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Abstract

In this paper, we address an open problem posed by Bai and Xia in [2]. We study polynomials
of the form f(x) = x*+1 4 3, x37 4 )x9%* over the finite field Fsx, which are not quasi-
multiplicative equivalent to any of the known permutation polynomials in the literature.
We find necessary and sufficient conditions on A1, Ay € Fs so that f(x) is a permutation
monomial, binomial, or trinomial of Fs.
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1 Introduction

LetIF, be a finite field with g elements, where ¢ is a prime power. A polynomial g(x) € F,[x]
is called a permutation polynomial (PP) over I, if g (x) is abijection of IF;. Due to their simple
algebraic structure and extraordinary properties, there has been a great interest in permutation
polynomials with a few terms, such as binomials or trinomials. Permutation polynomials are
also very important in terms of their applications in areas such as cryptography, coding theory
and combinatorial designs. As far as we know, the studies on permutation polynomials go
back to the work done by Dickson and Hermite (see, [13, 17]). As an introduction, the books
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on finite fields (see, [28] and [29, Chapter 8]) could be very helpful for the interested reader
to get into the topic. Furthermore, the survey papers (see, [19, 21, 31, 39]) could also be
useful as they consist of many of the recent results on permutation polynomials over finite
fields. We refer the interested reader to [6, 7, 15, 20, 25, 26, 30] and the references therein
for more results on permutation polynomials over finite fields.

In [2], Bai and Xia proved that the polynomial g (x) = x(P~D4+1 4 xPq _ xa+r=1 gyer the
finite field F 2, where p =3 or5and g = p* with k being a positive integer, is a permutation
trinomial for > if and only if k is even. Later, in [14] Gupta and Rai investigated the
trinomial f(x) = x*t! 4 ax37 4+ x91* over the finite field Fsox, where o € IF;F,( with k
being a positive integer. They proved that the trinomial f(x) permutes Fsx if and only if
o = —1 and k is even. In this paper, our aim is to determine the permutation properties of the
more general trinomial f(x) = x(P~DIHl 4 5, xPe 4 ,x9+P=1 € Fy[x] over F 2, where
I, is of characteristic 5. Our results include the ones in [2, 14]. Note that while proving
our main result (see Theorem 2) in the absolutely irreducible case, we use a bound (see [23,
Theorem 5.28]) which is derived from the well-known Hasse-Weil bound for function fields.
For the characterization of some planar functions and related structures, like exceptional
polynomials and APN permutations, the theory of algebraic curves over finite fields and in
particular, Hasse-Weil type inequalities become a very useful instrument. In recent years,
there have been very interesting studies on these topics through the Hasse-Weil approach
(see for instance, [4], [8], [11], [18], [34] and the references therein).

The paper is organized as follows. Section 2 contains background material that is used in
the rest of the paper. Sections 3 and 4 contain our main results, where we prove necessary
and sufficient conditions on A1, A2 € s so that f(x) permutes Fsx. Finally, Section 5
investigates the quasi-multiplicative equivalence of the polynomial f(x) with the existing
permutation trinomials in odd or arbitrary characteristic.

2 Preliminaries

In order to determine whether a polynomial that can be written in the form f(x) =
x"h (x(qn_l)/ d) permutes F » or not, mostly a well known criterion due to Wan and Lidl
[37], Park and Lee [32], Akbary and Wang [1], Wang [38] and Zieve [42] is being used,
which is given in the following lemma.

Lemmal [/, 32, 37, 38, 42] Let h (x) € Fyn[x] and d, r be positive integers with d dividing
q" — 1. Then f (x) = x"h (x(qn")/d) permutes Fgn if and only if the following conditions
hold:

(i) ged (. (q" — 1) /d) = 1,
(i) x"h ()" =D/ permutes yg, where g = {0 € IFZ” |04 = 1}.

In this paper, we plan to apply Lemma 1 over the finite field F > withd =g + l and r =5,
using
h(x) = ax° + x4 00x,  withiay, Ao € Fy. 4))

Condition (i) of Lemma 1 holds as ged(r, (¢" —1)/d) = ged(r, g —1) = ged(5, sk =1.
Instead of finding the conditions for which g(x) = x"h(x)q~! permutes ji441, we will use
the following idea throughout the paper:

Letz € F 2 \ F,; be an arbitrary element. For any x € Fy, let ®: Fy; U {oo} —> g1 be

the map defined by ® (x) = i
X

z .
7 where @ (o0) = 1. It is not so hard to observe that ®
z
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is one to one from F; U {00} to 11441 and thus onto since the number of elements on both

xz4 —

sides are equal. Then we obtain that o! (x) = : , forany x # 1 with o1 (1) = 0.

1—x
In this setting, we have g(x) = x"h(x)4 —1 is one to one on ig+1 and therefore permutes
[g+1 if and only if the map (&' o g o @) is one to one on F, U {co}. In our situation,
g) = A + 2 + D9~ = 1 when h(1) # 0. Then oo is a fixed-point of the map
(CID*1 ogo d>), and it suffices to investigate its action on IF,. We note that an analogous idea
has been used in a few more studies before, see for instance [3, 6, 22].

This situation can be easily summarized in the diagram below:

~logo
F, U {00} —% 1, U (o0}

I To

8
Hag+1 — Hag+1

Moreover, we will make a suitable choice of the element z € IE‘qz \ [, that results in
simpler computations.

3 The trinomial h(x) of degree 5 in arbitrary characteristic

As apreliminary step to apply Lemma 1, we investigate for which A1, A5 € [, the polynomial
h(x) = Ax° + xt 4 aox € F,[x] does not have any roots in (1,11 Without restrictions on
the characteristic.

Ifh(1) = O0orh(—1) = 0,then 2 (x) has arootin 1 trivially. Therefore we characterize
all such polynomials in the next proposition under the assumptions /(1) % Oand 2(—1) # 0.
For this we first need to prove some lemmas.

Lemma 2 The polynomial h(x) has arootin juy1\{1, —1} if and only if there exists A € I,
such that m(x) = x% + Ax + 1 is irreducible over F, and m(x) divides h(x).

Proof The set j14+1 \ {1, —1} contains exactly the elements 6 € F > \ F; with eIt =1,
Let6 € F 2\, besuch that 2(0) = Oand 09! = 1. As h(x) is a polynomial over F,, 07
is another root of 1(x). Thenm(x) = (x —0)(x —09) = x> — (0 +609) +09" = x2 + Ax +1
divides i (x). Moreover m (x) is the minimal polynomial of 6 over I, and hence irreducible.
For the converse, assume that an irreducible polynomial m(x) = x2 + Ax + 1 divides
h(x). The roots 6; and 6> of m(x) = (x — 61)(x — 6») are roots of i(x) as well. As m(x) is
irreducible, the roots lie in F 2 \ F4 and they are conjugates, i.e., 6, = 9;1. From the constant

coefficient of m(x) we find 1 = 6,6, = 697"

Lemma 3 The polynomial h(x) = xS +xt+aox e Fy[x] is divisible by m(x) = X2+
Ax + 1 with A € Fy if and only if Ay # 0 and

s, A2) = A3 —A2h —Aad A3 — a0 =0. 3)

Proof Lethi(x) = A1x*+x342; suchthat h(x) = xhi(x). If h(x) is divisible by m(x), then
m(x) must be a factor of /1 (x). If we divide i1 (x) by m(x) = x2 4+ Ax + 1, the remainder is

(=AM + A% + 2401 — 1) x — A% + A+ Ay + X = c1x + cp. 0))
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The polynomial A (x) is divisible by m(x) if and only if both ¢o and c; are zero. Direct
calculation shows that

SO, 22) = (—APAT + A%hido — Ady + AT + 30122+ 23) o
+ (AA] — AMidz + A2) €1 ©)

Hence s(X1, A2) vanishes when /1 (x) is divisible by m(x). When A, = 0, condition (3)
reduces to )r? = 0. Then & (x) = x3, which contradicts divisibility by m(x).
For the converse, assume that Ay # 0 and define
2,2
hiat)  =x? 4+ A ©)

and  hy1o(x) = Ax? 4 (=1 +AD)x + Ao (7
Direct calculation shows that

(M + A2)x? = x3

hi(x) —hy1(X)h2(x) = < P

>S(7~1,)»2)- 3)
Hence the condition in (3) implies that the polynomial /1 1 (x) in (6) is a factor of A(x). O

Combining Lemma 2 and Lemma 3, we obtain the following characterization of the roots
of h(x) in ug41 \ {1, —1}.

Proposition 1 The polynomial h(x) = h x> +x*+iyx € Fylx] has arootin pg1\ {1, —1}
if and only if all the following conditions hold:

(i) 22 #0,
(i) s, A2) = A3 —AThy — AAS + A3 — A =0,
(iii) (a) A1/Ay — 3 is not a square in ¥, when q is odd,

A
(b) A # Xpand Tr (M) = 1 when q is even.

1 2

Proof By Lemma 3, conditions (i) and (ii) are equivalent to 4 (x) having a factor m(x) =
x2 + Ax + 1. From the proof of Lemma 3 it follows that m(x) = hj 1(x) given in (6). If
m(x) was a multiple of 71 2(x), then A; = A2, which by (ii) implies —A, = 0, contradicting
(i). In order to apply Lemma 2, we have to investigate when /1 1(x) is irreducible. For odd
characteristic, this is the case if and only if the discriminant D of /1 1(x) is not a square in
[F,. Direct calculation yields

AL+ Ao
D=2x/r—3+ 2 s(A1, A2) = A1/Ay — 3. ©)

2

For the last equality, we have used condition (ii). In even characteristic, m (x) = X2+ Ax+1is
irreducible if and only if A # 0 and Tr(1/A) = 1. Applying this criterion to m (x) = hy,1(x)
yields the conditions in case (b) of (iii). We are left to investigate whether the second factor
hi,2(x) in (7) has a root in pgy1 \ {1, —1}. If that is the case, we get Ay = A,. Then
s(A2, A2) = —Ap = 0, a contradiction to condition (i). ]

Note that necessity of condition (ii) was shown in [14, Lemma 3.1] for the polynomial /1 (x)
of degree four in the case of characteristic five.
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4 PPs over finite fields of characteristic five

With this preparation, we study the action of g(x) = x>h(x)?~! on the set lg+1, using the
idea of diagram (2). Assuming that 2 (x) has no roots in 1ty and using the relation x4 + =1
for x € 41, we have

1 1
5
M— + — +Ao—
- sh(x)? xS 4 x% 4 oapxry ( R 2x>
X) =X = =
§ h(x) AxS 4+ x4 4+ dox AxS 4+ x4+ Aox
At + Apx?
TS 4 xt 4 ax
. ) x4z - xz9 -z
Let z be an arbitrary elementin F >\ F, and let ® (x) = and ™ (x) = ,
) a x+z4 1—x
for any x # 1. We obtain
M+ '@ ) + @+ + 2D+ M +29)°
(goP)(x) = (10)

Mx 427+ (x4 2)Hx +29) + halx + 2)(x + z9)*
Let A(z, x) = Aa(x + 2)*(x +29) + (x + 2)(x + 29)* + A1 (x + z9)°, then we have
AL xX) =k + 2D +2) + @k + 2D + 20+ A (x +2)°.

Then we get
A 4 _ Z A (4
@ ogod)= (z, x)z% — zA(Z7, x)
Az, x) — Az, x)
Choosing z7 = —z, i.e., z is the square root of a non-square in IF,, we get that the denominator
is
A x) = Az x) = (“ho + Dt + 2590 + @ +20 =22 (D

Similarly, computing the numerator we get
Az, x)77 — zA (27, x) = —2z2(0 + da + Dx® 4+ (o + D233 + 0o + D2x. (12)

The following theorem is our main result.

Theorem 2 Let [y be a finite field, where q = 5% Let h(x) = Ax° + x* + hox with
A1, Ay € Fy and assume that h(1) = Ay + A2 + 1 # 0, h(—1) = =X — A2 + 1 # 0. Then
Fx) = xPh(x471Y) = ax3 4 x4 4 0 x914 is a permutation polynomial of F 2 if and
only if one of the following holds:

(i) A1 =0, A2 #= £1 and k is even,
(ii) A1 =1, Ap = —1 and k is even,
(iii) M1 = —1, Ay = 1 and k is even,
(iv) (A1, 22) = 2, 1) or (A1, 22) = (3, —1) forqg = 5.

Proof By Lemma 1, we have to show that g(x) = x>h(x)?~! permutes the set Mg+1. We
apply the idea shown in diagram (2) and hence show that (®~! o g o ®) permutes IF,. For
this, we consider the curve defined by

(@' ogo®@)(x) — (P ' ogo®)(y)

Clx,y) = =y 13)

and show that is has no rational points off the line x = y over [F,.

@ Springer



Cryptography and Communications

We first assume that —Ap + 1 7~ 0, thatis, Ao # 1 and consider the map (®lo god)(x)
which is given by

2x +2 200 +2
P e e S B N
Ar+Ar+1 M+ A+ 1 M+ 41
A —1 3)\]+3)»2+2Z4

A —1

2 (14)

x4 22x2 +

We investigate whether this map in injective on IF;. Recall that /(x) may not have any root in
Mg+1- Inparticular, A(1) = A; + A2 +1 # 0, i.e., the prefactor in (14) is non-zero. Moreover,
we have assumed X, # 1, i.e., the prefactor does not have a pole, and we can ignore it.

The denominator of the expression in brackets in (14) is the quartic polynomial

3 +30+2

Z,

x4+ 2%+

and we investigate when it has a rootin IF;. First note that the constant coefficient is non-zero,
since h(—1) = —A| — A2 + 1 # 0. Using the substitution 1 = x2, we obtain a quadratic
polynomial for # with discriminant

3 -+,
Di=———7". 16
1 po— b4 (16)

When D; is not a square in [, then there is no solution for ¢ in F;, and hence (14) has no
. . . .. . 31— A+ 1,
pole in [F,. Note that z* is a square in F,, and hence it is sufficient that % isa
” —
non-square in IF,.
Next assume that D isasquarein[Fy,i.e., Dy = 827* for some § € I, . Then (15) factors
as

(x2 —2(1 + a)zz) <x2 —2(1 — 8)zz>. (17)

Hence, (15) has a root in F;, when D is a square in [F, and additionally 2(1 + 8)z2 or
2(1 — &)z is a square in Fy. As z? is a non-square in IF,, the second part is equivalent to
2(1 + 8) or 2(1 — &) being a non-square.

First consider the special case that D; = 0, i.e., A = 311 + 1. Then (17) has a root in
I, if and only if 272 is a square in [y, which is equivalent to g = 5% with k odd. The roots
are ++/2z. For these values of x, the numerator of (14) is nonzero, i.e., (14) has a pole. That
implies that we do not get a permutation polynomial when A = 3A; +1 # 1l and ¢ = 5%, k
odd.

When D; is a non-zero square, we have roots of (15) with

x2=2(1%8)7>% (18)

Recall that the constant coefficient of (15) is non-zero, and hence x # 0. In order to obtain
a permutation polynomial, (14) must not have a pole in F,, i.e., it is necessary that the
numerator of (14) vanishes as well for the roots (18) that lie in F,. We fix one root x and
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compute for the fixed choice of the sign in the factor 1 £ §:

20 + 2 23 20 + 2 4
X X
M+ +1 AMFr+1
20 +2 20 +2
=x<x4 et 2,2 274_24)
MAAr+1 AMFr+1

0=0x>+

20 + 2

201 £8)7* +
A+ 41 ( )

2 42
=x (4(1 +6)2% + e 4)

z
A+ +1

1 2 A +1
=xz (4(113) +(4(1j:8)+2)7k1+k2+1>. (19)

Using that both x and z are non-zero, this reduces to the condition

M+ 1
4182+ (40 £ +27>:0. 20
(( )+ (4( ) ))»1+A2+1 (20)
From (16) we get the condition
36 — A 1
52:1724_. Q21
A —1

For either choice of the sign in the factor 1 & §, combining (20) and (21) implies that .} = 0
or s(Aq, A2) = 0. This can be shown computing an elimination ideal in Magma. These cases
are treated below, yielding reduced equations for C(x, y) in (31) and (36).

In summary, excluding the last two cases, (14) does not have a pole if and only if one of
the following conditions holds:

30 — A 1
@) M-rtl is a non-square in 'y, (22)
A —1
(i) A» =3A; + L and ¢ = 5, k even, (23)
30 — A 1
iy 22722 52 it s e F,
A —1
and 2(1 + 6), 2(1 — §) are both squares in [F;. 24)

In the calculations with the possible factorizations of the curve (26) below, we check every
possible outcome in terms of these conditions and we verify that they all satisfy one of the
conditions above. Therefore, we do not add these conditions in the statement of the theorem.

Returning to the curve (13), consider the normalized denominator and numerator in (11)
and (12) to obtain

W+ A FAx Y+ A+ Ay
x*+ Bix>+ By y*+ B1y*+ By
X —Yy

(25)

Simplifying this expression and considering the numerator, we obtain the following curve
defined by a polynomial

Clx,y) =x*y? + Bi(x*y? + 1%y + Bo(x* + yh) + (B — Apxty?
+ (Bo — Ap)(xy + xy°) + (Bo + A1 By — Ag)x>y?
+ A1Bo(x* + y*) + (A1 By — AgB1)xy + Ao By, (26)
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where we have used

—(A2+ 1) 4 —(A2+ 1D 2
0= <, Al =%,
20 + 22+ 1) 20+ 22+ 1D
QCr +20—2) 4 2
By= —-—"F"-—=7", B =7z". 27
0 v F4 1=2 (27)

Recall that we have chosen z € F 2 \ I, such that e F,.

First assume that the curve in (26) is absolutely irreducible. Note that the underlying idea
here is first of all estimating the number of F-rational points of the curve C(x, y) in (26).
For this purpose, one can use Hasse-Weil type bounds (see for instance [33, Theorem 5.2.3]
for the Hasse-Weil bound given in terms of algebraic function fields, [24] for the Lang-Weil
bound). In this paper we use [23, Theorem 5.28] which involves a bound obtained from the
Hasse-Weil bound. Let C| (X,Y,Z) e Fy[X, Y, Z] be the homogeneous polynomial defined
as

~ e (XY
cx,v.oy=2%(=,=).
7'z

X Y
Homogenization of C(x, y) in (26) by substituting (z E) yields a homogeneous poly-

nomial of degree d = 8. Let P? (Fy) denote the projective space consisting of projective
coordinates (X : Y : Z). Let N = [{(x,y) € F; x F,; | C(x, y) = 0}| be the number of
affine IF;-rational points of C. Let V = {(X : Y : Z) € IP’Z(IE‘q) | 5(X, Y, Z) = 0}| be the
number of projective I, -rational points of C. Let Vj and V; be the numbers of projective
[F,-rational points of C corresponding to the cases z = 0 and z # 0 respectively. Namely,

Vo= I{(X:Y:0) e PX(F,) | C(X,Y,0) = 0}|
and Vi =[{(X:Y:1)eP*F,) |C(X,Y, 1) =0}

It followstrom the definitions that N = V| and V = V 4+ V|. Moreover it follows from
(26) that C(X, Y, 0) = X*Y*. This implies Vo = [{(1: 0:0),(0:1:0)}| = 2. Using [23,
Theorem 5.28] we get

IV —gl<(d—1)d—-2q"*+cd) =42¢"% +197, (28)
where c(d) = Lg (d—=1%*+1andd = 8. The arguments above imply that
V=N-+2. (29)
Combining (28) and (29) we conclude that
IN =gl =1(V—q) =2l <[V —ql+2<429"*+19.

Note that
l{(x.y) € F; | C(x,y) =0andx = y}| <8

as C(x, x) is a polynomial of degree 8 in F,[x]. Therefore, if ¢ — 42¢'/> — 199 > 8, then
C(x, y) has an affine point off the line x = y. We note that ¢ — 42¢'/2 — 199 > 8 for any
g = 5% with k > 5. As a result, we deduce that f(x) is not a permutation polynomial of
F P if C(x, y) is absolutely irreducible and ¢ > 5% In characteristic 5, it remains to consider
q € {5, 25, 125, 625}. Using MAGMA [9], we obtained the following:

1. Over Fs, f(x) permutes o5 when (A1, A2) = (2, 1) and (A1, Ap) = (3, —1).
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2. Over Fps, f(x) permutes Fgr5 when (A1, X2) = (—1,1), (A1,22) = (1,—1) and
(A1, A2) = (0, ¢) where ¢ € o5\ {1, —1}.

3. Over Fyps, f(x) is not a PP of Fs6 for any (A1, A2) € F%zs \ {(0,0)}.

4. Over Fgps, the situation is similar to Fps, with ¢ € Fgp5 \ {1, —1}.

Hence, except the first item corresponding to item (iv) of Theorem 2 where C(x, y) is abso-
lutely irreducible, all the remaining cases are covered by items (i)—(iii) of Theorem 2.

In order to obtain a permutation polynomial for g > 5°, the polynomial C(x, y) in (26)
has to be reducible. We consider all possible non-trivial factorizations of C(x, y), noting the
symmetry which keeps C(x, y) fixed when we interchange x and y. Without loss of generality,
we fix a monomial ordering by taking x > y and start with all factorizations of the leading
monomials x*y* which are symmetric with respect to interchanging x and y. There are 22
possibilities listed in 5. Each factor has the form

Pn(x, y) =mx, y) + Y em'(x,y),

m'<m

where m(x, y) is the leading monomial from the factorization of x*y*. For each of the
monomials m’(x, y) with m’ < m and for each of the factors p,,(x, y) we use a different
variable ¢; as coefficient.

We use the notion of Grobner bases (see for instance [12]) in order to solve for the
coefficients with the help of the computer algebra program MAGMA [9]. Namely, we subtract
the products of the generic factors p,, (x, y) from C(x, y) in (26) and compute a Grobner basis
of the ideal generated by the coefficients of this difference. The elimination ideal with respect
to A1 and X, provides necessary conditions on A; and A; for the particular factorization to
exist. More details can be found in 5. A similar approach has, for example, been used in [5].
We obtain the following necessary conditions:

(@ x1 =0, 0r

(b) Ay =1and X = —1, 0r

(©) A} —ATha — A3 + A3 — A = 0.

For each of these cases, we recompute the equation for the curve C(x, y) in (25).
First, assume that A1 = 0. In this case, (13) yields

41 x2y2F222(x+ )2+
2 , (30)
A —1 x2y2+212(x2+y2)—z4
and from the numerator we get the equation
C(x,y) :x2y2+2z2(x+y)2+z4. 3D
The equation factors as
C(x,y) = (xy + 2az(x —y) — 2%) (xy — 20z(x — y) — %) (32)
where o = 2. For q = 5% and k odd, « € qu \FF; and @ = —a. Then (xz2)? = az, i.e.,

C(x, y) factors over ;. For y = —x, equation (30) reduces to

SRt 1 x? —272
A —1 x2+4272)°
This implies that the curve has the I -rational point (cz, —az) off the line x = y, and we
do not get a permutation polynomial for k& odd.
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For k even, o € F,. Then the two factors in (32) are conjugates over F 2[x, y]. Any
IF,-rational point is hence a root of both factors, and also of their difference which equals
az(x —y). Hence the curve has no I, -rational points off the line x = y, we get a permutation
polynomial when k is even. This completes the proof of item (i) in Theorem 2.

Next, for case (b) assume that .1 = 1 and A, = —1. Then (13) yields

x4y4 + Zz(x“y2 +x3y3 + x2y4) — At + x3y + x2y2 + xy3 + y4)

(x2 = 222)2(y2 — 272)2 ’ (33)
and from the numerator we get the equation
Clx,y) = xty + 2(*y? + 393 + x2yh
— Aty 2 x4+ Y. (34)
The equation factors as
C(x,y) = (x*y* + 2az(x?y + xy?) + 22 (2x% + xy +2y%))
(x%y% = 20z(x%y +xy%) + 22 Q2x% +xy +27), (35)

where &> = 2. Eq. (33) must not have a pole. Condition (23) requires that ¢ = 5 with k
even, and hence @ € ;. Then the two factors in (35) are conjugates over F2[x, y]. Any
IF,-rational point is hence a root of both factors. Computing the prime decomposition of
the zero-dimensional ideal generated by the two factors we find that the only solutions are
0,0) € Fé and (az, —az), (—az,az) € Fsz \Fé. As the curve has no I, -rational points off
the line x = y, we get a permutation polynomial when k is even. This completes the proof
of item (ii) of Theorem 2.

For case (c), assume s(A1, Ay) = )L% — A%Ag - )LIA% + )L% — XA =0.Asthecase Ay =0
is covered in case (a), we can assume A1 # 0. Then the equation for the curve is

Cx,y) =0 + 22 4+ Dx2y? — 2203 + 241 — 23 + 20 — 2)(x% +y?)
+ 2200 — a2 — Dxy + 24 (A7 + 20 + 23 + 20 + 1), (36)

Using similar techniques as described in 5, we find that A; = 0 for all possible non-trivial
factorizations of this polynomial of degree 4. As this contradicts our assumption, there are
no permutation polynomials in this case. Note, however, that case (c) is not excluded by
Proposition 1. The condition s(A1, A2) = 0 is only necessary for i(x) to have a root in
tg+1 \ {1, —1}, i.e, that one does not obtain a permutation polynomial.

Going back to (11) and (12), we now consider the case when A, = 1. Recall that

Az, x)z9 — zA(Z9, x)

710 o =
(@ g ) == T AG )

Again choosing z € F 2 \ Fy with z7 = —z we get that the denominator is
AT x) — Az x) = 2012,
Similarly, computing the numerator we get
Az )27 — 2AGR7; x) = =220 +2)x° +22°%° +22°x.

In this case
(@ Togod)(x) — (P! ogod)(y)

xX=y
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isapolynomialin[F 2 [x, y], and hence has no poles. After simplifying we obtain the following
curve
Co,y) =x*+ 3y +xy> + 3  + 15?2 + A +xy +yH) + B, (37)

22 B 4
A +2 A 42
of the curve in (26). Therefore the case of C(x, y) being absolutely irreducible has already
been covered above.

Hence, assume that C(x, y) in (37) is not absolutely irreducible and it is decomposed as
follows:

where A =

. The degree of the curve in (37) is smaller than the degree

(2 4+ a1xy + ooy + a3x +aay + as)(Bix* + paxy + B3y* + Bax + Bsy + Bo)-

Comparing the coefficients of this decomposition and C(x, y) in (37) we first obtain that
Bi=1Lpr=3,8=1Loa =300 =1, s = —a3, B5 = —a4, f6 = a5. Moreover, we get
that B2 = B and B = 2A. Thus B = (2A)? which implies that

4 4 _ 4
= (38)
(A1 +2) A+2
andso A; = —1.
Now assume that A; = —1 and X, = 1. Then the curve has the equation
C(x,y) = xt x3y + x2y2 — 2+ xy + yz) + xy3 + y4 - (39)
The equation factors as
Clx,y) = ((r = )? +az(x +y) — 22%) (40)
((x — ) —az(x +y) —27%),
where o> = 2. As before, az € F, forg = 5K and k odd. For y = —x, we get
Cx, —x) = (x + 202)*(x — 202)%. (41)

This implies that the curve has the F-rational point (2arz, —2az) off the line x = y and we
do not get a permutation polynomial for k odd.

For k even, @ € F, and the two factors in (15) are conjugates over ]qu[x, y]. Any
IF;-rational point is hence a root of both factors. Computing the prime decomposition of
the zero-dimensional ideal generated by the two factors we find that the only solutions are
(¢z, —z), (—az,az) € Fzz \Fé . Asthe curve has no [, -rational points, we get a permutation
polynomial when k is even.

For all the other decompositions of C(x, y) in (37), we obtain a contradiction after com-
puting its Grobner basis by MAGMA. This completes the proof of item (iii) of Theorem
2.

In all items in the statement of Theorem 2, the values of A and A, do not satisfy at least
one of the conditions of Proposition 1 and thus /(x) does not have any roots in fy41. ]

Remark 1 ltems (ii) and (iii) in Theorem 2 have already been obtained in [2] and [14],
respectively.
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5 Comparison with existing permutation trinomials

Definition 1 [36] Two permutation polynomials f(x), g(x) € F,[x] are said to be quasi-
multiplicative (OM) equivalent, if there existsd € Z, 1 <d < g — 1 withged(d,qg—1) =1
and f(x) = ag(cxd) (mod x? — x), where a,c € IF;. Ifc =1, then f(x), g(x) € Fy[x]
are called multiplicative equivalent.

In this section, we show that the permutation trinomial considered in this paper is not QM
equivalent to some known classes. We first observe that two QM equivalent permutations must
have exactly the same number of terms. Therefore, we only need to compare the permutation
trinomials found in this paper with known permutation trinomials over F > where ¢ = sk,
We use the method in [36] for this purpose. In order to determine whether the permutation
polynomial f(x) = x*F1 4 x4 1,x9H* IF,[x]is QM equivalent to any permutation
trinomial of the form g(x) = a;x* + a2x* + a3x™ € F,[x], we will use the following
strategy:

Step 1: Determining whether there exists an integer k, 1 < k < ¢ — 1, such that ged(k, g2 —
1) = 1 and {ks1, ks, ks3} = {4¢g + 1, 5¢, ¢ + 4} mod (¢2 — 1).
Step 2: Comparison of the coefficients of f(x) and bg(b1x*). In the above strategy, if Step
1 is not satisfied, then f(x) and g(x) will not be QM equivalent, otherwise we will go on
with Step 2 and compare the coefficients of f(x) and b g(b1xk).

In [2], Bai and Xia characterized the multiplicative equivalence of f(x) when (A, X2) =
(1, 4) and their result can be modified to the more general setting that we consider in this
paper. The proof of the following is very similar to Proposition 1 in [2], therefore it is omitted.

Proposition 3 In characteristic 5, the polynomial f (x) = x*+1 4+ ;x4 a1, x974 € Fy[x]
with g = 5% is multiplicative equivalent to the following permutation trinomials of ]qu:

o fi(x)=hix 4 x @S THD@=DH 0 G-+
g+1

o fh(x)=x —{—k]sz(‘i*l)Jrl + x4,
5
o f3(x) = hox 4+ x9 + Ajx T @ DHL

Bai and Xia presented a list of known polynomials in Table 3 in [2] to which f(x) is not
multiplicative equivalent. Therefore we omit the polynomials listed in Table 3 in [2] and we
consider the polynomials given in Table 1 below. We applied the method in [36] above using
MAGMA and we have verified that f(x) is not QM equivalent to any of them. To the best
of our knowledge, the list in Table 1 below is complete.

We now consider case (i) in Theorem 2, where A; = 0 and we have the binomial f(x) =
x%+1 4 3,x914 Observe that f(x) is QM equivalent to the linearized polynomial g(x) =
x4 +bx € qu[x], where f(x) = g(xq+4) mod (x"2 —x) with b = A, € IF,. Since g(x) is
linearized, Theorem 7.9 in [28] tells that g(x) = x4 +bx permutes IE‘qz if and only if g (x) only
has the root 0 in Iqu. This happens if and only if (—b)7t! £ 1. Indeed, if g(w) = 0, for some
w € FZZ, then —b = w?~! and therefore (—b)9+! = 1. Conversely, if (—b)?*! = 1, then
—b = Yk~ for some k € Z and some primitive element y € IE‘;Z. In that case, g(y*) = 0.
Hence, g(x) permutes qu if and only if (—b)2t! £ 1. In our case where b = 1, € F,, this
corresponds to (—12)7+! = (=12)? = A3 # 1 (i.e. Ay # £1).

Remark 2 Note that this QM equivalence holds in any characteristic p since f(x) =
xP=Datl 50 xa+p=1 = o(x9+P=1) mod (xq2 — x) with g(x) = x4 + Apx.
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Table 1 The known permutation trinomials of F_»

g(x) q Conditions Reference
ax + bx412 4 x29+3 any a,be ]qu [16]
adxka(@—D+1 +axk(qfl)+l +ex any gedk, g+ 1) =1,

ae FZZ’ cely [27]
ax— @D+ 4 pr(@=D+1 4 oy any a,b,ce ]FZZ [27]
x +axd@—D+1 4 pr2(g=D+1 odd a,be IF;Z [7,35]
v - x B @D gD+ sk k odd [40]
w0 — B+ | 2141 5k k odd [40]
U R e BN RS sk k odd [40]
x4 — xala=D+1 4 =D+ sk k even [40]
¥ +x#(¢1—1)+1 — xa(q=D+1 5k k even [40]
x4 A xS @DHr g, k25Dt odd ged(r,g — 1) =1

ged(r —2s,g+1) =1 [10]

+3

X4apx T @ DHL o@D sk AL A €11,

(1, D, 1, -D} [10]
x3@=D43 4 px@—D+3 4 )3 any ged(B,g—1) =1 [30]

2 _
s:3q—t‘2q l0

cx — x% + xS odd r

2
s = - [41]

Appendix A. Factorizations of C(x, y)

Appendix A.1. Overview

We consider all factorizations of C(x, y) given in (26). Out of 108 non-trivial factorizations
of the leading monomial x*y#, it is sufficient to consider the 22 cases that are invariant with
respect to interchanging x and y. We did not impose that symmetry on the factors themselves,
but used different coefficients ¢; for all factors. For each of the 22 cases listed below, we
consider the coefficients with respect to x and y of the difference of C(x, y) in (26) and
the product of the factors. Those generate an ideal in the polynomial ring with variables
Ao, A1, Bo, By and ¢;. From the substitutions (27) we obtain additional polynomial relations
between Ag, A, By, By and A1, L. We treat z as a variable, too. In the derivation of the
equations, we made the following assumptions: Ay #= 1, A1 +A2+1#0, A1 + A2 — 1 #0,
and z # 0. Those can be accounted for by considering the saturation of the ideal by the
corresponding polynomials, i.e., computing ideal quotients.

While computer algebra systems like MAGMA [9] provide implementations of all the
required algorithms, the computations can be simplified a lot in our case. As we are only
interested in the solutions of the system of polynomial equations, we can replace any non-
square-free polynomial by its square-free part. Moreover, if a polynomial in the basis of an
intermediate result splits, we can treat each factor separately. We first use so-called grevlex
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order, and in the final step an elimination order to obtain the conditions on A; and A;. The
whole computation took less than 3 hours, with cases 7 and 19 taking about 45% and 25%
of the total time, respectively. The calculations did no use more than 1 GB of memory.

‘When the final Grobner basis contains the constant 1, then we have no solution to the
original equations or those equations imply that some of the expressions that are assumed to
be zero vanish. We summarize those cases by just stating that we obtain a contradiction.

Appendix A.2. The 22 cases

1.

11.

12.

e + eyt +esyd +eay

(x* + croxy* + coxy® + cgxy? + c7xy + cox +csyt + cay® + 3y + 2y + ey +
i) +cieyt + 15y} + ciay? + i3y + ) (02 4 cigy + c17) (xy + caax + ca3y* +
czzyS + 621y2 + ¢20y + c19) In this case, we obtain a contradiction.

e Feeyt Fesyd Feay? ey 4 ea) (3P +eoy? +egy +er) (3 4 canx?yt 4

23323 + cx?y? + 21Xy + c20x? + croxy* + c13xy? + c17xy% + c16xy + c15x +
cl4y4 + cl3y3 + 012y2 + c11y + c10) Here, we again get a contradiction.

L+ e+ 66y4 + C5y3 + C4y2 + c3y + cz)(xzy2 + clgxzy + 017x2 + c16xy4 +

c1sxy? + c1axy? + c13xy + ciox + eyt + cioy® + coy? + cgy + 1) (xy + coax +
C23y4 + cz2y3 + C21y2 + ¢20y + c19) In this case, we obtain two possibilities: either
M =0o0rA3 —A2a — AA3 +A§ — 2 =0.

+ c3y 4+ ) (xy + crox + ey + cioy? + coy? +
cgy + 1) (xy + cisx + eyt + c16y? + c15y? + clay + c13)(xy + coax + eyt +
¢y 4 c21y% + c20y + c19) Here we get A; = 0.

e+ eyt +esyd 4+ cay? + ey + ) (xy? + cizxy + ciax + eyt + oy +

coy? +cgy +c7)(x2y + coax? + co3xy* + cxy® + c21xy? + c20xy + crox + 18yt +
C17y3 + C16y2 + c15y + c14) We again have A1 = 0.

- @3y ey ey crexd +oisxyt Feax?yd +eisxy? 4 cioxy +enx? +

cmxy4+C9xy3+c8xy2+C7xy+66x+C5y4+C4y3+C3y2+czy+c1)(y+c19)(x+cz4y4+
c23y3 —|—c‘22y2 421y + c20) We have either A1 = 0 or )Lf —)\%Az —AIA% —H\% — A =0.

- (% coxy* 4 coxy? + cgxy? + c7xy + cox + esyt + cay? + e3y? + ey + ey +

)y + i) (x4 17yt +ciey® + cisy® + ciay + c13) (x + eyt + 21y} + e20y? +
c19y + clg)(y2 ~+ 24y + ¢23) In this case, we get a contradiction.

DO ) + o7yt + ey +osy? +eay +e3)(x eyt 4+ ey +cioy? +

coy + cg)(xy + cisx + c17y* + c16y? + c15y + clay + c13)(xy + coax + eyt +
20y + e21y% + 20y + c19) We have A = 0.

e Fe)(x eyt ooy Fesyiteay +e3) (x eyt ey ey’ + ooy +

c8)(x2y% + coax?y + co3x? + conxy* + o133 + c20xy? + croxy + cigx + 7yt +
c16y> + c15y% + 14y + c13) Here, A = 0 or )»? - K%}»z - MK% + kg — A2 =0.

DO )+ 3 + syt + ey + ey 4 esy 4 ea)(x + i3yt 4 cinyd +

c11y? + croy + co)(x + c1gy* + 17y + c16y? + 15y + c1a) (xy + coax + c3y? +
2 y3 + 21 y2 + c20y + c19) Here, we get a contradiction.

D)+ )+ )+ ea)(x + coyt + sy 4 c7y? + oy + es)(x + crayt +

c13y? + c12y? + erry + c10)(x + croy* + c18y® + c17y? + ci6y + c15) (x + coayt +
23 y3 + ¢ y2 + 21y + ¢20) We again get a contradiction.

(% + croxy® + coxy® + cgxy? 4+ c7xy + cox + sy + eay® + e3y* + 2y + ) (P +
cr2y + 1) (xy + cisx + ci7y* + 16y’ + c15y? + c1ay + c13) (xy + coax + c3yt +
czzy3 + c21y2 + ¢20y + c19) In this case we obtain A; = 0.

(2 +c10xy* + coxy? +egxy? 4+ c7xy + cox +esyt +eayP +e3y? + ey + ) (xPy +
Xy + c1x? + caoxy? + croxy® + cigxy? + ci7xy + crex + cisyt + cay® +
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13.

14.

15.

16.

17.

18.

19.

20.

21.

c13y2 + c12y + cn)(y2 + 24y + ¢23) In this case we obtain that either A; = 0 or
A=A —MAi 4+ A3 — =0,

(x2 + croxy* + coxy? + cgxy? + c7xy + cox + esy* +cay? +e3y? + oy + o) (0 +
c20xy* 4 croxy? +c18xy? + c17xy +c1x +c15y* Feay? F ey Feny +e)(yr +
Yy + 21 )(y2 + ¢34y + c23) We obtain a contradiction in this case.

P43yt +eay+e) (P +eisxlyt + ey +eiex?y? +oisx?y +crax? +opzxyt +
cioxy? +enxy? + croxy 4 coxdesy* +c7y% + coy? 4+ cs5y 4 ca) (xy + coax + c23y* +
2 y3 + ¢ y2 + 20y + c19) We obtain a contradiction.

O+ eayd + syt t ey +en)(x* +oaxdyt +esxdy? + e y? + o xdy + cpox +
crox?y* +e1gx?y3 +e17x?y? +eiex?y +cisx? +caxy* +cizxy +cpxy? +enxy +
clox + ng4 + 03y3 + C7y2 + ce6y + ¢5) We again get a contradiction.

(xy? +erxy+cex +esy* +cay + o3yt + ooy +en) Py +cigx? +cirxyt 4 crexy® +
cisxy? + ciaxy + ci3x + eyt + iy + cioy? 4 coy 4 c8) (xy + coax + co3yt +
c22y3 + c21y2 4 c20y + c19) In this case we obtain A; = 0.

3y} +eisxdy? +erxdy + oo +erisx?yt +eax?yd +ezn?y? + ey + e x4
croxy® +coxy® +cgxy? +crxy +cex +csyt +eay? + 3yt +ery+en)(xy + eyt +
cz3y4+czzy3+021y2+czoy+clg) Here wehave A| = Oork?—k%)hz—)q)\%—l—)\%—)\z =
0.

(x2y? + ciox?y + c11x? + croxy® + coxy® + cgxy? + c7xy + cox + csy* + cay +
c3vi ey e (xy+eigx eyt +ciey® +eisy? +ciay +c13) (xy +coax + o3yt +
czzy3 + czly2 ~+ 20y + c19) We get A = 0 or )L? - )L%)\z - )\1)»% + )\% — A =0.
(xy + cex + csy* + cay? + 39 + 2y + ) (xy + ciox + eyt + cioy? + coy® +
gy + ) (xy + c1gx + c17y* + cr6y® + c1sy? + c1ay + c13)(xy + cax + c3y* +
cz2y3 + 21 y2 + ¢20y + c19) In this case we obtain A; = 0.

(xy3 +egxy? +o7xy +cox +osyt +eay +e3y? + ooy + ) (Y +eaax + oyt +
X2y + c01x2y% + ca0x?y + c19x? + ci3xy* + c17xy? + crexy? + ci5xy +crax +
c13y4 + C12y3 + C11y2 + c10y + c9) We again get A1 = 0.

(x2y? + ciox?y + c11x? + croxy® + coxy® + cgxy? + c7xy + cox + csy* + cay’ +
e3v? + 2y + c) (22 + coux?y + c3x? + ennxyt + ca1xy? + co0xy? + croxy +
cigx + c17y4 + cl6y3 + c15y2 + c14y + c13) In this case we obtain that either A1 = 0
or )\? — A%Az — A]A% + A% — X =0,0r Ay =1, A» = —1. Note that the last one is the
same as the result of Bai and Xia [2].

Acknowledgements We would like to thank the anonymous referees for their valuable suggestions and com-
ments which improved our paper. The ‘International Centre for Theory of Quantum Technologies’ project
(contract no. MAB/2018/5) is carried out within the International Research Agendas Programme of the Foun-
dation for Polish Science co-financed by the European Union from the funds of the Smart Growth Operational
Programme, axis IV: Increasing the research potential (Measure 4.3).

Author Contributions Markus Grassl, Ferruh Ozbudak, Buket Ozkaya and Burcu Giilmez Temiir contributed
equally to this work.

Funding Open access funding provided by the Scientific and Technological Research Council of Tiirkiye
(TUITAK). Markus Grassl received research support from Fundacja na rzecz Nauki Polskiej, MAB/2018/5.

Availability of data and materials The data used to support the findings of this study is available from the
authors upon reasonable request.

Declarations

Ethics approval and consent to participate Not applicable.

@ Springer



Cryptography and Communications

Not applicable. Not applicable.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Akbary, A., Wang, Q., On polynomials of the form x" f(x (¢=D/1y 1nt. J. Math. Sci., Art. ID 23408 (2007)

2. Bai, T, Xia, Y.: A new class of permutation trinomials constructed from Niho exponents. Cryptogr.
Commun. 10, 1023-1036 (2018)

3. Bartoli, D.: On a conjecture about a class of permutation trinomials. Finite Fields Appl. 52, 30-50 (2018)

4. Bartoli, D., Hasse-Weil type theorems and relevant classes of polynomial functions, in K. Dabrowski, M.
Gadouleau, N. Georgiou, M. Johnson, G. Mertzios, D. Paulusma (Eds.), Surveys in Combinatorics 2021
(London Mathematical Society Lecture Note Series, 43—102), Cambridge University Press (2021)

5. Bartoli, D., Bonini, M., A short note on polynomials f(X) = X + AXlJrqz(q’l)/‘1 + BXlJf3‘]2(‘7’])/4 €
qu [X], g even, J. Alg. Appl. 22, no. 07, 2350144 (2023)

6. Bartoli, D., Giulietti, M.: Permutation polynomials, fractional polynomials, and algebraic curves. Finite
Fields Appl. 51, 1-16 (2018)

7. Bartoli, D., Timpanella, M.: A family of permutation trinomials over F 72 Finite Fields Appl. 70, 101781
(2021)

8. Bartoli, D., Timpanella, M.: On a conjecture on APN permutations. Cryptogr. Commun. 14, 925-931
(2022)

9. Bosma W., Cannon J., and Playoust C., The Magma algebra system. I. The user language, J. Symbolic
Comput. 24, 1179-1260 (1997)

10. Cao, X., Hou, X., Mi, J., Xu, S.: More permutation polynomials with Niho exponents which permute
F 42 Finite Fields Appl. 62, 101626 (2020)

11. Caullery, F., Schmidt, K.-U., Zhou, Y.: Exceptional planar polynomials. Des. Codes Cryptogr. 78, 605-613
(2016)

12. Cox, D., Little, D., O’Shea, D., Ideals, Varieties, and Algorithms. An Introduction to Computational
Algebraic Geometry and Commutative Algebra, Undergraduate Texts in Mathematics, Springer, Cham
(2015)

13. Dickson, L.E.: The analytic representation of substitutions on a power of a prime number of letters with
a discussion of the linear group. Ann. Math. 11, 65-120 (1896)

14. Gupta, R., Rai, A.: A note on a class of permutation trinomials. Journal of Algebra and Its Applications
22(08), 2350163 (2023)

15. Gupta, R., Sharma, R.K.: Some new classes of permutation trinomials over finite fields with even char-
acteristic. Finite Fields Appl. 41, 89-96 (2016)

16. Gupta, R., Sharma, R.K.: Determination of a type of permutation binomials and trinomials. Appl. Algebra
Engrg. Comm. Comput. 31, 65-86 (2020)

17. Hermite, Ch., Sur les fonctions de sept lettres, C.R. Acad. Sci. Paris 57, 750-757 (1863)

18. Hernando, F., McGuire, G., Monserrat, F.: On the classification of exceptional planar functions over IF .
Geom. Dedicata 173, 1-35 (2014)

19. Hou, X.: Permutation polynomials over finite fields-a survey of recent advances. Finite Fields Appl. 32,
82-119 (2015)

20. Hou, X.: Determination of a type of permutation trinomials over finite fields. Finite Fields Appl. 35, 16-35
(2015)

21. Hou, X., A survey of permutation binomials and trinomials over finite fields. (English summary) Topics
in finite fields, 177-191, Contemp. Math., 632, Amer. Math. Soc., Providence, RI (2015)

22. Hou, X.: Applications of the Hasse-Weil bound to permutation polynomials. Finite Fields Appl. 54,

113-132 (2018)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Cryptography and Communications

23.

24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Hou, X.: Lectures on finite fields, Graduate Studies in Mathematics, 190. American Mathematical Society,
Providence, RI (2018)

Lang, S., Weil, A.: Number of points of varieties in finite fields. Am. J. Math. 76, 819-827 (1954)

Li, K., Qu, L., Chen, X.: New classes of permutation binomials and permutation trinomials over finite
fields. Finite Fields Appl. 43, 69-85 (2017)

Li, K., Qu, L., Wang, Q.: New constructions of permutation polynomials of the form x’h(xq_l) over
F 72 Des. Codes Cryptogr. 86, 2379-2405 (2018)

Li, L., Wang, Q., Xu, Y., Zeng, X.: Several classes of complete permutation polynomials with Niho
exponents. Finite Fields Appl. 72, 101831 (2021)

Lidl, R., Niederreiter, H.: Finite Fields. Encyclopedia of Mathematics and its Applications), Cambridge
University Press, Cambridge (1997)

Mullen, G.L., Panario, D.: Handbook of Finite Fields, Discrete Mathematics and its Applications. Boca
Raton), CRC Press, Boca Raton, FL (2013)

Ozbudak, F., Giilmez Temiir, B.: Classification of permutation polynomials of the form x3 g(x1 _1) of
]qu where g(x) = X3+ bx+candb,ce IFZ. Des. Codes Cryptogr. 90, 1537-1556 (2022)

Ozbudak, E., Giilmez Temiir, B., A survey on permutation polynomials over finite fields, to appear in
Foundational principles of error-correcting codes and related concepts, Springer Lecture Notes in Math-
ematics

Park, Y.H., Lee, J.B.: Permutation polynomials and group permutation polynomials. Bull. Austral. Math.
Soc. 63, 67-74 (2001)

Stichtenoth, H.: Algebraic Function Fields and Codes (2nd edition), Graduate Texts in Mathematics, 254.
Springer, Berlin (2009)

Schmidt, K.-U., Zhou, Y.: Planar functions over fields of characteristic two. J. Algebraic Combin. 40,
503-526 (2014)

Tu, Z., Zeng, X.: A class of permutation trinomials over finite fields of odd characteristic. Cryptogr.
Commun. 11, 563-583 (2019)

Tu, Z., Zeng, X., Li, C., Helleseth, T.: A class of new permutation trinomials. Finite Fields Appl. 50,
178-195 (2018)

Wan, D., Lidl, R.: Permutation polynomials of the form x” f (x (g=1)/ d) and their group structure. Monat-
shefte Math. 112, 149-163 (1991)

Wang, Q., Cyclotomic mapping permutation polynomials over finite fields, Sequences, subsequences,
and consequences, Lecture Notes in Comput. Sci., 4893, Springer, Berlin, 119-128, (2007)

Wang, Q., Polynomials over finite fields: an index approach, in: Combinatorics and Finite Fields, Differ-
ence Sets, Polynomials, Pseudorandomness and Applications, De Gruyter, 319-348 (2019)

Wu, G., Li, N.: Several classes of permutation trinomials over Fsn. Cryptogr. Commun. 11, 313-324
(2019)

Zheng, D., Yuan, Y., Yu, L.: Two types of permutation polynomials with special forms. Finite Fields Appl.
56, 1-16 (2019)

Zieve, M.E.: On some permutation polynomials over Fy of the form x” h(x@=D/d) Proc. Amer. Math.
Soc. 137, 2209-2216 (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Complete characterization of a class of permutation trinomials in characteristic five
	Abstract
	1 Introduction
	2 Preliminaries
	3 The trinomial h(x) of degree 5 in arbitrary characteristic
	4 PPs over finite fields of characteristic five
	5 Comparison with existing permutation trinomials
	Appendix A. Factorizations of mathcalC(x,y)
	Appendix A.1. Overview
	Appendix A.2. The 22 cases

	Acknowledgements
	References


