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Abstract

In order to reflect the dispersal of pollutants in non-adjacent areas and the large-
scale movement of individuals, this paper proposes an epidemic model of nonlocal
dispersal with air pollution, where the transmission rate is related to the concentration
of pollutants. This paper checks the uniqueness and existence of the global positive
solution and defines the basic reproduction number, Ry. We simultaneously explore
the global dynamics: when Ry < 1, the disease-free stable point is global asymptotic
stability; when Ry > 1, the disease is uniformly persistent. Additionally, in order to
approximate R, a numerical method has been introduced. Illustrative examples are
used to verify the theoretical outcomes and show the effect of the dispersal rate on the
basic reproduction number Ry.
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1 Introduction

In the process of human development of urbanization and industrialization, coal fire-
power industries, automobile exhaust emissions, and the destruction of vegetation
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have caused air pollution [1, 2]. Nowadays, hundreds of millions of residents in China
spend their days shrouded in serious air pollution, especially in winter [3], a situation
that has attracted extensive attention from scholars. Studies using statistical and com-
putational techniques have shown that air pollution threatens human health and affects
the spread of communicable diseases [4, 5]. A large number of research results have
also offered accumulated proof of the influence of pollutants in the air on the trans-
mission of communicable diseases such as influenza, measles, COVID-19, and so on
[6-9]. Therefore, it has been one of the most fun and significant topics to investigate
the impact of pollutants in the air on the burst of communicable diseases [10].

Mathematical modeling plays an important role in better understanding the epi-
demic transmission mechanisms and more accurately predicting the trend of infectious
diseases [11, 12]. Over the last decade, many ordinary differential equation models
have been proposed to investigate infectious diseases influenced by air pollution [1,
13, 14]. In [15], Tang et al. characterized the dynamics of the air quality index (AQI)
by a differential equation. Based on literature [15], He, Tang and Wang established
a susceptible-infective-susceptible (SIS) model with air pollution [1]. When studying
the dynamic behaviors of a system, the heterogeneity of each individual (position,
age, sex, etc.) is a very important factor [16—19]. However, note that these studies did
not consider spatial heterogeneity. In fact, there are some reports on the heterogeneity
of air pollution (see, for instance, [20, 21] and the references therein). Additionally,
individuals and air pollutants flow between areas [22, 23]. In epidemiology, more and
more evidence shows that individual mobility and environmental heterogeneity have
a outstanding effect on the transmission of communicable diseases [24, 25].

During the past few decades, some nonlocal dispersal infectious disease models
have been established to discuss the impacts of environmental heterogeneity and indi-
vidual mobility on the spread of communicable diseases (see, for instance, [22,26—33]
and the references therein). Among these works, Yang et al. found that the durability
of communicable diseases can be enhanced through the nonlocal motion of infected or
susceptible individuals [30]. In the case of heterogeneous circumstances, Wang et al.
explored the dynamic behaviors of a foot-and-mouth model with nonlocal dispersal
[31]. Under Dirichlet boundary condition, Yang and Li established a SIS epidemic
model with nonlocal dispersal and discussed the dynamic behaviors in terms of Ry
[32]. Reference [23] showed that the pollutants in the air will move to non-adjacent
areas. On the other hand, we know from the works of [22, 30, 32, 34] that individ-
ual movement is frequently unrestrained and should not be confined to a subregion.
Therefore, considering nonlocal dispersal into epidemic models with air pollution can
help us better understand the transmission mechanism of infectious diseases affected
by air pollution. Nevertheless, it is worth pointing out that the nonlocal diffusion SIS
infectious disease model with pollution in the air hasn’t been established up to now.

By considering nonlocal dispersal into the model developed by He et al. [1], this
paper establishes a nonlocal diffusion SIS infectious disease model with air pollu-
tion. Naturally, we focus on the definition of Ry and how R( determines the dynamic
behaviors of the proposed model. Additionally, Ry for the model cannot be explicitly
calculated in general since it has a complex form. Thus, approximating R( via a numer-
ical method is also a significant and challenging work. The novelties and contributions
of this paper are shown as follows:
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e A nonlocal diffusion epidemic model with air pollution is formulated via taking
into account the nonlocal dispersal phenomenon.

e The dynamic behaviors for the nonlocal diffusion infectious disease model with
air pollution is explored in terms of Ry.

e A numerical method of approximating the basic reproduction number Ry is
introduced.

The rest of this article is planned as follows: Sect. 2 proposes the nonlocal dispersal
epidemic model with air pollution and some preliminary knowledge. In Sect. 3, we
demonstrate that the model has a unique global positive solution. Section 4 defines Rg
and analyzes the dynamic behaviors. Section 5 gives a numerical method to approxi-
mate Rg. Section 6 verifies the theoretical results by numerical simulations and finds
that there is a negative correlation between the dispersal rate and Ry. Finally, Sect. 7
concludes the paper.

2 Model derivation and preliminary knowledge

It is well known that the occurrence of respiratory disease is closely related to air
pollution, and the severity of air pollution has an impact on the risk of infection of
respiratory disease. Based on this, He, Tang and Wang [1] established the SIS model
with air pollution as follows:

S@) = —BF@)SOIW) +yI),
F(t) = —0F@t) +c,

[ty ==y 1) + BF0)SOI®),
§(0) = So. F(0) = Fy, 1(0) = Ip,

2.1

where F (1), S(t), and I(¢) denote AQI, the number of susceptible individuals, and the
number of infected individuals at time ¢, respectively. ¢ and 8 represent the inflow and
removal rates of pollutants, respectively. y is the recovery rate for infected individuals.
B(F(t)) = BoF(t) is the infection rate. Since S(t) + i(t) = 0, one can obtain that
I1(t) + S(t) = I+ So = M, where M is the population’s size. By, 6, ¢, and y are all
positive numbers.

As we all know, the above model ignores the spatial heterogeneity and movement
of individuals and pollutants, and of course does not show the spatial pattern of the dis-
eases. In view of this, we will establish the corresponding partial differential equation
model to address this shortcoming. Since individuals and pollutants are often dispersed
to more distant locations with a certain probability, it is more appropriate to use an
integral operator including probability density function to represent the movement of
pollutants and individuals. There have been some works on SIS epidemic models with
nonlocal dispersal, where the nonlocal dispersal is represented by an integral operator
[30, 32]. Here, we introduce the nonlocal dispersal of pollutants in the air by using a
method similar to that in the references [30, 32]. With the help of integral operator,
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Table 1 List of notations and their meanings in model (2.3)

Notation Biological meaning

S(y, 1) Population of susceptible individuals at position y and time ¢
I(y, 1) Population of infected individuals at position y and time ¢
F(y,t) AQI at position y and time ¢

ks Dispersal rate for susceptible individuals

ky Dispersal rate for infected individuals

kp Dispersal rate for air pollutants

A(y) Birth rate at position y

148)) Recovery rate at position y

n(y) Mortally rate at position y

c(y) Emission rate of air pollutants at position y

6(y) Removal rate of air pollutants at position y

Bo Baseline transmission coefficient (see the definition in [13])

the movement of air pollutants in non-adjacent areas can be modeled as

Loy = /Q P(y —2)(¥(2) — ¥ (y)dz, 2.2

where P(-) is the function of probability density, which is a non negative even function
integrating 1 in the whole space. P (y — z) is the movement probability of air pollutants
from place z to place y, the convolution [, P(y — z)¥ (z)dz is the rate at which the
pollutants are reaching place y from €2, and — fQ Pz —y)¥(y)dz = —y¥(y) is the
rate at which pollutants in the air are leaving location y to travel to 2. Based on model
(2.1) and the nonlocal dispersal operator (2.2), a new nonlocal dispersal epidemic
model including birth and death is established as follows:

aS(y,

% = kg /Q P(y —2)S(z,)dz — ksS(y,t) + A(y) + y(W)I(y, 1)
—BoF (.S, DIy, 1) — n(MS(y, 1), t>0,y€,

J0F (y,

% =kr /Q P(y—2)F(z,t)dz —kpF(y,t) +c(y) =0 F(y,1),

1>0,ye, (2.3)
al(y,t)
o =k /Q P(y =21z, t)dz —kiI(y, 1) + BoF (y, )S(y, DI (y, 1)

—yWI, ) — eIy, 1), 1>0,y€Q,

S»,00  =So(y), F(y,0) = Fo(y), I(y,0) = Ip(y), x e,

where Q is the closure of 2. We limit our focus to 2 C R, where R denotes the set
of real numbers. The meaning of all the notations in model (2.3) is listed in Table 1.

Remark 2.1 When the Lebesgue measure of the compact support set of the probability
density function P tends to zero, the nonlocal convolution operator k, [o P(y —
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u(z, t)dz — kyu(y, t) in model (2.3) degenerates to the local diffusion operator
Au(x,t),whereu = S, F, I. When the infection rate By F (y, t) is constantly equal to
a constant, this model reduces to the classical nonlocal dispersal SIS epidemic model.

When ks = kp = k; = A(y) = u(y) = 0, and So(y), Fo(y), lo(y), y(y), c(y), and
6(y) do not depend on the spatial location y, model (2.3) degenerates to model (2.1).

The assumptions on model (2.3) are given:

(a) u(y) is Lipschitz continuous and strictly positive on €, and the following values
exist as positive constants:

ut i=maxu(y), u” = minu(y),
)

yeQ ye
where u = A, y, u,c, 0.

(b) K; >0,wherei =S, F, 1. .
(c) P(y) is the function of Lipschitz continuity on €2 and meets the properties:

P(y) = P(—y)>0on R, P(y) > Oon sz/ P(y)dy = 1,and P(0) > 0.
R

(d I(y,t) + S(y,t) = N(y), where N(y) denotes the total number of people at
position y.

Consider the following positive cones and function spaces:

X :=C(Q) ={u:Q — R:uiscontinuous}, Z :=[C(Q)],
X, =Ci(Q=ueC®Q:u>00nQ}, Z, :=[CL (],
Xy ={ueC(Q):u>00nQ).

X and Y are separately equipped with norms

1

I¥lx:= magzzillﬁ(y)l, Y€ Xand |ylz = max (Z?zl |wi<y>|2)2, VeLZ,
ye

ye

where | - | is the absolute value norm on RR.
On the space X, define the operators

Asy(y) == ks/Q P(y — ¥ (2)dz — (u(y) + ks)¥ (y), 2.4)
Asyr(y) := kg /Q Py —2y¥@dz— (u(y) +y () +k)v(y),  (2.5)
A (y) :==kg /Q P(y =¥ (2)dz — (v () + n(y) + kD (), (2.6)

ApY(y) :=kr /Q P(y =¥ (@dz — (0() + k) ¥ (). 2.7)
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Under assumptions (a) and (c), Asg, A ss Af,and Ay are all linear bounded operators.
Therefore, it follows from [35] that they are infinitesimal generators of uniformly
continuous semigroups {Ts(t)};>0, {T5(®)}i=0, {TF()}i>0, and {T;(#)};>0 on X,
respectively. The variation of constants formula yields that the semigroups {Ts(¢)};>0,
{Ts(®)}r=0, {TF(t)}1>0, and {T7(¢)},>0 are all positive.

3 Uniqueness and existence of the global positive solution

This section proves that model (2.3) has a unique local positive solution and obtains
that the solution is global with the help of the positive invariant set of model.

3.1 Uniqueness and existence of local positive solution

Theorem 3.1 If (So(y), Fo(y), Io(¥)) € Z, there exists to > 0 such that model (2.3)
admits the unique solution (S(y,t), F(y,t),I(y,t)) for all t € [0, ty], and either
to = 400 or

lim sup [[(S(y. ), F(y, 1), I(y, D))z = +o00.

t—>1y

Proof Because As, AF, and Aj are infinitesimal generators of uniformly continuous
semigroups {Ts(¢)};>0, {TF(t)}s>0, and {7} (¢)};>0, respectively, the solution of model
(2.3) can be expressed as

t
u(y, 1) = T(Ou- 0)(y) +/ Tt — DK (- 0)()dr, 120,y €,
0

where

S, 1) Ts(t)
u(y,t) :=Fx.n|, T@):=|1r0) ],
I(y,1) Ty (t)

A(Y)+ Q) = BoF(y,)S(y, Iy, 1)
K@(,0)(y) = c(y)
BoF(y,)S(y,)I(y, 1)

For all v = (Y1, Y2, ¥3) € Z, let K’[w] be a linear operator on Z defined by

3.

—Bolv2¥3e1 + ¥1¥302 + (Y1¥2 — ¥)esl
Bolvayzer + Y1v3er + Yivoesl ’

K Y1) = ( 0
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where ¢ = (@1, 2, ¢3) € Z. Then, it is not hard to verify that

/ —BolT;_; (i () — ¥i (1) +m(y)]
Kl@—-9v)y) =K Yl —v¥)) + 0 ;
BolTT3_, (¢ (») — ¥i () + m(y)]
(3.2)

where

m(y) =(@2(y) = V23 (@3(y) = v3()¥1(y) + (@3(y) = ¥3(y)¥2(y)
X (@1(y) = ¥1() + (@1(y) = Y1 (@2(y) = Y2 (¥ VY3(y)-

The definition of norm gives that the last term in the right-hand side of Eq. (3.2) is an
infinitesimal of higher order than ¢ — . This implies that K is Fréchet differentiable
for each ¥ € Z, and K'[v/] defined by Eq. (3.1) is the Fréchet derivative of K at .
Furthermore, we conclude from observing Eq. (3.1) that K'[v/] is continuous with
respect to . Hence, K is continuously Fréchet differentiable on Z. With the help of
[36, Proposition 4.16], the assertion can be obtained, and this ends the proof. O

Theorem 3.1 shows model (2.3) admits a unique local solution. Next, the
forthcoming Lemma 3.1 will give its positivity.

Lemma 3.1 Assume that (S(y,t), F(y,t), [(y,t)) € Z be the solution of model (2.3)

with (So(y), Fo(y), lo(y)) € Zy. Then, (S(y, 1), F(y,1),I(y,1)) € Zy forallt €
[0, t9), and either to = +o0 or

limsup [[u(y, t)||z = 4+00.
=1y

Proof By the same method as [22, Proposition 2.2], this proof can be completed. O

According to Theorem 3.1 and Lemma 3.1, for model (2.3), a positive continuous
semiflow {®;};¢[0,19) : Z+ — Z4 can be define as follows:

@;((So(y), Fo(y), lo(y))) :=u(-, 1), t €[0,10), (So(y), Fo(y), lo(y)) € Zy.
(3.3)

3.2 Positive invariant set

Let EO := (S9( y), F O(y), 0) denote the disease-free stable point of model (2.3), where
$%y) € X4 and F°(y) € X meet the equations

0=kp /Q P(y — 2)F2(2)dz — (kr + () F°(y) +c(y),y € Q (3.4)
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and
0= kS/Q P(y — 2)8°(2)dz — (ks + (S’ () + A(y), y € Q. (3.5)

The following Lemma 3.2 will give the uniqueness and existence of the disease-free
stable point Ep, the Lipschitz continuity of $°(y) and F°(y), and the boundedness of
F(y, 1) and S(y, 1).

Lemma 3.2 The following assertions hold.

1. model (2.3) exists the unique disease-free stable point E°.

2. 8%y) and F°(y) are both Lipschitz continuous on Q.

3. If Fo(y) < FO(y) and So(y) < S°(y) forall y € Q, then F(y,t) < F'(y) and
S(y,t) < S%(y) forall (y, 1) € Q x [0, t).

Proof (1) With the help of the operator A r defined by Eq. (2.7), Eq. (3.4) is equivalent
to the following equation

AFF') +¢(») =0, ye Q. (3.6)
Through the previous discussion, Af is the infinitesimal generator of positive
uniformly continuous semigroup {7r(¢)};>0 on X. According to [37, Theorem
3.12], it is easy to get that Ap is a resolvent-positive operator. Additionally, it
follows from [32] that s(Af) < 0, where s(-) is the spectral bound of an operator.

Therefore, taking > = 0 into (Al — A £)~L, it follows from [37, Theorem 3.12]
that

b
(~Ap Y = lim /0 Sy (e, Y(y) € X.

From Egq. (3.6), it is not hard to get that

b
FO(y) = (—Ap)'e(y) = bliI-P / ere(ydr, yeQ. (3.7
—+00 J(

By the same method, it follows that

b
') = (=As)'A(y) = lim / S A(y)dt, y e Q.
b——+o0 Jo

Hence, S°(y) and FO(y) are all positive and uniquely exist.
(2) By virtue of Eq. (3.4), it follows that

kr [o P(y —2)F%(2)dz + c(y)

kr 160 Ve 8)

Fo(y) =
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3)

with the help of Assumption (c), it is easy to get that

Ikr / P(y — DF(2)dz — kr / PG — ) FO(2)dzllx
Q Q
skF/ PGy —2) — PG5 — DlIx FO(2)dz,
Q
skFLpf Fodzly — 5. .5 e,
Q

where L p > 0 is the Lipschitz constant of P(y). Hence, combining the Lipschitz
continuity of ¢(y) and the boundedness of 6(y), it follows that F O(y) given as Eq.
(3.8) is Lipschitz continuous on 2. Similarly,

<0
ks [o P(y —2)$°(2)dz + A(y)’ ved
ks + u(y)

SOy =

is also Lipschitz continuous on Q.
Eq. (3.5) provides that

A(Y) = —ks fg P(y —2)8%2)dz + (ks + nONS’(Y), yeQ. (3.9

Let .§(y, 1) = S%y) — SOy, 1), (v,1) € Q x [0, 1p). According to the second
equation of model (2.3), Eq. (3.9), and assumption (d), it is not hard to get that

2S( t)——ES( )
gt > T T
= (ks +u(y) + BoF(y,)I(y,1)S(y, 1)
—kS/QP(y D8 0dz — AY) — YOI 1),

= ks fQ P(y — 2)8(z, )dz — (ks + u(y)S(y, 1)

=y () = BoF(y,)S(y, D (y, 1),
= AsS(y, 1) + BoF (3, S, DI (y, 1), (v,1) € 2 x [0, 9).
(3.10)

Since Ay is the infinitesimal generator of the positive semigroup {T5(®)}i>o0.
Therefore, the solution S (y, t) of Eq. (3.10) is equivalent to

- t -
Sy, 1) =58, 0 + / UTOAS[BF (-, T)S(, (-, T)(y)d.
0

In virtue of the positivity of the semigroup {75(7)};>0, the initial value S(y,0) =
So(y) — So(y) for all y € Q, and the function By F(y, t)S(y, t)I(y,t) for all
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(. 1) € Q x [0, 19), it follows S(y,t) = S%y) — S(y,1) > O forall (y,1) €
Q x [0, t), i.e., S(y, 1) < So(y) for all (y,¢) € Q x [0, fo). Slmllarly, we can
prove that if Fo(y) < FO(y), then F(y, 1) < FO(y) for all (v, 1) € © x [0, f0).
This ends the proof.

O

The state space of model (2.3) can be defined as
0 0 ATM(RQ)
D = {(S,F,I)eZ+:S§S JF<F°, [ (S+1)dy < —7,VIZO},
Q

where 9J1(€2) denotes the Lebesgue measure of 2.
Theorem 3.2 For model (2.3), D is positively invariant.

Proof According to the first and third equations of model (2.3) and assumptions (a)
and (c), it is not hard to get that

d
£ /Q S(y. )dy
- /Q [ks /Q P(y — 2)S(z. 1)dz — ksS(v. 1) + AGY) + y ()1 (. D1dy
- fQ LBoF (v, DS(y. DI (y, 1) + 1 () S(y. )]dy.
< ks / / P(y — 2)dyS(. 1)dz — ks f S(y.)dy + / A(y)dy
QJR Q Q
+ /Q [y Iy, 1) = BoF (v, S DI (v, 1) — () S(y. Ddy,
< ATNQ) + /Q (. 00 () — BoF (. DS, 1) — =S Oldy,  (3.11)
and
d
- fQ 10y, )dy < fQ (. D(BoF (v S 1) — v () — ™ L. D1y, (3.12)
Adding Egs. (3.11) and (3.12), it is immediate to get that

d
d—/(S(y,t)+I(y,t))dy < ATIRQ) —,u‘/(S(y,t)—i—I(y,t))dy.
tJo Q

If fQ(So(y) + Ip(y))dy < AT im(Q) , the comparison principle and the variation of
constants formula give that

AT _
/ (SOL 1)+ 1(, 1)dy < / (So() + To(dye " 4 20D 1y ey
Q Q % 3.13)
ATIR(Q) @
< M—_, € [0, 1).
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Combining Eq. (3.13) with Lemma 3.2, it follows that for model (2.3), D is positively
invariant. This completes the proof. O

Remark 3.3 Tt follows from Theorem 3.1, Lemma 3.1, and Theorem 3.2 that for all
So(y), Fo(y), Io(y)) € D model (2.3) a}dmits the unique global positive solution
S, 1), F(y, 1), I(y, 1)) forall (y, 1) € Q x [0, 00).

4 Threshold dynamics
As we all know, when discussing the dynamics of infectious disease models, Ry serves
as a crucial threshold. To define Ry, we firstly linearize the third equation of model

(2.3) around the disease-free stable point EY as follows:

al(y,t)

5 =k1/ P(y —)1(z. )dz — ki I1(y. 1) + BoFO()S* (I (y. 1)
t Q 4

.1
—yWMIG, ) —pnWIG,1),  (v,1) € Q x [0, +00).

On X, we define the linear operator F as follows:

Fo(y) = BoF' (S’ Mo (y), ¢ € X.

Subsequently, with the help of the operator A; defined by Eq. (2.6), Eq. (4.1) can be
rewritten as the abstract form in X,

dl(t)
7 ZAII(t)—i-FI(I), t e (0,00)

With the help of the proof of Lemma 3.2, it is easy to get that A is resolvent-positive,
s(A7) < 0, and

b
(—AD~'$(y) = lim f ¢ (y)dr, ¢ € X.
b—+o0 Jo

Therefore, inspired by the work of [38], the operator of next generation i :=
F(—Ap)~! can be obtained via

fip(y) = lim foF°(y)S°(y) fo "Mt € X,
and Ry is obtained by
Ro :=r(h), (4.2)
where r(h) is the spectral radius of the next generation operator /.
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3216 Q. Zhou et al.

4.1 Disease extinction

Associated with Eq. (4.1), we discuss the eigenvalue problem

kr fQ P(y — 2)u(z)dz — kju(y) + BoF(»)S*(»)u(y)

= G+y»+uuy), yeQ.

(4.3)

According to assumptions (a) and (b) and Lemma 3.2, it is _immediate to get
ﬂoFO(y)SO(y) — (k; + n(y) + y(y)) is Lipschitz continuous on €2. Therefore, from
[39], it is not hard to get the forthcoming Lemma 4.1.

Lemma 4.1 FEigenvalue problem (4.3) admits a principal eigenvalue A, and it cor-
responds to a eigenfunction ug(y) € Xi44. More specifically, A, is obtained
via

Ay =  max {k,//P(y—z)u(y)u(z)dzdy
aJa

”MHLZ(Q)ZI

+ fQ [BoF°(3)S°(y) — (kr + y (y) + M(y))]uz(y)dy}-

From [40], we can get A, = s(A; +F). From [37], we have the following Lemma 4.2.

Lemma 4.2 The sign of Ry — 1 and A, are not different.

Lemma 4.2 establishes the relationship between Ry and A,. Next, when Ry < 1,
the global dynamic behavior of the disease-free stable point of model (2.3) will be
analyzed with the help of Lemmas 4.1 and 4.2.

Theorem 4.1 If Ry < 1, then the disease-free steady state E° is globally asymptoti-
cally stable.

Proof We choose the Lyapunov function

L) = /Q w0 (y. D)y, (y.1) € 2 x [0, +00),

where ug is the eigenfunction of eigenvalue problem (4.3), and its eigenvalue is A,.
It is not hard to discover that L > 0 and L = 0 iff / = 0. By direct calculation, it
follows that

ar / 0 -L1(y.1d
-V = u n. ) )
i = [ m0) g 10 ndy

- fﬂ wo (ks /Q Py — DIz 0dz — ki I(v. 1) + BoF (v, S (. D (v 1)
-y +uNI(y, Hldy. 4.4)
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With the help of assumption (c) and Eq. (4.3), it follows that

/ wo (ks / PGy — 21z, Ddzdy = ki / / P(y — Duo()1 G, dydz
Q Q QLJQ
=k1/ I(z,t)/ P(y—z)uo(y)dyd1=k1/ I(y,t)/ P(y — 2)up(z)dzdy,
Q Q Q Q

= /Q 1(y, Dlkruo(y) — BoFO(MS*Muo(y) + (y () + m(3))uo(y) + Asito(M)1dy.
(4.5)

Then, substituting Eq. (4.5) into Eq. (4.4), we have
I /Quo(y)[k*l(y, 1)+ [BoF (y,)S(y, 1) — BoF~(y)S" (M1 (y, 1)ldy.

By virtue of Lemma 4.2, it is easy to get that if Rg < 1, then A, < 0. In addition,
since ug € X4, % = 0iff / = 0. Hence, we can get that the disease-free steady

state £V is globally asymptotically stable. This completes the proof. O

4.2 Uniform persistence
For the convenience of future discussion, define the following space:

Do:={(S,F,I)eD:1#0}, 0D:={(S,F,I)e D:1=0},
Ny :={(So, Fo, Io) € 3D : ®;((So, Fo, I)) € D, 1 € [0, 00)}.
Before discussing uniform persistence of model (2.3), it is necessary to give the

definition of uniform persistence.

Definition 4.2 If there admits a number ¢ > O such that
min [ tim inf S(v, 0), lim inf F(y, 1), lim inf 7(v, 1)} = ¢

for any initial value (So, Fo, lo) € Dy, then model (2.3) is said to be uniformly
persistent in Dy.

Remark 4.3 The uniform persistence of model (2.3) can be used to describe the long-
term existence of airborne pollutants, susceptible individuals, and infected individuals.
On the other hand, the work of [41] shows that a dissipative, uniformly persistent, and
asymptotically compact model must admit a endemic equilibrium.

In order to discuss the uniform persistence of model (2.3) when Ry > 1, we give
Lemma 4.3 and Lemma 4.4.

Lemma 4.3 «((So, Fo, In)) = {(S°, F°,0)} = {E®} forany (S, Fo, Io) € N3, where
o ((So, Fo, Ip)) denotes the w limit set of the positive orbit {®;((So, Fo, 1o))}i>0-
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Proof According to model (2.3), it is not hard to get that for any (Sy, Fo, Ip) € Ny,

aS(y,

Sayr : :kS/QP(y — )8z, dz = ksS(y, 1) + AY) — u(S(y, 0,
oF (y, 1)
— =kp /Q Py —2)F(z,t)dz —kpF(y,t) +c(y) —0())F(y,1),

for all (y,?) € Q x [0, +00). In virtue of Egs. (3.4) and (3.5), we have that

aS(y,
(Byt D ks / P(y —2)(S(z, 1) — S°(2)dz — (ks + p() (S, 1) — S° (1)),
@ (4.6)
oF(y,1) r 0 0
o —KF . Py —2)(F(z,t) = F (2))dz — (kp +0()(F(y,t) — F-(y)),

for all (y,t) € Q x [0, +00). Set uy(y,t) = So(y) — S(y,t) and us(y,t) =
FO(y) — F(y, t). Then, Eq. (4.6) can be rewritten as follow:

0

ui(y, 1) i
at

dua(y,t)
a

s / P(y = 21 (2, )z — (ks + 1)1 (3.0),
& 4.7)

ke /Q P(y = Dua(z, 0dz — (ki + 0 uz(r.0),

for all (y, 1) € Q x [0, +00). From Egs. (2.4) and (2.7), Eq. (4.7) is equivalent to the
following form in X :

d d
Eul(f) = Agui(1), Euz(t) = Arus(t), t > 0.

Since kr + 6(y) and ks + u(y) are both Lipschitz continuous, it follows from the
same method as obtaining Lemma 4.1 that there exist the principal eigenvalues A} =
s(As) < 0and A5 = s(AF) < 0, and they correspond the eigenfunctions v} (y) €
X4 andv;(y) € X, respectively. For convenience, introduce the following marks:

V() = W), i), U, 1) = (u1(y, 1), uz2(y, 1))

Now, we choose Lyapunov function

L) =/Qv*(y)U(y,l)dY-
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Obviously, L > 0,and L = 0iff U(y, t) = 0, where 0is (0, O)T. The direct calculation
yields that

dL
==
= /Q v (Mlks /S; P(y = Dui(z, )dz — (ks + n(y)ui(y, Hldy (4.8

.9
fQ V@) UGy,

+ /Q v;(Mkr /Q P(y —Dua(z, )dz — (kp + 6 (y))uz(y, 0)ldy.

With the help of assumption (c), it follows that

/ vE (ks / P(y — 21 (2, dzdy = ks f / P(y — vl (ui 2, Ddydz,
Q Q QJQ
=ks/ “l(Z»t)/ P(y—z)vT(y)dde=ks/ ul(y,t)/ P(y — v (2)dzdy,
Q Q Q Q

_ /Q w1 (v, Dk + () + ADvE)Idy. 4.9)

Similarly, it follows that

[ v50ke [ PG = ouate ndzdy = [ w0 0iGhe +00) + 355301
4.10)
Then, substituting Eqgs. (4.9) and (4.10) into Eq. (4.8), it follows that

dL

s =Wff vT(y)ul(y,t)dy+)»§/ vy (Mua(y, t)dy.
t Q Q

Since —A}, —A3, v{(y), and v (y) are all strictly positive, it follows that % <0, and
L — 0iff U(y,1) = 0, that is, S(y, 1) = S°(y) and F(y, 1) = F°(y). This implies
that  ((So, Fo, Io)) = {(8°, F°,0)} = {E°}. This ends the proof. o

Definition 4.4 If there admits a constant € > 0 such that

lim sup || ® (1) ((So, Fo, 10)) — (8, F°,0)]lz > €

t—>—+00

for any (So, Fo, Ip) € Do, then E 0'is a uniform weak repeller for Dy.

The following task is to establish that E? is a uniform weak repeller associated with
Dy.

Lemma 4.4 If Ry > 1, then E° is a uniform weak repeller for Dy.
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Proof Lemma 4.2 gives that Ry > 1 means A, > 0. This implies that there exists a

constant 0 < € < min[F°(y) + S°(y)] such that the eigenvalue problem,
yeQ

Do) = ks /Q PO = 99z — kip() + BP0 ~ S0 ~ ),
— () + 1ONe(K), y € 2,

exists a principal eigenvalue ¥y > O corresponding to a eigenfunction ¢o(y) € X1 +.
On the contrary, assume that

lim sup | @ (1) ((So, Fo, Ip)) — (5°, F®,0)||z <€ (4.12)

t——+00

and show a contradiction. By the definition of upper limit, Eq. (4.12) means that there
exists a constant 7y > O such that

Sy, 1) > S%(y) —eand F(y, 1) > FO(y) — € (4.13)

for all (y, 1) € Q x [Ty, +00). With the help of assumptions (a)-(c) and the variation
of constants formula, it is not hard to get that if (Sg, Fo, Io) € Do, then

S(y,t) >0, F(y,) >0, and [(y, 1) > 0

forall (y, 1) € Q x [Ty, +00). In virtue of the positivity of go(y) and I(y, Tp) for all
y € €, it is immediate to get that there admits a positive constant € such that

1(y, Tp) > Epo(y), Vy € Q.

Denote the solution of the equation

S
=k /Q P(y = D15z, 0dz — ki1 (v, 1) = (y () + OGNS (0, 1)
+ Bo(FO(y) — e)(S°(y) — ) IS (3, 1), (= eq *19
1°(y, To) =€po(y), yeqQ,

by I¢(y, t). Combined with Eq. (4.11), it follows that
IS(y, 1) = e 0Ego(y), ¥ (y.1) € Q x [Tp, +00).
Set
'y, ) =1y, 1) = I5(y,1), ¥ (y,1) € Q x [Ty, +00).
Then, according to the third equation of model (2.3) and Eq. (4.14), it follows that

al'(y,t) _ al(y,1) _ aIs(y, 1)

at at at
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= kg /Q P(y —2)I'(z,t)dz — ki I'(y, 1) — (y(3) + nONI'(y, 1) + BolF (v, 1)

xSy, DI (y, 1) — (FO(y) — )($°(y) — % (3, )],
= A1 G OO) + Bl F(y, DSy, (v, 1) — (FO(y) — )(S°(») — ) IS (v, )],
4.15)

for all (y,?) € Q x [Ty, +00). Because positive semigroup {77(¢)};>0 is generated
by Ay, the solution /‘(y, t) of Eq. (4.15) can be written as

t
'y, 1) = /T Ty (t — 1) Bol F (-, 1) S(-, k) (-, ) — (FO() — €)($°() — €)

0

x 1, k)()di + Ti(t — T)I' (-, To)(y), t > To,y € Q.

Then, with the help of the [42, Theorem 2.1] and Eq. (4.13), it is easy to get that

I'(y, ) = Ty (t = T))I' (-, To)(y)

t
+ f Tr(t — ) Bol(FO(-) — €)(S°() — )1 (-, k)1(y)dxc,

To

forallr > Ty, y € Q. Hence, inspired by the proof of Lemma 3.2, it is not hard to get
that

'y, 1) = Iy, 1) — IS (y, 1) = I(y, 1) — ™" T0Ego(y) > 0, t > Ty, y € Q.

Subsequently, we have

Po(t—To) z

I(y, 1) >e Epo(y), t > Ty, y € Q.

By taking limits on both sides of the above inequality, it is immediate to get that

Bo(t—To) z

liminf I(y, t) > liminf e Epo(y) = +o0.
t—+00

t—+00
This is opposite to the boundedness shown by Theorem 3.2. This ends the proof. O

Remark 4.5 Lemma 4.4 shows that when Ry > 1, the solution of model (2.3) with
(So, Fo, In) € Dy does not tend to the disease-free steady state E 0. It means that for
@ () in Do, {E®} is an isolated invariant set.

Theorem 4.6 If Ry > 1, then model (2.3) with initial condition (Sy, Fy, Iy) € Do is
uniformly persistent.

Proof In virtue of Lemmas 4.3 and 4.4, it is not hard to get EO = (SO, FO, 0) isisolated
in D, and Do N W3 ((S°, F°,0)) = @, where W*((S°, F©, 0)) and @ denote the stable
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manifold of (SO, FO, 0) and empty set, respectively. Hence, with the help of the [42],
there exists a constant > 0 such that

min(inf ¢;(y), inf ¢2(y), inf wa(y))] >
yeQ Q

min |: f
(®1,92,93)€0((So, Fo,10)) yeQ ye

for all (So, Fo, Ip) € Dg. This implies that

liminf S(y,#) > n, liminf F(y,t) > n, and liminf I(y,t) > n
t—+00 t——+00 t—+00

for all y € €. Therefore, model (2.3) is uniformly persistent in Dg. This ends the
proof. O

5 Calculation of the Ry

Although the basic reproduction number R of model (2.3) is defined in Eq. (4.2), it
has an abstract form and cannot be computed explicitly. In order to solve this problem,
we discretize model (2.3) into a model of ordinary differential equational.

Take Q@ = [~a/2,a/2] € R. Let Ay = a/n, y;i == —a/2 +iAy, Pj; =
P(y; — 1), 8Y := SO0y, F? == FO(y), Ai := A, wi := (i), vi = vy (),
¢i :=c(y),0; :=00),i,j=0,1,2,--- ,n,wheren € IN,and IN is the set of natural
numbers. Based on the definition of definite integral, we have the approximation as
follows:

a n

2
/ P(yi —2)B(z,)dz ~ Z PixB(zk, 1) Az, t > 0, (5.1
-2 k=1

where B(y, t) denotes S(y, t), F(y, t), and I(y, t). With the help of Eq. (5.1), model
(2.3) can be rewritten as the following multi-group form:

dS(yi, 1) " a
T ks Y0 S PO 1) + Ar = foF (1 DSOn DI G 1) =
t = n
+ks)S(i, 1) +vil (i, 1),
dF (yi, 1) " a
T =k ) S PaF O 1)+ — O+ k) F 1D, (5.2)
k=1
d1(yi, 1) —a
o =k D Pud (e D)+ BoF (i, DS G D1 G 1) = (i +
t = n
+ kDI, ).

Obviously, the disease-free equilibrium Eg = (SO, FO, 0) of model (5.2) satisfy that

SO = (—=Agsn) ' Anand FO = (=AF ) ey, (5.3)
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where
T T
AN = (A1, A2,---,Ap) , en=(c1,¢2,-++ ,¢Cn) s 5.4
k ks k
aTSPllk—(u1+ks) . SEpPn %Pln
akg akg akg
P21 o Pn — (u2 +kg) - = Pan
Asn = . ) . . , (5.5)
ks ks kg '
S Pl G P w8 Pan = (un +ks)
and
k k k
aTFPnk— (01 +kF) . LE Py aTFPln
LE Py CE Py — (ug +kp) - LE Py,
Apn = _ _ , _ . (5.6)
kp kg ok '
aTFPnl aTFPn2 aTFPnn—(Mn+kF)

It is not hard to see that E2 — E%asn — +oo. Let H; = u; + v + k;. The work
of [43] shows that for model (5.2) the spectral radius of the next generation matrix
R, =F,(—A I,n)’l is defined as the basic reproduction number R, o, where

BoSVFY 0 ... 0
0  PoSIF) - 0
F, = _ T . , (5.7
0 0 BoSYFY
and
k k k
"711]:11 - Hj kaTIPlz a?lpln
aky aky aky
P TP —Hy - TPy
Appn = . (5.8)
k' k Caky
aTIPnl aT]PnZ "'aTIle_Hn

It follows from [31, 44] that R, o — Ro as n — +o00.

6 Numerical simulation

By using numerical simulations, this section demonstrates the validity of our theoret-
ical results established in the previous sections and explores the relationship between
dispersal rate and basic reproduction number. We set 2 = [—1, 1] and employ the
dispersal kernel function

l _ @ arc;;an )')2 c [ l 1]
—F¢€ , y =1, 1]
P(y) =1 V2= 6.1)

0, y € (=00, =) U (1, +00).
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Fig.1 Kernel function P (y)
defined by Eq. (6.1) on [—1, 1]

H
SP(y)inividual)
Foy)

B 20
v

(a) Evolution of the basic (b) Spatial distribution  (c) Spatial distribution of
reproduction number R, o of susceptible individuals  air pollutants F°(y) at E°
SO(y) at E°

Fig.2 Numerical simulation results for Ry, s9¢ y), and F 0¢ y)

It is not hard to see that f_ll P(y)dy = 1. The diagram for P (x) is shown as Fig. 1.

6.1 Numerical simulation of the threshold dynamics

6.1.1 Disease extinction
Based on [13, 15], we choose the parameters of model (5.2) as kg = 1 x 1072 day_l,
krp =4x10"2day~' k; = 1x10~2day~!, A(y) = 0.707x10% individuals-km~"-
day™', y(y) =2.01 x 1072 day~!, B = 2.4769 x 10~* individuals - km - day~",
w(y) =7.07x10" day=", c(y) = 10day=",6(y) = 0.4—0.04sin(wry—1.5)day~".
The initial value of model (5.2) is selected as Sp(y) = 80+-sin(2y) individuals-km™!,
Fo(y) = 10 — 0.1cos(y), Io(y) = 20 — sin(2y) individuals - km~"'. Through the
method introduced in Sect. 5, we can get the following numerical simulations of Ry,
5%(y), and FO(y).

Subsequently, according to Theorem 4.1, it follows that the disease-free steady state
EV is globally asymptotically stable. In fact, one can obtain from Figs. 2and 3that the
susceptible individuals S(y, ) tends to S%(y), the air pollutants F(y, f) converges to
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s

spacey time t

(a) Evolution of S(y,t) (b) Evolution of F(y,t) (c) Evolution of I(y,t)

Fig.3 Numerical simulation results for S(y, 7), I(y,t), and F(y,t) when Ry < 1

Fig.4 Evolution of the basic 151
reproduction number

14 60000000000

FO( y), and the infected individuals 7 (y, t) tends to zero over time. This conclusion is
the same as that given by Theorem 4.1.

6.1.2 Disease persistence

With the help of works [13, 15], we choose the parameters of model (5.2) as kr =
1 x 1072 day™'  k; =1 x 1073 day™!, ks = 0day™!, c(y) = 15day™", 6(y) =
0.440.04 sin(r y — 1.5) day~'. The initial value of model (5.2) is selected as Sp(y) =
80 +0.1sin(2y — 1.5) individuals - km™", Fy(y) = 10+ 0.1 cos(y) individuals -
km=1, In(y) = 20 —0.1sin(2y — 1.5) individuals - km~'. Here, the values of other
parameters are the same as those in Sect. 6.1.1. In virtue of the method introduced in
Sect. 5, it follows that Ry &~ 1.3999 > 1 (see Fig. 4).

Subsequently, it follows from Theorem 4.6 that the disease is uniformly persistent.
Actually, one can obtain from Fig. 5 that when the time evolves to infinity the air
pollutants F(y, t), the susceptible humans S(y, t), and the infected humans 7 (y, )
converge to the heterogenous steady state. This conclusion is the same as that given
by Theorem 4.6.
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(a

5 ! 1
2 4 e gy 05,

o
time t spacey spacey

) Evolution of S(y,t)

10 2 40
time t

(b) Evolution of F(y,t)

— & . | N L

0 20 40 60 8
timet

(¢) Evolution of I(y,t)

Fig.5 Numerical simulation results for S(y, 7), I(y, t), and F(y, t) when Ry > 1

Effect of kI on basic reproduction number

k,=0.001
=== k=0.011
k=0.021

Effect of kF on basic reproduction number

—rmim k=002

kg=0.01

k=003

Fig. 6 Influence of dispersal rate to basic reproduction number

6.2 Effect of dispersal rate on basic reproduction number

This subsection studies how dispersal rates impact upon the basic reproduction number.
Each parameter value is the same as that in Sect. 6.1.2. It follows from Fig. 6increasing
the dispersal rate of infected humans or air pollutants can reduce Ry. From a biological
point of view, this may be due to the fact that infected individuals move more slowly,
resulting in a longer stay in a particular place, thus making the susceptible individuals
more easily infected. For pollutants, with greater dispersal rates, the concentration of
the pollutants at a particular location will be smaller, resulting in a lower infection rate
at this location. As a result, increasing the dispersion rate of diseased persons or air
pollutants is an effective control tool for avoiding disease development.

7 Conclusions

This paper establishes a nonlocal dispersal infectious disease model, in which the
transmission rate is closely related to the concentration of pollutants. First, we explore
the existence, uniqueness, positivity, and boundedness of the solution of model (2.3)
in Theorem 3.1, Lemma 3.1, and Theorem 3.2. Subsequently, we define the basic
reproduction number Ry based on a large number of previous works. The dynamic
behaviors of this model are then discussed in Theorem 4.1 and Theorem 4.6, including
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the global stability of disease-free steady state E° and uniform persistence. Biologi-
cally, whether an outbreak of epidemics that are affected by air pollution is determined
by the basic reproduction number R(y. More specifically, when Ry < 1, the diseases
become extinct, however, when Ry > 1, the diseases are persistent. Furthermore, the
model is discretized into the n-dimensional space, in which the corresponding thresh-
old value R, o can be explicitly calculated, and the corresponding threshold value
Ry.0 converges to Ry as n — 4-oc. Finally, by numerical simulation, it is found that
increasing the dispersal rate of infected individuals or air pollutants is an effective
control tool for avoiding diseases development.

Since time-delay phenomena often occur in the spread of the diseases, it is of interest
to study the dynamics and bifurcation problems of a infectious diseases model with
air pollution and nonlocal diffusion. This will be our future research direction.
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