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Abstract
Our aim in the present paper is to derive the closed-form solutions for the two fourth-
order difference equations

Xn—2Xn-3

Xpp1=——F——, n>0
axp + bx,_3’ ’
and
Xp_2Xn_
g = —2203 >,
—ax, + bx,_3

with positive arbitrary real parameters a, b and arbitrary real initial conditions, as
well as study the qualitative behaviors for each. For the first equation, we show that
every admissible solution converges to a period-3 solution when a + b = 1. For the
second equation, we show that every admissible solution converges to zero if b > 2
when b2 > 4a. When b% < 4a, we show the existence of periodic solutions under
certain conditions. We introduce the forbidden sets as well as provide some illustrative
examples for the above-mentioned equations.
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1 Introduction

The interest in the theory of difference equations is progressing rapidly. Research in
this theory is carried out with three different approaches: quantitative, qualitative and
numerical. Quantitative study is carried out by determining the analytical solutions of
the equation, qualitative study is carried out by examining the behavior of the solutions
of the equation, and numerical study is carried out by determining the approximate val-
ues of the solution of the equation by various methods. Therefore, the study discussed
in this article can be seen as both a qualitative and a quantitative investigations of the
difference equation theory. Therefore, it can be seen as a detailed study in this respect.
Now let’s give a detailed background and motivation for the difference equation we
discuss in this article;
Elabbasy et al. [17] solved some difference equations. One of these equations is

Xn—2Xn—1
xn ] = —’ n 2 0’
+
Xn + Xp—2

with positive real initial values.
In [25], Stevi¢ derived a representation of the general solution to the difference equa-
tion

Xn—2Xn—1

, n>0,

Xn+l = T~
ax, + bx,_»

with real-valued parameters and real initial values.

For more on difference equations, see [1]-[16], [18]-[24] and the references cited
therein.

Motivated by the above-mentioned equations, we shall study the long-term behavior
of all admissible solutions for the two fourth-order difference equations

Xpn—2Xn-3
X =— n=>0, 1.1
ntl ax, + bx,_3 - 4.1
and
Xp—2Xp—
Xy = —n2n >0, (1.2)

—ax, + bx,_3’
with positive real parameters a, b and real initial values, in terms of the closed-form

solution to both.
Consider the difference equation

X1 = 8(Xn, Xn—1, .o, Xn—), 1 > 0, (1.3)

The good set of Eq. (1.3) is the set of all initial points for which the corresponding
solution {x,}7° _, is well-defined or admissible.
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2 The difference Eq. (1.1)

Equation (1.1) can be written as

W2 b a0 @2.1)
Xn+1 Xn—3
If we set
Xn-3 _ Wp ,withw_; =1, n>0, 2.2)
Xn Wn—1
we get

Wyt — bw, —aw,—1 =0
During this section, suppose that

+1 +1
AT =l
L, = n>-—1

e "E

where

b /b +4a

By solving Equation (2.2), we get the solution form for Equation (1.1).

Theorem 2.1 Every admissible solution for Equation (1.1) is of the form

n—1
3 x-_3l3jtaxols;j—i _
X2 l—lj:() x——3L3_j+l+(lX0L3j , n= 1, 4,

n—2
_ = _3L3i+14+axol3;
X, = 3 X3l 3; _
" X1 HI{ZO x_3L3jy2+axoL3ji1’ n=25,.
51 x_3L3j2+axoLsjt1 n=36
- b 9

*0 Hj:o x_3L3j43+axoL3j12°

2.3)

Proof We can write the solution formula (2.3) as
m
X3myi =X _34i | [Mji.i=1,2.3andm >0,
j=0
where

X 3L3j4i—1 +axolsjyi—2

M;; = ,i=1,2,3and j > 0.

x_3L3j4; +axoLl3jqi—1
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1422 F.H. Gimds, R. Abo-Zeid

The proof is by induction on m. For m = 0,

x_3Lo+ axoL _1 X_2X_3

X1 =x_Mp1 =x_2 = ,
x_3L1 4+ axoLg axo + bx_3

x_3b + axy
Xp =x_1Mpp = x| 3
x_3(b* + a) + axob
X_1 X_1X_p

- b—l—a;‘T‘2 T oax) +bx_y’

x_3(b%* + a) + axob
0 32 + 2a)) + axo(b? + a)
b(axg + bx_3) + ax_3
=X
Obz(axo + bx_3) +alaxg + bx_3) + abx_3

X-3
b+a axo+bx_3

= X0 5 X3
b +abaxo+bx,3 +a
X
— b—i—ai
R VA T
b +a+ab)?12

x3 =xoMp3 =x

ax; +bx_»

o ax_p + b(ax| + bx_y)
X0X_1

axy +bx_1’

Suppose that for m > 1, the solution form (2.3) is satisfied.
Then

m—1 m—2
X3n—2X3m-3 X2 szo M; 1x0 1_[,':0 M;3
- m—1 m—2
axzm + bxzpn 3 axo nj:O M; 3+ bxg l—lj:O M; 3
-1
x2[1720 Mja
aM,,—13+b '

X3m+1 =

But we have

x_3L3,—1 +axoL3u—2

aMpy_13+b=a +b

X—3L3m + axoL3m—1
x_3(aLl3m—1 +bL3y) + axo(aLzm—2 + bL3u—1)
X_3L3;, +axoL3n—1
_ x3L3py1 +axolz, 1

"~ x_3Lay +axoLsm—1 Mpa
Then
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m—1 m
x Al My [~
3 1= — =2 i, 1.
" aMyo13+b j=0 '

The proof for x3,,+2 and x3,,+3 is similar and is omitted.
The proof is completed. O

The forbidden set for Equation (1.1) is

o

L,_

I = J{o.x_1.x2.x3) e R* 1 x 3 = —axg— 3

Ly

n=0
3
U U{(XO, X_1,x_,x-3) € R* 1 x_, = 0}.

=0

Theorem 2.2 Assume that {)C,,}Z‘ii3 is an admissible solution to Equation (1.1). Then
we have the following:

(1) Ifa+ b > 1, then the solution {x,,}fjo:_3 converges to zero.
(2) Ifa + b = 1, then the solution {x,};° _5 converges to a period-3 solution.
(3) Ifa + b < 1, then the solution {x,};° _5 is unbounded.

Proof We have that

x_3L3; +axolsz;_ 1
_ x-3l3j+ 023771 L a5 j - o0, i €{1,2,3).
x_3L3jy1 +axols; Ay

i
(1) Ifa+ b > 1, then foreach i € {1, 2, 3}
1 .
Mj; - — <lasj— oc.
At

Now suppose that 1 — ﬁ > € > (. Then for each i € {1, 2, 3} there exists
JieN,M;; < ﬁ—i—eforallj > ji.
If we take jo = max{ji, j2, j3}, then
Jo—1 1
X3mai| < |X_34i M i|(— 4 e)m—dot!
amil < lxoawll [ ] 1l o

J=0

Therefore, |x3,,+i] — 0asm — oo, i € {1, 2, 3}.
(2) Suppose that a + b = 1, then for each i € {1, 2, 3}

M;; — lasj— oo.

Suppose that 1 > € > 0. Then for each i € {I,2, 3} there exists j’ € N,
M;; > Oforall j > j/.
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1424 F.H. Gimds, R. Abo-Zeid

If we take j; = max{j;

. J45 Ji}, then

=1
Jo—t > o, InM
il J.i
X3m+i = X—3+i l_[ M; (6 = )
j=0
Now, consider the series
1 x_3L3j4i +axoL3jii—1
In =In .
M; ; x_3L3jyi—1+axoL3jii—2

But for each i € {1, 2, 3}, we have

In M1,

| — -3 as j — o0.
lnMj,i

This implies that, the solution {x,,};° 5 converges to the period-3 solution

(oo 01, 2, U3, (1, A2, U3, 0],

where
Jjo—1
> s InMj; .
o= s [ g (67 ) e 2y
Jj=0

(3) Ifa+ b < 1, then foreachi € {1, 2, 3}
1 .
Mj; - — >1lasj— oo.
Ay

Now suppose that ﬁ — 1 > € > 0. Then for each i € {1, 2, 3} there exists
jleN,M;; > i —eforall j > j.
If we take j) = max{j|, j;, j3}. then
Jo—1 |
[xamyil > Peoapill [ Mjil(— — ey,
. Ay
j=0
Therefore, for each i e {1,2,3}, we have unbounded subsequences
{X3m+i };.,,O:_l .

This completes the proof. O

We end this section with two illustrative examples.
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. Xp—2Xp—3
Fig.1 x,41 = O4£xn+;n,3

Example 1 Figure 1. shows that,ifa = 0.4,b =1 (a + b = 1.4 > 1), then a solution
{x,,};'lo:f3 of Equation (1.1) with x_3 = 0.2, x_» = —1, x_1 = 1.5 and x9 = 0.3
converges to zero.

Example 2 Fig.2. shows that, if a = 0.26,b = 0.74 (a + b = 1), then a solution

{x,,}ff:% of Equation (1.1) with x_3 = —1.2, x_p = 3, x_1 = 2.5 and x9 = 2.3
converges to the period-3 solution

{..., 12.0080, 1.3885, 2.5984, 12.0080, 1.3885, 2.5984, ...}.
Example 3 Fig.3. shows that, ifa = 0.4,b = 1 (a + b = 0.5 < 1), then a solution

{xn};2 _5 of Equation (1.1) withx_3 =1.2,x » =1.6,x_1 = —1.5and xo = 1.1 is
unbounded.

3 The difference equation (1.2)

The difference equation (1.2) can be written as

W2 o 4 n>o0. 3.1)
Xn+1 Xn-3
As in Section (2), we can get
Wyt — bw, +aw,—1 =0, n >0, (3.2)
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1426 F.H. Gimds, R. Abo-Zeid
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Fig-2 xn+1 = 4265, 40,747, 5

T
1

3x108

T T T

T

2x 108

T T T

T

1x108

T T T

T T T

T
1

-1x10°

0 20 40 60 80 100

: _ _ Xn—2Xp-3
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where
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If we set

Xn— w .
ﬂ_3 — n N with w_] = 1, n > 0, (33)
Xn Wp—1

Case b > 4a
When b?> > 4a, Equation (3.2) provides us with eigenvalues

b+ b —4a
Al = 5 (3.4)

Solving for w,,, we can find the solution for Equation (1.2).
We give the following result without proof; its proof is similar to that of Theorem
2.1).

Theorem 3.1 Every admissible solution for Equation (1.2) is of the form

"3;1 )c,3L’3j+ax0L/3j71
X_3 nj:O W,
. ”3;2 x,3L’3j+l+ax0L§j
Xp = X—1 nj=0 ma
X0 I—[%__Ol x—_3Lé'/+2+QXOLéj+I )
J=U x_3L3; 5 +axoly;

n=14,..,
n=2175,.., (3.5

=3,60, ..,

where
n+1 n+1
I = )‘] B )‘2

" VBt 4a

When b? > 4a, the forbidden set for Equation (1.2) is

n>-—l1.

o L/
M= JlGo, x1.x 2, x3) e R 1 x5 = axg—2-
L/
n=0 n
3
U (o xo1.x 2. x3) e RY iy = 0}
i=0

}

The following result is the main result when b? > 4a.

Theorem 3.2 Assume that {x,},> _ is an admissible solution to Equation (1.2). Then
we have the following:

(1) If b > a + 1, then the solution {x,},2 _5 converges to zero.
(2) If b = a + 1, then we have the following:

(a) If b > 2, then the solution {x,};° _5 converges to zero.
(b) If b < 2, then the solution {x,};° _5 converges to a period-3 solution.

(3) If b < a + 1, then we have the following:

@ Springer



1428 F.H. Gimds, R. Abo-Zeid

(a) If b > 2, then the solution {x,};° _5 converges to zero.
(b) If b < 2, then the solution {x,}° _5 is unbounded.

Proof The solution formula (3.5) can be written as

m
X3y =X 34 [ [M,.t =1,2.3andm >0,
j=0

where

/
Y. X3 L3j+t

X—

1+ axoL,
+ axgL’,

3j+t-2

,t=1,2,3and j > 0.

3]+l 3j41—1

The eigenvalues in (3.4) satisfy
A b A <b
<= <A1 <b.
2<5 1
(1) Suppose that b > a + 1. Then for each t = 1, 2, 3 we get

/ /
x_3L3j+t 1 a0l — i <lasj— o0
+ax0L3j+t 1 A

/ —
Jt x_

3j+t

The remainder is similar to that in Theorem 2.2(1).
(2) Suppose thatb =a + 1.

(a) When b > 2, we get A, = 1 < Aj. This implies that foreacht = 1,2, 3
x_3L/3j+t Faxoly;, 1

— — < lasj— oo.
3j+t+ax0L3]+t 1 A

/ —_—
Jot x_

The remainder is similar to that in Theorem 2.2(1).
(b) When b < 2, we get A1 = 1. This implies that foreachr =1, 2,3

/ /
w X-3L3, +axoly;, ,

1
= — —=1asj — oo.
ot x_3L%. . +axyL, /

3j+t—1 1

3j+t
The remainder is similar to that in Theorem 2.2(2).
(3) Suppose thatb < a + 1.
(a) When b > 2, we get A, > 1. This implies that foreacht = 1, 2, 3

/ /
X3l taxoly;y, b <—<lasj—> o0
+ axoL’ At A2 .

/
]t x_ L

3j+t 3j+t—1

The remainder is similar to that in Theorem 2.2(1).
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Fig.4 i1 = —g6m 15
(b) When b > 2, we get A1 < 1. This implies that foreachr = 1, 2,3
/ /
, x3L3,  +axoly;, , 1 .
= ; ; — — > lasj — oo.
X-3ly;, taxolz; 1
The remainder is similar to that in Theorem 2.2(3).
O

Example 4 Fig.4. shows that, if a = 0.6, = 1.56 (b2 > 4a, b < a+ 1 and
b < 2), then a solution {xn}ff’:% of Equation (1.2) with x_3 = —0.7, x_», = —3.5,
x_1 = —1.5 and xo = 2 is unbounded.

Example 5 Fig.5. shows that, ifa = 0.9,b = 1.9 (b2 >4a,b =a+ 1and b < 2),
then a solution {x,}>° _, of Equation (1.2) withx_3 = —-1.5,x = 1.1, x| = —
and xop = —0.8 converges to the period-3 solution

{.... —0.5471, —1.1794, —0.5246, —0.5471, —1.1794, —0.5246, ...}.

Example 6 Fig.6. shows that,ifa =1,b = 2.1 (b® > 4a, b > a + 1), then a solution
{)cn}flo:_3 of Equation (1.2) with x_3 = —1.2, x_ =2, x_1 = —3.3 and xo = 0.7
converges to zero.

Example 7 Fig.7. shows that, ifa = 1.2,b = 2.2 (b2 >4a,b =a+ 1and b > 2),
then a solution {x,,};'l":_3 of Equation (1.2) withx_3 =4, x_» = —2,x_1 = 3.3 and
xo = —1.7 converges to zero.

@ Springer



1430 F.H. Gimds, R. Abo-Zeid
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0 20 40 60 80 100
Fig.5 xut1 = 5951505

Example 8 Fig.8. shows that, ifa = 1.4, b = 2.38 (b2 >4a,b <a—+1and b > 2),
then a solution {xn}fli_3 of Equation (1.2) withx_3 =3,x_» = 1.5, x_1 = —4 and
X0 = —5 converges to zero.

Example 9 Fig.9. shows that, if a = 0.08, b = 1.08 (b2 >4da,b=a+land b < 2),

then a solution {x,}7° 5 of Equation (1.2) with x_3 = 1, x_» = =3, x_; = 4 and
xo = —2 converges to the period-3 solution

{.... —2.4191, 3.9390, —1.9976, —2.4191, 3.9390, —1.9976, ...}.

Case b’ = 4a
The characteristic equation associated with Equation (3.2) in this case is

b
A= E = Ao. 3.6)

Solving for wy,, we get the form of the solution for Equation (1.2).

Theorem 3.3 Every admissible solution for Equation (1.2) is of the form

—1
2382 ' 22033 +1)—bxo(3)) _
*=2(3) 20 m5Grmpoaien: 1= LA
n— . .
X = 231 05 203G 42 —bxoBj+D) 3.7
n x-1(3) j=0 2x_3(3/43)=bxo(3j+2)* " 2,5, s (3.7

n
202 3! 2533 +3)—bxo(3+2)
x0(3) [j—o ZoGTa G+ = 305
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We can write the solution form (3.7) as

X3mar = X_34:(> )m+1]_[1v,,,t_1 2,3andm > 0,

j=0
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When b? = 4a, the forbidden set for Equation (1.2) is

o0
I = U{(xo,x_l,x_z,x_3) eR*: X 3=b—
n=0
3
Ul (o, x1,x 2, x3) e R i x =0}
i=0

When b? = 4a, the main result is the following:

Theorem 3.4 Assume that {xn}f;_3 is an admissible solution to Equation (1.2). The
following statements are true:

(1) If b > 2, then the solution {x,},° _5 converges to zero.
(2) If b < 2, then the solution {xn}ff:d is unbounded.
3) If b = 2, then the solution {xn}flo:_3 converges to zero.

Proof The proof of (1) and (2) is a direct consequence.
For (3), suppose that b = 2, then for each ¢ € {1, 2, 3}

Nj— lasj— oo.
Suppose that 1 > € > 0. Then for each ¢ € {1, 2, 3} there exists j; € N, such that

M;,; > Oforall j > j.
If we take jo = max{j1, j2, j3}, then

Jo—1
X3m4r = X341 1_[ Nj (e j=ip " N-’”) .
j=0
Now, consider the series
1 x_3(Bj+t+1)—x03j+1)

In =In - - .
Nj; x_3(3j+1t)—x03j+1t—1)

The divergence of the series Zj’i io In NL, (for each t € {1, 2, 3}) is obtained by
K Js

. . . . 00 1
comparing it with the series Y i=jo BIFNG—x0) 70"

Therefore, for each t € {1, 2, 3} we get
X3m4+r — 0as j — oo,

and the result follows. O

Example 10 Fig.10. shows that, if @ = 0.25,b = 1 (bz— =aand b < 2), then a
solution {x,,};';% of Equation (1.2) with x_3 = 1.2, x_» = 1.4, x_1 = —0.9 and
xo = —2.4 is unbounded.
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Example 11 Fig.11. shows that,ifa =1,b =2 (b?® = 4a and b = 2), then a solution
{xn},2 _5 of Equation (1.2) withx 3 =4.2,x o = —1.4,x_; = 1.9and xo = —2.4
converges to zero.

Case b? < 4a
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When b? < 4a, Equation (3.2) provides us with eigenvalues

b Aa —b? b NAa —b?
MZEH—“Z andM:E_i—“z . (3.8)

Solving for wy,, the solution of Equation (3.2) is

w,; = (— sin(n + )8 — «/asinnp), n > —1.
sm,B

Using wy,, we get the solution form for Equation (1.2).

Theorem 3.5 Every admissible solution for Equation (1.2) is of the form

x_3sin(3j+1)B—+/axpsin3jp _
X— 21_[I Oﬁx 3sin(3j+2)B—+/axpsin(3j+1)8° n 1,4

_ 1 x_3sin(3j+2)B—+/axosin(3j+1)B —
*n X an o 7t smGT 1 9B vaxosmGi DB’ T = 2 39
xOl_[ L x_3sinGj+3)p—axosinGj+2B 3 ¢

j= 0 Va x_3sin(3j+4)p—/axosin(3j+3)8’

It ego, B

where f = tan

When b2 < 4a, the forbidden set for Equation (1.2) is

sinn
U{(XO,X 1 xo2,x3) € RY ixo3 = Vax 0—/3
o sin(n + 1)
3
U U{(XO, x_1,%-2,%-3) e R* 1 x_; = 0}.
i=0

The solution form for Equation (1.2) tells us the following:
When a < 1, any admissible solution is unbounded.
When a > 1, any admissible solution to Equation (1.2) is converging to zero.
When a = 1, under certain conditions we have periodic solutions; that we shall show
in the following result:

Theorem 3.6 Assume that a = 1 and let B = 571 (p and q are relatively positive

prime integers) such that 0 < p < %. Then every admissible solution {x,}>° 5 of
Equation (1.2) with

=-1,1t=1,2,3,

‘ﬁ x_3sin(3j + 0B — Jaxosin(3j +1 —
o3 sin(3j +t+ 1B — Jaxosin(3j +1)B
is a 6q-periodic.
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1436 F.H. Gimds, R. Abo-Zeid

Proof When a = 1, we can write solution form (3.5) as
m
X3m4t = X¢—3 1_[ Sin, t=1,2,3,
Jj=0
where

_x_3sin@j + 1) —xosin(3j +1— 1D
T x3sin(Bj+ 14 DB —xosin(3j + 1)

Sj
Foreacht = 1, 2, 3, we can see that

Sj-i-q,t = Sj’t, ] z 0

Then
m+2q 2g—1 m+2q
sy = %3 [ [ Sie=xs3=D([] SinC([] S50
j=0 j=q i=2q
q—1 m
= =i 3([ [ Sjag ) ([ | Sjv20.0) = x3mess £ =1,2,3.
Jj=0 Jj=0

m}

Example 12 Fig.12. shows that, if a = 0.5,b 1.2 (b2 < 4a and a < 1), then a
solution {x,}° 5 of Equation (1.2) with x_3 = 2, x_» = —2.5,x_1 = —1.5 and
xo = 4.3 is unbounded.

Example 13 Fig.13. shows that, if a = 1,b = V2 (b2 < 4a and a = 1), then a

solution {x,}7° 5 of Equation (1.2) with x_3 = 1.8, x_» = —=2.5, x| = —1.2 and
xo = 0.6 is periodic with prime period 24.

In this example, we have 8 = 7, p = 1, ¢ = 4 and Hi:o Sj+ = —1 for each
t=1,2,3.

(This is an illustrative example for Theorem (3.6)).

Conclusions

In this work, the solution forms for the two difference equations

Xn—2Xn-3

—’ > O’
tax, + bx,_3

Xn+l =

where the parameters are positive real numbers and the initial values x_3, x_», x_1,
xo are arbitrary real numbers are obtained.
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We also studied the long-term behavior of the solutions for each equation.
For the equation

Xn—2Xn-3

S ——— = O’
ax, + bx,_3

Xn+1 = =
we showed that every admissible solution tends to a period-3 solution whena+b = 1.
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For the equation

Xpn—2Xn-3

—’ > 05
—ax, + bx,_3

Xn4+1 =

we obtained a result for the periodicity of its solutions when b> < 4a and provide an
illustrative example for this case.
We conjecture that the obtained results can be satisfied for the more extended equation

Xn—k+1Xn—k

, n>0,
ax, + bx,_i

Xn+l =

with a positive integer k, real-valued parameters and initial values.
Future work: Deriving the solution and studying the global behavior of the solutions
of the difference equation

Xn—2Xn-3

——— n >0,
anXy + byxy_3

Xn+1 =

where {a,}7°, and {b,};°, are p-periodic sequences with p > 2, and real initial
conditions will be considered in future work.
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