—1 — &1

&, = 5% _ Bn —&12
€i_1 Bn—-1— 12

e Yn — 813
e Yn—1 —&13

of every solution of system (8) satisfies both of the asymptotic relations

) 1
¥ = lim (|[W,l)" =Ir1,2,3,.4,56JF (611,812, 613) [,
n—oo

Wl
U= lim ———— =[A123456JF (611,812, §13) |,
n—>o0 ||W,|

where ¥ is equal to the modulus of one of the eigenvalues of Jr about (511, &12, 513)

aaaaa

JF (€11, 812, &13).

Proof Let {(cty, Bn, vn)}oo._, be a positive solution of system (8) such that the fol-
lowing conditions hold

lim a, =&11, lim B, =&, lim y, = é&3. (61)
n—oo n—oo n— 00

In order for the error terms of system, from (12) with depicting on I'y = (5[, B, )7) =
(811, €12, £13), one has

1 — 11 = Pgﬂf = grl(ﬂ Eu) W(ﬂn 1 —512)
_ _ Y 9 _ _q _ _ q(n—1+E13) _
Butt =812 =q 0 —gp = 7 ()/n 513) Tel (va—1 513),
_ _ . Oy T _ _r _ _ rlap—1+&11) _
Yo+l —&13 _ra271 TR (an 511) Eal_, (an—l éll)-
(62)
Set
1 _ _ 2 _ _ 3., _
e, =ay—§&11, e, =Pu—812, € =vy—E3. (63)
From (62) and (63), one gets
er,y =aies +anes_,
eiH = a21e2 + a22€,31_1, (64)

3 _ 1 1
€41 = a31e, aze, ;.
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__P _ _ pBu—1té12) _ 9 _ _q(m—1t€13) _r
where aj; = ,a)p = — === ay) = , A = — =522, 431 =
/3371 5125371 ynzfl 5|31’;1271 "‘571
and azp = —W, from which it follows that
1%,
. . _2
lim,o0an = L;’ lim,oain = _2Pa
37 5122
lim,, ,  a21 = LZ7 limy,— o0 azp = _2(1’ (65)
&3 5|23
lim,o0a31 = 5, lim, a3 = ==,
gll Sll
That is,
_ _ ~2p
aiy = 4 + P11, an =5 + P12,
512 g122
ayi = & +po1, an =L+ po, (66)
g:13 E123
a3 = & + P31, a3 = 5+ pa,
& &

where p;; — 0 as n — oo. Then, one possesses the following system of the form in
(59)

Ent1 = (M + Nn)) &, (67)

T
where &, = (e,l,, e}l_], eﬁ, 65—1’ ez, 63—1) and

00 % 320 0
£, & 0 0 p11 po 0 O
1 0 O 0O 0 O 1 0 O 0 0 0
00 0 0 4 =2 00 0 0
- g2 &2 — P21 P22
M=10 01 o 0381 =1oo01 000 ©
=220 0 0 0 p31p2 0 0 0 O
ST 000 0 1 0
0 00 0 1 0

where || N(n)|| — 0 as n — oo. The matrix M is equal to Jr (&11, &12, £13). So, by
using Theorem (7) to system (8), the result easily follows. O

6 Numerical simulations

In this section, we verify the above mathematical discussion and represent some inter-
esting dynamical properties of system (8) through numerical simulations. For this,
certain parametric values are taken into account for system (8).

Example 1 Consider system (8) with p = 0.49, ¢ = 0.48, r = 0.41. Then, system
(8) can be written as
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10 20 30 40 50 60 70

Fig.1 Plot of &y, By and y, in system (69) with p, ¢, r € (0, %) .

g1 = 1 +o.49f—”, Bust = 140482
ﬂnfl n—1
Uy
Yn+1 = 1+ 0412—, ne NO, (69)
an—l

with the initial conditions x_1 = 21.2, x0 = 0.8, y_1 = 9.2, yo = 7.3, z_1 = 2.71,
zo = 6.47. From Theorem (5), one easily sees that every positive solution of system
(8) is bounded and the equilibrium point I'; = (1.35801, 1.36869, 1.30191) of system
(69) is global attractor (See, Figs. 1 and 2).

Example 2 Consider system (8) with p = 1.7, ¢ = 0.6, r = 3.4. Then, system (8)
can be written as

i =1+ 175 fo = 1+06-2,
'Bn—l n—1
Op
Yat1 =1+34=—, neN, (70)
Y1

with the initial conditions x_; = 4.2, xo = 5.1, y_1 = 0.6, yo = 3.1, z_1 = 0.6,
zo = 14.6. The the positive equilibrium point I'y = (2.36426, 1.2461, 2.43808) of
system (70) is not global attractor. (See, Figs. 3 and 4).
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" ‘ , ‘ ’ 16 14 g2
12 14 16 18 a,

Fig.2 Plot of attractor of system (69) with p, g, r € (0, 7) .

2 w0 6 80 100 120 140

i A I ,|

Fig.3 Plot of &, By and yy in system (70)

7 Conclusion

This study represents a contribution to the analysis of three-dimensional concrete non-
linear system of difference equations, with arbitrary constant and different parameters.
This paper mainly discusses the dynamic properties of a class of second-order system
of difference equations by utilizing stability theory and rate of convergence. The main
results are as follows.

i. When pgr < 1, then the solution of system (8) is bounded and persists. Further
for under this condition, system (8) has an invariant interval.
2 2 2
ii. When — 12t g BpUn” o gpg - 1200ED°
(1+p+a-r+Va) (1-p+g+r+VA) (1+p-q+r+V2)
where A = (14+p+q —r)> +4(1+ p) (1 +¢q)r, then the equilibrium point
't = (&11, €12, €13) of system (8) is locally asymptotic stable.
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iii. When p,q,r € (0, %), then the equilibrium point I'; of system (8) is global
attractor.

The results imply that this approach might also be helpfully expanded to k —dimensional
system of difference equations, or to system of difference equations with higher-order,
or to system of difference equations with arbitrary powers. Thereby, we are going to
offer a significant unresolved problem for scholars studying difference equations the-
ory.

Open Problem. One can study the dynamical proporties of the following k—dimesional
system of difference equations with quadratic terms

@ 3) NO)

1 X 2 X k
x,(l_zl = A +B1n—2, xr(z-gl =A2+an—2,...,xr(l_zl =Ak—|—Bkn—2,
@ 3 M
Xn—1 Xn—1 Xn—1
where n € Ny, k € Ny, the parameters A;, 55;, fori € {1,2, ..., k}, and the initial
conditions xg fori € {1,2,...,k}and j € {0, 1}, are positive real numbers.
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