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Abstract

This work deals with the existence and uniqueness of global solution and finite time
stability of fractional partial hyperbolic differential systems (FPHDSs). Using the
fixed-point approach, the existence and uniqueness of global solution is studied and
an estimation of solution is given. Moreover, some sufficient conditions for the finite
time stability of FPHDSs are established. Numerical experiments illustrate the Stability
result.

Keywords Partial hyperbolic differential systems - Stability analysis - Fractional
order

Mathematics Subject Classification 26A33

1 Introduction

Since twenty years, the area of fractional calculus has gained much attentions by the
researchers and numerous works has been published in this context [1-11]. In fact, in
[1] a phase dynamics of inline Josephson junction in voltage state is discussed, also,
phase difference between the wave functions is analyzed via fractional calculus and a
finite element scheme is used for the simulations of governing equations. In addition,
authors in [5] have replaced the integer first-order derivative in time with the Caputo
fractional derivative in which a numerical approach to chaotic pattern formation in
diffusive predator-prey system is investigated. In the frame of novelty study, a new
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approach for the solution of fractional diffusion problems with conformable derivative
is elaborated with authors in [8].

Fractional differential equations have recently proved to be valuable tools in the
modeling of many phenomena in different domain applications, whether in biology
[12-14], diffusion [8], control theory [15-21] or viscoelasticity [22]. In fact, regrad-
ing biological application, authors in [12] have modeled a fractional order system
for COVID-19 pandemic transmission. In regards control theory, authors in [17]
have presented a novel controller of fractional sliding mode type based on nonlin-
ear fractional-order Proportional Integrator (PI) derivative controller. In addition, with
systems dealing with time varying delay, a new Finite Time Stability (FTS) analysis of
singular fractional differential equations is investigated. Furthermore, regarding fuzzy
neural networks, a finite-time stability is studied in the work of [16].

For some basic results in the theory of fractional partial differential equations
(FPDE?s), the reader is referred to [23-30]. For example, authors in [27] have pre-
sented a Lyapunov-type inequality for the Darboux Problem for FPDEs. Furthermore,
such inequality is used to study the existence of nontrivial solutions of FPDEs.

In the literature, for the existence and uniqueness of Darboux fractional partial
differential equations with time delay, the exist the work of [29]. Compared to the
previous cited work, the existence and uniqueness of solutions is given without any the
Lipschitz constant. Furthermore, there are many works which treat FTS of time delay
fractional order systems when the solution depends on one variable (see [15,16,21,31]),
unlike our studied work treats the case when the solution depends of two variables.

Based on the above interpretation, the contribution of this work is summarized as
follow:

— The existence and uniqueness of the global solution of Darboux fractional partial
differential equations with time delay is proved.

— An estimation of the solutions is given.

— The FTS results of such systems are given and the theoretical contributions are
validated by two numerical examples.

The paper is organized as follows. In Sect. 2, Some basic results related to the
fractional calculus are given. In Sect. 3, the existence, the uniqueness of the global
solutions, the estimation of solutions and the FTS results are investigated. In Sect. 4,
we present some numerical examples which illustrate and prove the efficiency of the
main results.

2 Basic results

Definition 1 The Riemann Liouville fractional integral of order y = (y1, y2) of w is
defined by:

§ r¢
owEo=[er ] / /+(s =" 7@ =0 (s, ndrds,

where a = (a1, ap) € R? and y1, Yy are strictly positives.
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Definition 2 The Riemann Liouville fractional derivative of order y = (yy, y2) of w
is defined by:

DYyw(.8) = D2 17w 0.
§ r¢
_ _ _ -1 .2 e -
=[Fd-y)rd-mw] D, -/aT /a;(é‘ $)T(E = )T Pw(s, 1) drds,
2
where a = (a1, ar) € R2, (y1,y2) € (O, 1)2 and Dg’{ = Bng.

Definition 3 The Caputo fractional derivative of order y = (y1, y») of w is defined
by:

DlwE o) =Dl [wE ) —wE a) —w(a §) +wara) ],
& ¢
—[Fa-ywra-mw]l D, / /+(s — )T )P
ap Jay
X [w(s,t) —w(s,ar) —w(ar, t) +w(ay, ax)]dtds,

32

where a = (a1, a2) € R?, (y1, 2) € (0, 1)* and D , = 3897

Definition 4 The Mittag-Leffler function is defined by:

m

_y_¢
Eg(g)_zf‘(m§+l)’

m=0
where &£ > 0,0 € C.

Remark 1 Let & be a nonzero real. The function v(s) = E;(e(s — p)©) satisfies:

1
I'(7)

/s (s — O )dr = l[u(s) —1],
p e

wheres, p e R, p <s.
Definition5 A mapping @ : T x T — [0, co] is called a generalized metric on a
nonempty set Y, if:
(1) @ (y1, y2) = 0if and only if y; = y»,
() w(yi,y2) =@ (2, v1), Yy, e,
(iil) w(y1, y3) <@ (Y1, v2) + @ (2, ¥3), Y y1. v2, y3 € 1.

The following theorem describes a main result of the fixed point theory.
Theorem 1 [32] Suppose that (Y, w) is a generalized complete metric space. Let
VY — Yisastrictly contractive operator with C < 1. If one can find a nonnegative
integer jo such that w (W0 1y Wioyg) < oo for some yo € Y, then:

(1) W"yg converges to a fixed point y| of ¥, .
(i) yj is the unique fixed point of ¥ in Y* :={y, € T : w (V/Vyp, y2) < 00},
(iii) If y2 € Y*, then @ (y2, 1) < e (W2, y2).
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3 Main results
Throughout the paper, we use the following notations:

T =R" x R" x R?, I =10,T1] x [0, T2],
t=(,5 R, o) = (11(1), 12(s)),
r=@w,v) eR, o) =(r1(u), (),

where 11, 77 are two functions which will be specified later.
We consider the fractional-order system, with the variable t, as follows:

CDYx(t) = Ax(t) + Bx(t — g(t)) + Cd(t)
+ F(t, x(t), x(t — g(t)), d(t)), foralltel, (1)

with the initial condition:
x(t) = ®(t), forallte J,
where @ = (a1, o2), 0 < a1, ap < 1. The function @ is continuous on / and 7 , Ty are
positives. The matrices A, B € R*>"C € R"™P and the function ® € C(J,R").
Here, the domain J is defined by:
J=J\O,T11 % (0,12 and J = [-ry, T1] x [~r2, T3]

where the constants ry, rp are given by:

ri= sup (r1(t)) and rp = sup (12(2)).
1€[0,T1] 1€[0,73]

The source term F € C(R%r x X", R™), (in Eq. (1)), is continuous and satisfies:
3
IF(tw) — F(t, W)l <k Y llui —vi| and F(t,0)=0, )
i=1
forallt € ]Rz+ and for all u = (uy, un, u3), v = (vy, vz, v3) € X", where « is a
continuous function on Ri. ||| is the Euclidean norm.

The function d € RP? is the disturbance. We suppose that the function d €
C(R2, RP) is continuous and satisfies:

Ip>0: d®di) < p. (3)
Let us introduce the following constants ag, ai, ap; which are defined by:

ap = [[All + max(x(t)), ai = ||B|| + max(x(t)), a =|[Cl + max(k(t)),
tel tel tel
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where the function « is given in relation (2).

Definition 6 The system (1) is robustly FTS with respect to {e, o, p, T1, T2}, ¢ < o,
if the following relation is satisfied:

@ <& = [lx(O]| <o, Vtel,

for all disturbance d € R? satisfying (3).

_ Recall that the solution of the system (1) is defined on the extended domain J =
J U I as follows:

(1), forallt e J,
x(t) =
0(t, s) + m Jo Jo @ — w1~ (s — )2~ m(r) dvdu, ¥ (1,5) € 1,
4)
where the functions ., 6 are defined by:
O(t,s) = ®(t,0) + @0, s5) — P(0,0), (5)
T (r) = Ax(r) + Bx(r — 7(r)) + Cd(r) + F(r, x(r), x(r — (1)), d(r)).
(6)

The first main result is given by the following theorem.

Theorem 2 Let ny, np > 0 such that 1 — agl_ﬁ;gl > 0. Assume that hypothesis (2)
is satisfied. Then, Eq. (1) has a unique solution yy on I. In addition, the following
inequality holds:

150®1 = 3[1 + (a0 + @) Mo, 1) Eay (N T{ ey (12 T3 |1 0]
+ayMo(n1, 12) Eey (M T{™) Eqy 0Ty ?) |, (N

where Mo(n1, n2) is given by:
Tlal T2‘12

aotai :
[1— @ () + D (a2 + 1)

Mo(n1, n2) = (8)

The proof of Theorem 2 will be established later.
Let us consider the complete metric space (E, §) that is defined as follows:

11(t) — &2 (D) ]|

E=CW,R") and 8(¢1,0) = inf {M >0, o

§M,Vt€J},
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where the function 7 € C(J, R;) and is defined by:

Eo(mt*")Eq, (n25*?), fort = (¢, 5) € 1,

], fort € [—ry, 0] x [—r2, 0],
MO=1 Eo s, fort € [—r1. 0] x [0, T3], ©
Eﬁtl(nltal)7 fort S [O, Tl] X [_r21 0]'

Let ® € C(J,R"). We consider the operator A : £ — & defined by:

d(t), forallte J,

ANO =1 o(,0) + d0, 5) — ©(0,0)

+raray Jo Jo ¢ —w T (s —v)2 7wy (1) dvdu, ¥ (1, 5) €1,
(10)

where the function 7y is given by:
7y (r) = Ay(r) + By(r — 7(r)) + Cd(r) + F(r, y(r), y(r — 7(r)), d(r)).

Immediately, we have the following proposition.

Proposition 1 The operator A : E — E is contractive.

Proof Recall that r = (u,v) € Ri. Let y;, y» € E, we can deduce, from system
(10), that:

(AyD®) — (Ay)(t) =0, VteJ.
On the other hand, for t = (¢, s) € I we have:
Ay (E) — (Ay2) (@)

B 1 t ps vl w1
= l@mren J f e 0 e =0 (400 - no)
+B(y1(r — (1)) — y2(r — 6(r))) + (F(r’ Y1(E), yi(r = 8(r), d(r)

—F(r, y2(0), ya(r — (1)), d()) ) | dvdu .
Now, by using relation (2), we obtain:
Ay () — (Ay2) @)l

1 e a—1 ar—1
< ramag | a0 e = 0m e + 1A e o)

+( @) + [BI) Iy1(r = 6(r)) — y2(r — ﬂ(r))ll] dvdu.
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From the definition of the constants ag, a;, a>, we deduce that:
[(AyD)(®) — (Ay2) (O] < !
y — (AY N
: ? F(anT (@)
t s
oo [ [ = = 0= i) = 2l dud
o Jo
t K
+a1/ / (1 =™~ s = 0”7 i = 80) = y2(r — ()| dvdu .
o Jo
Or, equivalently:

1
AyD®) — (A O € ————
IAD® = (A O] = Fos

t ops _
x{ao/ / (1 — @1 (s — vy ly1(r) = y2(0)]| h(r) dvdu
o Jo

h(r)
r - _1 Iyi(r = 6(r) — y2(r — g(m) ||
_onea—leo _ oya—1 B
—I—al/(; /0 t —u)¥ (s — v)*? e —9@) h(r ¢(r))dvdu}.

Finally, from the definition of the metric space E, we get:

[(AyD(®) — (Ay2) @]

t ps (l _ u)oqfl(s _ U)ozzfl
< aoa(yl,yz)/o /o Tl @) h(r) dvdu

t ps (t _ u)Ol]f] (S _ U)otzfl
+aié(y1, yz)/o /O C(@)T (@) h(r — @(r)) dvdu.
(11)

Let us mention that we have:
h(r —e(r)) < h(r), forallrel. (12)
Then, we can deduce from relations (11) and (12) that:

[(AyD(®) — (Ay2) Ol

t ps (t _ u)otl—l(s _ U)az—l
< (ap +a1)d(y1, yz)fo /0 Tl @) h(r) dvdu.

Using Remark 1, we get:

+
1Ay ®) — (Ay) )] < 22 m‘” 8(y1, y2)h().
Thus,
+
S§(Ay1, Ay) < 20 jlé(yl,yz).
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Therefore, A is contractive. The proof is complete. O
In the following, we establish the proof of Theorem 2.

Proof (Theorem 2). Let ® € C(J,R"), with |®| < &;. We consider a function x
defined as follows:

(1), VtelJ,
p(t) = 13)
®(,0)+ PO, s) —P(0,0), V(,5) el
It’s easy to see that we have the following estimation:

[u®I <3Pl VteJ. (14)

From the definition of the operator A, see (10), and the definition of the function s,
see (13), we get:

(Aw)(®) —pu(t) =0, VteJ.
For all t = (¢, s) € I, we obtain:

(AW (®) — n@®]

. 1 e a—1 a1
=lrara [, [, oo m v

1 o aj—1 ay—1
< roreg | [ €m0 6 == [0+ anton +aldi] v

- (3(ao +a) | Pl + azlld]| )t"”s‘“
T(ar + DI (a2 + 1) ’

’

where the function 7, is given as in Eq. (6). Then, we deduce that:

[ (Aw)(t) — ()] - (3(610 +a) ||| +azlldll)Ta1Ta2
h(t) C(a;+ Dl +1) /1 727
Hence, we deduce that:
3(ao + aD||P|l + a2lld .0y e
S(Aw, 1) < T T2,
( ““)—( T(a; + D(ar + 1) >1 2

By using Theorem 1 and Proposition 1, there exists a unique solution yg to the problem
(1) such that:

yo(t) = P(t), Vtel,
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and we have the following estimation:

1 (3(ao+al)||q>||+02||d||)Ta1Ta2

5 9 < ’
(o, p) = 1= 9P X T + D2 + 1) L

or, equivalently

500, ) = (3(a0 +anl| @[ + azlld]}) MoGri, n2),

where Mo (11, n2) is given by Eq. (8). So, for all t € I we have

1500 = (Ol = (3@ +a) @) +axlldll) Mo, 12) Eeq (mT") Eay (2 T57).
(1)

It’s well known that:
[yo®I < ll®I + llyo(t) — pn®)ll, tel.
Consequently, using (14) and (15), we can establish that:

oI = 3Pl + (3(610 +apl|®| +a2||d|I)Mo(m, 12) Eay (MT{") Eay (02 157),

= 3[1+ (@0 + a)Mo(n1, 12) Eay 01 T{) Eay (T3 ||
+axMo(n1, 12) Eo, (M T ) Eq, (2T, ) |||

The proof is complete. O

The second main result of this paper is given by the following theorem.

Theorem 3 If there exists 0y, ny > 0 such that: ag + a; < 0112 and the following
inequality holds:

3[1+ (@0 + )Mo, 1) Eay (N T{) Eay (12 T5) e

+[ Mo, 1) By i T Eay T3 |0 < o (16)

Then, the system (1) is FTS w.r.t. {e, o, p, T1, Ta}.

Proof 1t follows from (7) and (16) that (1) is FTS. O

4 Numerical simulation

Recall that the solution of the system (1) is given by the relation (4) as follows:
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2398 H. Arfaoui, A. Ben Makhlouf

1 t s
x(t,5) = 0(t,5) + —f f (t — ) (s — )2 7 (u, v) dvdu,
LT (@) Jo Jo )
(17)
for all (¢, s) € [0, T1] x [0, T»], where the functions 7, 6 are given by relations (5)

and (6). In this section, we study the system (1) where x, 6, 7, € R?, then we suppose
that the solution vector x is of the form:

x(t,s) = (xl(t, s), x2(t, s))T.

We consider an uniform grid in the extended domain [—ry, T1] X [—r2, T2]. Let A =
% = rq—‘ and 8 = % = %, where N, M, p, g € N. We build two sequences (t;);,
(s7); as follows:

i =ik, Vi=—q,—gq+1,—q+2,...,—1,0,...,N
jB, Vi=-p,—p+1,—p+2,....-1,0,.... M.

Sj
At the point (#;, 5;), we have:
1 1 S 1 1
ti,S; =0 ti,S; - t — a)— . oy — , d d ,
x (2 sj) (1 sj)+ F((M])F(Olz),/o /0 (i —u) (Sj v) 7y (u, v) dvdu
(18)

where 0(;,5;) = ®(0,5;) + ®(,0) — ©(0,0). Now, we consider the following
approximations:

x(ti,sj) = xij, 0@i,5)) = 6ij, ©0,s;) = Poj, P(t,0)~ Pig, P(0,0) ~ Poo.

(19)
Then Eq. (18) becomes:
xij = 6;j + L /ti /Sj t — u)“‘_l(sj — )2 g (u, v) dvdu.
I(a)l(a2) Jo Jo
(20)
We deduce from (19) and (20) that:
x0j =6p; = Po; and x;0 = G0 = Pjo.
Equation (20) can be rewritten as follows:
==l w+1 . '
xij = 0jj / — )" (sj —v)* T e (u, v) dvdu.
K F(oq)r(az) ], '
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Now, we can used the approximation proposed in [26]:

i-ly f+1 LSi41 o—1 w1
Xij = 0;j F(al)F(az Z / / (i — w7 (sj — ) e (t, s1) dvdu,

k=0 =

1 i-1j- Tkt1 Sl+l
= 0;j / / u)“l_l(s]- —v)2 1 dudu,
T T &

2D
where we have the approximation (i, §;) ~ nkl and:

7 (tk, 81) = Ax(t, s1) + Bx(ty —r1, 8 — r2) + Cd (., s1)
+ F (e, 81, x (e, 81), x(tx — 11, 81 — 12), d(t, 51)),

and the term

x(ty — 1,51 —r2) = x(kA — g, 1B — pB)
=x((k —q)r, I — p)B) = x(tk—g, S1—p) = Xk—q.1—p>
so, we deduce that:

Kl
e = Axx + Bxg—gi—p + Cdig + F(te, 81, Xr1, Xie—g,1—p» dit)-

By calculating the integral in the right hand side of Eq. (21) and after simplification,
we obtain:

Xo“,Baz i—1j-1 y
Xij = 0;j birerimst, 22
& 1"(051+1)F(a2+1)’;)§ T 22

where b;x, ¢;; are given by:
bix=0—k—=DY =G -, ¢=0(—-1-D)"=((—-D".

The convergence of the method can be deduced from [26]. The error in this method is
given by:

lx(i,s;) = xijll = O™ + %), asi— 0, B+ 0.

5 Numerical examples
In the following numerical examples, we prove that the solution of the system (1)

satisfies the Definition 6. Indeed, we show that for any ¢ > 0 and o > 0 such that:
& < o, we have
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@ <e= x5 <o, VY, s)€l0,T1]x[0, 2] (23)
Recall that the system (1) is given as follows:

D) x(t,5) = Ax(t,s) + Bx(t —r1,s —r2) + Cd(t, s)
+F(t,s,x(t,s),x(t—r1,s—rz),d(t,s)), (24)

for all (¢, s) € [0, T1] x [0, T»], and the initial condition is defined by:
x(trs)=q>(tvs)9 V(I,S)G[—TI,O]X[—VZ,O],

where the solution x (7, s) = (x1(z, ), x2(, )T

Example T We have taken the following data:

a1 2 a2 (2 -3
A=10 (_3 _4>,B_10 <5 _4>,
a1 2 s (5
C=10 (_1 _1>, dt,s) =107 ;).

The source term is in the form:

F(t,s,x(t,5), x(t — 11,5 — ), d(t, 8)) = 0.02 ( sin(x2(7, ) ) .

sin(x1(t —r1,s — 1))
where (1, r2) = (0.1, 0.2). The initial condition:

_{0.07cos(107ts)
®0.5) = < 0.07 cos(971s) )

for all (¢,s) € [—0.1,0] x [—0.2, 0]. Moreover, we have taken: N = 70, M = 60
n =n =1, =0.1,0 = 10 and p = 0.01. In the following, we have plotted
the solution for different values of @ = (o1, o). Remark that | ®|| &~ 0.09899 < e.
Also, the stability relation given in (23) is well satisfied || x(z, s)|| < 10. Indeed, the
norm of the solution x (¢, s) is given in each figure: Figures 1, 2 and 3. In this case, the
fractional-order system (24) is FTS with respect to {¢, o, p, T1, T2}.

In the experiment illustrated by Fig. 4, we take the same data as considered in
Fig. 1, but with a height perturbation d(t,s) = (2,3)7, ||d(¢,s)| ~ 3.605 and
lx(z,s)|| = 9.9441. It’s clear that the stabilization is slower than in Fig. 1 (where
d(t,s) =1073(5, M7, |d(t, s)| ~ 0.0064 and ||x(z, s)|| = 6.4160). In fact, it’s quite
in agreement.

Example 2 Now, we consider the same fractional-order system given in (24), but we
take the following data:

(1 3 (-1 2
A=10 (—2 1)’3—10 05 3 )
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0.08

008
0075
0075
S s
% £ 007
%
0065
0065

0.06

0.06

0 0

Fig. 1 The numerical solution x (¢, s) for (¢, s) € [0, 1.8] x [0, 1.52] and («1, @p) = (0.4,0.9), with a
norm ||x (¢, s)|| = 6.4160

0.08
0075
0.08—
& o
< 0.075
x
0.065 0
£ 0074
N
x
0.06
2 0065
006
18

Fig.2 The numerical solution x (¢, s) for (¢, s) € [0, 1.8] x [0, 1.8] and (a1, ap) = (0.9, 0.8), with a norm
lx(t,s)|| =6.4178

Fig.3 The numerical solution x(z, s) for (¢, s) € [0, 1.8] x [0, 1.2] and (a1, ap) = (0.8, 0.3), with a norm
[lx(t,s)|| =6.4190
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Fig.4 The numerical solution x(z, s) for (¢, s) € [0, 1.8] x [0, 1.52], (¢1, ) = (0.4, 0.9) and a pertur-
bation d(z, s) = (2,3)T, with a norm ||x(z, 5)|| = 9.9441

a3 -1 (1
C=10 <2 05 ) do=107( ).

The source term is in the form:
F(t, s, x(t,s), x(t —r1,s — 1), d(t,s)) = 1073 (Sm(”‘(’ AN ’"2))) .

sin(xa(t, 5))
where (r1, ) = (0.1, 0.1). The initial condition:

_ (0.0l cos(rts)
(1, 5) = (0.01 sin(ms)> ’

for all (¢, s) € [—0.1,0] x [—0.1, 0]. Moreover, we have taken: N = 80, M = 70
n=mn=1,¢e=0.1,0 =1and p = 0.02. Remark that || ®| =~ 0.01414 < ¢. Also,
the stability relation given in (23) is well satisfied ||x (¢, s)|| < 1. Indeed, the norm of
the solution x (¢, s) is given in each figure: Figures 5, 6 and 7. Also, in this case, the
fractional-order system (24) is FTS with respect to {¢, o, p, T1, T2}.

6 Conclusion

In this work, several goals have been achieved. Indeed, we have proved the existence
and uniqueness of a global solution of (FPHDSs) using an approach based on the
fixed-point theory. Moreover, a new sufficient condition for the (FTS) of such systems
is obtained. Finally, some illustrative examples were presented to prove the validity
of our result.
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x1(t,s)

[ )

Fig.5 The numerical solution x(¢, s) for (¢, s) € [0, 1.4] x [0, 1.3] and («1, @p) = (0.2, 0.4), with a norm
lx(z, s)|| = 0.7480

1014 25

SRR
R

Fig. 6 The numerical solution x(, s) for (¢,s) € [0, 1.99] x [0, 1.8] and (a1, a2) = (0.8,0.7), with a
norm |[x(z, s)|| = 0.7481

Fig. 7 The numerical solution x(t, s) for (¢,s) € [0, 1.64] x [0, 1.8] and (a1, a2) = (0.9,0.3), with a
norm |[x(z, s)|| = 0.7481
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