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Abstract In this paper, we investigate the positive solutions of a second-order system
with impulse effects. By using critical point theory the existence result of positive
solutions is obtained.
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1 Introduction

In recent years, a great deal of work has been done in the study of the second-order
boundary value problems with impulses, by which a number of physical, biological
phenomena are described, please refer to [1, 4–8].
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There are two most common techniques to study boundary value problem with
impulse: fixed point theorems in cones [3] are applied to get interesting results, see for
example, [1, 6, 7]; The method of lower and upper solutions with monotone iterative
technique has been used, see [4, 8].

Lin and Jiang [7] have studied the problem
⎧
⎪⎨

⎪⎩

−x′′ = f (t, x), t �= tk, t ∈ [0, T ],
−�x′|t=tk = Ik(x(tk)), k = 1,2, . . . ,m,

x(0) = x(1) = 0.

(1.1)

By using fixed point index in cones, the existence of positive solutions is obtained.
On the other hand, many researchers have used variational methods to study the

existence of solutions for boundary value problems (or systems), please refer to [2,
9–12, 14, 15]. Periodic problems and Dirichlet boundary value problems without
impulses have been studied by critical point theorems.

However, to our best knowledge, few authors have studied the existence of positive
solutions for second-order system with impulse effects by using variational methods.
As a result the goal of this paper is to fill the gap in this area.

We, in this paper, study the existence of positive solutions for the following
second-order system with impulse effects

⎧
⎪⎨

⎪⎩

d
dt

(�p(ẋ(t))) + ∇F(t, x(t)) = 0, t ∈ [0, T ],
−��p(ẋ(ti)) = ∇Ii(x(ti)), i = 1,2, . . . , l,

x(0) = x(T ) = 0,

(1.2)

where T > 0, x ∈ RN,p > 1, 0 = t0 < t1 < · · · < tl < tl+1 = T , ��p(ẋ(ti)) =
�p(ẋ(t+i )) − �p(ẋ(t−i )), where ẋ(t+i )(respectively ẋ(t−i )) denotes the right limit
(respectively left limit) of ẋ(t) at t = ti .

�p(x) = |x|p−2x =
⎛

⎝

√
√
√
√

N∑

i=1

x2
i

⎞

⎠

p−2 ⎛

⎜
⎝

x1
...

xN

⎞

⎟
⎠ .

Throughout this paper, we assume that ∇F(t, x) = ∂
∂x

F (t, x), ∇Ii(x) = (
∂Ii

∂x1
, . . . ,

∂Ii

∂xN
), ∇F(t, x) : [0, T ] × (R+)

N → (R+)
N

,R+ = [0,+∞), ∇F(t,0) �≡ 0, ∇Ii ∈
C((R+)

N
, (R+)

N
). Obviously, for N = 1,p = 2, T = 1, system (1.2) reduced

to (1.1).
Our aim of this paper is to apply critical point theory to system (1.2) and prove the

existence of at least one positive solution. The character of this paper is as follows:
First, the problem that we deal with is a system with a p-Laplacian, which is different
from those in the literature, [1, 5–8]; Secondly, we transfer the solutions of (1.2) into
the critical points of some functional, which is called the variational framework. By
applying critical point theory to the functional, we prove the existence of positive
solutions for system (1.2).

In this paper, we assume that the following conditions hold:
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(C1) |∇F(t, x)| = ◦(|x|p−1), |∇Ii(x)| = ◦(|x|p−1) as |x| → 0 uniformly in
t ∈ [0, T ], i = 1,2, . . . , l;

(C2) there exist μ > p, such that

0 < μF(t, x) ≤ (∇F(t, x), x), μIi(x) ≤ (∇Ii(x), x),

i = 1,2, . . . , l, (t, x) ∈ [0, T ] × (R+)N .

For the remainder of this section, we present Mountain Pass Theorem which will
be needed in Sects. 2 and 3.

Lemma 1.1 [3] Let E be a Banach space and ϕ ∈ C1(E,R) satisfy Palais-Smale
condition. Assume there exist x0, x1 ∈ E, and a bounded open neighborhood � of x0
such that x1 \ � and

max{ϕ(x0), ϕ(x1)} < inf
x∈∂�

ϕ(x).

Let

� = {h |h : [0,1] → E is continuous and h(0) = x0, h(1) = x1}
and

c = inf
h∈�

max
s∈[0,1]

ϕ(h(s)).

Then c is a critical value of ϕ, that is, there exists x∗ ∈ E such that ϕ′(x∗) = � and
ϕ(x∗) = c, where c > max{ϕ(x0), ϕ(x1)}.

2 Related lemmas

To begin with, we introduce some notations. Here, and in the sequel, we assume that,

|x| =
√

∑N
i=1 x2

i , x = (x1, x2, . . . , xN), (x, y) = ∑N
i=1 xiyi, x, y ∈ RN . The function

x(t) ≥ 0 denotes xi(t) ≥ 0, t ∈ [0, T ], i = 1, . . . ,N .
Define the space

X = {x ∈ W 1,p([0, T ]) : x(0) = x(T ) = 0}

equipped with the norm ‖x‖X = (
∫ T

0 |ẋ(t)|pdt)
1
p , which is clearly equivalent to

the usual one. Obviously, X is a reflexive Banach space. We denote ‖x‖∞ :=
maxx∈[0,T ] |x(t)| to be the norm in C0([0, T ]). Moreover, ‖x‖Lr stands for the norm
in Lr([0, T ]), r ∈ [1,+∞]. Clearly, there exists a positive constant K satisfying

‖x‖∞ ≤ K‖x‖X for x ∈ X. (2.1)

Definition 2.1 A function x ∈ X is said to be a classical solution of system (1.2) if
x satisfies equation in (1.2) for all t ∈ [0, T ]\{t1, . . . , tl} and impulsive condition and
boundary condition of (1.2). Moreover, x is said to be a positive classical solution of
system (1.2) if x(t) ≥ 0, x(t) �≡ 0, t ∈ [0, T ].
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Lemma 2.1 For x ∈ X. Let x± = max{±x,0}, then the following six properties
hold:

(i) x ∈ X ⇒ x+, x− ∈ X;
(ii) x = x+ − x−;

(iii) ‖x+‖X ≤ ‖x‖X;
(iv) if (xn) uniformly converges to x in C([0, T ]), then (x+

n ) uniformly converges to
x+ in C([0, T ]);

(v) (x+(t), x−(t)) = 0, ( ˙(x+)(t), ˙(x−)(t)) = 0 for t ∈ [0, T ];
(vi) (�p(x), x+) = |x+|p , (�p(x), x−) = −|x−|p .

Lemma 2.2 If x ∈ C([0, T ]) is a classical solution of system

⎧
⎪⎨

⎪⎩

d
dt

(�p(ẋ(t))) + ∇F(t, x+(t)) = 0, t �= ti , t ∈ [0, T ],
−��p(ẋ(ti)) = ∇Ii(x

+(ti)), i = 1,2, . . . , l,

x(0) = x(T ) = 0,

(2.2)

then x(t) ≥ 0, x(t) �≡ 0, t ∈ [0, T ] and hence it is a positive classical solution of
system (1.2).

Proof If x ∈ C([0, T ]) is a classical solution of system (2.2), by Lemma 2.1 we have

0 =
∫ T

0

(
d

dt
(�p(ẋ(t))) + ∇F(t, x+(t)), x−(t)

)

dt

=
l∑

i=0

(�p(ẋ(t)), x−(t))|ti+1
t=ti

−
∫ T

0
(�p(ẋ(t)), ˙(x−)(t))dt

+
∫ T

0
(∇F(t, x+(t)), x−(t))dt

= −
l∑

i=1

(��p(ẋ(ti)), x(ti)) −
∫ T

0
(�p(ẋ(t)), ˙(x−)(t))dt

+
∫ T

0
(∇F(t, x+(t)), x−(t))dt

≥ −
l∑

i=1

(��p(ẋ(ti)), x
−(ti)) +

∫ T

0
| ˙(x−)(t)|pdt

=
l∑

i=1

(∇Ii(x
+(ti)), x

−(ti)) +
∫ T

0
| ˙(x−)(t)|pdt ≥ 0, (2.3)

so x−(t) = 0 for t ∈ [0, T ], that is x(t) ≥ 0 for t ∈ [0, T ]. If x(t) ≡ 0 for t ∈ [0, T ],
the fact ∇F(t,0) �≡ 0 for t ∈ [0, T ] gives a contradiction. �
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Remark 2.1 By Lemma 2.2, in order to find the positive classical solutions of sys-
tem (1.2) it suffices to get classical solutions of (2.2).

For each x ∈ X, put

ϕ(x) :=
∫ T

0

[
1

p
|ẋ(t)|p − (F (t, x+(t)) − (∇F(t,0), x−(t)))

]

dt

−
l∑

i=1

[Ii(x(ti)) − (∇Ii(0), x−(ti))]. (2.4)

Clearly, ϕ is a Gâteaux differentiable functional whose Gâteaux derivative at the point
x ∈ X is the functional ϕ′(x) ∈ X∗, given by

〈ϕ′(x), v〉 =
∫ T

0
[(�p(ẋ(t)), v̇(t)) − (∇F(t, x+(t)), v(t))]dt

−
l∑

i=1

(∇Ii(x
+(ti)), v(ti)) (2.5)

for every v ∈ X.

Lemma 2.3 If the function x ∈ X is a critical point of the function ϕ, then x ∈ X is
a solution of system (2.2).

Proof If x ∈ X is critical point of the function ϕ, then 〈ϕ′(x), v〉 = 0 for any v ∈ X.
By integration by parts, one has

〈ϕ′(x), v〉 =
∫ T

0
[(�p(ẋ(t)), v̇(t)) − (∇F(t, x+(t)), v(t))]dt

−
l∑

i=1

(∇Ii(x
+(ti)), v(ti))

=
l∑

i=0

(�p(ẋ(t)), v(t))|ti+1
t=ti

−
∫ T

0

(
d

dt
(�p(ẋ(t))) + ∇F(t, x+(t)), v(t)

)

dt

−
l∑

i=1

(∇Ii(x
+(ti)), v(ti))

= −
l∑

i=1

(��p(ẋ(ti)) + ∇Ii(x
+(ti)), v(ti))

−
∫ T

0

(
d

dt
(�p(ẋ(t))) + ∇F(t, x+(t)), v(t)

)

dt.
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So

l∑

i=1

(��p(ẋ(ti)) + ∇Ii(x
+(ti)), v(ti))

+
∫ T

0

(
d

dt
(�p(ẋ(t))) + ∇F(t, x+(t)), v(t)

)

dt = 0 (2.6)

for all v ∈ X. Without loss of generality, we assume that v ∈ C∞
0 (t+i , ti+1), v(t) ≡ 0

for t ∈ [0, ti] ∪ [ti+1, T ]. Then by fundamental lemma of variational methods,

d

dt
(�p(ẋ(t))) + ∇F(t, x+(t)) = 0, t ∈ (ti , ti+1).

That is, the equation of system (2.2) holds. Thus by (2.6),

l∑

i=1

(��p(ẋ(ti)) + ∇Ii(x
+(ti)), v(ti)) = 0

holds for all v ∈ X. Since v ∈ X is arbitrary, one has −��p(ẋ(ti)) = ∇Ii(x
+(ti)),

i = 1,2, . . . , l. Besides x ∈ X means that x(0) = x(T ) = 0. Therefore, x is a solution
of system (2.2). �

Lemma 2.4 Suppose that (C2) holds. Then the functional ϕ satisfies Palais-Smale
condition, i.e., every sequence {xn} in X satisfying ϕ(xn) is bounded and ϕ′(xn) → 0
has a convergent subsequence.

Proof First we prove that (xn) is a bounded sequence in X. By Lemma 2.1(vi)
and (2.5) we have

〈ϕ′(xn), x
−
n 〉 =

∫ T

0
[(�p(ẋn(t)),

˙x−
n (t)) − (∇F(t, x+

n (t)), x−
n (t))]dt

− (∇Ii(x
+
n (ti)), x

−
n (ti))

= −
∫ T

0
| ˙(x−

n )(t)|pdt −
∫ T

0
(∇F(t, x+

n (t)), x−
n (t))dt

− (∇Ii(x
+
n (ti)), x

−
n (ti))

≤ −‖x−
n ‖p

X. (2.7)

Set w−
n = x−

n

‖x−
n ‖X

. Dividing ‖x−
n ‖X on the both sides of the above inequality, we have

‖x−
n ‖p−1

X ≤ −〈ϕ′(xn),w
−
n 〉 → 0 as n → ∞.

So x−
n → 0 in X. Now we shall show that (x+

n ) is bounded.
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By (2.4), (2.5), one has

μ

p
‖xn‖p

X − ‖x+
n ‖p

X = μϕ(xn) − 〈ϕ′(xn), x
+
n 〉

+ μ

∫ T

0
[F(t, x+

n (t)) − (∇F(t,0), x−
n (t))]dt

−
∫ T

0
(∇F(t, x+

n (t)), x+
n (t))dt + μ

l∑

i=1

[Ii(x(ti))

− (∇Ii(0), x−
n (ti))]

−
l∑

i=1

(∇Ii(x
+
n (ti)), x

+
n (ti)).

From (C2) and Lemma 2.1, it follows that
(

μ

p
− 1

)

‖x+
n ‖p

X ≤ μϕ(xn) − 〈ϕ′(xn), x
+
n 〉 − μ

∫ T

0
(∇F(t,0), x−

n (t))dt

− μ

l∑

i=1

(∇Ii(0), x−
n (ti))

≤ μϕ(xn) − 〈ϕ′(xn), x
+
n 〉. (2.8)

Suppose that (x+
n ) is unbounded. Passing to a subsequence, we may assume if nec-

essary, that ‖x+
n ‖X → +∞ as n → +∞. Dividing the both sides of (2.8) by ‖x+

n ‖p
X ,

denoting w+
n = x+

n

‖x+
n ‖X

, we have

μ

p
− 1 ≤ μϕ(xn)

‖x+
n ‖p

X

− 〈ϕ′(xn),w
+
n 〉

‖x+
n ‖p−1

X

.

Noticing that ϕ(xn) is bounded and ϕ′(xn) → 0 as n → +∞. Let n → +∞, we have
μ
p

− 1 ≤ 0, a contradiction. So (xn) is bounded in X.
From the reflexivity of X, we may extract a weakly convergent subsequence, that

for simplicity, we call (xn), xn ⇀ x. Following we will show that (xn) strongly con-
verges to x. By (2.5) one has

〈ϕ′(xn) − ϕ′(x), xn − x〉

=
∫ T

0
(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

−
∫ T

0
(∇F(t, x+

n (t)) − ∇F(t, x+(t)), xn(t) − x(t))dt

−
l∑

i=1

(∇Ii(x
+
n (ti)) − ∇Ii(x

+(ti)), xn(ti) − x(ti)). (2.9)
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Since xn ⇀ x in X, we have (xn) uniformly converges to x in C([0, T ]). So

∫ T

0
(∇F(t, x+

n (t)) − ∇F(t, x+(t)), xn(t) − x(t))dt

+
l∑

i=1

(∇Ii(x
+
n (ti)) − ∇Ii(x

+(ti)), xn(ti) − x(ti)) → 0 (2.10)

as n → +∞. By ϕ′(xn) → 0 and xn ⇀ x, we have

〈ϕ′(xn) − ϕ′(x), xn − x〉 → 0 as n → +∞. (2.11)

By (2.2) of [13], there exist ci > 0, i = 0,1, . . . , l such that

∫ T

0
(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

=
l∑

i=0

∫ ti+1

ti

(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

≥
l∑

i=0

ci

∫ ti+1

ti

|ẋn(t) − ẋ(t)|pdt ≥ min{ci : i = 0,1, . . . , l}
∫ T

0
|ẋn(t) − ẋ(t)|pdt

= min{ci : i = 0,1, . . . , l}‖xn − x‖p
X, for p ≥ 2. (2.12)

So for p ≥ 2, (2.9)–(2.12) yield that ‖xn − x‖X → 0 as n → ∞.
By (2.2) of [13], there exist di > 0, i = 0,1, . . . , l such that

∫ T

0
(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

=
l∑

i=1

∫ ti+1

ti

(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

≥
l∑

i=1

di

∫ ti+1

ti

|ẋn(t) − ẋ(t)|2
(|ẋn(t)| + |ẋ(t)|)2−p

dt for 1 < p < 2. (2.13)

For 1 < p < 2, by Hölder’s inequality, we have for x, y ∈ X,

∫ ti+1

ti

|ẋ(t) − ẏ(t)|pdt

≤
(∫ ti+1

ti

|ẋ(t) − ẏ(t)|2
(|ẋ(t)| + |ẏ(t)|)2−p

dt

) p
2 ×

(∫ ti+1

ti

(|ẋ(t)| + |ẏ(t)|)p
) 2−p

2

≤
(∫ ti+1

ti

|ẋ(t) − ẏ(t)|2
(|ẋ(t)| + |ẏ(t)|)2−p

dt

) p
2

2
(p−1)(2−p)

2
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×
[∫ ti+1

ti

(|ẋ(t)|p + |ẏ(t)|p)dt

] 2−p
2

. (2.14)

So (2.13), (2.14) yields
∫ T

0
(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

≥
l∑

i=0

di

⎧
⎨

⎩

∫ ti+1
ti

|ẋn(t) − ẋ(t)|pdt

2
(p−1)(2−p)

2 [∫ ti+1
ti

(|ẋn(t)|p + |ẋ(t)|p)dt] 2−p
2

⎫
⎬

⎭

2
p

=
l∑

i=0

di

(
∫ ti+1
ti

|ẋn(t) − ẋ(t)|pdt)
2
p

2
(p−1)(2−p)

p [∫ ti+1
ti

(|ẋn(t)|p + |ẋ(t)|p)dt] 2−p
p

≥ min{di : i = 0,2, . . . , l}∑l
i=0(

∫ ti+1
ti

|ẋn(t) − ẋ(t)|pdt)
2
p

2
(p−1)(2−p)

p
∑l

i=0[
∫ ti+1
ti

(|ẋn(t)|p + |ẋ(t)|p)dt] 2−p
p

. (2.15)

By the basic inequality (
∑n

i=1 |ai |)p ≤ max{np−1,1}∑n
i=1 |ai |p ,

l∑

i=0

(∫ ti+1

ti

|ẋn(t) − ẋ(t)|pdt

) 2
p ≥ (

∑l
i=0

∫ ti+1
ti

|ẋn(t) − ẋ(t)|pdt)
2
p

max{(l + 1)
2
p
−1

,1}

= ‖xn − x‖2
X

max{(l + 1)
2
p
−1

,1}
. (2.16)

From (2.15), (2.16) one has
∫ T

0
(�p(ẋn(t)) − �p(ẋ(t)), ẋn(t) − ẋ(t))dt

≥ M‖xn − x‖2
X

∑l
i=0[

∫ ti+1
ti

(|ẋn(t)|p + |ẋ(t)|p)dt] 2−p
p

. (2.17)

Thus (2.9)–(2.11), (2.17) yield ‖xn − x‖X → 0 in X, that is (xn) strongly converges
to x in X. �

3 Main results

Theorem 3.1 Suppose that (C1) (C2) hold. Then system (1.2) has at least one posi-
tive solution.

Proof We use Lemma 1.1 to prove the existence of a nontrivial critical point of ϕ.
We already know that ϕ(0) = 0 and ϕ satisfies the Palais-Smale condition. Hence, it
suffices to prove that ϕ satisfies the following conditions:
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(a) there are constants α and ρ > 0 such that ϕ|∂Bρ∩Y ≥ α;
(b) there is q0 ∈ X \ Bρ such that ϕ(q0) ≤ 0.

By (C1), for all ε > 0, there is a δ > 0 such that |F(t, x)| ≤ ε|x|p, |Ii(x)| ≤ ε|x|p
whenever |x| ≤ δ. Let ρ = δ. By (2.1),

∫ T

0
F(t, x+(t))dt ≤ ε

∫ T

0
|x+(t)|pdt ≤ εT ‖x‖p∞ ≤ εT Kp‖x‖p

X

and
∣
∣
∣
∣
∣

l∑

i=1

Ii(x
+(ti))

∣
∣
∣
∣
∣
≤ ε

l∑

i=1

|x+(ti)|p ≤ εlKp‖x‖p
X.

Therefore, for ‖x‖X = ρ, we have

ϕ(x) =
∫ T

0

[
1

p
|ẋ(t)|p − (F (t, x+(t)) − (∇F(t,0), x−(t)))

]

dt

−
l∑

i=1

[Ii(x(ti)) − (∇Ii(0), x−(ti))]

≥ 1

p
‖x‖p

X − εT Kp‖x‖p
X − lεKp‖x‖p

X

=
[

1

p
− εT Kp − lεKp

]

‖x‖p
X.

It suffices to choose ε = 1
2p(T +l)Kp to get

ϕ(x) ≥ ρp

2p
= α > 0.

Consider

ϕ(σx) =
∫ T

0

[
1

p
σp|ẋ(t)|p − (F (t, σx+(t)) − σ(∇F(t,0), x−(t)))

]

dt

−
l∑

i=1

[Ii(σx(ti)) − σ(∇Ii(0), x−(ti))]

for all σ ∈ R. By (C2), there exists a continuous function α1(t) > 0 such that
F(t, x) ≥ α1(t)|x|μ, Ii(x) ≥ β1|x|μ for all |x| ≥ 1. Let q ∈ X be satisfying |q| ≥ 1
on an open and nonempty interval I ⊂ [0, T ]. For any σ ≥ 1, one has

ϕ(σq) = σp

p

∫ T

0
|q̇(t)|pdt −

∫ T

0
[F(t, σq+(t)) − (∇F(t,0), σq−(t))]dt

−
l∑

i=1

[Ii(σq+(ti)) − (∇Ii(0), σq−(ti))]
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≤ σp

p
‖q‖p

X −
∫

I

α1(t)|σq+(t)|μdt +
∫ T

0
(∇F(t,0), σq−(t))dt

−
l∑

i=1

[β1|σq+(ti)|μ − (∇Ii(0), σq−(ti))].

Since μ > p, we can find σ ≥ 1 such that ‖σq‖X ≥ R > ρ and ϕ(σq) ≤ 0 = ϕ(0).
Therefore, ϕ satisfies (a), (b). Applying Lemma 1.1 to ϕ, there exists y∗ such that
ϕ′(y∗) = �, ϕ(y∗) = c > max{ϕ(0), ϕ(λ0y0)} = 0. Clearly y∗(k) �≡ 0 for all k ∈
[0, T + 1]. Lemma 2.2 means that system (1.2) has at least one positive solution. �

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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