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DIMENSIONS 1 AND ECONOMICS: SOME PROBLEMS 

WILLIAM BARNETT I I  

• . . the units of all physical quantities, as well as their magnitudes, [should be included] in all of his 
calculations. 2 This will be done consistently in the numerical examples throughout the book. 

-Sears and Zemansky, University Physics 1955 

T 
he  c o n s i s t e n t  a n d  cor rec t  u se  of d i m e n s i o n s  is e s sen t i a l  to sc ien t i f ic  w o r k  invo lv ing  m a t h e m a t i c s .  
The i r  ve ry  ex i s t ence  crea tes  the po ten t i a l  for er rors :  o m i t t i n g  t h e m  w h e n  they s h o u l d  be  i nc luded ,  
m i s u s i n g  t h e m  w h e n  they are inc luded ,  a n d  others .  However,  the i r  ex i s t ence  also m a k e s  pos s ib l e  

d i m e n s i o n a l  analys is ,  w h i c h  can  be  a s ign i f i can t  factor in avo id ing  error. In  the e q u a t i o n  y = /c ( . ) ,  if  y 
s h o u l d  have d i m e n s i o n s  t h e n  so also s h o u l d / ,  a n d  they s h o u l d  be iden t i ca l  to those  of y. If y s h o u l d  no t  
have t h e m  then  ne i the r  s h o u l d / ' h a v e  them. Such an  ana lys i s  o f y  = f ( - )  w o u l d  de te rmine :  (1) wh ich ,  if  any, 
d i m e n s i o n s  y a n d  each  e l emen t  o f / ,  a n d  c o n s e q u e n t l y  f, i tself ,  s h o u l d  have; and ,  (2) w h e t h e r  the d imen-  
s ions  of [ a n d  y are ident ica l ,  w h i c h  is a necessary,  t h o u g h  no t  suff ic ient ,  c o n d i t i o n  for the e q u a t i o n  to be 
correct .  An er ror  revealed by  a cor rec t ly  p e r f o r m e d  d i m e n s i o n a l  ana lys i s  i nd i ca t e s  a f u n d a m e n t a l  prob-  

lem. 3 Therefore ,  the i m p o r t a n c e  of d i m e n s i o n s  for sc ience  can  h a r d l y  be  overs ta ted .  
The f irst  sec t ions  of th is  p a p e r  cons ider ,  respectively,  the  fo l lowing  two p r o b l e m s  tha t  a r i se  w h e n  

d i m e n s i o n s  are no t  cor rec t ly  i n c l u d e d  in  e c o n o m i c  mode l s :  (1) those  tha t  are m e a n i n g l e s s  or e conomica l l y  
u n r e a s o n a b l e ;  and ,  (2) those  t h a t  are i n c o n s t a n t q . e . ,  the s a m e  c o n s t a n t  or va r i ab le  h a v i n g  d i f ferent  d imen-  
s ions ,  as if  ve loc i ty  were  s o m e t i m e s  m e a s u r e d  in  mete rs  pe r  s e c o n d  and  o the r  t imes  m e a s u r e d  in  me te r s  
o n l y  or in  me te r s  s q u a r e d  pe r  second .4  The  th i rd  sec t ion  p rov ides  a m a c r o e c o n o m i c  example  of the "d imen-  
s ions  p rob lem"  f rom an  ar t ic le  i n  a recent  i s sue  of a l ead ing  Eng l i sh  l a n g u a g e  e c o n o m i c s  journa l •  Sect ion 
four c o n t a i n s  a d i scuss ion ;  a n d  the f ina l  sec t ion ,  the conc lus ions•  

The ana lys i s  in  th is  p a p e r  c o n c e r n s  p r o d u c t i o n  func t ions  a n d  is r o b u s t  w i t h  respec t  to inc reases  in  
the n u m b e r  of i n d e p e n d e n t  va r i ab le s  and  to a l te rna t ive  func t iona l  forms.  5 Moreover, the  ana lys i s  is  r obus t  
w i t h  r espec t  to o thers  u s e d  in  e c o n o m i c  theory:  e.g., utility, d e m a n d ,  a n d  s u p p l y  func t ions .  

WILLIAM BARNETT II is associate professor at Loyola University New Orleans. The author wishes to thank an anonymous referee of 
this journal for incisive and very helpful comments on an earlier draft. The author also wishes to thank his colleague, Walter Block, 
without whose encouragement and assistance this article would never have seen the light of day. 

1Throughout, "dimensions" is used generically and "units," specifically. Thus, distance is a dimension and centimeters, 
meters, and feet are among the alternative units of the dtstauce dimension. 

2Sears and Zemansky (1955, p. 3) distinguish units and magnitudes, magnitudes being pure numbers, as follows: 

We shall adopt the convention that an algebraic symbol representing a physical quantity, such as F, p, or 
v, stands for both a number and a unit. For example, F might represent a force of 10 lb, p a pressure of 
15 lb/ft 2, and va velocity of 15 ft/sec When we write x = v0t+ ½ at 2, i fx i s  in feet then the terms rot and 
½ at 2 must be in feet also. Suppose t is in seconds. Then the units of v o must be ft/sec and those of a must 
be ft/sec 2. (The factor ½ is a pure number, without units.) 

3Sears, Zemansky, and Young state: 

When a problem requires calculations using numbers with units, the numbers should always be written 
with the correct units, and the units should be carried through the calculation as in the example above. 
This provides a useful check for calculations, f ia t  some stage in the calculation you find an equation or 
expression has inconsistent units, you know you have made an error somewhere. In this book we will 
abvays carry units through all calculations, and we strongly urge you to follow this practice when you solve 
problems. (1987, p. 7; emphasis added) 

Dimensional analysis is used to check mathematical relations for consistency of their dimensions.. ,  fill- 
the dimensions are not the same, the relation is incorrect (Cumell &Johnson 2001, p. 6; emphasis added) 

4These are not those of aggregation in disguise; they can, and do, exist in models of but one good and one resource, labor. 
Rather, the issues dealt with here are even more basic and devastating for mathematical economics and econometrics than is that 
of aggregation. 

5Ahhough not directly related to the subject under discussion, it should be noted that there is a fundamental problem with 
the use of the mathematics of functions in economics. One sine qua non of a function is that, for any specific set of values of the 
independent variables, there must be a unique value of the dependent variable. 

"Let X and Y be nonempty sets. Let f be a collection of ordered pairs (x, y) with x ~ X and y ~ Y. Then J is a function from 
X to Y if to every x ~ X there is assigned a unique y e Y" (Thomas 1968, p. 13; emphasis added). 
Therefore, it is incorrect to express production relationships in any case in which Leibensteinian style X-inefficiency can exist. For 
an example of such a situation see note 11. 
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MEANINGLESS OR ECONOMICALLY UNREASONABLE DIMENSIONS 

One widely used function 6 is a 2-input "Cobb-Douglas" (CD) production function. A typical CD function 
is given by Q = AKIXLP, in which: Q is the output variable; K and L are the capital and labor input variables, 
respectively; A, may be a constant or a variable; and, ix and ~ are the elasticity of output with respect to 
capital and with respect to labor, respectively. Consider a 2-input, CD, production function for a specific 
good, widgets: Q = AISLe. If dimensions are used correctly, output, capital, and labor each must  have both 
magnitude and dimension(s), while ix and I] are pure numbers.  Assume, for example,that: 7 

(1) Q is measured in widgets/elapsed time (wid/yr); 
(2) K is measured in units of machine-hours~elapsed time (caphr/yr); and, 
(3) L is measured in man-hours/elapsed time (manhr/yr). 

Then a dimensional analysis of the production function Q = AI~L~ establishes that A (= Qlh'RL 13) is 
measured in (v~dgets/elapsed time)/([machine-hours/ elapsed time]ix. [man-hours~elapsed time]13); i.e., in 
( wid. yr( O~+~-l ))/ ( caphf et . manhoB). 

Only positive values of ix and of [3 are acceptable, as nonpositive values for either, or for both, imply 
negative or zero marginal productivity of the relevant input(s). If ix = 13 = 1, then the dimensions o f / ~ ,  
LP, and Q--machine-hours per year, man-hours per year, and widgets per year, respectively-are meaning- 
ful. But, the d imens ions  of A are widgets per (machine-hours  man-hours )  per year or 
wid / (caphr ,  manhr)/yr .  For those dimensions to be meaningful, requires, at a minimum, that the product 
of machine-hours and man-hours is meaningful, a dubious proposition indeed. However, even if the 
dimensions are meaningful in this case, they are economically unreasonable. For, if o~ = 13 = 1, the mar- 
ginal products of both K and L are positive constants (the Law of Diminishing Returns is violated) and 
there are unreasonably large economies of scale--a doubling of both inputs, ceteris paribus, would 
quadruple output. 

Alternatively, if it is not true that (z = 13 = 1, then either ot or 13, or both, have noninteger values or inte- 
ger values of two or greater. Noninteger values of ct or [3, or both, result in such units as, for example, 
(man-hours/year) 0"5 or (man-hours/year) 1.5 for L[ ~, and similarly f o r / ~ .  But the square roots of man- 
hours and of years are meaningless concepts, as are the square roots of the cube of man-hours and the 
cube of years. Also, integer values of two or greater for c~ or [3, or both, result in such units as, for exam- 
ple, (man-hours/year) 2 or (man-hours/year)  3" for L[ 3, and similarly f o r / ~ .  But the squares of man-hours 
and of years are meaningless concepts, as are the cubes of man-hours and of years, and similarly for 
machine-hours. (The units of A are even more meaningless, if that is possible.) Therefore, no matter what  
the values of ix and 13 , the dimensions are either meaningless or economically unreasonable. 

If the same 2-input, CD, production function, Q = AhXZL~, is used, but Q is taken to be aggregate out- 
put, then the function is an aggregate, or macroeconomic, production function. However, and for the same 
reasons as in the microeconomic example, a correct use of dimensions here also yields dimensions that 
are either meaningless or economically unreasonable. Moreover, an additional problem, that of aggrega- 
tion, arises in the macroeconomic case. 

The problem of dimensions that are either meaningless or economically unreasonable cannot be elim- 
inated by using more complex production functions such as the constant elasticity of substitution (CES); 
if anything, it is exacerbated. 

A correct use of dimensions in these examples, then, yields results that are either meaningless or eco- 
nomically unreasonable. However, these problems only become evident when dimensions are correctly 
included in the model, which is rarely 8 the case with economic modeling. 

6This is an understatement. It is probably no exaggeration to claim that the CD is the most widely used mathematical exam- 
ple in all of neoclassical economics. 

7Because there are no standard systems of dimensions or units in economics, specific, but nonstandard, units are used. It 
should be noted that, so long as matters are confined to mathematical models, the issue of dimensions/units can simply, though 
indefensibly, be ignored, this is no longer true when the matter turns to the estimation of econometric models. Then, data must be 
used. If every variable is measured in monetary terms, the problem of dimensions does not arise. Of course, measuring every vari- 
able in monetary terms raises other problems. For example, although some input variables may be, and sometimes are, measured 
in terms of nonvalue (i.e., "real") units (e.g., of man-hours for labor input), the input of capital goods is invariably measured in 
value (i.e., monetary) units, and the output is virtually always measured in monetary units. On the one hand, this raises the aggre- 
gation problem re heterogeneous capital goods; on the other it presents the difficulty of the circularity of the measurement of the 
value of the capital because of the role of the interest rate in determining the present value of a quantity of capital goods and the 
role of the quantity of capital goods in determining the interest rate. On these points see Harcourt (1972, pp.l~-6). 

Moreover, if real units are used, then production functions are consistent with economic theory in that particular quantities 
of the various inputs combine to produce a specific quantity of the output. However, if monetary units are used such production 
functions set economic theory on its head, for then particular values of the various inputs combine to produce a specific value of 
the output. But, economic theory teaches that the value of the inputs is derived from the value of the output. (Thanks to an anony- 
mous referee calling attention to this omission in the prior submission.) 

8The only cases the author is aware of are a few instances involving Fisher's equation of exchange. 
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INCONSTANT DIMENSIONS 

To reiterate, this problem consists in the same constant  or variable having different dimensions,  as if veloc- 
ity were somet imes measured  in meters per second and other t imes measured  in meters only or in meters 
squared per second. It can be illustrated by compar ing  (Newtonian) gravity 9 with product ion functions.  
Gravitation is a force. A force (F) exerted on a body may be measured  as the product  of its mass  (m) times 
its acceleration (a); 10 i.e., F = m .a. In the meter-kilogram-second (mks) system the uni ts  of F are kilo- 
g r ams ,  mete r s / ( second2) ;  i.e., kg .  m/(sec2).  Sir Isaac Newton's  law of universal gravitation, may be stated: 

Every particle of matter in the universe attracts every other particle with a force which is directly pro- 
portional to the product of the masses of the particles [m and m'] and inversely proportional to the 
square of the distances between them [r2]. 

F ~ mm' /r  2 

The proportion above may be converted to an equation on multiplication by a constant G which is 
called the gravitational constant: 

F = G- (mm'/r2). (Sears and Zemansky 1955, p. 79) 

Then: G = F / ( m m ' / r 2 ) .  And, logical and  physical consistency require that  G have the d imens ions  of 
F / ( m m ' / r 2 ) .  Using the mks  system F / ( m m ' / r  2) has  the uni ts  (m3) / (kg  • sec2); therefore, G m u s t  have the 
uni ts  (m3)/ (kg • sec2). 

This result  has  been invariant for coundess  measurements  of G over the past  three centuries: regard- 
less of the magni tude ,  the d imens ions  have always been d i s t a n c e 3 / m a s s - ( e l a p s e d  time)2; e.g., 
m 3 / ( k g  • sec 2) in the mks  system. 

Unfortunately, such is no t  the case in economics.  Compare  that  result---the cons tancy of the dimen- 
sions--with the results of measurements  of a 2-input, CD product ion function. Such measurements  yield 
est imates for or, [3 and  A. Invariably, alternative est imates of o~, [~, and A differ. This is not  surprising,  bu t  it 
does present  a serious problem. Because A has  both magni tude  and  dimensions ,  different values of  (z and 
1~ imply different d imens ions  for A, such  that, even though  the d imens ions  in which  Q, K, and L are meas- 
ured are constant ,  the d imens ions  of A are inconstant .  For example,  let Q, K, and L be measured  in the 
same uni ts  as in the section "Meaningless or Economically Unreasonable  Dimensions ."  Then, if the mag- 
n i tudes  of et and  B are m e a s u r e d  as 0.5 and  0.5, respectively, then  the  un i t s  of  A are 
w i d / ( m a n h r  0"5. caphr05) .  However, if the magni tudes  of c~ and [3 are measured  as 0.75 and 0.75, respec- 
tively, then  the uni ts  of A are (wid . y r 0 5 ) / ( m a n h r 0 . 7 5 .  caphr075) .  

The problem of incons tant  d imens ions  (or economically unreasonable  results) cannot  be eliminated 
by us ing  more complex product ion functions such  as the CES; if anything,  it is exacerbated. 

A correct use  of d imens ions  in this example,  then, yields incons tant  dimensions.  Incons tant  dimen- 
sions are, of course,  a nonsensical  result. However, this problem only becomes  evident when  d imens ions  
are correctly included in the model, which  is rarely the case with economic modeling. 

MACROECONOMIC EXAMPLE 

Consider  the following, from a model  in a recent issue of a leading English-language economics  journal .  

1. In the section on households ,  the "[f]unction H measures  the disutility f rom work, which  depends  on 
hours  (N) and  effort (U)." The a rguments  in the utility funct ion of the representative househo ld  
include z f l tH(Nt ,  Ut); t = 0 . . . .  , where "]3 ~ [0, 1] is the d iscount  factor" and  t is the index of the 
t ime period,  n 

2. The section on f i rms posits that,  

[t]here is a con t inuum of f i rms distr ibuted equally on the uni t  interval. Each f i rm is 
indexed by i e [0, 11 and produces  a differentiated good with a technology Yit = Z tL i~ .  
Li may be interpreted as the quanti ty of effective labor input  used  by the firm, which  is 
a funct ion of hours  and  effort: Lit  = NitOUit 1-o where 0 e [0, 1]. Z is an  aggregate tech- 
nology index, whose  growth rate is a s sumed  to follow an independent ly  and identically 
distr ibuted (i.i.d.) process {~lt}, with qt  - N(0, Sz2 ). Formally, ~t = Zt-1 exp0l t  )'12 

9Ahhough in this paper the analysis involves Newtonian gravity, the results of the analysis are robust for all applications in 
the natural sciences. 

10h is true that a force is a vector quantity; i.e., it has a directional quality, as well as a magnitude (Sears, Zemansky, and 
Young 1987, p. 10). However, this is irrelevant for this analysis. 

llObviously, the time period index, t, was inadvertendy omitted from the consumption variable in the representative house- 
hold's utility function. 

12Because effective labor, Lie is an argument in the production function of output, Yit, and because effective labor is a func- 
tion of the level of effort, Uit , Leibensteinian style X- inefficiency can exist in this model. On the importance of this, see note 5. 
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3. The section on  equi l ibr ium main ta ins  that,  

[i]n a symmetr ic  equi l ib r ium all f i rms  will set the same price Pt and  choose  identical out- 
put ,  hours ,  and  effort levels Yt, Nt, Ut" Goods  market  clearing requires  . . . Yit = Y t ,  for 
all i E [0, 1], and  all t. 

Fu r the rmore ,  the model  yields "the following reduced-form equi l ibr ium rela t ionship between ou tpu t  and 
employment :  Yt = AZtNt  q).'' 

Among the conclusions  that can be d rawn  f rom this model, each of which  will be considered in turn,  
are: (1) the n u m b e r  of f i rms and the n u m b e r  of households  is identical, and is equal to infinity; (2) the quan- 
tity of each input  used  by each f i rm is identical to the quanti ty of each input  provided by each household;  
and, (3) there are an infinite n u m b e r  of differentiated goods,  each of which  is identical to every other good. 

First,  the c o n t i n u u m  of f i rms  necessari ly m e a n s  that  there is an  infinite n u m b e r  thereof. 13 Assume,  
arguendo,  that  the (infinite) n u m b e r  of f i rms  is given by n. Then,  as each f i rm uses  the same n u m b e r  of 
hours ,  Nt, and  the same effort level, Ut, as every o ther  f irm, the total h o u r s  used  are n N t  and  the total effort 
level is n U  t. However, because  N t and  U t also are the h o u r s  and  effort level of the representative household ,  
unless  there are exactly n househo lds  providing n N  t total h o u r s  and  n U  t total level of effort, either the f i rms 
are us ing  more  h o u r s  than the househo lds  are actually working,  or they are us ing  less. The same can be 
said for the level of effort. Only if the n u m b e r  of househo lds  is n are the n u m b e r  of h o u r s  u sed  and  the 
level of effort used  exactly equal  to the n u m b e r  of h o u r s  worked  and  the level of effort provided.  Of  course,  
this wou ld  necessari ly m e a n  that  there is an infinite number ,  n, of househo lds  exactly equal  to the infinite 
number ,  n, of f irms.  

Second, because  there wou ld  be one (identical bu t  for the na ture  of  the ou tpu t )  f i rm per  (identical) 
household ,  each f i rm wou ld  use  exactly the h o u r s  and  effort level pu t  forth by  one of the househo lds ,  
though,  conceivably, the h o u r s  and  level of effort used  by a par t icular  f i rm wou ld  no t  all come f rom the 
same household .  

Third,  because  Yt = A Z t N t  ~p,14 and A and Z t are bo th  d imens ionless  magni tudes ,  15 Yt m u s t  have the 
same d imens ions  as N t  ~p. The d imens ion  of N t is h o u r s  (hrs);  and  cp is a positive, d imensionless ,  constant .  16 
Therefore, the d imens ions  of Yt are hrsCP. In  any case in which  ~p ~ 1, the d imens ion  of Yt, (hrs)  ~p ~ 1 is 
meaningless;  e.g., (hrs)  0"5, (hrs)  1.5, and (hrs)  2 are meaningless  d imens ions .  17 Alternatively, if ~p = 1, then 
Yt = AZtNt ,  and  the d imens ion  of Yt is the same as that  of Nt, hrs.  However, in that  case, because  Yt = AZtNt ,  
the ou tpu t  h o u r s  are less than,  equal  to, or greater than, the i npu t  h o u r s  as AZ t is less than, equal  to, or 
greater than  one (1). But if ou tpu t  is measured  in hours ,  then  the ou tpu t  h o u r s  cannot  be greater than  or 
less than the inpu t  hours ;  rather, the ou tpu t  h o u r s  m u s t  be equal  to the i npu t  hours ;  i.e., AZ t --- 1 and  Yt =- 
N t. Therefore, each and every f i rm uses  inpu t  of exactly N t hrs  to produce  exactly N t hrs  of output;  i.e., 
there is no  net  production---not one  of the infinite n u m b e r  of supposedly  profi t  maximiz ing  f i rms  produces  
more  h o u r s  of ou tpu t  than the n u m b e r  of h o u r s  it uses  as input .  

Moreover, because  Yit = Yt V i, the d imens ion  of every f i rm 's  ou tpu t  is hrs .  Therefore, each of the n 
differentiated goods  p roduced  by the n f i rms  consis ts  of h o m o g e n e o u s  hours .  

Surely, this model  is no t  defensible. 

DISCUSSION 

The prob lems  caused by the failure to use  d imens ions  consistent ly and  correctly in p roduc t ion  f u n c t i o n s -  
d imens ions  that  are either meaningless ,  unreasonable ,  or i n co n s t an t - a r e  no t  minor  problems,  and  by no  

13"A set forms a continuum if it is infinite and everywhere continuous, as the set of reals or the set of points on a line inter- 
val" (Glenn and Littler 1984, p. 37). 

14It could be argued that, because Yt is the output of a single firm, Yt - AZtNt(P is not an example of a macroeconomic pro- 
duction function. However, because there are n identical (but for their differentiated goods) firms, the aggregate production func- 
tion is nY t - nAZtN t. The mmroeconomic and macroeconomic functions, then are identical up to a linear scaling factor, n. That the 
firms' goods are differentiated does not prevent us from aggregating them in this model because, as is shown in the text, the dif- 
ferentiated goods are not differentiated at all; rather, they are identical. (If dimensions were being used, n and Yt would have dimen- 
sions; e.g. firms, and widgets per firm in time period t, respectively. In that case, Ytand nYt would have different dimensions: widg- 
ets in time period T, and widgets per firm in time period t, respectively. However, because each firm's output is identical to every 
other firms' output, we could still validly aggregate their outputs by multiplying Yt by n.) 

15We are given that: A = [Ln(l-0)/~uO]Cffl-0)/(l+°'u); 0 • (0, l) and is, therefore, dimensionless; and, ~n, ~u, On, and o u are 
positive constants. We know that Ln, Lu, On, and c are dimensionless from the context in which they first appear: H(Nt, Ut) = 
(~nNt l+~n/(l+On) ) + (XuUt l+°'u/(l+Ou) ). And, w~Uknow that cz is a positive, dimensionless, constant from the context in which 
it first appears: Yit = ZitLit °~' Therefore A must be a positive dimensionless constant. We also know that Z t must be a positive, dimen- 
sionless, variable because, "Z is an aggregate technolog~ index, whose growth rate is assumed to follow an independently and iden- 
tically distributed 0 1 d )  rocess vc~th N o s 2 Formall Z Z ex . . . .  " ' P {qt}, r/t- ( , z )- Y, t = t-1 P(r/t)" 

16We are given that: cp = ~x0 + c¢(1-0)(l+Cn)/(l+ou). We know that 0 e(0, 1), On, au, and c¢ are positive, dimensionless, con- 
stants. (See note 3.) Therefore, q~ must be a positive, dimensionless constant. 

17It is true that time (t) squared does have a meaning in the world of the natural sciences, such that the dimensions of accel- 
eration are distance/t 2. But that does not in any way help us find meaning for t 2 in the world of the social sciences. 
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means are restricted to production functions. Rather, these problems are both critical and ubiquitous--they 
afflict virtually all mathematical and econometric models of economic activity. And that, unfortunately, is 
the way modern economics is done (Leoni and Frola 1977; and Mises 1977). 

A more or less standard pattern can be discerned in articles in mainstream economics journals. First, 
the gist of a theory is concisely developed. Second, a more or less complex mathematical model of the theory 
is elaborated and solved. Third, an econometric model based thereon is constructed, and estimates of the mag- 
nitudes of the parameters and of the relevant statistics are provided, Fourth, there is an explanation and dis- 
cussion of the empirical results. Fifth, conclusions are drawn. Sometimes some of the mathematical manipu- 
lations may be relegated to an appendix if they are considered too abstruse for the body of the paper. 

This methodology entails generating hypotheses or retrospective predictions, based on the theory, 
about the magnitudes of the relevant parameters of the model. Then, using the techniques of statistical 
inference, the estimated signs and magnitudes of the parameters are compared with their expected signs 
and magnitudes, respectively, to determine if the hypotheses may be falsified or the retrospective predic- 
tions rejected as insufficiently accurate. 

Unfortunately, the failure to use dimensions consistently and correctly makes it almost impossible to 
prevent untenable and unreasonable assumptions from entering into the mathematical and econometric 
models undetected. Such assumptions, of course, render the models so afflicted virtually worthless. They 
make possible, as we have seen, such indefensible results as differentiated goods that are identical. (Or, to 
amend slightly a remark of Coase (1988, p. 185), "In my youth it was said that what was too silly to be said 
may be sung. In modern economics it may be put into [dimensionless] mathematics.") Such clearly unten- 
able results go unchallenged because the dimensionless mathematics obfuscate, rather than illuminate, the 
analysis and also because some are intimidated by the mathematics. 

Certainly, the problems exposed in the examples could have been avoided had dimensions been used 
consistently and correctly. Whether, then, the author could have developed a tractable model is a different 
matter. Nevertheless, it is clear, at least to the present author, that anytime the choice is between a dimen- 
sionless, tractable, mathematical model or none at all, the latter is by far the better choice. 

None of this should be taken to say that the author whose work provided the example did not have 
valuable insights into the economic activities with which he was concerned-he well may have. However, 
that must be determined independently of his mathematical model, as it provides no valid support for his 
argument. 

CONCLUSIONS 

The economics profession has attempted to achieve the degree of success in understanding, explaining, and 
predicting events in the social world that physicists and engineers have achieved in the natural world by 
emulating their methods; i.e., using mathematical and statistical analyses to model, understand, and 
explain, the relevant phenomena. However, in so doing, economists have failed to emulate physicists and 
engineers in one essential aspect of their work: the consistent and correct use of dimensions. This is an 
abuse of mathematical/scientific methods. Such abuse invalidates the results of mathematical and statisti- 
cal methods applied to the development and application of economic theory. 

Neither is this problem a thing of the past, nor is it one confined to lesser or fringe venues. Rather, 
it is a continuing problem and one found in the leading mainstream .journals (and textbooks). Because 
young minds are formed by such materials, future generations of economists are being brought along in 
a faulty tradition. And, unless and until this changes, and economists consistently and correctly use 
dimensions in economics, if such is possible, mathematical economics, and its empirical alter ego, econo- 
metrics, will continue to be academic games and "rigorous" pseudosciences. However, if for no other rea- 
son than the influence of the economics profession on governmental policies, such games and pseudo- 
sciences are not without their costs in the real world. 

This is not to say that there have not been advances in economic understanding by the neoclassicals, 
but rather to argue that mathematics is neither a necessary nor a sufficient means to such advances. 
Whether it even is, or can be, a valid means to such advances is a different issue. What  is certain, however, 
is that mathematics cannot possibly be a valid means unless and until it is used properly. Among other 
things, that means that dimensions must be used consistently and correctly. 

ADDENDUM 

There is an ongoing debate in the literature as to whether Austrian School economists should attempt to 
publish in mainstream journals or rather in nonmainstream journals created specifically for the purpose 
of providing a venue for explicitly Austrian work. Among the most recent additions to this literature are 
Rosen (1997); Yeager (1997, 2000); Vedder and Gallaway (2000); Laband and Tollison (2000); Backhouse 
(2000); Block (2000); and Anderson (2000). 

One issue centers about type one errors; i.e., the exclusion of explicitly Austrian work, regardless of 
quality, from mainstream journals, and, a irortiori, top-tier, mainstream journals. As such, it is implicitly 
assumed that Austrians should aspire to publish in such journals. 
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Perhaps of more impor tance  is the issue of whether  Austr ians  should aim to publ ish  in such  journals .  
This raises the spectre of type two errors; i.e., the  inclusion in such  journa ls  of material  that  should  have 
been excluded for lack of quality. 

Yeager (1997, pp. 159-64; 2000) attacks the concept of .the so-called "marketplace for ideas." The mar- 
ketplace for ideas in economics is taken to constitute the tol:vtier mains t ream journals.  Whereas ,  the exclu- 
s ion of Austr ian work from these journals  is taken to mean  that Austrian ideas have failed the test of the mar- 
ket, Yeager points  out  the perversities of such  a test. He argues that Austr ian economics  is not  valueless 
merely because it is uncompeti t ive in that market  and  thus,  implicitly, Yeager would agree that  there should 
be a venue for good Austr ian work that cannot  be publ ished therein. However, he does not  claim that  such 
journals  have no value, and can be interpreted as saying that  Austr ians  should  publ ish  in top-tier, main- 
s t ream journals  whe n  possible and in specifically Austr ian venues  only as a fallback position. Vedder and 
Gallaway (2000) also can be reasonably read to arrive at the same conclusion.  

Block (2000, p. 55), p resumably  on the g rounds  of type two, as well as type one,  errors challenges the 
very legitimacy of the editors of  mains t ream journals:  "One difficulty is that Vedder and  Gallaway unnec- 
essa@ concede to the very editors they accuse of bias against  Austr ians  a modicum of legitimacy" (empha- 
s is  added). Anderson (2000) makes  explicit the argument  that these journa ls  commit  many  and  serious 
type two errors. Whe the r  he would also prefer the strategy of publ ishing in specifically Austr ian journals  
as a fallback is not  clear. However, Block (2000, pp. 55-56) states that in "[iln [his] view, the leading eco- 
nomic  journa ls  are the Austr ian ones." 

Most of the debate in the literature cited above concerns  anti-Austrian bias of the editors and  referees 
of mains t ream journals .  In what follows I question the competence of the editors and referees of top-tier, 
mainstream journals on other grounds and, therefore, the desirability of attempting to publish in them. 
Specifically, I challenge the competence in mathemat ics  of these editors and  referees and make the case by 
relating a real life case. The facts, as revealed in the referees' reports  (on a paper submit ted for considera- 
tion for publication), the response thereto, and  the co-editor's follow-up correspondence,  prove beyond any 
doubt  that the referees and  co-editor were incompetent  to judge  the paper. And this is not  a case of opin- 
ion, theirs versus  mine; no, it is a clear and indubitable case of their commiss ion  of mathemat ica l  errors. 

One requirement  for the proper use  of mathemat ics  is the correct use  of d imens ions /un i t s .  18 For 
example,  d imensional  analysis is used  in physics and engineering to insure the consis tency of the rela- 
t ionships in an equation. The economic variables one sees in the mathemat ica l  and statistical models  ubiq- 
ui tous in economics (Backhouse 2000) always involve dimensions .  However, d imens ions /un i t s  are rarely 
used  in economics,  and d imensional  analysis virtually never. Consequendy,  I submit ted a paper, 19 on  this 
subject to a leading English language economics journal .  The paper was an indirect a t tack on the use  of 
mathemat ics  in economic theory. It main ta ined  that  if one uses  mathemat ics  in economics  one m u s t  do so 
correctly. 20 It demonst ra ted  that a d imensional  analysis of product ion functions,  specifically, the Cobb- 
Douglas, yields meaningless  or economically unreasonable ,  and inconstant ,  d imensions .  It then  provided 
two examples of the consequences  of the failure to use  d imens ions  and  dimensional  analysis in econom- 
ics, one microeconomic and  one macroeconomic,  criticizing articles in then-very-recent issues of that same 
journal.  Application of d imensional  analysis resulted in the conclusion that  both models  were untenable  
and  nonsensical .  21 

The paper  was rejected. Included with the letter of rejection were the reports  of three referees. The fol- 
lowing are excerpts from these reports  along with brief proofs of the errors therein. 

From referee #l 's  report: 

A "defect" in economic analysis is proposed, in that equatmns do not properly account for units, and 
that two sides of equations used generally in economics are therefore inconsistent. It is claimed that 
this defect is not present in the physical sciences, such as physics, and that this defect invalidates 
most formal economic modeling. The "defect" is best illustrated by an example taken from the paper, 
which I shall detail next. I shall then show that this "defect" is also present in physics by using illus- 
trations from a random book off of my shelf that has some examples of simple physical systems. 
Then 1 shall argue that this is, in fact, not a defect at atl. 

From referee #2's report: 

Dimensional analysis can only be applied to laws. 

18This is not a difficult thing, and, in fact, there is published work on the subject of dimensional analysis. For an example, 
see the appendix in Reddick and Miller (1955). 

19That paper, with minor, nonsubstantive editorial changes, constitutes the body of the present article, save that, at the sug- 
gestion of a referee, one (1) example was removed, solely" because it involved the Leontief, fixed-coefficient, production function 
that the referee thought to be "of little general interest and of no interest to readers of the Q]AE." 

20Ahhough Austrians should only use mathematics when doing history (Block 2000, p. 48), when they do use it dais dictum 
applies to them as well. 

21This is not to say that the authors of the articles might not have had something else of value to say. That is another issue. 
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A case in which this [dimensional] analysis made sense in economics was its application to Fisher's 
relation of exchange: MV =PT. This is one of the few examples in economics that comes closest to a 
law. One result of dimensional analysis is that there is something odd with this equation. The left 
part does contain a time dimension, while the right side doesn't. This is not something new and can 
be found in any textbook. 

And, from referee #3's report: 

There is no question that the lack of dimensional consistency is pervasive throughout mathematical 
economics. However, this paper does not make clear why this lack of dimensionaI consistency is 
problematical. The lack of dimensional consistency is not so much a problem in and of itself... 

Compare the referees' statements with the following taken from two leading (basic) physics textbooks. 

Dimensional analysis is used to check mathematical relations for the consistency of their dimensions 
• . . lift the dimensions are not the same, the relation is incorrect. (Cumell and Johnson 2001, p. 6; 
emphasis added) 

An equation must always be dimensionally consistent; this means that two terms may be added or 
equated only if they have the same units . . . .  When a problem requires calculations using numbers 
with units, the numbers should always be written with the correct units, and the units should be car- 
ried through the calculation as in the example above. This provides a useful check for calculations. 
f iat  some stage in the calculation you find that an equation or expression has inconsistent units, you 
knowyou  have made an error somewhere. (Sears, Zemansky, and Young 1987, p. 7; emphasis added) 

Is it possible to believe that anyone with even the most elementary training in mathematics could 
make the statements made by these referees? This is incredible! Are the referees innumerate? How else to 
explain the foregoing? But there is more. 

A/so from referee #1's report: 

The details are not very important, but the solution to the problem [of simple harmonic motionl 
posed [Spiegel 1967, p. 186] is x= 1/3 cos 8t, where xis distance measured in feet (the deviation from 
the equilibrium position of the weight) and t is time measured in seconds. So exactly what kind of 
conversion constant [sic] do you [Barnett] want to use to convert time into [sic] distance? It is evi- 
dently not a constant, since it must be passed through the cosine expression [sic] (similar to passing 
units of labor or capital through the exponents [in Q = AK~L{ ~] above.) 

But of course the details are important, because for this referee the devil is in the details. A formula, 
x = A • cos wt, for the displacement in simple harmonic motion can be found in Cutnell and Johnson (2001, 
p. 278). In this formula: x is the displacement, measured in units of length; A is the amplitude of the sim- 
ple harmonic motion, also measured in units of length; o~ is the constant angular speed, measured in radi- 
ans/second (rad/sec); and, t is the elapsed time, measured in seconds (sec). Consequently, cot has the 
dimensions rad. 

Restating the formula, x = A. cos ~0t, with the appropriate units attached, and using feet (ft) as the 
unit of length, yields: xift] = A[ft] .cos ~ rad / sec ] .  t[sec], Canceling the sec on the right-hand side yields: 
x[ft] = A[ft] • cos a,'[rad]t. 

However, a radian is a dimensionless measure of a plane angle 22 (1 rad = 180°/~ ~ 57.30°), Therefore, 
the only unit that "must be passed through the cosine expression" is an (plane) angular measure. Of 
course, converting plane angular measures, whether radians or degrees, to a pure, i.e., dimensionless, 
number  is precisely what the trigonometric operators, cosine included, do. Consequently, the equation x 
= A° cos cot has the unit feet on both sides. 

Compare the referee's specific equation, x = 1/3 cos 8t, with the generic form, x =A° cos cot. The cor- 
respondences between the terms in these equations are: x = x; A = 1/3; magnitude of co = 8; and, t = t. Use 
these correspondences to restate the equation, x = l/3 cos 8t, with the appropriate units made explicit, as: 
x[ft] = 1/3[ft] cos (8[rad/sec]. t[sec]). Cancel the sec on the right-hand side to obtain: x[ft] = 1/3[ft] cos 
8[rad] ° t, where the term cos 8[rad] • t is dimensionless. Then, as must  be the case, the units on the right- 
hand side are identical to the units on the left-hand side; to wit, in this case, feet. Obviously, the referee's 
statement is erroneous. 

This example brings to mind the term idiot savant. No doubt, this referee knows a great deal of pure 
mathematics; but, does he know anything at all about applied mathematics or physics? On the evidence he 
provides in the foregoing excerpt, the answer, at least with respect to harmonic motion, is a resounding, "NO!" 

And, yet again, from the same referee #1: 

If one wants an exampIe from physics not involving time, try p. 97 [Spiegel 1967], where there is an 
example concerning thermal conductivity in pipes. The solution is U-  699 - 216 In(r), where ris dis- 
tance in centimeters and U is temperature in degrees. Now what kind of conversion factor do you 
want to use to convert distance into degrees? 1 conclude that physics contains the same "defect" when 
certain systems are examined. 

22Http://physics.mst.gov/cuu/Units/units.html. 
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Once again, this referee exhibits his  ignorance of applied mathemat ics  and  physics, at least with 
respect to thermodynamics .  In fact the d imens ions  on bo th  sides of the equat ion U = 699 - 216 In(r) are 
degrees centigrade. As the proof is somewhat  lengthy it is included as an appendix. 

The following, with emphas i s  added, is the corpus of the co-editor's letter of rejection that  accompa- 
nied the referees' reports  excerpted, above. 

I enclose three thoughtful reports on your manuscript. The referees, while sympathetic, unambigu- 
ously recommend rejection. I agree with these assessments and must reject your manuscript. 

The referees on occasion adopt a somewhat harsh tone. 1 hope you can see that they took the refer- 
eeing responsibility very seriously and have written thoughtful reports. They labored to understand 
your thinking, and the occasional harsh word is the consequence of frustration, one that I felt in 
reviewing your manuscript as well. 

The [journal] receives about 1000 manuscripts per year, and publishes less than ten percent of these. 
As a consequence, I am forced to reject many quite good manuscripts. Thank you for submitting your 
paper to the [journal]. I am sorry my response could not be more satisfying. 

I submitted a 12-page reply to the referees' reports in which numerous  errors were called to the co-editor's 
attention, specifying, for each error, the nature thereof, and providing, for each, a detailed proof of the error. 

The co-editor responded to my  reply with a letter dated February 1, 2001, the corpus  of which  follows. 

I am responding to your letter of Jan 12, 2001. 

Evidently you could not see past the tone of the reports to the substance of the reports. Unfortu- 
nately, reading your  diatribe on the referees' errors has not convinced me o f  the error o f  their ways. 
The case of the Cobb-Douglas production function is quite clear. Just because you think that the units 
associated with C-D are unnatural doesn't make it so. Moreover, the referees are right about the units 
required to rationalize physics-distanced squared or log(temperature) makes no more sense than the 
square root of manhours. The units are what they are, and certainly you can't really think the Cobb- 
Douglas production function is logically inconsistent. Like a law of nature, a production function is 
whatever it is. 

As you surmised, I am not going to reopen the file. At the very minimum, you have failed to convince 
three referees and one editor o f  the merit o f  your  approach. A great deal more effort into communi- 
cating the results is going to be necessary, 1 suspect, to sell this work to any journal. You could try 
Economics 6r Philosophy. 

The editor clearly states that  he  "agree[d] with these [referees'] assessments ,"  that the reports  were 
"thoughtful," that  my "diatribe" did not  "convince [the editor] of the error of [the referees'] ways," and  that,  
"[a]t the very min imum,  you have failed to convince three referees and  one editor of  the meri t  of your 
approach." My reply incorporated the material  included above and in the appendix; moreover, it went into 
greater detail. How, then, could the editor reach the conclusions  he  did? Three referees and  an editor at a 
top-tier journa l  and  all innumerate?  Never in my wildest  d reams  did I think that  an  editor and referees for 
one of the mos t  prestigious English-language economics journals  could be so ignorant  in a matter  of basic 
mathemat ics ,  m u c h  less that  they would commit  such  to paper, where it cannot  be denied and  can, and is 
being preserved for posterity. 

This br ings  me  back to the basic issue,  the desirability of specifically Austr ian journals .  Given the 
extent of the mathemat iza t ion  of economics,  it is critically impor tan t  that  mathemat ics ,  if u sed  at all, be 
u sed  correctly in economics.  Therefore, the subject matter  of my original paper  is very important .  More- 
over, if my paper  is correct--if, in fact, ma themat ics  is abused /mi sused  in economics if for no other reason 
than that  articles in at least one top-tier journa l  cannot  pass  the test of d imensional  ana lys i s - the  paper  is 
worthy of publicat ion in an  impor tan t  venue. The fact that  it was rejected by referees and an editor incom- 
petent to the task because of a demonst ra ted  lack of unders tand ing  of the basic mathemat ics  of dimen- 
sions,  the very subject matter  of the paper, provides a sufficient reason to have alternative outlets, i.e., 
specifically Austr ian journals ,  available. 23 Moreover, I th ink it highly improbable that referees of lesser 
mains t ream journa ls  would succeed where those at a more prestigious journa l  failed. Therefore, if my 
paper, and  others similar in that  they are counter  to the prevailing orthodoxy, are to be publ ished,  it m u s t  
be in journals  receptive to heterodoxy. Moreover, I would not  even consider submit t ing  the ins tant  paper to 
a mains t ream journa l  of any rank. I cannot  imagine such  an at tack against  a top-tier mainl ine journa l  ever 
being publ ished in such  a journal .  And yet, if in fact referees and editors at top-tier ma ins t ream journals  
are incompetent  in any relevant area this is impor tan t  for the profession to know. 

I conclude,  therefore, that there is a need for specifically Austr ian journals ,  not  only because of the 
bias of mains t ream journals ,  bu t  also because Austr ians  should  not  have to subject their work to referees 
and  editors incompetent  in the very area of their supposed  expertise. 

231n fact, when I submitted the paper for review a colleague and I made a wager as to how quickly it would be rejected. As I 
recall, I said something like eight weeks or less and my colleague said more than that; he won by about two days. 
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APPENDIX 

Referee #1 took the equat ion,  U = 699 - 216 In(r), f rom an example  in Spiegel (1967, pp. 97-98.) (Please 
note that  I used  a different edition, Spiegel (1981, pp. 103-04).) The example  is formula ted  as a p rob lem 
wi th  three par ts .  The " [ s l o l u t i o n . . .  U = 699 - 216 In(r)," wh ich  the referee took f rom the book,  is bu t  the 
solut ion to one par t  thereof. I have rep roduced  the relevant po r t ion  of the example immediately below. 
(Emphas i s  in original.) Subsequently,  I restate,  in expanded  form,  the example in a way that  explicates the 
referee's error. 

The amount of heat per unit time flowing across an area A is given by 

q ~ -KAdU/dn (3) 

The constant of proportionality K, used above, depends on the material used and is called the ther- 
mal conductivity. The quantity of heat is expressed in calories in the cgs system, and in British ther- 
mal units, Btu in the fps system, [Because of the confusion that arose from the use of "pound" as a 
unit of mass and as a unit of force, in the modern version of the fps (foot-pound-second) system, the 
BE (British Engineering) system, the slug, not the pound, is the unit of mass.] Consider now an illus- 
tration using the above principles. 

A long steel pipe, of thermal conductivity K = 0.15 cgs units, has an inner radius of 10 cm and an 
• O outer radius of 20 cm. The inner surface is kept at 200 C and the outer surface is kept at 50 ° C. 

(a) Find the temperature as a function of distance r from the common axis of the concentric cylin- 
ders. (b) Find the temperature when r = 15 cm. (c) How much heat is lost per minute in a portion of 
the pipe which is 20 m long? 

MATHEMaTiCAL FORMULATION (Spiegel 1981, pp. 103434). It is clear that the isothermal surfaces are 
cylinders concentric with the given ones. The area of such a surface having radius r and length 1 is 
27trl. The distance dn is dr in this case. Thus, equation (3) can be written 

q = -K(27trl)dU/clr (4) 

Since K = 0.15, 1 = 20 m = 2000 cm, we have 

q = -600rtr dU/dr (5) 

In this equation, q is of course a constant. The conditions are 

U = 200 ° C at r = 10, U = 50 ° C at r = 20 (6) 

SOtUTION, Separating the variables in (5) and integrating yields 

-600~rU = q In r +  c (7) 

Using the conditions (6), we have - 600~(200) = q In 10 + c, - 600n(50) = q In 20 + c from which we 
obtain q = 408,000, c = -1,317,000• Hence, from (7) we find 

U = 699 - 216 In r (8) 

Expanded  Restatement.  The foregoing material  is restated wi th  the units ,  in brackets,  explicitly a t tached to 
the algebraic symbols  for the variables.  The d i m e n s i o n s  of  the rmal  conduct ivi ty  are uni t s  of: 
energy/ ( t ime  • dis tance • t he rmodynamic  temperature) .  Therefore,  K, the thermal  conductivity of the pipe,  
• " n  " o is, x (cgs) uni ts ,  ca l / ( sec ,  cm-  C). The uni t s  of the other  relevant variables are: cm for 1, dr, and  r; °C for 
dU and  U; and,  cal/sec for q, 

Rewriting equation (4) yields: 

q[cal/sec] = -/([cal/(sec • cm. °C)]- (2nr[cml/[cm]) • d&T°C]/dr[cm] (4") 

Substituting the values for K and I yields: 

q[cal/sec]=-O t5[cal/(sec.cm. O C)]. 2~zicm]2000[cm] .du[O cl/dzicm] (5') 

The cm uni t  and the °C uni t  in the denomina to r  of  the d imens ion  of  K cancel the cm unit  in the 
numera to r  of the d imens ion  of 1 and the °C uni t  in the n u m e r a t o r  of the d imens ion  of dU, respectively• Note 
part icular ly that because  the uni t s  of r and  d r  are identical, cm, and because  r is in the numera to r  and d r  
in the denominator ,  the uni t s  of the variables r and  d r  cancel out, and all that  is left of these variables are 
their magni tudes ;  the algebraic symbols  of these variables no  longer  have uni ts  attached• Therefore, can- 
celing uni t s  yields: 

q[cal/sec] = -600[eal/(sec)] .~r. dU/dr (5") 

At this point ,  the only  uni t s  that  have not  canceled ou t  are cal /sec on  bo th  sides of  the equat ion.  

Rewriting (5")  to pu t  it in integrable fo rm yields: 

-600[cal/(sec)]~dU = q(cal/sec) dr/r, (5'") 

The integrat ion of d r / r  yields In r, bu t  the algebraic symbol  for the variable r i n  the term In r h a s  been  
s h o r n  of its uni t s  and only its magni tude  remains ,  and,  therefore there are no  uni ts  to be operated on  by  
the In operator.  Similarly, the integrat ion of d U y i d d s  U, bu t  the algebraic symbol  for the variable U has  
been s h o r n  of  its uni ts  and only its magni tude  remains .  The solut ion to ( 5 " ) ,  then, is: 

-600[cal/(sec)I=U - q[cal/secl In r + c (7') 
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Recall the conditions (6) i.e., U = 200 ° C at r = 10 [cm] and U = 50 ° C at r = 20 [cm], while remem- 
bering that r refers only to the relevant magnitudes at this point; the cm appear in brackets only as a 
reminder of the dimensions that r had prior to their being canceled in the equation, q[cal/sec] = - 
K[cal/(sec.cm.°C)],(2=r[cmll[cml).dU[°C]/dr[cm]. Then, substituting these conditions into (7'), and 
solving for q and c yields: q = 408,000 cal/sec and c = -1,317,000 cal/sec. Note: the units of c are, neces- 
sarily, cal/sec, else dimensional analysis would yield inconsistent units, an absolutely certain sign of error, 
to wit: an incorrect relation. 

In order to solve for U including, the appropriate units, rewrite (7') (substituting q = 408,000 cal/sec 
for q and c = -1,317,000 cal/sec for c) as: 

-600[cal/(sec-°-C)]rr D1-°C] = 408,000 [cal/sec] In r -1,317,000 [cal/sec I (8') 

Isolating the U term yields: 

u[°c} = (408,000 [cal/sec] In r -1,317,000 [cal/sec])/(-600[cal/(sec.-°C)] ,r 0 (8") 

As the units cal/sec appear in every term m the numerator and in the denominator of the right-hand 
side of 8", they may be canceled, yielding: 

U[°C] = (408,000 [°C] In r -1,317,000 [°C])/(-600rc) (8") 

o r  

U[°C] = 699[°C] - 216[°C] In r. (8"') 

Because, as previously shown, In r is dimensionless, it is obvious that the dimensions on both sides of 
equation (8" ' )  are degrees Celsius, and, therefore, identical, as must  be the case. 

However, equation (8'" ')  is the very solution (cure appropriate units) that the referee cited in his 
report, to support  his position. 

Therefore, both Referee l ' s  undeniable implication that the units on the different sides of the equa- 
tion, U = 699 - 216 In r, are not the same, in that the units on the left-hand side are degrees Celsius and 
the units on the right-hand side are centimeters, and his conclusion "that physics contains the same 'defect' 
[i.e., the failure to properly account for units and, therefore, the inconsistency between the two sides of 
equations] when certain systems are examined, are incorrect. QED. 
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